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PREFACE. 


The  discovery  of  the  great  law  of  nature,  the  law  of  gravitation,  by 
Newton,  prepared  the  way  for  the  brilliant  achievements  which  have 
distinguished  the  history  of  astronomical  science.  A  first  essential,  how- 
ever, to  the  solution  of  those  recondite  problems  which  were  to  exhibit 
the  efiect  of  the  mutual  attraction  of  the  bodies  of  our  system,  was  the 
development  of  the  infinitesimal  calculus ;  and  the  labors  of  those  who 
devoted  themselves  to  pure  analysis  have  contributed  a  most  important 
part  in  the  attainment  of  the  high  degree  of  perfection  which  character- 
izes the  results  of  astronomical  investigations.  Of  the  earlier  efforts  to 
develop  the  great  results  following  from  the  law  of  gravitation,  those  of 
EuLEB  stand  pre-eminent,  and  the  memoirs  which  he  published  have, 
in  reality,  furnished  the  germ  of  all  subsequent  investigations  in 
celestial  mechanics.  In  this  connection  also  the  names  of  Bernouilli, 
Clairaut,  and  D'Alembert  deserve  the  most  honorable  mention  as 
having  contributed  also,  in  a  high  degree,  to  give  direction  to  the  inves- 
tigations which  were  to  unfold  so  many  mysteries  of  nature.  By  means 
of  the  researches  thus  inaugurated,  the  great  problems  of  mechanics 
were  successfully  solved,  many  beauti^l  theorems  relating  to  the  planet- 
ary motions  demonstrated,  and  many  useful  formulae  developed. 

It  is  true,  however,  that  in  the  early  stage  of  the  science  methods 
were  developed  which  have  since  been  found  to  be  impracticable,  even 
if  not  erroneous;  still,  enough  was  effected  to  direct  attention  in  the 
proper  channel,  and  to  prepare  the  way  for  the  more  complete  labors  of 
Lagrange  and  Laplace.  The  genius  and  the  analytical  skill  of  these 
extraordinary  men  gave  to  the  progress  of  Theoretical  Astronomy  the 
most  rapid  strides ;  and  the  intricate  investigations  which  they  success- 
fully performed,  served  constantly  to  educe  new  discoveries,  so  that  of 

all  the  problems  relating  to  the  mutual  attraction  of  the  several  planets 
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but  little  more  remained  to  be  accomplished  by  their  successors  than  to 
develop  and  simplify  the  methods  which  they  made  known,  and  to  intro- 
duce such  modifications  as  should  be  indicated  by  experience  or  rendered 
possible  by  the  latest  discoveries  in  the  domain  of  pure  analysis. 

The  problem  of  determining  the  elements  of  the  orbit  of  a  comet 
moving  in  a  parabola,  by  means  of  observed  places,  which  had  been 
considered  by  Newtox,  Euler,  Boscovich,  Lambert,  and  others, 
received  from  Lagrange  and  Laplace  the  most  careful  consideration 
in  the  light  of  all  that  had  been  previously  done.  The  solution  given 
by  the  former  is  analytically  complete,  but  far  from  being  practically 
complete ;  that  given  by  the  latter  is  especially  simple  and  practical  so 
far  as  regards  the  labor  of  computation ;  but  the  results  obtained  by  it 
are  so  aficcted  by  the  unavoidable  errors  of  observation  as  to  be  often 
little  more  than  rude  approximations.  The  method  which  was  found  to 
answer  best  in  actual  practice,  was  that  proposed  by  Olbers  in  his 
work  entitled  Leichteste  und  hequemste  Methode  die  Bahn  eines  Cometen 
tu  herechnen,  in  which,  by  making  use  of  a  beautiful  theorem  of  para- 
bolic motion  demonstrated  by  Euler  and  also  by  Lambert,  and  by 
adopting  a  method  of  trial  and  error  in  the  numerical  solution  of 
certain  equations,  he  was  enabled  to  effect  a  solution  which  could  be 
performed  with  remarkable  ease.  The  accuracy  of  the  results  obtained 
by  Olbers*8  method,  and  the  facility  of  its  application,  directed  the 
attention  of  Leoendre,  Ivory,  Gaus^,  and  Encke  to  this  subject,  and 
by  them  the  method  was  extended  and  generalized,  and  rendered  appli- 
cable in  the  exceptional  cases  in  which  the  other  methods  faile<l. 

It  should  be  observed,  however,  that  the  knowledge  of  one  element, 
the  eccentricity,  greatly  facilitated  the  solution ;  and,  although  elliptic 
elements  had  been  computed  for  some  of  the  comets,  the  first  hypothesis 
was  that  of  parabolic  motion,  so  that  the  subsequent  process  rcipiired 
simply  the  determination  of  the  corrections  to  be  applie<l  to  tliene  ele- 
ments in  order  to  satisfy  the  observations.  The  more  difficult  problem 
of  determining  all  the  elements  of  planetary  motion  directly  fn>ni  three 
observcil  places,  remained  unsolved  until  the  discovery  of  CereM  by 
PiAZZi  in  1801,  by  which  the  attention  of  Gauss  was  directed  to  this 
subject,  the  result  of  which  was  the  8ubse<[ucnt  publication  of  his 
Theoria  Moiui  Corparwn  Ccciestium,  a  most  able  work,  in  which  he  gave 
to  the  world,  in  a  finished  form,  the  results  of  many  years  of  attention 
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to  tbe  subject  of  which  it  treats.  His  method  for  determining  all  the 
elements  directly  from  given  observed  places,  as  given  in  the  Theoria 
Moius,  and  as  subsequently  given  in  a  revised  form  by  Encke,  leaves 
scarcely  any  thing  to  be  desired  on  this  topic.  In  the  same  work  he 
gave  the  first  explanation  of  the  method  of  least  squares,  a  method 
which  has  been  of  inestimable  service  in  investigations  depending  on 
observed  data. 

The  discovery  of  the  minor  planets  directed  attention  also  to  the 
methods  of  determining  their  perturbations,  since  those  applied  in  the 
case  of  the  major  planets  were  found  to  be  inapplicable.  For  a  long 
time  astronomers  were  content  simply  to  compute  the  special  perturba- 
tions of  these  bodies  from  epoch  to  epoch,  and  it  was  not  until  the  com- 
mencement of  the  brilliant  researches  by  Hansen  that  serious  hopes 
were  entertained  of  being  able  to  compute  successfully  the  general  per- 
turbations of  these  bodies.  By  devising  an  entirely  new  mode  of  con- 
sidering the  perturbations,  namely,  by  determining  what  may  be  called 
the  perturbations  of  the  time,  and  thus  passing  from  the  undisturbed 
place  to  the  disturbed  place,  and  by  other  ingenious  analytical  and 
mechanical  devices,  he  succeeded  in  effecting  a  solution  of  this  most 
difficult  problem,  and  his  latest  works  contain  all  the  formulse  which  are 
required  for  the  cases  actually  occurring.  The  refined  and  difficult 
analysis  and  the  laborious  calculations  involved  were  such  that,  even 
after  Hansen's  methods  were  made  known,  astronomers  still  adhered  to 
the  method  of  special  perturbations  by  the  variation  of  constants  as 
developed  by  Lagrange. 

The  discovery  of  Astrcea  by  Hencke  was  speedily  followed  by  the 
dbcovery  of  other  planets,  and  fortunately  indeed  it  so  happened  that 
the  subject  of  special  perturbations  was  to  receive  a  new  improvement. 
The  discovery  by  Bond  and  Encke  of  a  method  by  which  we  determine 
at  once  the  variations  of  the  rectangular  co-ordinates  of  the  disturbed 
body  by  integrating  the  fundamental  equations  of  motion  by  means  of 
mechanical  quadrature,  directed  the  attention  of  Hansen  to  this  phase 
of  the  problem,  and  soon  after  he  gave  formulse  for  the  determination 
of  the  perturbations  of  the  latitude,  the  mean  anomaly,  and  the  loga- 
rithm of  the  radius-vector,  which  are  exceedingly  convenient  in  the 
process  of  integration,  and  which  have  been  found  to  give  the  most 
satisfactory  results.     The  formulse  for  the  perturbations  of  the  latitude, 


true  longitude,  and  radiiie- vector,  to  be  integrated  in  tlie  same  n 
were  afterwards  given  by  BeI'nnot. 

Having  thus  stated  briefly  a  few  historical  facts  relating  to  the 
problems  of  theoretical  astronomy,  I  proceed  to  a  statement  of  the 
object  of  this  work.  The  discovery  of  so  many  planets  and  comet*  has 
furnished  a  wide  field  for  exercise  in  the  calculations  relating  to  their 
motions,  and  it  has  occurred  to  me  that  a  work  which  should  contain  a 
de%'elopment  of  all  the  formulte  required  in  determining  the  orbits  of  the 
heavenly  bodies  directly  from  given  observed  places,  and  in  correcting 
these  orbits  by  means  of  more  extended  discussions  of  series  of  observo- 
tioDs,  including  also  the  dotermiuation  of  the  perturbations,  together 
with  a  complete  collection  of  auxiliary  tables,  and  also  such  practieftl 
directions  as  might  guide  the  inexperienced  computer,  might  add  very 
materially  to  the  progress  of  the  science  by  attracting  the  attenlioii  of  a 
greater  number  of  competent  computers.  Having  carefully  read  the 
works  of  the  great  masters,  my  plan  was  to  prepare  a  complete  work  on 
this  subject,  commencing  with  the  fundumcnliil  principles  of  dynamic*, 
and  systematically  treating,  from  one  point  of  \Hew,  all  the  problems 
presented.  The  scope  and  the  arrangement  of  the  work  will  be  beet 
noderstood  after  au  examination  of  its  conients ;  and  let  it  sufGce  to  add 
that  I  have  endeavored  to  keep  constantly  in  view  the  wants  of  the 
computer,  providing  for  the  exceptional  case>  as  they  occur,  and  giving 
all  the  formuIiB  which  appeared  to  me  to  lie  Iwet  adapted  to  the  problems 
under  consideration.  I  hav«  not  thought  it  worth  while  to  trace  out  the 
geometrieol  signitiL-ation  of  many  of  the  auxiliary  quantities  introduced. 
Tho»e  who  are  curious  in  such  matters  may  readily  derive  many  beau- 
tiful theorems  from  a  consideration  of  the  relations  of  some  of  ihefe 
auxiliarie*.  For  convenience,  the  formuire  are  numbered  consecutively 
through  each  chapter,  and  the  references  to  those  of  a  preceding  chapter 
are  dt-Giied  by  atlding  a  subscript  figure  denoting  the  number  of  the 
chapter. 

Besides  hmnng  read  the  worka  of  those  who  have  given  special  atten- 
tion to  these  problems,  I  have  consalted  the  A*troin>mitehti  jVncArr^Afra, 
the  Attronomieal  JauriHil,  and  other  astronomical  ^rio<l!cal!i,  in  which 
w  to  be  found  much  valuable  information  resulting  from  the  rxperi- 
aow  actively  engaged  in  astro- 


nomical 


pursuits. 


I  must  also 


my  obligations  to  the  publiihcr* 
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Messrs.  J.  B.  Lippincott  &  Co.,  for  the  generous  interest  which  they 
have  manifested  in  the  publication  of  the  work,  and  also  to  Dr.  B.  A. 
GroULD,  of  Cambridge,  Mass.,  and  to  Dr.  Oppolzer,  of  Vienna,  for 
valuable  suggestions. 

For  the  determination  of  the  time  from  the  perihelion  and  of  the  true 
anomaly  in  very  eccentric  orbits  I  have  given  the  method  proposed  by 
Bessel  in  the  MonaUiche  Correapondenz,  vol.  xii., — the  tables  for  which 
were  subsequently  given  by  BrUnnow  in  his  Astronomical  Notices, — and 
also  the  method  proposed  by  Gauss,  but  in  a  more  convenient  form. 
For  obvious  reasons,  I  have  given  the  solution  for  the  special  case  of 
parabolic  motion  before  completing  the  solution  of  the  general  problem 
of  finding  all  of  the  elements  of  the  orbit  by  means  of  three  observed 
places.  The  differential  formulse  and  the  other  formulae  for  correcting 
approximate  elements  are  given  in  a  form  convenient  for  application, 
and  the  formulse  for  finding  the  chord  or  the  time  of  describing  the 
subtended  arc  of  the  orbit,  in  the  case  of  very  eccentric  orbits,  will  be 
found  very  convenient  in  practice. 

I  have  given  a  pretty  full  development  of  the  application  of  the 
theory  of  probabilities  to  the  combination  of  observations,  endeavoring 
to  direct  the  attention  of  the  reader,  as  far  as  possible,  to  the  sources  of 
error  to  be  apprehended  and  to  the  most  advantageous  method  of  treat- 
ing the  problem  so  as  to  eliminate  the  effects  of  these  errors.  For  the 
rejection  of  doubtful  observations,  according  to  theoretical  considerations, 
I  have  given  the  simple  formula,  suggested  by  Chauvenet,  which  fol- 
lows directly  from  the  fundamental  equations  for  the  probability  of 
errors,  and  which  will  answer  for  the  purposes  here  required  as  well  as 
the  more  complete  criterion  proposed  by  Peirce.  In  the  chapter 
devoted  to  the  theory  of  special  perturbations  I  have  taken  particular 
pains  to  develop  the  whole  subject  in  a  complete  and  practical  form, 
keeping  constantly  in  view  the  requirements  for  accurate  and  convenient 
numerical  application.  The  time  is  adopted  as  the  independent  variable 
in  the  determination  of  the  perturbations  of  the  elements  directly,  since 
experience  has  established  the  convenience  of  this  form ;  and  should  it 
be  desired  to  change  the  independent  variable  and  to  use  the  differential 
coefficients  with  respect  to  the  eccentric  anomaly,  the  equations  between 
this  function  and  the  mean  motion  will  enable  us  to  effect  readily  the 
required  transformation. 


The  numGrical  examples  involve  data  derived  from  actual  observa- 
tions, and  care  baa  Iwcn  taken  to  make  thera  complete  in  every  respect, 
BO  as  to  serve  as  a  guide  to  the  efforts  of  those  not  familiar  nlth  these 
calculations;  and  when  different  fundamental  planes  are  spoken  of,  it  is 
presumed  that  the  reader  is  familiar  with  the  elements  of  spherical 
astronomy,  so  that  it  is  unnecessary  to  state,  in  all  cases,  whether  the 
centre  of  the  sphere  is  taken  at  the  centre  of  the  earth,  or  at  any  oilier 
point  in  space. 

The  preparation  of  the  Tables  has  cost  me  a  great  amount  of  labor, 
lognrithms  of  ten  decimals  being  employed  in  order  to  be  sure  of  the 
last  <leeiraal  given.  Several  of  those  in  previous  use  have  been  recom- 
puted and  extended,  and  others  here  given  for  the  first  time  have  been 
prepared  with  special  care.  The  adopted  value  of  the  constant  of  the 
solar  attraction  is  that  given  by  CiAl'se,  which,  as  will  appear,  is  not 
accurately  in  accordance  with  the  adoption  of  the  mean  distance  of  the 
earth  from  the  sun  as  the  unit  of  space;  but  until  the  absolute  value  of 
th(-  earth's  mean  motion  is  known,  it  is  best,  for  the  sake  of  uniibrmity 
and  accuracy,  to  retain  GAVee'.')  cunstant. 

The  preparation  of  this  work  haa  been  effected  amid  many  interrup- 
tions, anil  with  other  labors  constantly  pressing  me,  by  which  the  progress 
of  its  publieation  has  been  somewhat  delayed,  even  since  the  stereo- 
typing wns  commenced,  so  that  in  some  cssea  I  have  been  anticipated 
Id  the  publication  of  formulic  which  would  have  here  appeared  for  the 
first  time.  I  have,  however,  endeavored  to  perform  conscientiously  the 
Bclf-imposed  task,  seeking  always  la  secure  a  logical  se4|ueuce  in  the  de- 
velopment of  the  formula;,  to  preeer^-e  uniformity  and  elegance  in  the 
notation,  and  to  elucidate  the  successive  sli-pa  in  the  analysis,  nu  that  (he 
work  may  be  read  by  those  who,  possessing  a  respecUlilc  mathematical 
education,  desire  to  be  informed  of  the  meauH  by  which  astrtiuomera  nra 
enabled  to  arrive  at  so  many  grand  results  connected  with  tlie  moliutia 
of  the  heavenly  bodies,  and  by  which  tlie  grandeur  and  sublinilty  of 
creation  are  unvdicd.  Tlie  labor  of  the  prejiamtion  of  the  work  will 
have  been  fully  repaid  if  it  shall  be  the  means  of  directing  a  more 
general  attention  to  tliu  iitudy  of  the  wonderful  mechanism  of  the  hea- 
vms,  Iho  contciuplatioD  of  which  must  ever  servo  to  impress  ugKin  the 
mind  iho  reality  of  the  perfection  of  the  uxxifotext,  the  Livisa  UOD! 

OasxarATOKT,  Axs  Arkm,  Jaa«,  ISOT. 
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THEORETICAL  ASTRONOMY. 


CHAPTER  I. 

mVEHTlQATIOK  OF  THE  FUNDABIENTAIi  EQUATIONS  OP  MOTION,  AND  OP  THE  POB- 
MrUE  FOB  DETERMININO,  FROM  KNOWN  ELEMENTS,  THE  HEUOCENTBIC  AND 
GEOCENTRIC  PLACES  OF  A  HEAVENLY  BODY,  ADAPTED  TO  NUMERICAL  COMPUTA- 
TION FOR  CASES  OF  ANY  ECCENTRICITY  WHATEVER. 

1.  The  study  of  the  motions  of  the  heavenly  bodies  does  not  re- 
quire that  we  should  know  the  ultimate  limit  of  divisibility  of  the 
matter  of  which  they  are  composed, — ^whether  it  may  be  subdivided 
indefinitely,  or  whether  the  limit  is  an  indivisible,  impenetrable  atom. 
Nor  are  we  concerned  with  the  relations  which  exist  between  the 
separate  atoms  or  molecules,  except  so  far  as  they  form,  in  the  aggre- 
gate, a  definite  body  whose  relation  to  other  bodies  of  the  system  it 
is  required  to  investigate.  On  the  contrary,  in  considering  the  ope- 
ration of  the  laws  in  obedience  to  which  matter  is  aggregated  into 
single  bodies  and  systems  of  bodies,  it  is  sufficient  to  conceive  simply 
of  its  divisibility  to  a  limit  which  may  be  regarded  as  infinitesimal 
compared  with  the  finite  volume  of  the  body,  and  to  regard  the  mag- 
nitude of  the  element  of  matter  thus  arrived  at  as  a  mathematical 
point. 

An  element  of  matter,  or  a  material  body,  cannot  give  itself 
motion;  neither  can  it  alter,  in  any  manner  whatever,  any  motion 
which  may  have  been  communicated  to  it.  This  tendency  of  matter 
to  resist  all  changes  of  its  existing  state  of  rest  or  motion  is  known 
as  inertia,  and  is  the  fundamental  law  of  the  motion  of  bodies.  Ex- 
perience invariably  confirms  it  as  a  law  of  nature;  the  continuance  of 
motion  as  resistances  are  removed,  as  well  as  the  sensibly  unchanged 
motion  of  the  heavenly  bodies  during  many  centuries,  affording  the 
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most  convincing  proof  of  its  univcreality.  Whenever,  therefore,  a 
material  point  experiences  any  change  of  its  state  as  rcsjiects  rest  or 
motion,  the  cause  must  be  attributed  to  the  operation  of  something 
external  to  the  element  itself,  and  which  we  designate  by  the  word 
force.  The  nature  of  forces  is  generally  unltnown,  and  wc  estimate 
them  by  the  cH'ecls  which  they  produce.  They  are  thus  rendered  com- 
pai-nble  with  some  unit,  and  may  be  expressed  by  abstract  numbers. 

2.  if  a  material  point,  free  to  move,  receives  an  impulse  by  virtue 
of  the  action  of  any  force,  or  if,  at  any  instant,  the  force  by  which 
motion  18  communicatcfl  shall  cease  to  act,  the  subsequent  motion  of 
the  point,  according  to  the  law  of  iucrtia,  must  be  rectilinear  and 
uniform,  equal  spaces  being  described  in  equal  times.  Thus,  if  «,  r, 
and  t  represent,  respectively,  the  »pace,  the  veloeitg,  and  the  thin;  the 
raeagure  of  r  being  the  apace  described  in  a  unit  of  time,  we  shall 
have,  in  this  cane, 


It  is  evident,  however,  that  the  space  descril)ed  in  a  unit  of  time  will 
vary  with  the  intensity  of  the  force  to  which  the  motion  is  due,  and, 
the  nature  of  the  force  being  unknown,  we  must  necessarily  compare 
the  velocities  eommunicatcd  to  the  point  by  different  forces,  in  order 
to  arrive  at  the  relation  of  their  effects.  Wc  are  thus  led  to  regard 
the  force  o.s  proportional  to  the  velix^ity;  and  this  also  has  received 
tiie  most  indubitable  proof  as  being  a  law  of  nature.  Flencc,  the 
principles  of  the  comjKtaitiou  and  resolution  of  forces  may  be  applied 
abto  to  the  composition  and  resolution  of  velocities. 

If  the  force  acts  iniM^saiitly,  the  velocity  will  be  aocelenited,  and 
the  force  which  produocs  this  motion  is  enllnl  an  accfUrathu/  (orw. 
In  n^rd  to  the  mode  of  o|)cnitiun  of  tlie  force,  however,  wo  may 
consider  it  as  acting  absolutely  without  cessation,  or  we  may  regard 
it  aa  acting  instantaneously  «t  BUcoe»iive  infinitesimal  intervals  repre- 
sented by  (ft,  and  henc«  the  motion  an  uniform  during  each  of  these 
intervals.  The  latter  suppue<ition  is  that  which  is  beet  adujitcd  to 
the  requirement*  of  the  infinitt»imnl  calculus  j  and,  according  to  the 
fuudamental  principles  of  this  calculus,  the  finite  result  will  he  the 
«amc  Bs  in  the  okc  of  a  force  whose  action  ia  absolutely  incessant. 
Therefore,  if  wc  represent  the  element  of  space  by  rU,  and  the  ele- 
ment of  time  by  'U,  the  instantaneous  velocity  will  be 

_  •'' 
''  ^  "'/("' 

vbich  will  vary  from  one  instant  to  another. 
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3.  Since  the  force  is  proportional  to  the  velocity,  its  measure  at 
any  instant  will  be  determined  by  the  corresponding  velocity.  If 
the  accelerating  force  is  constant,  the  motion  will  be  uniformly  accele- 
rated; and  if  we  designate  the  acceleration  due  to  the  force  by/,  the 
unit  of/  being  the  velocity  generated  in  a  unit  of  time,  we  shall  have 

v=ft. 

If,  however,  the  force  be  variable,  we  shall  have,  at  any  instant, 

the  relation 

- dv 

the  force  being  regarded  as  constant  in  its  action  during  the  element 
of  time  cK.     The  instantaneous  value  of  v  gives,  by  differentiation, 

dv d^s 

'dt^W 
and  hence  we  derive 

80  that,  in  varied  motion,  the  acceleration  due  to  the  force  is  mea- 
sured by  the  second  differential  of  the  space  divided  by  the  square 
of  the  element  of  time. 

4.  By  the  mass  of  the  body  we  mean  its  absolute  quantity  of  mat- 
ter. The  density  is  the  mass  of  a  unit  of  volume,  and  hence  the 
entire  mass  is  equal  to  the  volume  multiplied  by  the  density.  If  it 
is  required  to  compare  the  forces  which  act  upon  different  bodies,  it 
is  evident  that  the  masses  must  be  considered.  If  equal  masses 
receive  impulses  by  the  action  of  instantaneous  forces,  the  forces 
acting  on  each  will  be  to  each  other  as  the  velocities  imparted ;  and 
if  we  consider  as  the  unit  of  force  that  which  gives  to  a  unit  of  mass 
the  unit  of  velocity,  we  have  for  the  measure  of  a  force  -F,  denoting 

the  mass  by  M, 

F  =  Mv. 

This  is  called  the  quantiiy  of  motion  of  the  body,  and  expresses  its 
capacity  to  overcome  inertia.  By  virtue  of  the  inert  state  of  matter, 
there  can  be  no  action  of  a  force  without  an  equal  and  contrary  re- 
action; for,  if  the  body  to  which  the  force  is  applied  is  fixed,  tlie 
equilibrium  between  the  resistance  and  the  force  necessarily  implies 
the  development  of  an  equal  and  contrary  force ;  and,  if  the  body  be 
free  to  move,  in  the  change  of  state,  its  inertia  will  oppose  equal  and 
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contrary  pesiBtanoe.  Hence,  as  a  ueoessnry  consequenoe  of  inertia,  it 
follows  that  action  and  reaction  are  simultaneous),  equal,  and  contrary. 
If  the  IxkIv  is  acted  u{)oa  by  a  force  such  that  the  motion  16  varied, 
tlie  accelerating  force  npou  each  element  of  its  masa  is  represented  by 
-T. ,  and  the  entire  nu^ive  force  F  is  expressed  by 

M  being  the  sum  of  all  the  elements,  or  the  mass  of  the  body.   Siuce 

—  * 

^~  dt' 

this  gives 


which  is  the  cxpre^ion  for  the  intensity  of  tlie  motive  force,  or  of 
the  force  of  inertia  developed.  For  the  unit  of  mass,  the  measuru 
of  the  force  is 


and  this,  therefore,  expresses  that  part  of  the  iatensity  of  the  motive 
funv  whicli  is  imprtss(!d  upon  Lhc  unit  of  mass,  and  is  what  is  usually 
called  the  aectUrating  Jonx. 

ft.  The  force  in  obedience  to  which  the  heavenly  bodies  [lerform 
their  journey  through  space,  is  known  as  the  aUnu^ion  offfraritation; 
and  the  law  of  the  operation  of  this  force,  Ju  itifclf  simple  and  umque, 
has  been  eoufirmcd  and  general  ixni  by  the  accumulated  researches  of 
modem  fvienoc.  Not  only  do  we  find  that  it  controls  the  motions  of 
tito  bodies  of  our  own  solar  system,  but  that  the  revolutions  of  binary 
eyslruis  of  stars  in  the  remotest  n^ons  of  space  proclaim  the  uni- 
versality of  its  operation.  It  un&tlingly  explains  all  the  phenomena 
oli^M'rved,  and,  mitsiripping  ofanervatioa,  it  has  furnished  the  mra 
of  predicting  many  phenomena  mbaeqnently  ohscni-ed.  The  law  (#  I 
this  Ibrcc  is  that  ^rery  pariiele  of  muittr  it  aUnuted  fry  errry  atAtr  4 
parHek  6y  a  fane  thick  mria  dimtiy  at  Ok  mam  and  invmtiji  at 
At  »ifaort  y  lite  diManee  <^  thr  aUradutff  partitie. 

Thta  redpronJ  action  is  instantancond,  and  is  ttot  modified,  in  any 
dq^Tve,  by  the  inleriKHitinn  of  otiker  paiticiei  or  bodis  of  matter.  It 
is  akio  ab»olnt4-ly  indi-pmdent  of  tlia  utnra  of  tba  molentlee  tliem- 
■elvet,  and  of  their  aggragatioo. 
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If  we  consider  two  bodies  the  masses  of  which  are  m  and  m'^  and 
whose  magnifcades  are  so  small,  relatively  to  their  mutual  distance  p^ 
that  we  may  regard  them  as  material  points,  according  to  the  law  of 
gravitation,  the  action  of  m  on  each  molecule  or  unit  of  in!  will  be 

— ,  and  the  total  force  on  m'  will  be 
P 


m  — . 
P" 


w! 


7#£ 

The  action  of  m'  on  each  molecule  of  m  will  be  expressed  by  — ^,  and 

its  total  action  by 

m' 

m  — r-. 

p^ 

The  absolute  or  moving  force  with  which  the  masses  m  and  m'  tend 
toward  each  other  is,  therefore,  the  same  on  each  body,  which  result 
is  a  necessary  consequence  of  the  equality  of  action  and  reaction. 
The  velocities,  however,  with  which  these  bodies  would  approach 
each  other  must  be  different,  the  velocity  of  the  smaller  mass  exceed- 
ing that  of  the  greater,  and  in  the  ratio  of  the  masses  moved.  The 
expression  for  the  velocity  of  m',  which  would  be  generated  in  a  unit 
of  time  if  the  force  remained  constant,  is  obtained  by  dividing  the 
absolute  force  exerted  by  m  by  the  mass  moved,  which  gives 

m 

and  this  is,  therefore,  the  measure  of  the  acceleration  due  to  the 
action  of  m  at  the  distance  p.  For  the  acceleration  due  to  the 
action  of  m'  we  derive,  in  a  similar  manner, 

6.  Observation  shows  that  the  heavenly  bodies  are  nearly  spherical 
in  form,  and  we  shall  therefore,  preparatory  to  finding  the  equations 
which  express  the  relative  motions  of  the  bodies  of  the  system,  de- 
termine the  attraction  of  a  spherical  mass  of  uniform  density,  or 
varying  from  the  centre  to  the  surface  according  to  any  law,  for  a 
point  exterior  to  it. 

If  we  suppose  a  straight  line  to  be  drawn  through  the  centre  of  the 
sphere  and  the  point  attracted,  the  total  action  of  the  sphere  on  the 
point  will  be  a  force  acting  along  this  line,  since  the  mass  of  the 
sphere  is  symmetrical  with  respect  to  it.     Let  dm  denote  an  element 
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of  the  mass  of  the  sphere^  and  p  its  distance  from  the  point  attracted; 

then  will 

dm 

express  the  action  of  this  element  on  the  point  attracted.  If  we  sap- 
pose  the  density  of  the  sphere  to  be  constant,  and  equal  to  unity,  the 
element  dm  becomes  an  element  of  volume,  and  will  be  expressed  by 

dm  =  dzdyd2; 

X,  y,  and  z  being  the  co-ordinates  of  the  element  referred  to  a  system 
of  rectangular  co-ordinates.  If  we  take  the  origin  of  co-ordinates 
at  the  centre  of  the  sphere,  and  introduce  polar  co-ordinates,  so  that 

X  =  r  cos  sp  cos  0, 
y  =  r  cos  sp  sin  0, 
«  =  r  sin  sp, 

the  expression  for  dm  becomes 

dm  =  r*  cos  f  dr  df  dO; 
and  its  action  on  the  point  attracted  is 

,^      r*  cos  ^  dr  d^  dB 

a/= J 

P 

If  we  suppose  the  axis  of  z  to  be  directed  to  the  point  attracted, 
the  co-ordinates  of  this  point  will  be 

a  being  the  distance  of  the  point  from  the  centre  of  the  sphere,  and, 
since 

we  shall  have 

/»■  =  a*  —  2ar  sin  f  +  r*. 

The  component  of  the  force  df  in  the  direction  of  the  line  a,  join- 
ing the  point  attracted  and  the  centre  of  the  sphere,  is 

(/fcos^, 

where  y  is  the  angle  at  the  {X>int  attracteil  between  the  element  dm 
and  the  centre  of  the  sphere.  It  is  evident  that  the  sum  of  all  the 
components  which  act  in  the  direction  of  the  line  a  will  express  the 
total  action  of  tlie  sphere,  since  the  sum  of  those  which  act  perpen- 
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dienlar  to  this  line,  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  is  zero. 

But  we  have 

a  =  z  +  pco8rf 
and  hence 

a  —  rein^p 
cosr= -. 

P 
The  differentiation  of  the  expression  for  p^y  with  respect  to  a,  gives 

dp       a  —  r  sin  f 


da  p 


=  C087'. 


Therefore,  if  we  denote  the  attraction  of  the  sphere  by  -4,  we  shall 
have,  by  means  of  the  values  of  df  and  cos  Xf 

J  .       r' cos  ^  drd^  do    dp 

a  A  = z -r-t 

p'  da 

or 

di 

dA  =  —  f^coB^drd^dO  -j-. 

da 

The  polar  co-ordinates  r,  ^,  and  0  are  independent  of  a,  and  hence 


dA  =  — 


p 


da 
Let  us  now  put 

^y^r^  cos  ^drd^de^ 

P 
and  we  shall  have 

da 

Consequently,  to  find  the  total  action  of  the  sphere  on  the  given 
point,  we  have  only  to  find  V  by  means  of  equation  (2),  the  limits 
of  the  int^ration  being  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  and  then  find  its  differential  coefficient  with  respect  to  a. 

If  we  int^rate  equation  (2)  first  with  reference  to  0,  for  which  p 
is  constant,  between  the  limits  d  =  0  and  d  =  27r,  we  get 


r=  2./jpl 


cos  sp  dr  dip 


This  must  be  int^rated  between  the  limits  f  =  +  Jtt  and  f?  =  —  J?r; 
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but  since  ^  is  a  function  of  tp^  if  we  differentiate  the  expression  for 
f?  with  respect  to  ^,  we  have 

r  cos  ^  rf^  ==  —  -dpy 

a 

and  hence 

Corresponding  to  the  limits  of  ip  we  have  /?  =  a  —  r,  and  p  =  a-\-r; 
and  taking  the  int^ral  with  respect  to  p  between  these  limits^  we 
obtain 

a  •^ 
lut^rating,  finally,  between  the  limits  r  =  0  and  r  =  n,  we  get 

^^      'a' 

r,  being  the  radius  of  the  sphere,  and,  if  we  denote  its  entire  mass  by 
m,  this  becomes 


Therefore, 


F= 

a 

A  = 

dV 
da 

m 
'a" 

firom  which  it  appears  that  the  action  of  a  homogeneous  spherical 
mass  on  a  point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were 
concentrated  at  its  centre.  If,  in  the  integration  with  respect  to  r, 
we  take  the  limits  r'  and  r",  we  obtain 

A  =  i  '^-^^. 

*  or 

and,  denoting  by  m^  the  mass  of  a  spherical  sliell  whose  radii  arc  r" 
and  r'y  this  becomes 

n,  —  —1. 
a' 

Consequently,  the  attraction  of  a  homogeneous  spherical  shell  on  a 
point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre. 

The  supposition   that  the  point  attracted   is  situated   within  a 
■pherical  shell  of  uniform  density,  does  not  change  the  form  of  the 


FUNDAMENTAL   PRINCIPLES.  23 

general  equation;  but,  in  the  integration  with  reference  to  /o,  the 
limits  will  be  /o  =  r  +  a,  and  p  =  r  —  a,  which  give 

V=  —  ATzjrdr; 

and  this  being  independent  of  a,  we  have 

da 

Whence  it  follows  that  a  point  placed  in  the  interior  of  a  spherical 
shell  is  equally  attracted  in  all  directions,  and  that,  if  not  subject  to 
the  action  of  any  extraneous  force,  it  will  be  in  equilibrium  in  every 
position. 

7.  Whatever  may  be  the  law  of  the  change  of  the  density  of  the 
heavenly  bodies  from  the  surface  to  the  centre,  we  may  regard  them 
as  composed  of  homogeneous,  concentric  layers,  the  density  varying 
only  from  one  layer  to  another,  and  the  number  of  the  layers  may 
be  indefinite.  The  action  of  each  of  these  will  be  the  same  as  if  its 
mass  were  united  at  the  centre  of  the  shell ;  and  hence  the  total  action 
of  the  body  will  be  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre  of  gi-avity.  The  planets  are  indeed  not  exactly  spheres, 
but  oblate  spheroids  differing  but  little  from  spheres ;  and  the  error 
of  the  assumption  of  an  exact  spherical  form,  so  far  as  relates  to 
their  action  upon  each  other,  is  extremely  small,  and  is  in  fact  com- 
pensated by  the  magnitude  of  their  distances  from  each  other ;  for, 
whatever  may  be  the  form  of  the  body,  if  its  dimensions  are  small 
in  comparison  with  its  distance  from  the  body  which  it  attracts,  it  is 
evident  that  its  action  will  be  sensibly  the  same  as  if  its  entire  mass 
were  concentrated  at  its  centre  of  gravity.  If  we  suppose  a  system 
of  bodies  to  be  composed  of  spherical  masses,  each  unattended  with 
any  satellite,  and  if  we  suppose  that  the  dimensions  of  the  bodies 
are  small  in  comparison  with  their  mutual  distances,  the  formation 
of  the  equations  for  the  motion  of  the  bodies  of  the  system  will  \ye 
reduced  to  the  consideration  of  the  motions  of  simple  points  endowed 
with  forces  of  attraction  corresponding  to  the  respective  masses.  Our 
solar  system  is,  in  reality,  a  compound  system,  the  several  systems 
of  primaiy  and  satellites  corresponding  nearly  to  the  case  supposed ; 
and,  before  proceeding  with  the  formation  of  the  equations  which  are 
applicable  to  the  general  case,  we  will  consider,  at  first,  those  for  a 
simple  system  of  bodies,  considered  as  points  and  subject  to  their 
mutual  actions  and  the  action  of  the  forces  which  correspond  to  the 
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actaal  velocities  of  the  different  parts  of  the  system  for  aiiy  instant. 
It  is  evident  that  we  cannot  consider  tlie  motion  of  any  single  body 
as  free,  and  subject  only  to  the  action  of  the  primitive  impulsion 
which  it  has  received  and  the  accelerating  forces  which  act  upon  it ; 
but,  on  the  contrary,  the  motion  of  each  body  will  depend  on  the 
force  which  acts  upon  it  directly,  and  also  on  the  reaction  due  to  the 
other  bodies  of  the  system.  The  consideration,  however,  of  the  varia- 
tions of  the  motion  of  the  several  bodies  of  the  system  is  reduced  to 
the  simple  case  of  equilibrium  by  means  of  the  general  principle  that, 
if  we  assign  to  the  different  bodies  of  the  system  motions  which  are 
modified  by  their  mutual  action,  we  may  regard  these  motions  as 
composed  of  those  which  the  bodies  actually  have  and  of  other 
motions  which  are  destroyed,  and  which  must  therefore  necessarily 
be  such  that,  if  they  alone  existed,  the  system  would  be  in  equi- 
librium. We  are  thus  enabled  to  form  at  once  the  equations  for  the 
motion  of  a  system  of  bodies.  Let  m,  m%  m"^  <&c.  be  the  masses  of 
the  several  bodies  of  the  system,  and  a?,  y,  2,  x\  y'y  zf,  Ac  their  co- 
ordinates referred  to  any  system  of  rectangular  axes.  Further,  let 
the  components  of  the  total  force  acting  u{K)n  a  unit  of  the  mass  of 
m,  or  of  the  accelerating  force,  resolved  in  directions  parallel  to  the 
co-ordinate  axes,  be  denoted  by  A',  F,  and  Z,  respectively,  then  will 

mX,  m  F,  mZ, 

be  the  forces  which  act  upon  the  body  in  the  same  directions.  The 
velocities  of  the  body  m  at  any  instant,  in  directions  parallel  to  the 
co-ordinate  axes,  will  be 

dx  dy  dz 

'dV  ~dV  H' 

and  the  corresponding  forces  are 

dx  dy  dz 

AMA  ^kMtt  ^^  AAA 

"^  \dt'  "*   'dt'  "^  It' 

By  virtue  of  the  action  of  the  accelerating  force,  tlicse  forces  for  the 
next  instant  become 

which  may  be  written  respectively: 
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dx  ,  dx  J  dx  .-^j 

at  at  at 

m-^  +  md-^  —md^  +  mYdt, 
dt  dt  dt 

The  actual  velocities  for  this  instant  are 

W  +  ^'W  d^  +  '''*'  dT  +  '^d^' 

and  the  corresponding  forces  are 

dx   .      jdx  dy    I      jdy  dz    .       ,  dz 

™-5r+'^-5«-'       '"■rft'+'^w       '"w+'^w 

Comparing  these  with  the  preceding  expressions  for  the  forces,  it 
appears  that  the  forces  which  are  destroyed,  in  directions  parallel  to 
the  co-ordinate  axes,  are 

—  ^^  -jT  +  fnXdtf 

at 

^rnd^  +  mYdt,  (8) 

dz 

—  md—T7  +  m2jdt. 

at 

In  the  same  manner  we  find  for  the  forces  which  will  be  destroyed 
in  the  case  of  the  body  m^ : 

—  wi'd^  +  wi'X'd^, 

at 

—  m'd^  +  m'Tdt, 

dt 

d/ 

—  m'd^+m'Z'dt; 

at 

and  similarly  for  the  other  bodies  of  the  system.  According  to  the 
general  principle  above  enunciated,  the  system  under  the  action  of 
these  forces  alone,  will  be  in  equilibrium.  The  conditions  of  equi- 
librium for  a  system  of  points  of  invariable  but  arbitrary  form,  and 
subject  to  the  action  of  forces  directed  in  any  manner  whatever,  are 

in  which  X,y  Y,,  Zty  denote  the  components,  resolved  parallel  to  the 
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co-ordinate  axes^  of  the  forces  acting  on  any  pointy  and  ar,  y,  «,  the 
co-ordinates  of  the  point.  These  equations  are  equally  applicable  to 
the  case  of  the  equilibrium  at  any  instant  of  a  system  of  variable 
form ;  and  substituting  in  them  the  expressions  (3)  for  the  forces  de- 
stroyed in  the  case  of  a  system  of  bodies,  we  shall  have 

Im  -J-  —  ImX  =  0, 
or 

or 
Im^-'-^ImZ=0,  (4) 


dt' 


Im 


which  are  the  general  equations  for  the  motions  of  a  system  of  bodies. 

8.  Let  Xfy  yt,  Zty  be  the  co-ordinates  of  the  centre  of  gravity  of  the 
system,  and,  by  differentiation  of  the  equations  for  the  co-ordinates 
of  the  centre  of  gravity,  which  are 


we  get 


Imx 
Xf  —    .,  -> 

Imy 
^         Im 

Imt 

a*x,            d(* 

dC          Im  ' 

dt*          Im   ' 

^    dh 
d'z,       -"'  rf^ 

dt*          Im 

Introducing  these  values  into  the  first  three  of  e(j[uations  (4),  they 

become 

d'x,      ImX  d'y,       ImY  ^^^  ._ -»''^. 


dt'         Im  dC         Im  de        Im 


('>) 


from  which  it  appears  that  the  centre  of  gravity  of  the  system  moves 
in  t«pacc  as  if  the  masses  of  the  different  Ixxlies  of  which  it  is  com- 
po8e<l,  were  uniteil  in  that  point,  and  the  forces  directly  applieil  to  it. 
If  we  supiK)se  that  the  only  accelerating  fon**^  which  act  on  the 
bodies  of  tin*  system,  are  those  which  result  from  their  mutual  actitm, 
we  have  the  i>bvioiis  relation : 

mX  =  —  m'A",  m  1'=  —  m'  1",  mZ  ^  —  m'Z'. 
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and  similarly  for  any  two  bodies ;  and^  consequently, 

i:mX=0,  rwr=0,  2mZ=0; 

80  that  equations  (5)  become 

Integrating  these  once,  and  denoting  the  constants  of  integration  by 
c,  c'y  c",  we  find,  by  combining  the  results, 

da^  +  dy*  +  ds^        _        •   ,     ,,   ,     ,,, 

and  hence  the  absolute  motion  of  the  centre  of  gravity  of  the  system, 
when  subject  only  to  the  mutual  action  of  the  bodies  which  compose 
it,  must  be  uniform  and  rectilinear.  Whatever,  therefore,  may  be 
the  relative  motions  of  the  different  bodies  of  the  system,  the  motion 
of  its  centre  of  gravity  is  not  thereby  afiected. 

9.  Let  us  now  consider  the  last  three  of  equations  (4),  and  suppose 
the  system  to  be  submitted  only  to  the  mutual  action  of  the  bodies 
which  compose  it,  and  to  a  force  directed  toward  the  origin  of  co- 
ordinates.    The  action  of  m'  on  m,  according  to  the  law  of  gravita- 

tion,  is  expressed  by  — ,  in  which  p  denotes  the  distance  of  m  from  m'. 

To  resolve  this  force  in  directions  parallel  to  the  three  rectangular 
axes,  we  must  multiply  it  by  the  cosine  of  the  angle  which  the  line 
joining  the  two  bodies  makes  with  the  co-ordinate  axes  respectively, 
which  gives 

v__mf  (af  —  x)  y_m^(y  — y)  mfj^-^z) 

A, = f  J  —  jj >  A  —  z  • 

p  p  p 

Further,  for  the  components  of  the  accelerating  force  of  m  on  wi',  we 
have 

_  m  (a;  —  a/)  _  ^  (y  •—  y")  ^,  _  mjz  —  i^) 

Hence  we  derive 

m(Fa;  — Xy)  +  m'(rV  — Xy)  =  0, 
and  generally 

2:m{Yx  —  Xy)=0.  (6) 
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In  a  similar  maimer^  we  find 

Im  (Xz  —  Zr)  =  0,  (7) 

rm  (Zy  —  Yt)  =  0. 

These  relations  will  not  be  altered  if,  in  addition  to  their  reciprocal 

action,  the  bodies  of  the  system  are  acted  upon  by  forces  directed  to 

the  origin  of  co-ordinates.     Thus,  in  the  case  of  a  force  acting  upon 

m,  and  directed  to  the  origin  of  co-ordinates,  we  have,  for  its  action 

alone, 

Yx=zXy,  Xz  =  Zx,  Zy  =  Yz, 

and  similarly  for  the  other  bodies.  Hence  these  forces  disappear 
from  the  equations,  and,  therefore,  when  the  several  bodies  of  the 
system  are  subject  only  to  their  reciprocal  action  and  to  forces  directed 
to  the  origin  of  co-ordinates,  the  last  three  of  equations  (4)  become 

the  integration  of  which  gives 


Im  « xdy  —  yrfx^  =  erf/, 

Im  •  zdx  —xdz^=  cdt,  (8) 

-m  <  yrfi  —  zrfy  >  =  f  "rf/, 

c,  c',  and  c"  being  the  constants  of  integration.  Now,  jnrfy  —  ydx 
is  double  the  area  described  about  the  origin  of  co-ordinates  by  the 
projection  of  the  radius-vector,  or  line  joining  m  with  the  origin  of 
co-ordinates,  on  the  plane  of  xy  during  the  element  of  time  dt;  and, 
further,  sir  —  xdz  and  ydz  —  zdy  are  respectively  double  the  areas 
desvribetl,  during  the  same  time,  by  the  pixy ect ion  of  the  radius- vector 
on  the  planes  of  xz  and  yr.  The  constant  c,  therefore,  exprt^ses  the 
sum  of  the  products  formed  by  multiplying  the  arral  rrfority  of  each 
bodv,  in  the  direction  of  the  co-ordinate  plane  nr,  bv  its  mass ;  and 
c',  c".  express  the  same  sum  with  rvfen*n<v  to  the  ccM)nlinate  planes 
xz  and  yz  rcspettively.  Hence  the  sum  of  the  aiml  velocities  of  the 
several  bodies  of  the  system  about  the  origin  of  co-oniinates,  each 
multiplied  by  the  corresponding  mass,  is  constant :  and  the  sum  of 
the  areas  traced*  each  multiplied  by  the  corresponding  mass,  is  pro- 
to  the  time.     If  the  only  forces  which  operate,  ar«  those 
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resulting  irom  the  matual  action  of  the  bodies  which  compose  the 
system,  this  result  is  correct  whatever  may  be  the  point  in  space 
taken  as  the  origin  of  co-ordinates. 

The  areas  described  by  the  projection  of  the  radius-vector  of  each 
body  on  the  co-ordinate  planes,  are  the  projections,  on  these  planes,  of 
the  areas  actually  described  in  space.  We  may,  therefore,  conceive  of 
a  resultant,  or  principal  plane  of  projection,  such  that  the  sum  of  the 
areas  traced  by  the  projection  of  each  radius-vector  on  this  plane, 
when  projected  on  the  three  co-ordinate  planes,  each  being  multiplied 
by  the  corresponding  mass,  will  be  respectively  equal  to  the  first 
members  of  the  equations  (8).  Let  a,  /?,  and  y  be  the  angles  which 
this  principal  plane  makes  with  the  co-ordinate  planes  2^y,  xz,  and  yz, 
respectively;  and  let  S  denote  the  sum  of  the  areas  traced  on  this 
plane,  in  a  unit  of  time,  by  the  projection  of  the  radius- vector  of 
each  of  the  bodies  of  the  system,  each  area  being  multiplied  by  the 
corresponding  mass.  The  sum  S  will  be  found  to  be  a  maximum, 
and  its  projections  on  the  co-ordinate  planes,  corresponding  to  the 
element  of  time  eft,  are 

Scosadt,  Scosfidt,  Scoaydt 

Therefore,  by  means  of  equations  (8),  we  have 

c  =  Scosa,  cf  =  ScosP,  c"  =  /Scofl^, 

and,  since  cos*a  +  cos'^  +  cos't*  =  1, 

;S«  =  c» -I- </»  +  c"». 
Hence  we  derive 

COS  a  =     .  ,  cos  p  = 


l/c*  +  </*  +  c"«  i/c«  +  c'«  +  c"« 

COS  r  =     ,  

l/c«  +  c'»  +  c"« 

These  angles,  being  therefore  constant  and  independent  of  the  time, 
show  that  this  principal  plane  of  projection  remains  constantly  par- 
allel to  itself  during  the  motion  of  the  system  in  space,  whatever 
may  be  the  relative  positions  of  the  several  bodies;  and  for  this 
reason  it  is  called  the  invariable  plane  of  the  system.  Its  position 
with  reference  to  any  known  plane  is  easily  determined  when  the 
velocities,  in  directions  parallel  to  the  co-ordinate  axes,  and  the 
masses  and  co-ordinates  of  the  several  bodies  of  the  system,  are 
known.     The  values  of  c,  c',  c"  are  given  by  equations  (8),  and 
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Iieiice  the  values  of  o,  ^,  and  ;•,  which  determine  the  positioo  of  the 
iuvuriable  plane. 

Since  the  positions  of  the  co-ordinate  planet'  are  arbitrary,  we  may 
supiH)6c  that  of  ry  to  coincide  with  the  invariable  plane,  which  givi» 
cos  ^  =  0  and  coe  ?*  =  0,  and,  therefore,  c'  —-0  and  c"  =  0.  Further, 
since  ihe  positions  of  the  axes  of  ir  and  y  in  this  plane  are  arbitrary, 
it  follows  that  for  every  plane  perpendicular  to  the  invariable  plane, 
the  sum  of  the  areas  traced  by  tlie  projections  of  the  radii-vectorcs 
of  the  several  bodies  of  the  system,  each  multiplied  by  the  corre- 
sponding mass,  is  ixvo.  It  may  also  be  obHer%'ed  tliat  the  value  uf  >'? 
is  constant  whatever  nmy  be  the  position  of  the  co-ordinate  planes, 
and  that  its  value  is  necessarily  (greater  than  that  of  either  of  the 
qufintities  iu  the  second  member  of  the  equality. 

^  =  c'+o"-f-c"', 

except  when  two  of  thenj  are  each  equal  to  zero.  It  b,  therefore,  a 
maximum,  and  the  invariable  plane  is  also  the  plane  of  maximum 
arena. 

10.  If  we  supjiose  the  origin  of  co-ordinates  itself  to  move  with 
nniform  and  rectilinenr  motion  in  sjiace,  the  relations  expressed  by 
equations  (8)  will  remain  unchanged.  Thus,  let  x„  y„  i,  be  tiie  co- 
ordinates of  tlie  movable  origin  of  co-ordinates,  referred  to  a  fixed 
point  in  spaoe  taken  as  the  origin;  and  lot  j-,,  y„  :,,  x,',  y^',  V>  ^'^• 
be  the  co-ordinates  of  the  several  bodies  referred  to  the  movable 
origin.  Then,  since  the  co-onlinatc  planes  in  one  sj-stem  remain 
always  parallel  to  tlioae  of  Uie  other  system  of  co-ordinates,  we  shall 
have 

X  =  x,  +  X^  S(  =  y,  -f.  y„  I  =  t,  -f  f,. 

and  similarly  for  the  other  bcMlies  of  the  ^stcm.  Introducing  llio<e 
values  of  x,  y,  and  t  into  the  first  three  of  equations  (4),  they  become 


-2i«X=0, 


The  condition  of  uniform  rectilinear  motion  of  the  movable  origin 
give* 

^=».        ^^=»-        ^-=«. 
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and  the  preceding  equations  become 

Sm  — 53^  —  SmX  =  0, 
a" 

Im^^-  —  SmY=0,  (9) 

j^^^ZmZ  =0. 

Substituting  the  same  values  in  the  last  three  of  equations  (4),  ob- 
serving that  the  co-ordinates  x^y  y,,  z,  are  the  same  for  all  the  bodies 
of  the  system^  and  reducing  the  resulting  equations  by  means  of 
equations  (9),  we  get 

Hence  it  appears  that  the  form  of  the  equations  for  the  motion  of  the 
system  of  bodies,  remains  unchanged  when  we  suppose  the  origin  of 
co-ordinates  to  move  in  space  with  a  uniform  and  rectilinear  motion. 

11.  The  equations  already  derived  for  the  motions  of  a  system  of 
bodies,  considered  as  reduced  to  material  points,  enable  us  to  form  at 
once  those  for  the  motion  of  a  solid  body.  The  mutual  distances  of 
the  parts  of  the  system  are,  in  this  case,  invariable,  and  the  masses 
of  the  several  bodies  become  the  elements  of  the  mass  of  the  solid 
body.  If  we  denote  an  element  of  the  mass  by  dm,  the  equations  (5) 
for  the  motion  of  the  centre  of  gravity  of  the  body  become 

m^=fXdm,        m^=fYdm,        m^=fzdm,     (11) 

the  summation,  or  integration  with  reference  to  dm,  being  taken  so  as 
to  include  the  entire  mass  of  the  body,  from  which  it  appears  that 
the  centre  of  gravity  of  the  body  moves  in  space  as  if  the  entire  mass 
were  concentrated  in  that  point,  and  the  forces  applied  to  it  directly. 
If  we  take  the  origin  of  co-ordinates  at  the  centre  of  gravity  of 
the  body,  and  suppose  it  to  have  a  rectilinear,  uniform  motion  in 
space,  and  denote  the  co-ordinates  of  the  element  dm,  in  reference  to 
this  origin,  by  Xq,  y^,  Zq,  we  have,  by  means  of  the  equations  (10), 
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f('-^-'--df)''"-f^^-^-'>^-'='>-  (12) 

/(»-*--'-7f^)''"—/t*  -•''•''''"  ="■ 

the  integration  with  respect  to  <hn  being  taken  so  as  to  include  the 
entire  nmss  of  tbe  body.  These  equations,  therefore,  determine  the 
motion  of  rotation  of  the  body  around  its  centre  of  gravity  regarded 
SB  6xed,  or  as  having  a  uniform  reetilinoir  motion  in  spnoe.  Eqna- 
tions  (11)  determine  the  position  of  the  centre  of  gravity  for  any 
instant,  iind  lionce  for  the  Bucc«8sive  instants  at  intervals  equal  to  dl; 
and  we  may  consider  the  motion  of  the  body  daring  the  element  of 
time  lU  as  rectilinear  and  uniform,  whatever  may  be  the  form  of  ita 
trajoctor)-.  Hence,  equations  (11)  and  (12)  comjiletely  determine  the 
position  of  the  body  in  space, — the  former  relating  to  the  motion  of 
translation  of  the  centre  of  gravity,  and  tlio  latter  to  the  motion  of 
rotation  about  this  jtoint.  It  follows,  therefore,  that  for  any  forces 
which  act  upon  a  body  we  can  always  decompose  the  actual  motion 
into  those  of  the  translation  of  the  centre  of  gravity  in  space,  and  of 
the  motion  of  rotation  around  this  point;  and  these  two  motions  may 
be  (X)nsiderc<l  independently  of  each  other,  the  motion  of  the  centre 
of  gravity  iteing  independent  of  the  form  and  position  of  the  body 
about  this  ]>oiiit. 

If  the  only  forces  which  act  upon  tlio  Ixxly  are  the  reciprocal  action 
of  the  elements  of  its  mass  and  forces  directed  to  the  origin  of  co- 
ordinates, the  second  terms  of  equations  (12)  become  catrh  cjual  to 
eero,  and  the  results  iDc]i(ntc<]  by  equations  (8)  apply  in  this  case 
also.  The  parts  of  the  system  bi-ing  invariably  oonnivtwl,  the  piano 
of  maximum  areas,  or  inviriolilf  jilnnf,  is  evidently  that  which  is 
perpend i<'ulnr  to  the  axis  of  rotation  jtas^ing  through  the  centre  of 
gravity,  and  therefore,  in  the  motion  of  translation  of  the  ccntw  of 
gravity  in  ^pace,  the  axis  of  rotation  remains  constantly  {urallel  to 
itself.  Any  extraneous  force  which  tends  to  disturb  this  relation 
will  necessarily  dc\-clop  u  contrary  reaction,  and  hence  a  rotating  l>ody 
resists  any  change  of  its  plane  of  rotation  not  juirallel  to  itself.  We 
may  observe,  also,  tlifti  on  ucctmnt  of  the  invariability  of  the  mutual 
distanecs  of  the  elements  of  the  mass,  according  to  equations  (8),  the 
motion  of  rotation  mimt  be  uniform. 

12.  We  shall  now  consider  the  action  of  a  system  of  bodiea  on  a 
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distant  masSy  which  we  will  denote  by  M,  Let  a?o,  y^  Zq,  x^'j  y^',  z^^ 
&c.  be  the  co-ordinates  of  the  several  bodies  of  the  system  referred 
to  its  centre  of  gravity  as  the  origin  of  co-ordinates;  a?„  y„  and  z, 
the  co-ordinates  of  the  centre  of  gravity  of  the  system  referred  to 
the  centre  of  gravity  of  the  body  M.  The  co-ordinates  of  the  body 
m,  of  the  system,  referred  to  this  origin,  will  therefore  be 

x  =  x,  +  x^,  y  =  y,  +  yo,  z  =  z,  +  z^, 

and  similarly  for  the  other  bodies  of  the  system.  If  we  denote  by 
r  the  distance  of  the  centre  of  gravity  of  m  &om  that  of  M,  the 
accelerating  force  of  the  former  on  an  element  of  mass  at  the  centre 
of  gravity  of  the  latter,  resolved  parallel  to  the  axis  of  x,  will  be 

mx 

and,  therefore,  that  of  the  entire  system  on  the  element  of  M,  resolved 
in  the  same  direction,  will  be 

We  have  also 

r^  =  ix,  +  x,y  +  (:,,  +  y,y+iz,  +  z,)\ 

and,  if  we  denote  by  r,  the  distance  of  the  centre  of  gravity  of  the 

system  firom  M, 

r;  =  x;  +  y,'  +  z;. 
Therefore 

X  —i 

-  =  (a?,  +  xj  (r,«+2(«,a;o  +  y.yo  +  «.0  +  V) 

We  shall  now  suppose  the  mutual  distances  of  the  bodies  of  the 
system  to  be  so  small  in  comparison  with  the  distance  r,  of  its  centre 
of  gravity  from  that  of  -Jf,  that  terms  of  the  order  r^  may  be  neglected ; 
a  condition  which  is  actually  satisfied  in  the  case  of  the  secondary 
systems  belonging  to  the  solar  system.  Hence,  developing  the  second 
fiictor  of  the  second  member  of  the  last  equation,  and  neglecting  terms 
of  the  order  r^y  we  shall  have 

«_«^,«o       ^^Ax,x^  +  y,y^  +  z,z^) 

Is  ~  71 '^71  Ts * 

r*      r/      r,  r, 

and 


r,'         r,"         r, 


3 
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But,  since  x^^  y^,  z^,  are  the  co-ordinates  in  reference  to  the  centre  of 
gravity  of  the  system  as  origin,  we  have 

Irnxo  =  0,  Imy^  =  0,  IWufQ  =  0, 

and  the  preceding  equation  reduces  to 

^mx Im 

In  a  similar  manner,  we  find 

yWy Im  ^rnz 2m 

The  second  members  of  these  equations  are  the  expressions  for  the 
total  accelerating  force  due  to  the  action  of  the  bodies  of  the  system 
on  My  resolved  parallel  to  the  c»o-ordinatc  axes  respectively,  when  wo 
consider  the  several  masses  to  be  collectcil  at  the  centre  of  gravity 
of  the  svstem.  Hence  we  conclude  that  when  an  element  of  mass 
is  attracted  bv  a  system  of  bodies  so  remote  from  it  that  terms  of  the 
onler  of  the  squares  of  the  co-onlinates  of  the  several  bodies,  referred 
to  the  centre  of  gravity  of  the  system  as  the  origin  of  co-ordinates, 
may  be  neglected  in  comparison  with  the  distance  of  the  system  from 
the  point  attracted,  the  action  of  the  system  will  be  the  same  as  if 
the  nuisses  were  all  united  at  its  centre  of  gravity. 

If  we  sup|>ose  the  masses  wi,  m\  m'\  &q.  to  be  the  elements  of  the 
mass  of  a  single  bixly,  the  form  of  the  equations  remains  unchanged; 
and  hence  it  follows  that  the  mass  M  is  acteil  u{K)n  by  another  mass, 
or  bv  a  svstem  of  Ixxlies,  as  if  the  entire  mass  of  the  Ixxlv,  or  of  the 
system,  were  (H>lloct«l  at  its  centre  of  gnivity.  It  is  evident,  also, 
that  reciprocally  in  the  case  of  two  systems  of  bodies,  in  which  the 
mutual  distances  of  the  bodies  are  small  in  comparison  with  the 
distance  Iwtween  the  centres  of  gravity  of  the  two  systems,  their 
mutual  ai*tion  is  the  same  a**  if  all  the  si'veral  masses  in  each  svstem 
wen*  i-olltTtetl  at  the  common  ci^ntre  of  gravity  of  that  system ;  and 
the  two  cvntres  of  gravity  will  move  as  if  the  masse^s  were  thus 
uuiteil. 

13.  The  results  aln»adv  obtained  an*  sufficient  to  enable  us  to  form 
the  (Hpiations  for  the  motions  of  the  several  Ixxlies  which  c<.>injxise  the 
solar  system.  If  these  Ixxlies  were  exact  sphen»s,  whi(*h  I'ould  be 
considered  as  (\>mjxisitl  of  homogeneous  conivntric  spherical  shells, 
the  density  varying  only  from  one  layer  to  another,  the  action  of 
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each  on  an  element  of  the  mass  of  another  would  be  the  same  as  if 
the  entire  mass  of  the  attracting  body  were  concentrated  at  its  centre 
of  gravity.  The  slight  deviation  from  this  law,  arising  from  the 
ellipsoidal  form  of  the  heavenly  bodies,  is  compensated  by  the  mag- 
nitude of  their  mutual  distances;  and,  besides,  these  mutual  distances 
are  so  great  that  the  action  of  the  attracting  body  on  the  entire  mass 
of  the  body  attracted,  is  the  same  as  if  the  latter  were  concentrated 
at  its  centre  of  gravity.  Hence  the  consideration  of  the  reciprocal 
action  of  the  single  bodies  of  the  system,  is  reduced  to  that  of  material 
points  corresponding  to  their  respective  centres  of  gravity,  the  masses 
of  which,  however,  are  equivalent  to  those  of  the  corresponding 
bodies.  The  mutual  distances  of  the  bodies  composing  the  secondary 
systems  of  planets  attended  with  satellites  are  so  small,  in  comparison 
with  the  distances  of  the  different  systems  from  each  other  and  from 
the  other  planets,  that  they  act  upon  these,  and  are  reciprocally  acted 
upon,  in  nearly  the  same  manner  as  if  the  masses  of  the  secondary 
systems  were  united  at  their  common  centres  of  gravity,  respectively. 
The  motion  of  the  centre  of  gravity  of  a  system  consisting  of  a 
planet  and  its  satellites  is  not  affected  by  the  reciprocal  action  of  the 
bodies  of  that  system,  and  hence  it  may  be  considered  independently 
of  this  action.  The  difference  of  the  action  of  the  other  planets  on 
a  planet  and  its  satellites  will  simply  produce  inequalities  in  the 
relative  motions  of  the  latter  bodies  as  determined  by  their  mutual 
action  alone,  and  will  not  affect  the  motion  of  their  common  centre 
of  gravity.  Hence,  in  the  formation  of  the  equations  for  the  motion 
of  translation  of  the  centres  of  gravity  of  the  several  planets  or 
secondary  systems  which  compose  the  solar  system,  we  have  simply 
to  consider  them  as  points  endowed  with  attractive  forces  correspond- 
ing to  the  several  single  or  aggregated  masses.  The  investigation 
of  the  motion  of  the  satellites  of  each  of  the  planets  thus  attended, 
forms  a  problem  entirely  distinct  from  that  of  the  motion  of  the 
common  centre  of  gravity  of  such  a  system.  The  consideration  of 
the  motion  of  rotation  of  the  several  bodies  of  the  solar  system  about 
their  respective  centres  of  gravity,  is  also  independent  of  the  motion 
of  translation.  If  the  resultant  of  all  the  forces  which  act  upon  a 
planet  passed  through  the  centre  of  gravity,  the  motion  of  rotation 
would  be  undisturbed;  and,  since  this  resultant  in  all  cases  very 
nearly  satisfies  this  condition,  the  disturbance  of  the  motion  of  rota- 
tion is  very  slight.  The  inequalities  thus  produced  in  the  motion 
of  rotation  are,  in  fact,  sensible,  and  capable  of  being  indicated  by 
observation,  only  in  the  case  of  the  earth  and  moon.     It  has,  indeed, 
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been  rigidly  demonstrated  that  the  axis  of  rotation  of  the  earth  rel^ 
live  to  the  budy  itself  is  fixed,  so  that  the  poles  of  rotation  and  the 
terrestrial  equator  preserve  constantly  the  same  position  in  reference 
to  the  sur&ce;  and  that  also  the  velocity  of  rotation  is  constant. 
Thii^  assures  us  of  the  permanency  of  gct^raphical  positions,  and, 
in  connection  with  the  fact  that  the  change  of  the  length  of  the 
mean  solar  day  arising  from  the  variation  of  the  obliquity  of  the 
ecliptic  and  in  the  length  of  the  tropical  year,  due  to  the  action  of 
the  sun,  moon,  and  planets  u|)on  the  earth,  is  absolutely  insensible, 
— amounting  to  only  a  small  fraction  of  a  second  in  a  million  of 
years, — assures  us  also  of  the  permanence  of  the  inter\'al  which  we 
adopt  as  the  unit  of  time  in  astronomical  investigations. 

14.  Placed,  as  wo  are,  on  one  of  the  bodies  of  the  system,  it  is 
only  possible  to  dc<luoc  from  ob&cr\'ation  the  relative  motions  of  the 
different  heavenly  Ixxlies.  These  relative  motions  in  the  case  of  the 
comets  and  primary  planets  are  referred  to  the  centre  of  the  sun, 
since  the  centre  of  gravity  of  thitt  body  is  near  the  centre  of  gravity 
of  the  system,  and  its  pre)>onderunt  mass  &cililatcs  the  integration 
of  the  equations  thus  obtained.  In  thccase,  however,  of  the  secondary 
systems,  the  motions  of  the  natollites  are  considered  in  reference  to 
the  centre  of  gravity  of  their  primaries.  We  shall,  therefore,  form 
the  equations  for  the  motion  of  the  planets  relative  to  the  centre  of 
gravity  of  the  sun;  for  which  it  becomes  necessary'  to  consider  more 
particularly  the  relation  between  the  heterogeneous  quantities,  space, 
time,  and  mass,  which  are  involved  in  them.  Each  denomination, 
being  divided  by  the  unit  of  its  kind,  is  expresned  by  an  altstmct 
number;  and  hence  it  offvn  nn  ditticulty  by  ilc  presi'm-e  in  an  eqiu^ 
tion.  For  the  unit  of  siwce  we  may  arbitrarily  t.oke  the  mean  dis- 
tiuu-e  of  the  earth  from  the  fun,  and  the  mcitn  solar  day  may  be 
taken  ius  the  unit  of  time.  But,  in  order  thut  when  the  s|mu-c  is 
exprpsse<i  by  1,  and  the  time  by  1,  the  force  or  velocity  may  also  be 
oxpn-»r«<l  hy  1,  if  the  nnit  of  k\»m-c  is  first  adoptitl,  the  relation  of 
the  time  and  the  inoi^ — which  determines  the  meaiiurc  of  the  force — 
will  1x1  such  that  the  uniti^  of  Ixith  cannot  be  urbitmrily  chosen. 
Thu?!,  if  Hc  denote  by  /  the  aci-cleration  due  to  the  a^'tion  of  the 
niHss  III  on  a  material  [K)int  at  the  distance  ti,  and  byy  the  accclcm- 
(lon  cdrresiKinding  to  another  nia:^  in'  acting  at  the  same  dis 
WG  luive  the  relation 

^= -'". 
/■    »•■ 
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and  hence,  sinoe  the  acceleration  is  proportional  to  the  mass,  it  may 
be  taken  as  the  measure  of  the  latter.     But  we  have,  for  the  measure 

of/, 

Int^rating  this,  regarding /as  constant,  and  the  point  to  move  irom 

a  state  of  rest,  we  get 

s  =  \ft\  '     (13) 

The  acceleration  in  the  case  of  a  variable  force  is,  at  any  instant, 
measured  by  the  velocity  which  the  force  acting  at  that  instant  would 
generate,  if  supposed  to  remain  constant  in  its  action,  during  a  unit 
of  time.     The  last  equation  gives,  when  f  =  1, 

and  hence  the  acceleration  is  also  measured  by  double  the  space  which 
would  be  described  by  a  material  point,  from  a  state  of  rest,  during 
a  unit  of  time,  the  force  being  supposed  constant  in  its  action  during 
this  time.  In  each  case  the  duration  of  the  unit  of  time  is  involved 
in  the  measure  of  the  acceleration,  and  hence  in  that  of  the  mass  on 
which  the  acceleration  depends;  and  the  unit  of  mass,  or  of  the  force, 
will  depend  on  the  duration  which  is  chosen  for  the  unit  of  time.  In 
general,  therefore,  we  r^ard  as  the  unit  of  mass  that  which,  acting 
constantly  at  a  distance  equal  to  unity  on  a  material  point  free  to 
move,  will  give  to  this  point,  in  a  unit  of  time,  a  velocity  which, 
if  the  force  ceased  to  act,  would  cause  it  to  describe  the  unit  of  dis- 
tance in  the  unit  of  time. 

Let  the  unit  of  time  be  a  mean  solar  day;  P  the  acceleration  due 
to  the  force  exerted  by  the  mass  of  the  sun  at  the  unit  of  distance; 
and /the  acceleration  corresponding  to  the  distance  r;  then  will 

and  P  becomes  the  measure  of  the  mass  of  the  sun.  The  unit  of 
mass  is,  therefore,  equal  to  the  mass  of  the  sun  taken  as  many  times 
as  £^  is  contained  in  unity.  Hence,  when  we  take  the  mean  solar 
day  as  the  unit  of  time,  the  mass  of  the  sun  is  measured  by  P ;  by 
which  we  are  to  understand  that  if  the  sun  acted  during  a  mean  solar 
day,  on  a  material  point  free  to  move,  at  a  distance  constantly  equal 
to  the  mean  distance  of  the  earth  from  the  sun,  it  would,  at  the  end 
of  that  time,  have  communicated  to  the  point  a  velocity  which,  if 
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the  force  did  not  thereafter  act,  would  cause  it  to  describe,  in  a  unit 
of  time,  the  space  expressed  bv  i*. 

The  acceleration  due  to  the  action  of  the  sun  at  the  unit  of  distance 
is  designated  by  Ir,  tince  the  square  root  of  this  quantity  appears 
frequently  in  the  fonuulie  which  will  be  derived. 

If  we  take  arbitrarily  the  moss  of  the  sun  as  the  unit  of  taa^,  the 
unit  of  time  must  be  dctcrniincci.  Let  (  denote  the  numlier  of  uieun 
solar  days  which  must  be  taken  for  the  unit  of  time  when  the  unit 
of  ma.ss  is  tlie  ninss  of  the  sun.  The  sjtace  which  the  force  due  to 
this  ma^,  acting  coustantir  on  a  material  i>oint  at  a  distance  equal  to 
the  mean  distance  of  the  earth  from  the  sun,  would  cause  the  poiut 
to  describe  in  the  time  i,  is,  according  to  equation  (13), 

But,  since  t  expresses  the  number  of  mean  solar  days  in  the  unit  of 
lime,  the  measure  of  the  acceleration  corresponding  to  this  unit  is  2s, 
and  this  being  the  unit  of  (brec,  we  have 


Therefore,  if  the  mass  of  the  sun  is  regar<lc<1  as  the  unit  of  mass,  th*- 
number  of  mean  solnr  days  in  the  unit  of  time  will  be  equal  to  unity 
dr\'ided  by  the  s)|uare  root  ()f  the  aweh'ration  due  to  the  fonx-  exerted 
by  this  mass  at  the  unit  oi  distauw.  The  numerical  value  of  k  will 
be  sulisef|Uently  found  to  be  O,017-2fl21.  which  piv.-s  i)J*-13244  mean 
Mtlar  <lay.<  for  the  unit  of  time,  when  the  mass  of  the  .-^un  is  taken  m 
the  unit  of  mass. 

l-j.  Let  J-,  y,  r  Ite  the  co-onlinates  of  a  heavenly  IkmIv  rcfcrnsl  to 
the  (vntrc  of  gravity  of  the  sun  a-i  the  orijriu  of  cfmnliniiti's:  r  '\Xi 
niiliiii-rii-fiir,  or  distance  I'nun  this  origin ;  anil  let  m  denote  the 
quotient  obtainol  by  divitliii;i  its  mass  by  thai  of  the  sun;  then, 
taking  the  mean  solar  day  us  the  unit  of  time,  the  moss  of  the  snn  is 
expresiii«tl  by  tr,  an<l  that  of  the  phinct  or  ("onift  by  tnJr.  For  a 
st\-<tui|  ImmIv  let  the  co-oixlinates  In-  r'.  y'.  :';  thi-  di>taiii'<-  fnmi  the 
sun,  !■';  and  the  mass,  m'k^:  and  i-imitarly  for  the  other  ImhIIi^  of  the 
system.  Lei  the  <'o-onliuates  of  the  centre  of  gravity  of  the  sun 
refcnrd  to  any  fixwl  point  in  s[ia«'  l»e  r .  5.  '.  the  ">-"nlinate  plants 
being  parallel  to  th(wc  of  r,  ■/,  and  :,  rcsiKxtivcly;   then  will  the 
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Wlif 

acceleration  due  to  the  action  of  m  on  the  sun  be  expressed  by  —p 

and  the  three  components  of  this  force  in  directions  parallel  to  the 
co-ordinate  axes^  respectively,  will  be 

m/^ — ,  wP— ,  m^ — 

r*  7*  7* 

The  action  of  m'  on  the  sun  will  be  expressed  by 

«'*'^.  ^'^7^'  ^'^f.' 

and  hence  the  acceleration  due  to  the  combined  and  simultaneous 
action  of  the  several  bodies  of  the  system  on  the  sun,  resolved  par- 
allel to  the  co-ordinate  axes,  will  be 

k^v^,  VS'^,  A.Z'^. 

r  r  r 

The  motion  of  the  centre  of  gravity  of  the  sun,  relative  to  the  fixed 
origin,  will,  therefore,  be  determined  by  the  equations 

■^-^^■^'  w-^'^^i^  W-'^^l^'  ^^^^ 

Let  p  denote  the  distance  of  m  from  m';  />'  its  distance  from  m", 
adding  an  accent  for  each  successive  body  considered ;  then  will  the 
action  of  the  bodies  m',  m",  &c.  on  m  be 

of  which  the  three  components  parallel  to  the  co-ordinate  axes,  re- 
spectively, are 

j^Sm''^^  J^Im't^,  k^vm'^^. 

(^  r  /o' 

The  action  of  the  sun  on  m,  resolved  in  the  same  manner,  is  expressed 

by 

l^x  Py  l^z 

1^  IT  7* 

which  are  negative,  since  the  force  tends  to  diminish  the  co-ordinates 
aj,  y,  and  z.  The  three  components  of  the  total  action  of  the  other 
bodies  of  the  system  on  m  are,  therefore^ 
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and,  since  the  co-ordinates  of  m  referred  to  the  fixed  origin  are 

^  +  x,  V  +  Vf  C  +  «f 

the  equations  which  determine  the  absolute  motion  are 

^      ^      ^  _  jjym'Caf  —  x) 
rfe*  "^  rf<«  +  r»  ~^      ~7       ' 

(i<«  "^  rf<»  ■*■  r»  "~  /t)»       ' 

the  symbol  of  summation  in  the  second  members  relating  simply  to 
the  masses  and  co-ordinates  of  the  several  bodies  which  act  on  m^ 

exclusive  of  the  sun.    Substituting  for  --—,  -r-,  and  ~  their  values 

or     or  ar 

given  by  equations  (14),  we  get 

g+n,+„,i  =  ^.v(t-J-^),  (16, 

Since  a*,  y,  2  are  the  co-ordinates  of  m  relative  to  the  centre  of  gravity 
of  the  sun,  these  equations  determine  the  motion  of  m  relative  to  that 
point.  The  second  members  may  be  put  in  another  form,  which 
greatly  fiicilitates  the  solution  of  some  of  the  problems  relating  to 
the  motion  of  m.    Thus,  let  us  put 

(17) 
and  we  shall  have  for  the  partial  differential  coefficient  of  this  witli 
respect  to  x, 

ldQ\_    m'     I        1    dp        or^  \  ,      m"    /       1   dp' _  2^' \ 
\d^l-r+m\~7'di''V^J'^T+^\7^~dx       ^^-)  + •••««• 


But^  since 


we  have 
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* 

/•=  (a/'  -  xr  +  (y"  -  yy  +  (si'  -  *)«, 


dp ai — X  dp' «" — X 

dx  /t)    '  dx  p'    ' 

and  henoe  we  derive 

ldQ\_    w!    l2f--x       a^  \  ,     m!'    l^f'—x       of' \  . 

or 

We  find,  also,  in  the  same  manner,  for  the  partial  difierential  coeffi* 
cients  with  respect  to  y  and  z. 

The  eqnations  (16),  therefore,  become 


cPx 
W 


+  *•(!+ m)  J  =  *•(!+ m)  (  g  ), 


g  +  i.(l+«.)J  =  ^(l  +  m)(|).  (18) 

It  will  be  observed  that  the  second  members  of  equations  (16)  ex- 
press the  difference  between  the  action  of  the  bodies  m',  m",  &c.  on 
m  and  on  the  sun,  resolved  parallel  to  the  co-ordinate  axes  respect- 
ively. The  mutual  distances  of  the  planets  are  such  that  these  quan- 
tities are  generally  very  small,  and  we  may,  therefore,  in  a  first 
approximation  to  the  motion  of  m  relative  to  the  sun,  neglect  the 
second  members  of  these  equations;  and  the  integrals  which  may 
then  be  derived,  express  what  is  called  the  undisturbed  motion  of  m. 
By  means  of  the  results  thus  obtained  for  the  several  bodies  succes- 
sively, the  approximate  values  of  the  second  members  of  equations 
(16)  may  be  found,  and  hence  a  still  closer  approximation  to  the 
actual  motion  of  rru  The  force  whose  components  are  expressed  by 
the  second  members  of  these  equations  is  called  the  disturbing  force; 
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and,  UHtng  the  second  form  of  the  equations,  the  fiiDction  S,  which 
determines  these  coniponents,  is  called  the  }>crturbinff  funriion.  The 
complete  KilutioD  of  the  problem  is  iaoilitated  by  aa  ortifiev  of  the 
infiuitesimal  caleuliis,  known  as  the  variation  of  parameters,  or  of 
conatants,  according  to  which  the  complete  integrals  of  equations  (16) 
are  of  the  same  form  as  those  obtained  by  putting  the  second  mem- 
bers equal  to  zero,  the  arbitrary  constants,  however,  of  the  latter 
integration  being  regarded  as  variables.  These  constants  of  integra- 
tion arc  the  clementg  whick determine  the  motion  of  m  relative  to  the 
Biin,  and  when  the  disturbing  force  is  neglected  tlie  elements  are  pure 
constants.  The  variations  of  these,  or  of  the  co-ordinates,  arising 
from  the  action  of  the  disturbing  force  are,  in  almost  all  cases,  very 
small,  and  are  called  the  perturbations.  The  problem  which  first 
presents  itself  is,  therefore,  the  determination  of  all  the  circumstances 
of  the  undisturbed  motion  of  the  heavenly  bodies,  after  which  the 
action  of  the  disturbing  forces  may  be  considered. 

It  may  be  further  remarked  that,  in  the  formation  of  the  preceding 
equations,  wc  have  supposed  the  different  bodies  to  be  free  to  move, 
and,  therefore,  subject  only  to  their  mutual  action.  There  arc,  in- 
deed, facts  derived  from  the  study  of  the  motion  of  the  comets  which 
seem  to  iudicate  that  there  exists  in  space  a  rettigting  mftiium  which 
opposes  the  free  motion  of  all  the  bodies  of  the  system.  If  such  a 
medium  actually  exists,  its  efJcct  is  very  small,  so  that  it  can  be  sen- 
sible only  in  the  case  of  rare  and  attt.>nimted  bodies  like  the  comets, 
since  the  accumulated  olj«crvations  of  the  different  planets  do  not 
exhibit  any  effect  of  such  resistance.  But,  if  we  assume  its  existence, 
it  is  evidently  necessary  only  to  add  to  the  sectmd  roeml>crs  of  equa- 
tions (16)  a  force  which  shall  represent  the  ellect  of  this  resistance, — 
which,  therefore,  becomes  a  part  of  the  disturbing  force, — and  the 
motion  of  m  will  be  completely  determined. 

IC.  When  wc  consider  the  undisturbed  motion  of  a  planet  or 
oomet  relative  to  the  sun,  or  simply  the  motiou  of  the  body  relative 
to  the  sun  as  subject  only  to  the  reciprocal  action  of  the  two  bodies, 
the  equations  (16)  become 

0  +  f(I  +  i«)i=O,  (19) 

^  +  i-(l+«)i=0. 
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The  eqnations  for  the  undisturbed  motion  of  a  satellite  relative  to  its 
primary  are  of  the  same  form,  the  value  of  fc*,  however,  being  in  this 
case  the  acceleration  due  to  the  force  exerted  by  the  mass  of  the 
primary  at  the  unit  of  distance,  and  m  the  ratio  of  the  mass  of  the 
satellite  to  tliat  of  the  primary. 

The  integrals  of  these  equations  introduce  six  arbitrary  constants 
of  int^ration,  which,  when  known,  will  completely  determine  the 
undisturbed  motion  of  m  relative  to  the  sun. 

If  we  multiply  the  first  of  these  equations  by  y,  and  the  second  by 
X,  and  subtract  the  last  product  from  the  first,  we  shall  find,  by  inte- 
grating the  result, 

iwty  —  ydx 

di        ""^' 

c  being  an  arbitrary  constant. 
In  a  similar  manner,  we  obtain 

xdz  —  zdx ,  ydz  —  zdy ,, 

dt        ^"^^  dt        ~'^- 

If  we  multiply  these  three  equations  respectively  by  2;,  —  y,  and  a?, 
and  add  the  products,  we  obtain 

cz  —  e/y  +  cf'x  =  0. 

This,  being  the  equation  of  a  plane  pacing  through  the  origin  of 
co-ordinates,  shows  that  the  path  of  the  body  relative  to  the  sun  is  a 
plane  curve,  and  that  the  plane  of  the  orbit  passes  through  ike  centre 
of  the  sun. 

Again,  if  we  multiply  the  first  of  equations  (19)  by  2dx,  the  second 
by  2dy,  and  the  third  by  2dz,  take  the  sum  and  integrate,  we  shall 
find 

da^+df+dz^  +  2ifc'(l  -h ra)f^J^  +  y^+^  =  0. 

But,  since  ^'^  =  a*  +  y*  +  2?,  we  shall  have,  by  difierentiation, 

rdr  =  xdx  +  ydy  -|-  zdz. 
Therefore,  introducing  this  value  into  the  preceding  equation,  we  obtain 

df  r 

h  being  an  arbitrary  constant. 
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If  we  add  together  the  squares  of  the  expressions  for  c,  c',  and  c", 

and  put  c?  +  c^  +  c"'  =  4/*,  we  shall  have 

(a^+  1/"+  z")  (clx'+  dy'+dz')       (xdx  +  ydy  +  zdzY  _ 

de  de  ~~  ^ ' 

or 

4f.  r2i^ 


"^        de  de~^^^' 


If  we  represent  by  dv  the  infinitely  small  angle  contained  bet\i'een 

two  consecutive  radii-vectores  r  and  r  +  dr,  since  dx^  +  dy*  +  d:?  is 

the  square  of  the  element  of  path  described  by  the  body,  we  shall 

have 

da^  j^  dy"  +  dz"  ==  dr"  +  r'dv'. 

Substituting  this  value  in  the  preceding  equation,  it  becomes 

r'dv  =  2fdt  (22) 

The  quantity  r^dv  is  double  the  area  included  by  the  element  of  path 
described  in  the  element  of  time  dt,  and  bv  the  radii-vectores  r  and 
r  +  dr;  and/,  therefore,  represents  the  arcal  velocity ,  which,  being  a 
constant,  shows  that  the  radius-vecfor  of  a  planet  or  comet  describeM 
equal  areas  in  equal  intervals  of  time. 

From  the  equations  (20)  and  (21)  we  find,  by  elimination, 

di  = ""ll ,-.  (23) 

V'lrk'a  -f  ;,o  — Ar^— 4/' 

Substituting  this  value  of  (ft  in  cf|uation  (22),  we  get 

2/>/r 
rfr  =  — --_       y    -      _    3,  (24) 

ry  2rP{l  -i-  ;,i)  — /ir*— 4/» 

which  gives,  in  ortler  to  find  the  maximum  and  minimum  values  of  r, 


or 
Therefore 

and 


dr  _  rV  2jr^(J  +  m)  —hr"—  4p  _ 
~dv~  "2/  — "» 

2rkU  1  -f  w)  —  Ar*  —  4/*  =  0. 

it* (1  +  w^      /    4r  7  /•*  ( iT"^ )' 


are^  respectively^  the  maximum  and  minimum  values  of  r.    The 
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points  of  the  orbit,  or  trajectory  of  the  body  relative  to  the  sun,  cor- 
responding to  these  values  of  7*,  are  called  the  apsides;  the  former, 
the  aphelion,  and  the  latter,  the  perihelion.  If  we  represent  these 
values,  respectively,  by  a(l  +  c)  and  a(l  —  e),  we  shall  have 

h  =  ^^^'^^\  4f  =  alc'(l+rn)il--^)  =  I^p(l+m\ 

in  which  p  =  a  (1 — ^.  Introducing  these  values  into  the  equation 
(24),  it  becomes 

the  integral  of  which  gives 


v  =  01  -[-  cos 


-il  I p 


Mf-')' 


w  being  an  arbitrary  constant.     Therefore  we  shall  have 


-(|-~l)  =  co8(t;-«i), 


from  which  we  derive 


1  +  e  cos  (v  —  a*)' 


which  is  the  polar  equation  of  a  conic  section,  the  pole  being  at  the 
focus,  p  being  the  semi-parameter,  e  the  eccentricity,  and  v  —  w  the 
angle  at  the  focus  between  the  radius-vector  and  a  fixed  line,  in  the 
plane  of  the  orbit,  making  the  angle  to  with  the  semi-transverse 
axis  a. 

If  the  angle  v  —  a>  is  counted  from  the  perihelion,  we  have  o*  =  0, 
and 


P 


1  +  e  cos  V 


(25) 


The  angle  v  is  called  the  true  anomaly. 

Hence  we  conclude  that  the  orbit  of  a  heavenly  body  revolving 
around  the  sun  is  a  conic  section  with  the  sun  in  one  of  the  foci. 
Observation  shows  that  the  planets  revolve  around  the  sun  in  ellipses, 
usually  of  small  eccentricity,  while  the  comets  revolve  either  in 
ellipses  of  great  eccentricity,  in  parabolas,  or  in  hyperbolas,  a  cir-^ 
cumstance  which,  as  we  shall  have  occasion  to  notice  hereafter,  greatly 
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lewen*  the  amoant  of  labor  in  manv  compatations  respecting  their 
motion. 

Introdncing  into  equation  (23)  the  values  of  h  and  4/*  already 
feand,  we  obtain 

i/a  rdr 


itl/l-rifi    |/aV  — (a  —  r;*' 
which  may  be  written 


ki/l+m 


—  rvt 


the  integration  of  which  gives 

,i 


In  the  perihelion,  r  =  a  (1  —  e\  and  the  integral  reduces  ioV=  C; 
therefore,  if  we  denote  the  time  from  the  perihelion  by  ^,  we  shall 
have 


t 


In  the  aphelion,  r  =^  a  (1  +  e) ;  and  therefore  we  shall  have,  for  the 
time  in  which  the  body  {kasses  from  the  perihelion  to  the  aphelion, 
(,   -Jr,  or 

i  T  =  ■ :  JT, 

k\/  \  +m 

r  l>eing  the  periodic  time,  or  time  of  one  revolution  of  the  planet 
around  the  sun,  a  the  semi-transverse  axis  of  the  orbit,  or  mean  di^ 
tanre  fnmi  the  sun,  and  ::  the  semi-<'ircumferenoe  of  a  circle  whose 
radius  is  unity.     Therefore  we  shall  have 


r«  =  4T«p--  --— .  (28) 

ir  ( 1  +  m)  ^ 
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For  a  seooud  planet,  we  shall  have 


r''  =  4;r» 


a'» 


'\  9 


ifc»(l+m') 


and,  consequently,  between  the  mean  distances  and  periodic  times  of 
any  two  planets,  we  have  the  relation 

(1  +  m)  r«  _  a» 
(1  +  rn!)  r^'  ""  a'»*  ^  ^ 

If  the  masses  of  the  two  planets  m  and  m'  are  very  nearly  the 
same,  we  may  take  1  +  wi  =  1  +  m' ;  and  hence,  in  this  case,  it  follows 
that  the  squares  of  the  periodic  times  are  to  ea<Ji  other  as  the  cubes  of 
the  mean  distances  from  the  sun.  The  same  result  may  be  stated  in 
another  form,  which  is  sometimes  more  convenient.  Thus,  since  nab 
is  the  area  of  the  ellipse,  a  and  6  representing  the  semi-axes,  we 
shall  have 

—  =/=  areal  velocity; 

and,  since  V  =  c?{l  —  e^,  we  have 

7ro*o*  (1  -^  e«)i  _^  i:ai^p 

which  becomes,  by  substituting  the  value  of  r  already  found, 


f=^kx/p(\+m).  (30) 

In  like  manner,  for  a  second  planet,  we  have 


and,  if  the  masses  are  such  that  we  may  take  1  +  m  sensibly  equal 
to  1  +  m',  it  follows  that,  in  this  case,  the  areas  described  in  equal 
times,  in  different  oi^bUsj  are  proportional  to  the  square  roots  of  ilmr 
parameters. 

17.  We  shall  now  consider  the  signification  of  some  of  the  con- 
stants of  integration  already  introduced.  Let  i  denote  the  inclination 
of  the  orbit  of  m  to  the  plane  of  ocy,  which  is  thus  taken  as  the  plane 
of  reference,  and  let  JX  be  the  angle  formed  by  the  axis  of  x  and  the 
line  of  intersection  of  the  plane  of  the  orbit  with  the  plane  of  xy; 
then  will  the  angles  i  and  S2  determine  the  position  of  the  plane  of 
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the  orbit  in  s|)aoe.     The  coustauts  c,  c',  and  c",  involved  in  the 
equation 

ez  —  </y  -{-  cf'x==  0, 

are,  respectively,  double  the  projections,  on  the  co-ordinate  planes, 
xy,  xz,  and  yz,  of  the  areal  velocity  /;  and  hence  we  shall  have 

The  projection  of  2/  on  a  plane  passing  through  the  intersection  of 
the  plane  of  the  orbit  with  the  plane  of  ary,  and  perpendicular  to  the 
latter,  is 

2/ sin  i; 

and  the  projection  of  this  on  the  plane  of  xZy  to  which  it  is  inclined 
at  an  angle  equal  to  $2}  gives 

f{  ==  2/8inico8  Q. 

Its  projection  on  the  plane  of  yz  gives 

c"  =  2/8ini8iu  JJ. 
Hence  we  derive 

z  cos  I  —  y  sin  i  cos  JJ  +  a;  sin  i  sin  ft  =  0,  (31) 

which  is  the  equation  of  the  plane  of  tlie  orbit;  and,  by  means  of 
tlic  value  of  /  in  terms  of  />,  and  the  values  of  c,  c',  c",  we  derive, 
also, 

dy        dx 


^~di  "  ^~di  ^  ^^^^  ^^  ■*"  ^'^^  ^^* '' 


dz         dx       ,     . — . 


y  ^  —  2  -^^  =  iVP  CI  +  wO  8in  ft  sin  i. 

These  equations  will  enable  us  to  determine  ft,  i,  and  j>,  wlien,  for 
any  instant,  the  mass  and  co-ordinates  of  wi,  and  the  cumiK)nents  of 
its  vel(K»ity,  in  directions  i)arallel  to  the  co-onlinate  axes,  are  known. 
The  crinstants  a  and  r  arc  involve*!  in  the  value  of  y>,  and  hence  four 
constants,  or  clvmnxiHy  are  introduced  into  these  equations,  two  of 
which,  a  and  *•,  relate  to  the  form  of  the  orbit,  and  two,  ft  and  i,  to 
the  iN>sition  of  its  plane  in  space.  If  we  nu^asure  the  an^le  v  —  ai 
from  the  point  in  whicrh  the  orbit  intersects  the  plane  of  xy,  the  con- 
stant ru  will  determine  the  |>osition  of  the  orl)it  in  its  own  plane. 
Finally,  the  constant  of  integration  C,  in  equation  (26),  is  the  time 


MOTION  RELATIVE  TO  THE  SUN.  49 

of  passage  throngh  the  perihelion;  and  this  determines  the  position 
of  the  body  in  its  orbit.  When  these  six  constants  are  known,  the 
undistarbed  orbit  of  the  body  is  completely  determined. 

Let  V  denote  the  velocity  of  the  body  in  its  orbit;  then  will 
equation  (20)  become 

F'  =  i'(l  +  m)(|-l) 

At  the  perihelion,  r  is  a  minimum,  and  hence,  according  to  this 
equation,  the  corresponding  value  of  F  is  a  maximum.  At  the 
aphelion,  F  is  a  minimum. 

In  the  parabola,  a  =  oo,  and  hence 


V=  h  l/l  +m  ^-, 


which  will  determine  the  velocity  at  any  instant,  when  r  is  known. 
It  will  be  observed  that  the  velocity,  corresponding  to  the  same  value 
of  r,  in  an  elliptic  orbit  is  less  than  in  a  parabolic  orbit,  and  that, 
since  a  is  negative  in  the  hyperbola,  the  velocity  in  a  hyperbolic 
orbit  is  still  greater  than  in  the  case  of  the  parabola.  Further,  since 
the  velocity  is  thus  found  to  be  independent  of  the  eccentricity,  the 
direction  of  the  motion  has  no  influence  on  the  species  of  conic  section 
described. 

If  the  position  of  a  heavenly  body  at  any  instant,  and  the  direction 
and  magnitude  of  its  velocity,  are  given,  the  relations  already  derived 
will  enable  us  to  determine  the  six  constant  elements  of  its  orbit. 
But  since  we  cannot  know  in  advance  the  magnitude  and  direction 
of  the  primitive  impulse  communicated  to  the  body,  it  is  only  by 
the  aid  of  observation  that  these  elements  can  be  derived;  and 
therefore,  before  considering  the  formulee  necessary  to  determine 
unknown  elements  by  means  of  observed  positions,  we  will  investi- 
gate those  which  are  necessary  for  the  determination  of  the  helio- 
centric and  geocentric  places  of  the  body,  assuming  the  elements  to 
be  known.  The  results  thus  obtained  will  facilitate  the  solution  of 
the  problem  of  finding  the  unknown  elements  from  the  data  furnished 
by  observation. 

18.  To  determine  the  value  of  i,  which  is  a  constant  for  the  solar 
gjrstem,  we  have,  fix)m  equation  (28), 


^     l/l  +  m 

4 
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e  of  the  earth,  a=^l,  and  therefore 


In  redncing  this  formula  to  numbers  we  should  properly  use,  for  r, 
the  absolute  length  of  the  sidereal  year,  which  is  invariable.  The 
effect  of  the  action  of  the  other  bodies  of  the  system  on  the  earth  is 
to  produce  a  very  small  secular  change  in  its  mean  longitude  oorre- 
sponding  to  any  fixed  date  taken  as  the  epoch  pf  the  elements;  and 
a  correction  corresponding  to  this  secular  variation  ehonid  be  applied 
to  the  value  of  r  derived  from  observation.  The  effect  of  this  cor- 
rection IB  to  slightly  increase  the  observed  value  of  r;  but  to  deter- 
mine it  with  precision  requires  an  exact  knowledge  of  the  masse)  of 
all  the  bodies  of  the  system,  and  a  complete  theory  of  their  relative 
motions, — a  problem  which  is  yet  incompletely  solved.  Astronomical 
usage  has,  therefore,  sanctioned  the  employment  of  the  value  of  k 
found  by  means  of  the  length  of  the  sidereal  year  derived  directly 
from  observation.  This  is  virtually  adopting  as  the  unit  of  space  a 
distance  which  is  very  little  less  than  the  absolute,  invariuble  mean 
distance  of  the  eartJi  from  the  sun ;  but,  since  this  unit  may  Ik  arbi- 
trarily chosen,  the  accuraoj*  of  the  results  is  not  thereby  affected. 

The  value  of  r  from  which  the  adopted  value  of  k  has  been  com- 
puted, is  ■16d.2a638<'i5  mean  solar  days;  and  the  value  of  the  com- 
btne<l  moss  of  the  earth  and  moon  ia 


Henoewe  have  l<^r^2.5625978148j  lc^i/1  +m  =  0.0000006122j 
log  2,T  =  0.7981 798084 ;  and,  conscqucutly, 

log  4  =  8.2355814414. 

If  we  multiply  this  value  of  k  by  206264,81,  the  number  of  seconds 
of  arc  corrcspoDding  to  the  radius  of  a  circle,  we  shall  obuin  its 
value  exprcssetl  in  seconds  of  arc  in  a  circle  whose  radius  is  unity,  or 
on  the  orbit  of  the  eurtli  supposed  to  l>e  circular.  The  value  of  it  in 
seconds  is,  therefore, 

log  k  =  3.5500065746. 

The  quantity  —  expresses  the  mean  angular  motion  of  a  plauet 
in  a  mean  solar  day,  and  is  usually  designated  by  /i.  W«  khall, 
therefore,  have 
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a» 


(33) 


for  the  expression  for  the  mean  daily  motion  of  a  planet. 

Since,  in  the  case  of  the  earth,  Vl  +  m  differs  very  little  fix)m  1, 
it  will  be  observed  that  k  very  nearly  expresses  the  mean  angular 
motion  of  the  earth  in  a  mean  solar  day. 

In  the  case  of  a  small  planet  or  of  a  comet,  the  mass  m  is  so  small 
that  it  may,  without  sensible  error,  be  n^lected;  and  then  we  shall 
have 

a* 

For  the  old  planets  whose  masses  are  considerable,  the  rigorous  ex- 
pression (33)  must  be  used. 

19.  Let  us  now  resume  the  polar  equation  of  the  ellipse,  the  pole 
being  at  the  focus,  which  is 

a(l— e') 


1  +  e  cos  V 

If  we  represent  by  f  the  angle  included  between  the  conjugate  axis 
and  a  line  drawn  from  the  extremity  of  this  axis  to  the  focus,  we 
shall  have 

sin  ^  =  e; 

and,  since  a(l  —  e*)  is  half  the  parameter  of  the  transverse  axis, 
which  we  have  designated  by  p,  we  have 


r  = 


1  +  sin  s^  cos  V 


The  angle  y  is  called  the  angle  of  eccentricity. 
Again,  since  jp  =  a(l  —  eF)  =  a  cos^ y,  we  have 

^^       acosV  (35) 

1  +  sm  sp  cos  V 

It  is  evident,  from  this  equation,  that  the  maximum  value  of  r  in  an 
elliptic  orbit  corresponds  to  t?  =  180°,  and  that  the  minimum  value 
of  r  corresponds  to  v  =  0.  It  therefore  increases  from  the  perihelion 
to  the  aphelion,  and  then  decreases  as  the  planet  approaches  the  peri- 
helion* 
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In  the  case  of  the  parabola,  ip  =  90^,  and  sin  ^  =  e  =  1 ;  conise- 
quently, 

P 

T  = . 

1  +  cost;' 
Bat|  since  1  +  cos  t;  =  2  cos^^r,  if  we  put  q  ==  \py  we  shall  have 

r  =  -4r '  •  (36) 

cos'Jv  ^ 

in  which  q  is  the  perihelion  distance.  In  this  case,  therefore,  when 
v=  ±1  180°,  r  will  be  infinite,  and  the  comet  will  never  return,  but 
course  ita  way  to  other  systems. 

The  angle  ^  cannot  be  applied  to  the  case  of  the  hyperbola,  since 
in  a  hyperbolic  orbit  e  is  greater  than  1 ;  and,  therefore,  the  ecoen- 
tricity  cannot  be  expressed  by  the  sine  of  an  arc.  If,  however,  we 
designate  by  ^1/  the  angle  which  the  asymptote  to  the  hyperbola  makes 
with  the  transverse  axis,  we  shall  have 

e  cos  4  =  1. 

Introducing  this  value  of  e  into  the  polar  equation  of  the  hyperbola, 
it  becomes 

p  C084 

cos  r  +  cos  4 
But,  since  co8t7  +  cos4'  =  2cosi(r  +  '4')co8i(r  —  i^),  this  gives 

^ ^C08  4 

2cosi(v  +  4)cosKv  — 4)'  ^ 

It  appears  from  this  formula  that  r  increases  with  r,  and  becomes  in- 
finite when  1  +  e  cos  r  — -  0,  or  cos  r  — -  —  cos  >/•,  in  which  case  v  =  180*^ 
—  ^:  c*onscqucntly,  the  maximum  i)0.sitive  value  of  v  is  represented 
by  180°  — 1^,  and  the  maximum  nej^tive  value  by  —  (180°  — >j/). 
Further,  it  is  evident  that  the  orbit  will  be  that  branch  of  the  hyper- 
bola which  corresponds  to  the  focus  in  which  the  sun  is  placed,  since, 
under  the  0{)eration  of  an  attractive  force,  the  path  of  the  body  must 
be  conceive  toward  the  centre  of  attraction.  A  body  subject  to  a 
force  of  repulsion  of  the  same  intensity,  and  varying  according  to 
the  same  law,  would  describe  the  other  brunch  of  the  curve. 

The  problem  of  finding  the  [KMitiou  of  a  heavenly  body  as  seen 
from  any  point  of  reference,  consists  of  two  part»:  first,  the  deter- 
mination of  the  place  of  the  body  in  its  orbit;  and  then,  by  means 
of  this  and  of  the  elements  which  fix  the  position  of  the  plane  of  the 


PLACE  IN  THE  ORBIT.  53 

orbit,  and  that  of  the  orbit  in  its  own  plane,  the  determination  of 
the  position  in  space. 

In  deriving  the  formulse  for  finding  the  place  of  the  body  in  its 
orbit,  we  will  consider  each  species  of  conic  section  separately,  com- 
mencing with  the  ellipse. 

20.  Since  the  value  of  a  —  r  can  never  exceed  the  limits  —  o/t  and 
+  oe,  we  may  introduce  an  auxiliary  angle  such  that  we  shall  have 

=  cos  E, 

ae 

This  auxiliary  angle  Eia  called  the  eccentric  anomaly;  and  its  geo- 
metrical signification  may  be  easily  known  from  its  relation  to  the 

true  anomaly.     Introducing  this  value  of  into  the  equation 

(27)  and  writing  t  —  Tin  place  of  ^,  T being  the  Hme  of  perihelion 
passage,  and  t  the  time  for  which  the  place  of  the  planet  in  its  orbit 
is  to  be  computed,  we  obtain 

+  "^(t^D^E^eBmE.  (38) 
a* 

il/l  +  m 
But j =  mean  daily  motion  of  the  planet  =  /i;  therefore 

a 

lx(t^T)  =  E  —  eAiiE. 

The  quantity  ix[t  —  T)  represents  what  would  be  the  angular  distance 
from  the  perihelion  if  the  planet  had  moved  uniformly  in  a  circular 
orbit  whose  radius  is  a,  its  mean  distance  from  the  sun.  It  is  called 
the  m,ean  anomaly j  and  is  usually  designated  by  M.  We  shall,  there- 
fore, have 

M=!i{t-T), 

M=E  —  eBinE.  (39) 

When  the  planet  or  comet  is  in  its  perihelion,  the  true  anomaly, 
mean  anomaly,  and  eccentric  anomaly  are  each  equal  to  zero.  All 
three  of  these  increase  from  the  perihelion  to  the  aphelion,  where 
they  are  each  equal  to  180°,  and  decrease  from  the  aphelion  to  the  peri- 
helion, provided  that  they  are  considered  negative.  From  the  peri- 
helion to  the  aphelion  v  is  greater  than  E,  and  *E  is  greater  than  M. 
The  same  relation  holds  true  from  the  aphelion  to  the  perihelion,  Jf 
we  regard,  in  this  case,  the  values  of  v,  E,  and  M  as  n^ative. 

As  soon  as  the  auxiliary  angle  E  is  obtained  by  means  of  the  mean 
motion  and  eccentricity,  the  values  of  r  and  v  may  be  derived.     For 
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this  purpose  there  are  various  formulse  which  may  be  applied  in 
practice,  and  which  we  will  now  develop. 
The  equation 

a  —  r 


gives 

This  also  gives 


=  cos  Ef 
ae 

r  =  a(l— ecos^).  (40) 

<X  —  T 

ae  =  acos-E  —  ae. 


or 


p  —  'f  r. 

=a  cos  j& — ae, 

e 

which,  by  means  of  equation  (25),  reduces  to 

r  cos  v  =  a  cos  JE^ —  ae,  (41) 

If  we  square  both  members  of  equations  (40)  and  (41),  and  subtract 
the  hitter  result  from  the  former,  we  get 

r»8in't;  =  a»(l  — 6')8in'JE:, 
or  

r  sin r  =  a|/l  —  e*  BmE=bBmE.  (42) 

By  means  of  the  equations  (41)  and  (42)  it  may  be  easily  shown 
that  the  auxiliary  angle  E,  or  eccentric  anomaly,  is  the  angle  at  the 
centre  of  the  ellipse  between  the  semi-transverse  axis,  and  a  line 
drawn  from  the  centre  to  the  point  where  the  prolongation  of  the 
ordinate  perpendicular  to  this  axis,  and  drawn  through  the  place  of 
the  body,  meets  the  circumference  of  the  circumscribed  circle. 

Equations  (40)  and  (41)  give 

r(l  ^  cost')  =  o(l  d:  e)  (1  Hh  co&E). 

By  using  first  the  upper  sign,  and  then  the  lower  sign,  we  obtain,  by 
reduction, 

l/r  sin  Iv  =  \^n{l  +  e)  sin  i^, 

l^r  cos  Av  =  l/a(l  —  e)  cos  ^E,  (43) 

which  are  convenient  for  the  calculation  of  r  and  r,  and  especially  so 
when  several  places  are  required.     By  division,  these  equations  give 

tan  ^v  =  \  ^-~  tan  ^E.  (44) 
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8inoe  e  =  sin  fy  we  have 

-—J —  =  - — - — ; —  =  tan' (45°  —  Jf ). 

Consequently^ 

tan  iE  =  tan  (45°  —  ^^^  tan  ^v.  (45) 

Again,  

l/l  +  e=l/l  +  8inf  =  l/l  +  2  sin ^f  cos i^, 
which  may  be  written 

l/l  -f  6  =  l/sin'  ^^  +  cos'  J9>  +  2  sin  ^9>  cos  ^Jf , 
or 

l/l  +  c  =  sin  J9>  +  cos  ^f . 

In  a  similar  manner  we  find 

l/l  —  e  =  —  sin  ^9>  +  cos  i^. 
From  these  two  equations  we  obtain 

Vl  +  e  +  Vl  —  e  =  2  cos  J^, 

l/r+n;  —  l/r=7  =  2  sin  y,  (46) 

which  are  convenient  in  many  transformations  of  equations  involving 
eor  ip. 

Equation  (42)  gives 

.    -,      rsinv  p  sint; 

b  6(1  +  e  cosv) 

but  p  =  a  cos'  ^,  and  6  =  a  cos  ip,  hence 

.    -,      rsinv         cosf^sinv  ,.„^ 

sm  J5;  = = .  (47) 

acos9>       1  -f-  e  cosv 

Equation  (41)  gives 

^      r  cos  V  +  a«  »  cos  t;  , 

co»E  = ■ =  —-JL K-^-e, 

a  a(l  +  e  cosv) 

or 

r,     P  cos  V  -{-  de  4-  ae*  cos  v 

cosE=^ .7.       — X ; 

a(l  +  ecost;) 

and,  putting  a  cos'  f  instead  of  p,  and  sin  ip  for  €,  we  get 

^         cosv4-^  .... 

cos  E  =  :p- — -L— .  (48) 

1  +  e  cos  V 

If  we   multiply  the  first  of  equations  (43)  by  cos^f,  and  the 
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second  by  siniE,  successively  add  and  subtracfc  the  productB,  and 
reduce  by  means  of  the  preceding  equations,  we  obtain 

sin  ^  (v  +  J5)  =  -W-  cos  If  sin  E, 

Binl(v  —  E)  =  yj-BmifBmE.  (49) 

The  perihelion  distance,  in  an  elliptic  orbit,  is  given  by  the  eqna^ 

tion 

q=za(l  —  c). 

21.  The  difference  between  the  true  and  the  mean  anomaly,  or 
t;  —  3f,  is  called  the  equation  of  the  centre,  and  is  positive  from  the 
perihelion  to  the  aphelion,  and  negative  from  the  aphelion  to  the 
perihelion.  When  the  body  is  in  either  apsis,  the  equation  of  the 
centre  will  be  equal  to  zero. 

We  have,  from  equation  (39), 

E=M+eBmE. 
Expanding  this  by  Lagrange's  theorem,  we  get 

J'(E)  =  J'(J0  +  8mJf -^3^-  .^-  +  ^-^(8mif-^^-)j:^ 

+  dip \  «^°  ^-dsr  )i-2-3  +  •  • '  (^> 

Let  us  now  take,  equation  (40), 


-«     o' 


F(iE)  =  il-^ecoBE)    =^, 

and,  consequently, 

F(M)  =  (l  —  ecoBMf\ 

Therefore  we  shall  have 

^'  =  (1  —  e  cos  10"  — 2e»  sin»if(l  —  c  cos  Jf )"' 

—  ^  ^-.  i.  (sin*  Jf  (1  —  e  cos  3/)    )  — .... 
Expanding  these  terms,  and  performing  the  operations  indicated,  we 

^  =  1  +  2€  cos 3/+  I  (6  cos* 3f—  4  sin* 3f) 
+  I  (16  cos*  3f—  36  sin*  3f  cos  3/)  +  . . . , 
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which  reduces  to 

~===l+2ecoBif+|(l+5cos2iO+j(13coB3if+3co8^^  (51) 


Equation  (22)  gives 


..=^, 


and^  8inoe/=  Jiv^jp(l  +  m),  we  have^ 


i,^kVp{ym)^^  (52) 


or  


a 


Bat p^ —  =  fJt^  and  therefore 


By  expanding  the  &ctor  |/1  —  e",  we  obtain 

T/r=^=  1  —  Je"  — i^— . . . , 


and  hence 


o' 


dt;  =  (l  — ^e*— ...)^c^Jtf^ 


a' 


Substituting  for  —  its  value  from  equation  (51),  and  integrating,  we 
get,  since  t?  =  0  when  Jf  =  0, 

v— 3f=2c  sinif  +  |e'  sin23f  +  ^  (13  sinSif  — 3  sin  JO  +•  •  •    (53) 

which  is  the  expression  for  the  equation  of  the  centre  to  terms  involving 
^.  In  the  same  manner,  this  series  may  be  extended  to  higher  powers 
of  e. 

When  the  eccentricity  is  very  small,  this  series  converges  very 
rapidly;  and  the  value  of  v  —  Jf  for  any  planet  may  be  arranged  in 
a  table  with  the  argument  if. 

For  the  purpose,  however,  of  computing  the  places  of  a  heavenly 
body  from  the  elements  of  its  orbit,  it  is  preferable  to  solve  the 
equations  which  give  v  and  -B  directly;  and  when  the  eccentricity  is 
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veiy  great,  this  mode  is  indisjiensable,  since  the  series  will  not  in 
tliat  case  be  sufficiently  convergent. 

It  will  be  ubacrvetl  that  the  fnrmula  which  must  be  used  in  obtain- 
ing tbe  eccentric  anomaly  from  the  ineun  anomaly  is  tranaoeudunlal, 
and  hence  it  can  only  be  solved  either  by  series  or  by  trial.  Bat 
fortunately,  indeed,  it  so  happens  that  the  circumstances  of  the  cele^ 
tial  motions  render  these  approximations  vcrj'  rapid,  the  orbits  being 
usually  either  ncairly  circular,  or  else  very  eceentric 

If,  in  equation  (50),  we  put  F(E)  —  E,  and  consequently  F{M) 
=  M,  wc  shall  have,  performing  the  operations  indicated  and  reducing, 

£  =  3f+e9inJ/^+,Je'8in2Jf  +  &c.  (M) 

Lot  us  now  denote  the  approximate  value  of  E  computed  from  this 
equation  by  E,,  then  will 

in  which  aZ;^^  is  the  correction  to  he  applied  to  the  a.ssumfd  value  of  £ 
iSuljstiliiting  tLis  in  equation  (39),  we  get 

M=  E,+  &E,  —  eaiaE,  —  eccs  E^Et', 

and,  denoting  by  3/g  the  value  of  Sf  corresponding  to  £^,  we  shall 
also  have 

Siilttmcting  this  equation  from  the  preceding  one,  we  obtain  ^u 

ir- 


1- 


=  af;. 


It  retnains,  therefore,  only  to  add  the  value  of  &E,  found  from  this 
formula  to  the  first  assumed  value  of  E,  or  to  E^,  and  tlieu,  using 
this  for  a  new  value  of  E„  to  procee<1  in  precisely  the  same  manner 
for  a  second  approximation,  and  so  on,  until  the  correct  value  of  E  is 
obtained.  When  tbe  values  of  E  for  a  HUocession  of  dates,  at  eqnal 
intervals,  are  to  be  computed,  the  aseumcd  values  of  E^  may  ho  ob- 
tained so  closely  hy  intcrpolntion  that  the  first  approximation,  in  the 
manner  just  explained,  will  give  the  correct  value;  and  in  nearly 
ever%'  ease  two  or  thrvu  approximations  in  this  manner  will  suffice. 

Having  thus  obtainol  the  ^itlue  of  £' oorresjiondiiig  to  31  fur  any 
instant  of  time,  we  may  readily  i!e«bH«  from  it,  by  the  IbrmuUc 
alivady  investigated,  tlie  ix>rre!t|>otiiiing  values  of  r  and  r. 

In  the  case  of  an  ellipse  of  ver>'  great  eccentricity,  corresponding 
to  tha  oriAtg  of  many  of  the  comets,  die  most  convcnimt  method  of 
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computing  r  and  Vy  for  any  instant,  is  somewhat  different.  The 
manner  of  proceeding  in  the  computation  in  such  cases  we  shall  con- 
sider hereafter;  and  we  will  now  proceed  to  investigate  the  formulae 
for  determining  r  and  v^  when  the  orbit  is  a  parabola,  the  formulee 
for  elliptic  motion  not  being  applicable,  since,  in  the  parabola,  a  =  oo , 
and  e  =  1. 

22.  Observation  shows  that  the  masses  of  the  comets  are  insensible 
in  comparison  with  that  of  the  sun;  and,  consequently,  in  this  case, 
m  =  0  and  equation  (52),  putting  for  p  its  value  2^,  becomes 

hV^  dt  =  r'dv, 
or 

kV2qdt  =  —^idv, 

which  may  be  written 

kdt 
— 3-r  =  ^  (1  +  tan'  ^v)  sec'  ^vdv  =  (1  +  tan'  ^v)  d  tan  iv. 

Int^rating  this  expression  between  the  limits  T  and  t,  we  obtain 


^    ,    =  tan  Iv  +  i  tan*  iv, 
l/2o* 


(55) 


which  is  the  expression  for  the  relation  between  the  true  anomaly 
and  the  time  from  the  perihelion,  in  a  parabolic  orbit. 

Let  us  now  represent  by  r^  the  time  of  describing  the  arc  of  a 
parabola  corresponding  to  t?  =  90® ;  then  we  shall  have 


or 


4 
3' 

1/2" 

4,* 

^0 

3^ 
^  Now,  —7^  is  constant,  and  its  logarithm  is  8.5621876983;  and  if  we 

take  5=1,  which  is  equivalent  to  supposing  the  comet  to  move  in 
a  parabola  whose  perihelion  distance  is  equal  to  the  semi-transverse 
axis  of  the  earth's  orbit,  we  find 

log  r,,  "^^  =  2.03987229,  or  t^  =  109.61558  days ; 
that  is,  a  comet  moving  in  a  parabola  whose  perihelion  distance 


is  equal  to  the  mean  distance  of  the  eartli  from  the  sun,  reqaua 
109,615oS  days  to  describe  an  arc  corresponding  to  i'  =  yO°. 

Equation  (55)  contains  only  sut-h  quantities  aa  am  ix>m[>arHblp  with 
each  other,  and  by  it  ( —  T,  the  time  from  the  perihelion,  may  be 
readily  found  when  the  remaining  terms  are  known;  but,  in  order 
to  find  ('  from  this  formula,  it  will  be  necessary  to  solve  the  equation 
of  the  third  dt^rec,  tanjt'  being  the  unknown  quantity.  If  we  J 
z  =  tan  jr,  this  equation  becomes 

in  which  a  is  the  known  quantity,  and  Is  negative  before,  and  positive 
after,  the  perihelion  passage.  According  to  the  general  principle  in 
the  theory  of  equations  that  in  every  equation,  whether  oomplettf  or 
incomplete,  the  number  of  positive  roots  cannot  exceed  the  number 
of  variations  of  sign,  and  that  the  number  of  nt^tive  roots  cannot 
exceed  the  number  of  variations  of  sign,  when  the  signs  of  the  ternts 
containing  the  odd  powers  of  the  unknown  quantity  are  changed,  it 
follows  that  when  a  is  positive,  there  is  oue  jio^itivc  root  and  no 
negative  root.  When  a  is  negative,  there  is  oue  negative  root  and 
no  positive  root;  and  henoe  we  conclude  that  equation  (55)  can  have 
but  one  real  root. 

We  may  dis[)en3e  with  the  direct  solution  of  this  equation  hy 
forming  a  table  of  the  valaes  of  tr  corrc8|>on<ling  to  those  of  (  —  T 
in  a  jMirabola  whose  perihelion  distance  is  equal  to  the  mmn  distance 
of  the  earth  from  the  sun.  This  tjiblc  will  give  the  time  correspond- 
ing to  the  anomaly  t'  in  any  parabola,  whose  perihelion  distance  is 
f/,  by  multiplying  by  (/  ,  the  time  which  corresponds  to  the  same 
anomaly  in  the  table.  We  shall  have  the  anomaly  c  corresponding 
to  the  time  ( —  7*  by  dividing  /  —  T  by  q*,  and  seeking  in  the  table 
the  anomaly  corre!>|>onding  to  the  time  resulting  from  this  division. 

A  more  convenient  method,  however,  of  finding  the  true  anotoaly 
from  the  time,  and  the  reverse,  is  to  use  a  tabic  of  the  form  gene- 
rally known  tm  Barker's  Table.  The  following  will  explain  its  ( 
etruction : — 

Multiplying  equation  (55)  by  75,  we  obtain 

f  ( _  D  =  76  tan  jf  +  25  tan*  Jr. 
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and  Cq  =  —=r,  which  is  a  coDStant  quantity;  then  will 

r 

The  value  of  C^  is 

log  Q  =  9.9601277069. 

7 


which  is  called  the  mean  daily  motion  in  the  j)arabola;  then  will 

Jf  =  m  (e  —  T)  =  75  tan  ^v  +  25  tan*  ^v. 

If  we  now  compute  the  values  of  M  corresponding  to  successive 
values  of  v  from  t?  =  0°  to  v  =  180°,  and  arrange  them  in  a  table 
with  the  argument  t;,  we  may  derive  at  once,  from  this  table,  for  the 
time  {t  —  T)  either  M  when  v  is  known,  or  v  when  M=m{t  —  T) 
is  known.  It  may  also  be  observed  that  when  t  —  T  is  negative,  the 
value  of  17  is  considered  as  being  negative,  and  hence  it  is  not  neces- 
sary to  pay  any  further  attention  to  the  algebraic  sign  of  t  —  T  than 
to  give  the  same  sign  to  the  value  of  v  obtained  from  the  table. 

Table  VI.  gives  the  values  of  3f  for  values  of  v  from  0°  to  180°, 
with  differences  for  interpolation,  the  application  of  which  will  l>e 
easily  understood. 

23.  When  v  approaches  near  to  180°,  this  table  will  be  extremely 
inconvenient,  since,  in  this  case,  the  differences  between  the  values  of 
if  for  a  difference  of  one  minute  in  the  value  of  v  increase  very 
rapidly ;  and  it  will  be  very  troublesome  to  obtain  the  value  of  v 
from  the  table  with  the  requisite  degree  of  accuracy.  To  ol)viate 
the  necessity  of  extending  this  table,  we  proceed  in  the  following 
manner : — 

Equation  (55)  may  be  written 

V2q^ 

and,  multiplying  and  dividing  the  second  member  by  (1  +  cot*  Jv)*, 
we  shall  have 


l/2qi 
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But  1  +  cot*  Iv  =  -: — - — ;—  and  consequently 

sin  t;  tan  ^v  ^         -^ 

k(t—T)^      8         l  +  Scot'jt; 
V2qi    ""Ssin'v"  (l  +  cot»iv/' 

Now,  when  v  approaches  near  to  180^,  cot^t?  will  be  very  small,  and 
the  second  factor  of  the  second  member  of  this  equation  will  nearly 
=  1.  Let  us  therefore  denote  by  w  the  value  of  v  on  the  8upi)06ition 
that  this  factor  is  equal  to  unity,  which  will  l)e  strictly  true  when 
t?=  180°,  and  we  shall  have,  for  the  correct  value  of  t?,  the  following 
equation : 

A^  being  a  very  small  quantit)-.     We  shall  therefore  have 

gj-,- =  3tan4(w  +  A^)  +  tan»^(w+  A,), 
and,  putting  tan  ito  =  0,  and  tan  )  a^  =  x,  we  get,  from  this  equation, 

(l  +  0^y_    0  +  x      (e  +  xy 
^      ^    l  —  oz'^ {i  —  ezf 

Multiplying  this  through  by  ^(1  — Ox)\  expanding  and  reducing, 
there  results  the  following  equation : 

1  +  3^  =  3^  (1  +  4^  +  2^  +  ^)  ar  —  3^  (1  +  4^  +  2^  +  ^)  «" 

+  ^  (2  +  6^  +  3^  +  ^;  «». 

Dividing  through  by  the  coeflBcient  of  a*,  we  obtain 

1  +  3^  ^^  .  ^(2  +  6^  +  3^  +  fl«)z» 

3^(1  +  4^  +  2^  +  ^)""  ^    3(1  +  4^  +  2^  +  ^)' 

Let  us  now  put 

1  +  3^ 

3^  (1  +  40*  +  2^  +  ^)  ""  ^' 

then,  sulistituting  this  in  the  precciling  equation,  inverting  the  seriw 
and  reducing,  we  obtain  finally 

x-y  +  ay-^   .^(^  ^  ^g,  _^_2g,  ^  gt)  !r  +  «c. 
But  tan  }A,  =  X,  tliercfore 

A,  =  2x— ja'  + 
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Sabstitating  in  this  the  value  of  x  above  fbund^  and  reducing^  we 
obtain 

^o  =  ^y  +  W+    3 (1%. 4^ ; 2^ j^^)    /  +  &C. 

For  all  the  cases  in  which  this  equation  is  to  be  applied,  the  third 
term  of  the  second  member  will  be  insensible,  and  we  shall  have,  to 
a  sufficient  degree  of  approximation, 

\  =  2y  +  20y\ 

Table  VII.  gives  the  values  of  a^,  expressed  in  seconds  of  arc, 
corresponding  to  consecutive  values  of  to  from  w  =  155°  to  w?  =  180°. 
In  the  application  of  this  table,  we  have  only  to  compute  the  value 
of  M  precisely  as  for  the  case  in  which  Table  VI.  is  to  be  used, 

namely, 

if=m(e  — T); 

then  will  w  be  given  by  the  formula 

•'200 


since  we  have  already  found 


or 


11    SqW2  »/200 


Having  computed  the  value  of  w  from  this  equation,  Table  VII. 
will  furnish  the  corresponding  value  of  ^;  and  then  we  shall  have, 
for  the  correct  value  of  the  true  anomaly. 


v  =  w  +  A 


09 


which  will  be  precisely  the  same  as  that  obtained  directly  from  Table 
VI.,  when  the  second  and  higher  orders  of  differences  are  taken  into 
account. 

If  V  is  given  and  the  time  t  —  Tia  required,  the  table  will  give, 
by  inspection,  an  approximate  value  of  a,  using  v  as  argument,  and 
then  w  is  given  by 

w  =  v  —  A«. 
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The  exact  value  of  a^  is  then  found  from  the  table^  and  hence  we 
derive  that  of  w;  and  finally  t  —  T  from 


e— r= 


200   ^ 
Gi  'sin'ti;' 


24.  The  problem  of  finding  the  time  t  —  T  when  the  true  anomaly 
is  given,  may  also  be  solved  conveniently^  and  especially  so  when  v  is 
small,  by  the  following  process: — 

Equation  (55)  is  easily  transformed  into 

\/2qi  C08»iv  '  ^' 

from  which  we  obtain,  since  q  =  r  cos*  Jr, 

2r 
Let  us  now  put 


r^-(=^-)-(^-)- 


sinjt; 

l/2 
and  we  have 

ok  \t  A  )  rt      •  4       •     ■  •       O 

— ^^ — r — -  =  3  sm^e  —  4  8m'«  =  sm  3a?. 


2r* 
Consequently, 


9     1 

t  —  T=  -^  r'  sin  3a:, 


which  admits  of  an  accurate  and  convenient  numerical  solution.  To 
&cilitate  the  calculation  we  put 

_      ein  3a; 

iv  =  - . — , 
smv 

the  values  of  which  may  be  tabulated  with  the  argument  v.     When 

t;  =  0,  we  shall  have  N=  fl  2,  and  when  v  =  90,  we  have  JV=  1 ; 
from  which  it  appears  that  the  value  of  ..V  changes  slowly  for  values 
of  V  from  0°  to  90°.  But  when  r  =  180°,  we  shall  have  ^"=00; 
and  hence,  when  r  exceeds  90°,  it  becomes  necessary  to  introduce  an 
auxiliary  different  from  N.     We  shall,  therefore,  put  in  this  case, 

i\r'  =  JV  sin  V  =  sin  3*; 
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from  which  it  appears  that  -^  =  1  when  v  =  90°,  and  that  N'=iV2 
when  V  =  180°.    Therefore  we  have,  finally,  when  v  is  less  than  1K)°, 

e— T=^JVr*8inv, 

and,  when  v  is  greater  than  90°, 

in  which  log  ^  =  1.5883272995,  from  which  t—Tis  easily  derived 

when  V  is  known. 

Table  VIII.  gives  the  values  of  N,  with  differences  for  interpola- 
tion, for  values  of  v  from  t?  =  0°  to  t?  =  90°,  and  the  values  of  iV' 
for  those  of  v  from  t;  =  90°  to  t?  =  180°. 

25.  We  shall  now  consider  the  case  of  the  hyperbola,  which  differs 
from  the  ellipse  only  that  e  is  greater  than  1 ;  and,  consequently,  the 
formulae  for  elliptic  and  hyperbolic  motion  will  differ  from  each  other 
only  that  certain  quantities  which  are  positive  in  the  ellipse  are  n^a- 
tive  or  imaginary  in  the  hyperbola.  We  may,  however,  introduce 
auxiliary  quantities  which  will  serve  to  preserve  the  analogy  between 
the  two,  and  yet  to  mark  the  necessary  distinctions. 

For  this  purpose,  let  us  resume  the  equation 

p  cos  4 


2  cos  i  (v  +  4)  COS  ^{v  —  4^)' 

When  t7  =  0,  the  fiictors  cosi(v  +  4)  ^^^  cos}(t?  —  4)  '^^  the  de- 
nominator will  be  equal ;  and  since  the  limits  of  the  values  of  t;  are 
180°— 4  and  —(180°  —  i//*),  it  follows  that  the  first  factor  will  vanish 
for  the  maximum  positive  value  of  v,  and  that  the  second  factor  will 
vanish  for  the  maximum  negative  value  of  t?,  and,  therefore,  that,  in 
either  case,  r  =  oo. 

In  the  hyperbola,  the  semi-transverse  axis  is  negative,  and,  conse- 
quently, we  have,  in  this  case, 

p  =  a(j^  —  1),  or  a  =p  cot' 4. 

We  have^  also,  for  the  perihelion  distance, 

qz=za(e  —  1). 
Let  us  now  put  

tan  ii^  =  tan  ^vyj  ^^^,  (56) 
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which  is  analogous  to  the  formula  for  the  eooentric  anomalj  £  in  an 
ellipse;  and,  since  e  = ,  we  shall  have 

e  —  1       1  —  co84»      ^     , , 
e  -{■  1      1  +  C084 
and,  consequently, 

tan  ^jP  =  tan  ^v  tan  ^4-  (57) 

We  shall  now  introduce  an  auxiliary  quantity  a,  such  that 

whence  we  derive 

taniJ'=^,  (68) 

and  also 

cos  J  (v  —  4) 

4f  = — • 

cos  i  (v  +  4) 


(59) 


This  last  equation  shows  that  a  =  l  when  the  comet  is  in  its  perihe- 
lion; a=  oowhent?=180°— t|.;  and  ^=0  when  €  =  —  (180®  — -J^). 

r^.  ▼^        2  tan  AjP 

Since  tan  F== ttt,»  we  shall  have 

1— -tan^i^ 

Squaring  this  equation,  adding  1  to  both  members,  and  reducing  we 
obtain 

Replacing  a  in  this  equation  by  its  value  fix>m  equation  (59),  we  get 

1      _C08'^(y+4>)  +  co6*j(v— 4) 
cos-F         2  008^(^  +  4)0084(^  —  4)  ' 
or 

1  l4-C0fiVC084  («  + cost)  0084 


cos  jP       2  cos  i  (v  +  4)  cos  i  (v  —  4)      2  cos  i  (v  +  4)  cos  ^  (t>  —  4 
which  reduces  to 
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If  we  add  q:  1  to  both  members  of  this  eqaation,  we  shall  have 

I^cosjF r(eT  1)  (1  Tcost;) 

cosjP  p 

Taking  first  the  upper  sign,  and  then  the  lower  sign,  and  reducing^ 
we  get 

i/J •;»  j«  —  T^a(g  +  1)   .    ,  „ 
V  T  sm  ^v  ^  —  sm  ^.r, 

Kcosi^ 

V^cmh)  =  ^""JJJZ^^  cos  IF.  (63) 

Vcosi^ 

These  equations  for  finding  r  and  t?,  it  will  be  observed,  are  analogous 
to  those  previously  investigated  for  an  elliptic  orbit.  These  equations 
give,  by  division. 


^-m 


tan  ^v  =  -^    2-  1  **°  ^^» 

which  is  identical  with  the  equation  (56),  and  may  be  employed  to 
verify  the  computation  of  r  and  v. 

Multiplying  the  last  of  equations  (63)  by  the  first,  putting  for 
«?—  1  its  value  tan' '4^,  and  reducing,  we  obtain 

r  sin  v  =  a  tan  4  tan  i^=  Ja  tan  4 1  <r  —  -  I.  (64) 

Further,  we  have 

p  cos  V  ar  (c  +  cos  v) 

r  cos  V  =  :r^7 =  oe -. 

1  +  c  cos  V  p 

which,  combined  with  equation  (62),  gives 

If  we  square  these  values  of  r  sin.t?  and  r  cost?,  add  the  results  to- 
gether, reduce,  and  extract  the  square  root,  we  find 

We  might  also  introduce  the  auxiliary  quantity  a  into  the  equations 
(63);  but  sucb  a  transformation  is  hardly  necessary,  and,  if  at  all 
desirable,  it  can  be  easily  effected  by  means  of  the  formulae  which  we 
have  already  derived. 


r  cos 
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26.  Let  US  now  resume  the  equation 

^__co8Kt;  — 4) 
cos  I  (v  +  4')* 

Differentiating  this^  regarding  '4^  as  constant,  we  have 

.       sin  4'  . 

^^~2cos«i(t;  +  4)    ''^ 

and,  dividing  this  equation  by  the  preceding  one,  we  get 

d<T  sin  4 


But 


consequently, 


which  gives 


r  = 


tf        2  cos  ^  (v  +  4)  cos  ^  (v  —  4) 

J>  C0B4 

2  cos  ^  (v  +  4)  cos  i  (v  —  4)' 

d<r       r  tan  4  _, 
—  = dv, 


f*dv  =  -^d<r. 
<r  tan  4 


dv. 


Substituting  this  value  of  r^dv  in  equation  (22),  and  putting  instead 

of  2/  its  value  kv  />,  from  equation  (30),  the  mass  being  considered  as 
insensible  in  comparison  with  that  of  the  sun,  we  get 

kVpdt  =  -^d4r. 
^  <t  tan4 

Then,  substituting  for  r  its  value  from  equation  (66),  and  for  j>  its 
value  a  tan*  i//,  we  have 

Integrating  this  between  the  limits  T  and  /,  we  obtain 

a/^(<-r)  =  a»tan4(A€(^-J)— log.^),  (67) 

in  which  log.  a  is  the  Naperian  or  hyperbolic  logarithm  of  a.    Since 
Vip  =  V  a  tan  i^,  if  we  put 

h 


a» 
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in  which  p  is  the  mean  daily  motion;  and  if  we  also  pnt 

in  which  Nq  corresponds  to  the  mean  anomaly  if  in  an  ellipse^  we 
shall  have^  from  equation  (67)^ 

N,  =  le(<r^Vj-^log.<r.  (68) 

K  we  multiply  both  members  of  this  equation  by  ^  =  0.434294482, 
the  modulus  of  the  common  system  of  logarithms,  and  put 

a 
we  shall  have 

^=^eAU  — -j  — logcr, 

wherein  logil  =  9.6377843113,  and  log;Ufe  =  7.8733657527. 

Let  us  now  introduce  F  into  this  formula;  and  for  this  purpose  we 
have 

tanjP=i(cr  — -|, 

and  also 

log  ff  =  log  tan  (45°  +  ^J^). 

Therefore  we  obtain 

JV  =  ei  tan  i?*  —  log  tan  (45°  +  i JF').  (69) 

This  equation  will  give,  directly,  the  time  t  —  T  from  the  perihelion, 
when  a,  e,  and  F  are  known ;  but,  since  it  is  transcendental,  in  the 
solution  of  the  inverse  problem,  that  of  finding  the  true  anomaly 
and  radius-vector  from  the  time,  the  value  of  jF  can  only  be  found  by 
successive  approximations. 

If  we  differentiate  the  last  equation,  regarding  iVand  F  as  vari- 
able, we  get 

cos  jT 

Hence,  if  we  denote  an  approximate  value  of  F  by  F„  and  the  cor- 
responding value  of  N  by  N,j  the  correction  ^F,  to  the  assumed  value 
of  F  may  be  computed  by  the  formula 

^j,_(N-N,)cos'F, 
'~    >l(e  — cosi^,)  • 
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This  correction  being  applied  to  F„  a  nearer  approxim&tlm  to  i 
true  value  of  F  will  be  obtainetl;  and  by  repeating  the  operation 
there  results  a  still  closer  appro xinmtiou.  This  process  may  be  (.■on- 
tinned  until  the  exact  value  of  i*' is  found,  and,  when  several  suc- 
cessive places  are  required,  the  first  assumed  value  may  be  estimated, 
in  advanoe,  ao  closely  that  a  very  few  trials  will  sufGce.  In  practice, 
however,  cases  will  rarely  occur  in  which  this  formula  will  be  applied, 
since  the  probability  of  hyperliolic  motion  is  email,  and,  whenever 
any  i>oeitive  indicatiou  of  an  eccentricity  greater  than  1  has  been 
found  to  exist,  it  has  only  been  after  a  very  accurate  series  of  observa- 
tions has  been  introduced  as  the  basis  of  the  calculation.  For  a 
majority  of  the  cases  which  do  really  occur,  the  most  accnrale  and 
(wnvenient  method  of  finding  r  and  «  will  be  explained  hereafler. 

27.  If  we  consider  the  equation 

Af  =  J?  —  (610  E, 


we  shall  see  that,  when  logarithms  of  six  or  seven  decimals  arc  used, 
the  error  which  mayexistin  the  determination  of  £  when  3f  and  ct 
are  given,  will  increase  as  e  increases,  but  in  a  much  greater  ratio; 
and,  when  the  eccentricity  'becomes  nearly  equal  to  that  of  the  yan- 
bola,  the  error  may  be  very  great.  In  the  case  of  hyperbolic  motion, 
also,  the  numerical  solution  of  equation  (69),  when  e—  1  is  very 
BDiail,  and  with  the  ordinary  logarithmic  tables,  becomes  vcrj-  un- 
certain. This  can  only  be  reme<hed,  when  equations  (39)  and  (69) 
are  employe<l,  by  using  more  extended  logarithmic  tables;  and  when 
the  orbit  differs  only  in  an  extremely  slight  degree  from  a  parabola, 
even  witii  the  most  extended  I<^arithmic  tables  which  have  been 
constructed,  the  error  may  l»e  very  large.  For  this  reason  wc  have 
recourse  to  other  methods,  which  will  give  the  recpiired  accuracy 
without  introducing  inconveniences  which  are  proportionally  great. 

We  shall,  therefore,  now  proceed  to  develop  the  furmulo!  for  find- 
ing the  true  anomaly  in  ellipsis  and  hyperbolas  which  differ  but 
little  from  the  parabola,  such  that  they  will  famish  the  required 
aciniraty,  when  the  exact  solution  of  equations  (39)  or  (69)  with  the 
logarithmic  tabUs  in  common  use  U  impossible. 

For  this  purpose,  let  us  resume  equation  (22),  which,  bj-  sub»li- 
tuting  for  2/  its  value  k\  p,  the  mass  of  the  comet  being  neglected 
in  comparison  with  that  of  the  sun,  becomes 
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or 

•^  -^  -^  (1  +  e  COS  VJ* 

Let  us  now  put  u  =  tan^,  and  we  shall  have 

cos  «  =  ^ ;  dv  = 


Substituting  these  values  in  the  preceding  equation^  and  putting 

1-e      . 
j-p^  =  t,  weget 

or,  since  jp  =  J  (1  +  e), 


2^i         ^  (1  +  tt^')'  • 

Let  us  now  develop  the  second  member  into  a  series.    This  may  be 
written  thus: 

du(l+u^)(l+iu'y'; 

and  developing  the  last  factor  into  a  series,  we  obtain 

(1  +  iu'y*  =  1  —  2iu*  +  3t^*  —  4iV  +  Ac. 
Consequently, 

(1  +  tt«)  (1  +  iu'y^  =  1  +  u«  —  2i(u'  +  u')  +  3i*(tt*  +  tt«) 

—  4i^(w*  +  u«)  +  .... 

Multiplying  this  equation  through  by  du,  and  integrating  between 
the  limits  T  and  t,  the  result  is 


2g* 

—  4i^  (4w»  +  4tt»)  +  &c.  (70) 

In  the  case  of  the  parabola,  e=l  and  i  =  0,  and  this  equation  becomes 
identical  with  (55). 
Let  us  now  put 

,(,-rv-r+-e^^     ^^  (^^^ 

2j» 
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and  also 

t7=tan^F; 

then  the  angle  Fwill  not  be  the  trae  anomaly  in  the  parabola,  bat 
an  angle  derived  from  the  solution  of  a  cubic  equation  of  the  same 
form  as  that  for  finding  the  parabolic  anomaly ;  and  its  value  may 
be  found  by  means  of  Table  VI.,  if  we  use  for  M  the  value  com- 
puted from 

Let  U  be  expanded  into  a  series  of  the  form 

t7=ti  +  ai  +  /5i*  +  rt»  + , 


which  is  evidently  admissible,  a,  )9, 7*, . . . .  being  functions  of  u  and 
inde{)endent  of  t.  It  remains  now  to  determine  the  values  of  the 
coefficients  a,  ^,  ^,  &c.,  and,  in  doing  so,  it  will  only  be  necessary  to 
consider  terms  of  the  third  order,  or  those  involving  «*,  since,  for 
nearly  all  of  those  cases  in  which  the  eccentricity  is  such  that  terms 
of  the  onler  i*  will  sensibly  affect  the  result,  the  general  formula 
already  derived,  with  the  ordinarj'  means  of  solution,  will  give  the 
required  accuracy.     We  shall,  therefore,  have 

U+iU'  =  u  +  ai  +  fii^  +  ri^  +  i(^u  +  ai  +  ^i^  +  rPy, 

or,  again  neglecting  terms  of  the  order  i*, 

U+HP  =  U  +  lu'  +i(l  +  «•)  tt  +  i«(«a«  +  (1  +  w')/5) 

But  we  have  already  found,  (70), 


2qi 

+  3.-'(iu»  +  Jti')  -  4i' (;«'  +  Jtt»). 

Since  the  first  members  of  these  equations  are  identical,  it  follows,  by 
the  principle  of  indeterminate  cocflioient^,  that  the  coefficients  of  the 
like  powers  of  t  arc,  equal,  and  we  shall,  therefore,  have 

(l+«')«  =  -2(lu'+Ju'), 

Ma'  +  (1  +  «')^  =  +  3(Ju'  +  ^u'), 

la'  +  2ua,9  +  (1  +  M')  r  =  -  4(4n'  +  Ju'). 

From  the  first  of  these  equations  we  find 
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_       2  (JM'  +  K) 

1  +  tt'    • 

The  second  equation  gives 


^_3(K+4"')-««* 
''- TTl? ' 


+ 

or,  sabstituting  for  a  its  valae  just  foand,  and  reducing, 

,  _  3  (K  +  8H«^  +  ^V3«'  +  ,Vti*'0 

We  have  also 

and  hence;  substituting  the  values  of  a  and  ^  abeady  found^  and 
redadngy  we  obtain  finally 

(1  +  ti')* 

Again^  we  have 

tan"  U=  tan"  (t*  +  •*  +  i^**  +  r**)- 

Developing  this,  and  neglecting  terms  of  the  order  i*,  we  get 

tan-'ir=tan-'ii  +  j-L^^(at>^t^^ 

+  (l  +  ti«/*'' 
Now,  since  tfc  =  tan|r  and  U=  tan  J  F,  we  shall  have 

or 

Substituting  in  this  equation  the  values  of  a,  )9,  and  7*  already  found, 
and  reducing,  we  obtain  finally 

^-^    (i  +  ««)'*^"  (1 + «')♦  * 
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This  equation  can  be  used  whenever  the  true  anomaly  in  the 
ellipse  or  hyperbola  is  given^  and  the  time  from  the  perihelion  is  to 
be  determined.  Having  found  the  value  of  F,  we  enter  Table  VI. 
with  the  argument  Fand  take  out  the  corresponding  value  of  M; 
and  then  we  derive  t  —  T  from 


+  e 

in  which  log  Q  =  9.96012771. 

For  the  converse  of  this,  in  which  the  time  from  the  perihelion  is 
given  and  the  true  anomaly  is  required,  it  is  necessary  to  express  the 
difference  v  —  F  in  a  series  of  ascending  powers  of  i,  in  which  the 
coefficients  are  functions  of  U.     Let  us,  therefore,  put 

u=U+  o!i  +  /5'i«  +  r'i?  +  Ac. 

Substituting  this  value  of  u  in  equation  (70),  and  neglecting  terms 
multiplied  by  i*  and  higher  powers  of  i,  we  get 

^^^"~^\^^  +  ''=P+lt7'  +  (a^(l+C7')-|17«-|L^)t 

+  (/5'(l+  U')+  LV"--217V(1+  C7«)  +  |I7»+4C^)»« 
+  (r'(l  +  V')  +  >'»+  2LV,^+  3L^V(1  +  L^)  —  2?IP(X'\'U*) 

But,  since  the  first  member  of  this  equation  is  equal  to  ?7+  \lPj  we 
shall  have,  by  the  principle  of  indeterminate  coefficients, 

/5'(1+  17«)+  ra'»-2rV(l+  Lr«)  +  }i7»+?fP  =  0, 
^(1+  r«)+ «a'»  +  2LV/S'  +  3C/V(l+  r«)  — 2/5't7«(l+  t^) 

From  these  equations,  we  find 

P—        -     "     "(1+  L'«)' 

If  wc  intorvhaiigc  t>  and  V  in  equation  (72),  it  becomes,  writing  a', 
/9',  r'  for  a,  /5,  y. 


TH 
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'^\i  +  u'    (1  +  vy  "^ (1  +  u*y    I  ' 

Sabetituting  in  this  equation  the  above  values  of  a',  j9',  and  ;*',  and 
reducing,  we  obtain,  finally, 

''-^-*-  a  +  u'y  ''■  (XTu'y 

,  in  u'+ m%  u*+  nm  g"+  4!4f  u"+  4i?§  t^"+  ,Ws u"  ^,  .-.x 
-t-  (1  +  u'y  '  ^^ 

hj  means  of  which  v  may  be  determined,  the  angle  V  being  taken 
from  Table  YI.,  so  as  to  correspond  with  the  value  of  M  derived 
from 

Equations  (73)  and  (74)  are  applicable^  without  any  modification^ 
to  the  case  of  a  hyperbolic  orbit  which  differs  but  little  from  the 
parabola.  In  this  case^  however,  e  is  greater  than  unity,  and,  conse- 
quently, i  is  negative. 

28.  In  order  to  render  these  formulse  convenient  in  practice,  tables 
may  be  constructed  in  the  following  manner: — 
Let  rr  =  t?  or  F,  and  tan  ^  =  0,  and  let  us  put 

100(1  +  (?«)«*' 

10000  (1  +  ^)* 
""  10000  (1  +  ^)*  ** 

1000000(1 +  ^'/ 

^  ■"  1000000(1  +  ^/ 

wherein  «  expresses  the   number  of  seconds  corresponding  to  the 
length  of  arc  equal  to  the  radius  of  a  circle,  or  log«  =  5.31442513. 
We  shall,  therefore,  have: — 
Whena:=F, 

v=V+A  (lOOi)  +  jB(100t)'+  C(lOOi)*; 


-^(1000 

Table  IX.  gives  the  values  of  A,  B,  B',  C,  aod  C  for  conpwo- 
tive  values  of  x  from  a:  =  0°  to  a  =  149°,  with  difierences  for  inter- 
polation. 

Vi\\»tu  the  value  of  v  has  been  found,  that  of  r  may  be  del 
from  the  formula 

gfl  +  0 
l-t-ecost.- 


of  (l-e)orof 


- 1 1  may  be  derived,  but  they  do  not 


1 


Similar  expressions  arranged  in  reference  to  the  ascending  [ 

verge  with  sufficient  rapidity;  for,  although  I  (     *"     j  —  1  I  is  len 

than  t,  yet  the  coefficients  arc,  in  each  case,  so  much  greater  than 
those  of  the  corresponding  powers  of  (',  that  tJirce  terms  will  not 
afford  ihe  same  d^ree  of  accuracy  as  the  same  number  of  terms  in 
the  expressions  involving  t. 

29.  Equations  (73)  and  (74)  will  serve  to  determine  r  or  (  —  Tin 
nearly  all  cases  in  which,  with  the  oitlinary  logarithmic  tables,  the 
general  methods  fail.  However,  when  the  orbit  differs  considerably 
fitim  a  parabola,  and  when  v  is  of  considerable  magnitude,  the  resalts 
obtained  by  means  of  these  equatioas  will  not  be  sufficiently  exact, 
and  we  must  employ  other  method^}  of  approximation  in  the  caM  that 
the  acciirnte  numerical  solution  of  the  general  formuls  is  still  iropoa- 
aible.  It  may  be  obeervod  that  when  E  or  F  exceeds  50°  or  60",  the 
equations  (39)  and  (09)  will  furnish  aconrate  results,  even  when  e 
differs  but  little  from  unity.  Still,  a  case  may  oc\!ur  tii  which  the 
perihelion  distance  is  vorj-  small  and  in  which  v  may  be  very  great 
before  the  dlaappeantoce  of  the  comet,  such  that  neither  the  general 
method,  nor  the  special  method  alrnady  given,  will  enable  tis  to  de- 
termine p  or  (  —  r  with  accuracy ;  and  we  shall,  thercfon-,  investigate 
another  method,  which  will,  in  all  cases,  be  sufficiently  exact  when 
the  general  forniulie  are  inapplicable  directly.  For  this  purpose,  let 
us  resume  the  e<juation 
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which,  since  q  =  a{l  —  e),  may  be  written 

-^^ ^ =  jg(9J5  +  8m^)  +  T^.-y^-y(J5  — sinS). 

If  we  put 

J  —1^  -E — sin-E 
^"^•^^9^+8in£' 

we  shall  have 

k(^t  —  T)VT^=^e  _20l/^__    i      1     l  +  9e      j 


Let  US  now  put 


and 


then  we  have 


P^9^+8in^ 

~     20VA     ' 


tan'iw  =  -^-yzr x -a : 

-^         5(1— c)     ' 


i(*^.?^5a±M  =  tani«4-|tan'i».  (75) 

When  £  is  known,  the  value  of  w  may,  according  to  this  equation, 
be  derived  directly  from  Table  VI.  with  the  argument 

75*«-r)    t/t',(1  +  96) 

and  then  from  v)  we  may  find  the  value  of  A,  It  remains,  therefore, 
to  find  the  value  of  B;  and  then  that  of  t^  from  the  resulting  value 
of  A 

Now,  we  have 

.    „        2  tan  IE 

and  if  we  put  tan' JjE=  r,  we  get 

Bin  ^  =  r^  ==  2rl  (1— T +  1^  —  1* +  &C.). 
We  have,  also, 

£=2tan"*r*=2r*(l— |T  +  iT*-4T*+&c.)- 


I 
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Therefore, 

15(i?— 8in£)  =  2T*(10r—  Vt*+  Vt*—  1|iIt*  +  Ac.), 
and 

9E+  8iii^  =  2r*(10—  V^r+  Vt«--  ^1*+  V^  — Ac). 

Henoe,  by  division, 

and,  inverting  this  series,  we  get 

A 
which  converges  rapidly,  and  fi:x)m  which  the  value  of  —  may  be 

found. 

Let  us  now  put 

A_  1 

then  the  values  of  O  may  be  tabulated  with  the  argument  A;  and, 
besides,  it  is  evident  that  as  long  as  ^  is  small  C  will  not  difier 
much  from  1  +  |-4. 

Next,  to  find  jB,  we  have. 

^*=  r*  (1  -  |r  +  tW^  -  iS  JT*  +  iVrVVft^  -  Ac.). 

and  hence 

from  which  we  easily  find 

-B  =  1  +  jUA'  +  ^U^'  +  ,  AVt3^*  +  4<^. 
If  we  compare  equations  (44)  and  (56),  we  get 

tan  iE=  V^^^^tan  IF. 

Hence,  in  the  case  of  a  hyperbolic  orbit,  if  we  put  tan'lF=  r',  we 
must  write  —  r'  in  place  of  r  in  the  formula  already  derived ;  and, 
from  the  series  which  gives  A  in  terms  of  r,  it  appears  that  ^  is  in 
this  caae  negative.    Therefore,  if  we  distinguish  the  equations  for 
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hyperboUc  motion  from  those,  for  elliptic  motion  by  writing  A',  B', 
and  C  in  place  of  A,  B,  and  (7,  respectively,  we  shall  have 

Bf  =  l  +  jli^A^'  -  ^§3^"  +  , AVt3^'*  -  Ac. 

Table  X.  contains  the  values  of  log  B  and  log  C  for  the  ellipse 
and  the  hyperbola,  with  the  argument  A,  from  ^  =  0  to  ^  =  0.3. 
For  every  case  in  which  A  exceeds  0.3,  the  general  formulae  (39) 
and  (69)  may  be  conveniently  applied,  as  already  stated. 

The  equation 

gives 

'*        1  — e 
or,  substituting  the  value  of  ^  in  terms  of  w, 


tan  it;  =  Ctan  ^w  -Ji^±^.  (76) 


+ 
The  last  of  equations  (43)  gives 

r  cos"  it- =  ff  co84^  =  j^p^q^ 
Hence  we  derive 

r  — — — 1— 
(l+AC')cos^v 


(77) 


The  equation  for  v  in  a  hyperbolic  orbit  is  of  precisely  the  same  form 
as  (76),  the  accents  being  omitted,  and  the  value  of  A  being  computed 
fit)m 

For  the  radius-vector  in  a  hyperbolic  orbit,  we  find,  by  means  of  the 
last  of  equations  (63), 

^  ""  (1— ^Ocos'iv  ^^^^ 

When  t  —  T  is  given  and  r  and  v  are  required,  we  first  assume 

B  =  1,  and  enter  Table  VI.  with  the  argument 

• 

if-— -| 5 
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in  which  log  Co  =  9.96012771,  and  take  out  the  corresponding  value 
of  w.    Then  we  derive  A  from  the  equation 

5(1— e) 

in  the  case  of  the  ellipse,  and  from  (78)  in  the  case  of  a  hjrperbolic 
orbit.  With  the  resulting  value  of  A,  we  find  fi:x)m  Table  X.  the 
corresponding  value  of  log  B,  and  then,  using  this  in  the  expression 
for  Mj  we  repeat  the  operation.  The  second  result  for  A  will  not 
require  any  further  correction,  since  the  error  of  the  first  assumption 
of  j5  =  1  is  very  small ;  and,  with  this  as  argument,  we  derive  the 
value  of  log  C  from  the  table,  and  then  t;  and  r  by  means  of  the 
equations  (76)  and  (77)  or  (79). 

When  the  true  anomaly  is  given,  and  the  time  t  —  T  is  required, 
we  first  compute  r  firom 

in  the  case  of  the  ellipse,  or  from 

^  =  7^-1*^'^"' 

in  the  case  of  the  hyperbola.  Then,  with  the  value  of  r  as  argu- 
ment, we  enter  the  second  part  of  Table  X.  and  take  out  an  approxi- 
mate value  of  Ay  and,  with  this  as  argument,  we  find  log  jB  and  log  C. 
The  equation 

will  show  whether  the  approximate  value  of  A  used  in  finding 
log  C  is  sufficiently  exact,  and,  hence,  whether  the  latter  requires  any 
correction.     Next,  to  find  ir,  we  have 


^      ,         tan  .]r      /   1  + 
tanJ«;  =  -^.^.-j- 


9c 


and,  with  w  as  argument,  we  derive  M  from  Table  VI.     Finally,  we 
have 

t-T=-J^'L=,  (80) 

by  means  of  which  the  time  from  the  perihelion  may  be  accurately 
determined. 
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30.  We  have  thus  fer  treated  of  the  motion  of  the  heavenly  bodies, 
relative  to  the  sun,  without  considering  the  positions  of  their  orbits 
in  space ;  and  the  elements  which  we  have  employed  are  the  eccen- 
tricity and  semi-transverse  axis  of  the  orbit,  and  the  mean  anomaly 
at  a  given  epoch,  or,  what  is  equivalent,  the  time  of  passing  the 
perihelion.  These  are  the  elements  which  determine  the  position  of 
the  body  in  its  orbit  at  any  given  time.  It  remains  now  to  fix  its 
position  in  space  in  reference  to  some  other  point  in  space  from  which 
vre  conceive  it  to  be  seen.  To  accomplish  this,  the  position  of  its 
orbit  in  reference  to  a  known  plane  must  be  given ;  and  the  elements 
which  determine  this  position  are  the  longitude  of  the  perihelion,  the 
longitude  of  the  ascending  node,  and  the  inclination  of  the  plane  of 
the  orbit  to  the  known  plane,  for  which  the  plane  of  the  ecliptic  is 
usually  taken.  These  three  elements  will  enable  us  to  determine  the 
co-ordinates  of  the  body  in  space,  when  its  position  in  its  orbit  has 
been  found  by  means  of  the  formulae  already  investigated. 

The  longitude  of  the  ascending  node,  or  longitude  of  the  point 
through  which  the  body  passes  from  the  south  to  the  north  side  of 
the  ecliptic,  which  we  will  denote  by  JJ,  is  the  angular  distance  of 
this  point  irom  the  vernal  equinox.  The  line  of  intersection  of  the 
plane  of  the  orbit  with  the  fundamental  plane  is  called  the  line  of 
nodes. 

The  angle  which  the  plane  of  the  orbit  makes  with  the  plane  of 
the  ecliptic,  which  we  will  denote  by  t,  is  called  the  inclination  of 
the  orbit.  It  will  readily  be  seen  that,  if  we  suppose  the  plane  of 
the  orbit  to  revolve  about  the  line  of  nodes,  when  the  angle  i  exceeds 
180°,  Q  will  no  longer  be  the  longitude  of  the  ascending  node,  but 
will  become  the  longitude  of  the  descending  node,  or  of  the  point 
through  which  the  planet  passes  from  the  north  to  the  south  side  of 
the  ecliptic,  which  is  denoted  by  tS  y  and  which  is  measured,  as  in  the 
case  of  £J ,  from  the  vernal  equinox. 

It  will  easily  be  understood  that,  when  seen  from  the  sun,  so  long 

as  the  inclination  of  the  orbit  is  less  than  90°,  the  motion  of  the 

body  will  be  in  the  same  direction  as  that  of  the  earth,  and  it  is  then 

said  to  be  direct.     When  the  inclination  is  90°,  the  motion  will  be  at 

right  angles  to  that  of  the  earth ;  and  when  i  exceeds  90°,  the  motion 

in  longitude  will  be  in  a  direction  opposite  to  that  of  the  earth,  and 

it  is  then  called  retrograde.     It  is  customary,  therefore,  to  extend  the 

inclination  of  the  orbit  only  to  90°,  and  if  this  angle  exceeds  a  right 

angle,  to  regard  its  supplement  as  the  inclination  of  the  orbit,  noting 

simply  the  distinction  that  the  motion  is  retrograde, 
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The  lorigitufle  of  ihe  perihelion,  which  U  denoted  by  t,  fixes  the 
position  of  the  orbit  in  its  own  plane,  and  is,  in  the  case  of  direct 
motion,  the  sum  of  the  longitude  of  the  ascendiiig  node  and  the 
angular  distance,  measured  in  the  direction  of  the  motion,  of  the 
perihelion  from  this  node.  It  is,  therefore,  the  angular  distance  of 
the  perihelion  from  a  point  in  the  orbit  whose  angular  distance  bock 
from  the  ascending  node  is  equal  to  the  longitude  of  this  node;  or 
it  may  be  measured  on  the  ecliptic  from  the  vernal  equinox  to  the 
ascending  node,  then  on  the  plane  of  the  orbit  from  the  node  to  the 
place  of  the  perihelion. 

In  the  case  of  retrograde  motion,  the  longitudes  of  the  Eueceseivc 
jtotnts  in  the  orbit,  in  the  direction  of  the  motion,  decrease,  and  the 
point  in  the  orbit  from  which  these  longitudes  in  the  orbit  are 
measured  is  taken  at  an  angular  distance  from  the  ascending  node 
equal  to  the  longitude  of  thnt  node,  but  taken,  from  the  node,  in  the 
same  direction  as  the  motion.  Hence,  in  this  case,  the  longitude  of 
the  perihelion  is  equal  to  the  longitude  of  the  ascending  node  dimi- 
nished by  the  angular  distance  of  the  j>erihelion  from  this  node. 

It  may,  perlia[>8,  seem  desirable  thnt  tlic  distinctions,  direct  and 
rdroffrade  motion,  should  be  abandoned,  and  that  the  inclination  of 
the  orbit  should  be  measured  from  0°  to  180°,  since  in  this  caae 
one  set  of  formula}  would  be  sufficient,  while  in  the  common  form 
two  eels  are  in  part  required.  However,  the  custom  of  astronomen 
seems  to  have  sanctioned  these  distinctions,  and  they  may  be  pe*^ 
pctnated  or  not,  as  may  seem  advantageous. 

Further,  we  may  remark  that  in  the  case  of  direct  motion  the  snm 
of  the  true  anomaly  and  longitude  of  the  perihelion  is  called  the 
true  lotiffitude  in  Ihe  orbit;  and  that  the  sum  of  the  mean  anotnaly 
and  longitude  of  the  perihelion  is  called  the  mean  lon^tuie,  an  ex- 
pression which  can  occur  only  in  the  t'ose  of  elliptic  orbits. 

In  tlic  ease  of  retrograde  motion  tlie  longitude  in  the  orbit  is  eqinl 
to  the  longitude  of  the  perihelion  minus  the  true  anomaly. 


31.  We  will  now  proceed  to  derive  the  formulw  for  determtuiog 
the  co-«rdinalcs  of  a  hcavealy  body  in  space,  when  its  position  in  its 
orbit  is  known. 

For  the  co-ordinates  of  the  [X)sition  of  the  body  at  the  time  t,  we 
have 
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COB  6  is  always  positive,  it  follows  that  I —  Q  &i^d  u  must  lie  in  the 
same  quadrant  when  i  is  less  than  90^ ;  but  if  t  is  greater  than  90^, 
or  the  motion  is  retrograde,  l—  SI  and  360°  —  u  will  belong  to  the 
same  quadrant.  Hence  the  ambiguity  which  the  determination  of 
/  —  £J  by  means  of  its  tangent  involves,  is  wholly  avoided. 

If  we  use  the  distinction  of  retrograde  motion,  and  consider  % 
always  less  than  90°,  I  —  Q  and  —  u  will  lie  in  the  same  quadrant. 

32.  By  multiplying  the  first  of  the  equations  (81)  by  sin  u,  and 
the  second  by  cos  u,  and  combining  the  results,  considering  only  the 
upper  sign,  we  derive 

cos  6  sin  (ti  —  /  +  S2)  =  2  sin  li  cos  u  sin*  1%, 
or 

cos  6  sin  (w  —  /  +  JJ)  =  sin  2w  sin' jt. 

In  a  similar  manner,  we  find 

co66cos(ti  —  /+  JJ)  =  cos'tt  -f  sin'ii cos t, 

which  may  be  written 

co8  6co8(tt— /+  JJ)  =  ^(1  +co8  2w)4-  ^(1  —  cos 2u) cost, 
or 

cos  6  cos  (ti  —  /+  ft)  =  2(1  +  cost)  +  i(l  — cost)  cos  2tt/ 

and  hence 

cos6cos(u  —  /+  JJ)  =  cos'  ^t  +  sin*  ^t  cos  2u. 

If  we  divide  this  equation  by  the  value  of  cos  6  sin  (ii  —  /  +  ft) 
already  found,  we  shall  have 

/         I  .    ^N  tan' Jr  sin  2m  .-^. 

tan  (u  —  /  +  ft  )  =  r- ■  -—  \  , .   ~^.  (83) 

1  +  tan'  ^t  cos  2u  ^     ' 

The  angle  u  —  1+  ft  is  called  the  reduction  to  the  ecfiptic;  and  the 
exprc?ssion  for  it  may  Ix*  arrangetl  in  a  scries  which  converges  rapidly 
when  I  is  small,  as  in  the  case  of  tlie  planets.  In  order  to  efiect  this 
development,  let  us  first  take  the  equation 

n  sin  a; 

tan  y  =  :.—, 

^       1  +  71  cos  a; 

DifTerentiating  this,  regarding  y  and  n  as  variables,  and  reducing,  we 

find 

dy sinx    

dn       1  +  2/J  cos  J?  +  n^ 
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which  gives,  by  division,  or  by  the  method  of  indeterminate  coefficients, 

-r-  =  sin  a?  —  n  Bm2x  +  n^  sindx  —  n*  sin  4i:  +  &c. 
an 

Int^rating  this  expression,  we  get,  since  y  =  0  when  a?  =  0, 

y  =  nsina;  —  ^n'8in2a?  +  i^' sin  3a?  —  |n*8in4a:  +  .•..,       (84) 

which  is  the  general  form  of  the  development  of  the  above  expression 
for  tan  y.  The  assumed  expression  for  tan  y  corresponds  exactly  with 
the  formula  for  the  reduction  to  the  ecliptic  by  making  n  =  tan^  ^i 
and  x  =  2u;  and  hence  we  obtain 

w  —  /  4-  JJ  =  tan*  li  sin  2u  —  ^  tan*  ^i  sin  4i*  +  ^  tan*  ^i  sin  6w 

—  i  tan«  ^i  sin  8i*  +  J  tan"  ^i  sin  IQu  —  &c.  (85) 

"When  the  value  of  i  does  not  exceed  10°  or  12°,  the  first  two  terms 
of  this  development  will  be  sufficient.  To  express  u  —  1+  SI  in 
seconds  of  arc,  the  value  derived  from  the  second  member  of  this 
equation  must  be  multiplied  by  206264.81,  the  number  of  seconds 
corresponding  to  the  radius  of  a  circle. 

If  we  denote  by  B.  the  reduction  to  the  ecliptic,  we  shall  have 

But  we  have  v  =  M+  the  equation  of  the  centre ;  hence 

/=  Jf  +  ^  +  equation  of  the  centre  —  reduction  to  the  ecliptic, 

and,  putting  i  =  if  +  ;r  =  mean  longitude,  we  get 

/  =  Zf  +  equation  of  centre  —  reduction  to  ecliptic.  (86) 

In  the  tables  of  the  motion  of  the  planets,  the  equation  of  the 
centre  (53)  is  given  in  a  table  with  M  as  the  argument ;  and  the 
reduction  to  the  ecliptic  is  given  in  a  table  in  which  t  and  u  are  the 
arguments. 

33.  In  determining  the  place  of  a  heavenly  body  directly  from 
the  elements  of  it^  orbit,  there  will  be  no  necessity  for  computing  the 
reduction  to  the  ecliptic,  since  the  heliocentric  longitude  and  latitude 
may  be  readily  found  by  the  forraulfle  (82).  When  the  heliocentric 
place  has  been  found,  we  can  easily  deduce  the  corresponding  geo- 
centric place. 

Let  a:,  y,  2  be  the  rectangular  co-ordinates  of  the  planet  or  comet 
referred  to  the  centre  of  the  sun,  the  plane  of  xy  being  in  the  ecliptic. 
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the  positive  axis  of  x  being  directed  to  the  vernal  equinox,  and  the 

positive  axis  of  z  to  the  north  pole  of  the  ecliptic.    Then  we  shall 

have 

x  =  r  cos  b  cos  I, 

y  =  r  cos  b  sin  /, 

z  =r  Bin b. 

Again,  let  X,  Y,  Zhe  the  co-ordinates  of  the  centre  of  the  sun  re- 
ferred to  the  centre  of  the  earth,  the  plane  of  XY  being  in  the  eclip- 
tic, and  the  axis  of  X  being  directed  to  the  vernal  equinox ;  and  let 
O  denote  the  geocentric  longitude  of  the  sun,  R  its  distance  from 
the  earth,  and  2'  its  latitude.     Then  we  shall  have 

X=  i?  cos  2"  cos  O , 
r=jRcosr8inO, 
Z  =  i?  sin  J. 

Let  a?',  y',  z'  be  the  co-ordinates  of  the  body  referred  to  the  centre  of 
the  earth;  and  let  X  and  ^  denote,  respectively,  the  geocentric. longi- 
tude and  latitude,  and  J,  the  distance  of  the  planet  or  comet  from  the 
earth.     Then  we  obtain 

of  =  J  cos  i3  cos  Xy 

y'  =  J  cos ,?  sin  X,  (87) 

2'  =  J  sin  ,S. 

But,  evidently,  we  also  have 

2f  =  x  +  X,  y'  =  y+r,  ^  =  z  +  Z, 

and,  consequently, 

J  cos  iS  cos  X  =  r  cos  6  cos  I  -{-  R  cos  -  cos  © , 

J  cos  ,S  sin  ^  =  r  cos  b  sinl  -\-  R  cos  -  sin  © ,  (88) 

J  sin  fl  =  r  siu  6  +  R  sin  -. 

If  we  multiply  the  first  of  these  equations  by  cos  ©,  and  the  second 
by  sin©,  and  add  the  products;  then  multiply  the  first  by  sin  ©, 
and  the  second  by  co8©,  and  subtract  the  first  product  from  the 
Re(H>nd,  we  get 

J  COS/9  co8(^  —  ©)  =  r  coab  cos(/ —  ©)  +/?  cosT, 

J  cos,?  sin  (^  —  ©)  —  r  C096  sin  (I  —  Q),  (89) 

J  sin  {3  =  r  sin  6  +  R  sin  -. 

It  will  hi*  observed  that  this  transformation  is  equivalent  to  the  sup- 
position that  the  axis  of  x,  in  each  of  the  co-ordinate  systems,  is 
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directed  to  a  point  whose  longitude  is  O^  or  that  the  system  has  been 
revolved  about  the  axis  of  z  to  a  new  position  for  which  the  axis  of 
abscissas  makes  the  angle  Q  with  that  of  the  primitive  system.  We 
may,  therefore,  in  general,  in  order  to  effect  such  a  transformation  in 
systems  of  equations  thus  derived,  simply  diminish  the  longitudes  by 
the  given  angle. 

The  equations  (89)  will  determine  X,  j9,  and  J  when  r,  6,  and  I  have 
been  derived  from  the  elements  of  the  orbit,  the  quantities  i?,  O,  and 
£  being  furnished  by  the  solar  tables;  or,  when  J,  )9,  and  X  are  given, 
these  equations  determine  l,  6,  and  r.  The  latitude  I  of  the  sun 
never  exceeds  ±.  0".9,  and,  therefore,  it  may  in  most  cases  be  neg- 
lected, so  that  cos  I!  =  l  and  sin  2'  =  0,  and  the  last  equations  become 

J  C08/5  cos  (X  —  O)  =1  r  cos  6  cos  (/  —  O)  +  -K, 

J  cosi?  sin  (A  —  O)  =  r  cos  6  sin  (/  —  O),  (90) 

J  sin  /9  =  r  sin  6. 

If  we  suppose  the  axis  of  x  to  be  directed  to  a  point  whose  longi- 
tude is  fi,  or  to  the  ascending  node  of  the  planet  or  comet,  the  equa- 
tions (88)  become 

J  cos /5  cos  (A  —  Sl)=r  COBU  +  R  cos  S  cos  (O  —  JJ), 

J  cos /5  sin  (^  —  Sl)=±r  smu  cos  i  +  i?  cos  -T  sin  (O  —  JJ ),  (91) 

J  sin  /?  =       r  sin  li  sin  i  +  i?  sin  2*, 

by  means  of  which  ^  and  X  may  be  found  directly  from  Ji ,  t,  r,  and  u. 
If  it  be  required  to  determine  the  geocentric  right  ascension  and 
declination,  denoted  respectively  by  a  and  5,  we  may  convert  the 
values  of  ^  and  X  into  those  of  a  and  d.  To  effect  this  transforma- 
tion, denoting  by  e  the  obliquity  of  the  ecliptic,  we  have 

cos  d  cos  o  =  cos  tS  cos  X, 
*   cos  5  sin  o  =  cos  ^  sin  X  cos  e  —  sin  /9  sin  e, 
sin  d  =  cos  /5  sin  ^  sin  e  +  sin  fi  cos  e. 


Let  us  now  take 


and  we  shall  have 


n  siniV=8in/9, 

n  cos  N  =  cos  fi  sin  X, 

cos  d  cos  a  =  cos  /9  cos  X, 
cos  5  sin  o  =  71  cos  (N  +  e), 
sin^  =n  sin(iV-j- e). 
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Therefore,  we  obtain 

T^       tan/9  C08(iV+e)^      ,  .^^. 

tan  iv  =  — ; ,  tan  a  =  — ^^ — -1--^  tan  A,  (92) 

sin  X  cos  iV 


We  also  have 


tan  d  =  tan  (iV+  «)  sin  »• 
cos  {N  +  c)      cos  ^  sin  o 


cosiV  cos^i^siu^ 

which  will  serve  to  cheek  the  calculation  of  a  and  d.  Since  cos  d  and 
cos  /3  arc  always  positive,  cos  a  and  cos  X  must  have  the  same  sign, 
and  thus  the  quadrant  in  which  a  is  to  be  taken,  is  determined. 

For  the  solution  of  the  inverse  problem,  in  which  a  and  d  are 
given  and  the  values  of  ?.  and  /9  are  required,  it  is  only  necessary  to 
interchange,  in  these  equations,  a  and  ^  8  and  ^,  and  to  write  —  e  in 
place  of  e. 

34.  Instead  of  pursuing  the  tedious  process,  when  several  places 
are  recjuired,  of  computing  first  the  heliocentric  place,  then  the  geo- 
centric place  referred  to  the  ecliptic,  and,  finally,  the  geocentric  right 
ascension  and  declination,  we  may  derive  formulic  which,  when  cer- 
tain constant  auxiliaries  have  once  been  computed,  enable  us  to  derive 
the  geocentric  place  directly,  referred  cither  to  the  ecliptic  or  to  the 
ecpiator. 

We  will  first  consider  the  case  in  which  the  ecliptic  is  taken  as  the 
fundamental  plane.     Let  us,  therefore,  resume  the  equations 

3f  =zr  cos  M, 

y'  =  ±  r  sin  ?(  cos  i, 

s^  =zr  sin  u  sin  i, 

in  which  the  axis  of  a;  is  sup[)osed  to  be  directed  to  the  ascending  node 
of  the  orbit  of  the  body.  If  we  now  pass  to  a  new  system  j,  y,  z, — 
the  origin  and  the  axis  of  z  remaining  the  same, — in  which  the  axis 
of  X  is  dire(?ted  to  the  vernal  equinox,  we  shall  move  it  Ixick,  in  a 
negative  direction,  equal  to  the  angle  Ji,  and,  consequently, 

x^^x'  cos  SI  —  i/  sin  Ji, 
yr^^x'sin  ft  +  y' cas  ft, 

Therefore,  we  obtain 

X  —.  rfoos  M  cos  ft  ^  sin  u  cos  t  sin  ft), 

y  •  -  r ( zt  sin  M  cos  t  cos  ft  +  cos  u  sin  ft),  (93) 

z  -~  r  sin  u  sin  i, 
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which  are  the  expreseioDS  for  the  heliocentric  co-ordinates  of  a  planet 
or  comet  referred  to  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  vernal  equinox.    The  upper  sign  is  to  be  used  when  the 
motion  is  direct,  and  the  lower  sign  when  it  is  retrograde. 
Let  us  now  put 

cos  JJ=8ina  sin -4, 
^=  cos  I  sin  Ji  =  sin  a  cos  ^, 

sin  ft  =  sm  6  sin  B,  ^^^^ 

di  cos  I  cos  JJ  =  sin  6  cos  B, 

in  which  sin  a  and  sin  6  are  positive,  and  the  expressions  for  the  co- 
ordinates become 

a:  =  r  sin  a  sin  (J.  -j-  u), 

y  =  r  sin  6  sin  (B  +  w),  (95) 

2  =  r  sin  I  sin  u. 

The  auxiliary  quantities  a,  6,  A,  and  B,  it  will  be  observed,  are 
functions  of  SI  and  i,  and,  in  computing  an  ephemeris,  are  constant 
80  long  as  these  elements  are  regarded  as  constant.  They  are  called 
the  cofistarUsfor  the  ecliptic. 

To  determine  them,  we  have,  from  equations  (94), 

cot  A  =  ^  tan  JJ  cos  t,  cotB=±  cot  Ji  cos  if 

cos  S2  •    *      sill  S2 

8mo=-7 — r>  sm6  =  -; — =r; 

smJ.  smJ9^ 

the  upper  sign  being  used  when  the  motion  is  direct,  and  the  lower 
sign  when  it  is  retrograde. 

The  auxiliaries  sin  a  and  sin  b  are  always  positive,  and,  therefore, 
sin^  and  cos  $2,  sin£  and  sin  S2,  respectively,  must  have  the  same 
signs.  The  quadrants  in  which  A  and  B  are  situated,  are  thus  deter- 
mined. 

From  the  equations  (94)  we  easily  find 

cos  a  =  sin  i  sin  Si , 

cos  6  =  —  sin  i  cos  JJ .  (96) 

If  we  add  to  the  heliocentric  co-ordinates  of  the  bodv  the  co-ordi- 
nates  of  the  sun  referred  to  the  earth,  for  which  the  equations  have 
already  been  given,  we  shall  have 

z  -f-  X=  A  cos /9  cos  ^, 

y+  F==Jcos^sin/l,  (97) 

i-^  Z  =  J  sin  ^, 
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which  suffice  to  determine  Xy  /9,  and  J.  The  values  of  a  and  d  maj 
be  derived  from  these  by  means  of  the  equations  (92). 

35.  We  shall  now  derive  the  formulfle  for  determining  a  and  i 
directly.  For  this  purj)ose,  let  x,y,zhe  the  heliocentric  ccM>rdinates 
of  the  body  referred  to  the  equator,  the  positive  axis  of  x  being 
directed  to  the  vernal  equinox.  To  pass  from  the  system  of  co- 
onlinates  referred  to  the  ecliptic  to  those  referred  to  the  equator  as 
the  fundamental  plane,  we  must  revolve  the  system  negatively  around 
the  axis  of  x,  so  that  the  axes  of  z  and  y  in  the  new  system  make 
the  angle  e  with  those  of  the  primitive  system,  e  being  the  obliquity 
of  the  ecliptic.     In  this  case,  we  have 

y"  =  y  cos  e  —  2  sin  e, 
2"  =  y  sin  e  +  2  cos  e. 

Substituting  for  x,  y,  and  z  their  values  from  equations  (93),  and 
omitting  the  accents,  we  get 

x  =  r  cost!  cos  Jl  q=  r  sin  w  cos i-  sin  Ji , 

y  =  r  cos  ti  sin  Ji  cos  c  +  r  sin  m  ( =fc  cos  i  cos  JJ  cos  c — sin  t  sin  «),     (98) 

2  =  r  cos ti  sin  Ji  sin  e  +  r  sin  u(db  cos  i  cos  $2  sin  c  4*  sin  i  cos c). 

These  are  the  expressions  for  the  heliocentric  co-ordinates  of  the 
])lauet  or  comet  referred  to  the  equator.  To  reduce  them  to  a  con- 
venient form  for  numerical  calculation,  let  us  put 


(99) 


cos  SI  =  sin  a  sin  A, 

q=  cos  { sin  Si  =  sin  a  cos^, 

sin  Si  cos  e  ---  sin  6  sin  B, 

di  cos  I  cos  Si  cos  e  —  sin  1  sin  c  =  sin  6  cos  B, 

sin  (2  sin  e  =  sin  c  sin  C, 
±z  cos  t  cos  JJ  sin  c  -f-  sin  i  cos  c  z~  sin  c  cos  C; 

and  the  expressions  for  the  co-onli nates  reduce  to 

a;  =  r  sin  a  sin  (A  +  w), 

y:=r  sin  6  sin  {B  +  ti ),  (100) 

2--  r  sin  c  sin  (  C*  +  m). 

The  auxiliary'  quantities,  a,  h,  c,  A,  By  and  Cy  arc  constant  so  long 
as  Si  and  /remain  unchanged,  and  arocallcnl  a/UMtautM  for  the  ef/uaior» 

It  will  Ixi  ol>served  that  the  equations  involving  a  and  Ay  regard- 
ing the  motion  as  dirt»ct,  correspoml  to  the  relations  between  the 
parts  of  a  quadrantal  triangle  of  which  the  sides  are  1  and  a,  the 
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angle  incladed  between  these  sides  being  that  which  we  designate  by 
Ay  and  the  angle  opposite  the  side  a  being  90^  —  (2  •  In  the  case 
of  b  and  By  the  rehitions  are  those  of  the  parts  of  a  spherical  triangle 
of  which  the  sides  are  6,  i,  and  90°  +  e,  -B  being  the  angle  included 
by  i  and  6,  and  180°  —  JJ  the  angle  opposite  the  side  6.  Further, 
in  the  case  of  c  and  C,  the  relations  are  those  of  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  c,  i,  and  e,  the  angle  C  being 
that  included  by  the  sides  %  and  c,  and  180°  —  Q  that  included  by 
the  sides  i  and  e.     We  have,  therefore,  the  following  additional 

equations : 

cos  a  =  sin  i  sin  $2 » 

cos  b  =  —  cos  SI  sin  i  cos  e  —  cos  i  sin  c,  (101) 

cos  c  =  —  cos  Ji  sin  i  sin  e  +  cos  i  cos  e. 

In  the  case  of  retrograde  motion,  we  must  substitute  in  these 
180°  —  i  in  place  of  i. 

The  geometrical  signification  of  the  auxiliary  constants  for  the 
equator  is  thus  made  apparent.  The  angles  a,  b,  and  c  are  those 
which  a  line  drawn  from  the  origin  of  co-ordinates  perpendicular  to 
the  plane  of  the  orbit  on  the  north  side,  makes  with  the  positive  co- 
ordinate axes,  respectively ;  and  Ay  By  and  C  are  the  angles  which 
the  three  planes,  passing  through  this  line  and  the  co-ordinate  axes, 
make  with  a  plane  passing  through  this  line  and  perpendicular  to  the 
line  of  nodes. 

In  order  to  facilitate  the  computation  of  the  constants  for  the 
equator,  let  us  introduce  another  auxiliary  quantity  E^y  such  that 

sin  i  =  eQ  sin  E^, 
±:  cos  I  cos  JJ  =  Cq  cosEq, 

e^  being  always  positive.     We  shall,  therefore,  have 

tani 


tanJE;=± 


cos  Ji' 


Since  both  e^  and  sini  are  positive,  the  angle  Eq  cannot  exceed  180° ; 
and  the  algebraic  sign  of  tanf^  ^^^  show  whether, this  angle  is  to 
be  taken  in  the  first  or  second  quadrant. 
The  first  two  of  equations  (99)  give 

cotA  =  ^  tan  Q  cost; 

and  the  first  gives 

cos  Ji 
sm  a  =    .     ;. 
Bin  A 
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From  the  fourth  of  equations  (99),  introducing  e^  and  E^y  we  get 

sin  6  cos  £  =  Co  cos  jEJ,  cos  e  —  e^  biuEq  sin  e  =  «,  cos  (J^  +  «)• 

But 

sin  6  sin  £  =  sin  J2  cos  c; 
therefore 

^^♦»         ^0       cos(Jgo  +  e)      _^         COS!  coe(^+c) 

COti>  =    .    "      • =  ^  7 7^ eT  •  * • 

sm  $2  cose  tanSJcosJs^  cost 

We  have,  also, 

.    .       sin  S2  cose 
sin  6  =  —  .  — =r — . 
sin  J? 

In  a  similar  manner,  we  find 

eot  C=  ±  ^^-^-^ .  '^^+A 
tan  $2  coSjEJ,  sine 

and 

sin  $2  sin  e 


sinc  = 


sin  C 


The  auxiliaries  sin  a,  sin  6,  and  sin  c  are  always  positive,  and,  there- 
fore, sin^  and  cos  $2,  sin£  and  sin  $29  and  also  sinC  and  sin  fi, 
must  have  the  same  signs,  which  will  determine  the  quadrant  in 
whicli  each  of  the  angles  Ay  B,  and  C  is  situated. 

If  we  multiply  the  last  of  equations  (99)  by  the  third,  and  the 
fifth  of  these  equations  by  the  fourth,  and  subtract  the  first  product 
from  the  last,  we  get,  by  reduction, 

sin  6  sin  c  sin  (C —  B)  =  —  sin  t  sin  J2» 
But 

sin  a  cos^  =  =|=  cos  i  sin  $2 ; 

and  hence  we  derive 

sin  6  sin  r  sin  (  C —  B) 


sin  a  cos  iL 


=  dr  tan  i, 


which  serves  to  check  the  acourac}'  of  the  numerical  computation  of 
the  constant!!,  since  the  value  of  tan  i  obtained  from  this  formula 
must  agree  exactly  with  that  usetl  in  the  c^alculation  of  the  values  of 

these  constants. 

If  we  put  il'  =  il  ±  ;r  =;:  Sl,B'~^  B±::^  J2,  and  C  =  C±  » 
=f  {2,  the  up|MT  or  lower  sign  I)eing  useil  acconling  as  the  motion  is 
direct  or  retrograde,  we  shall  have 
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a  =  r  sin  a  sin  (J.'  +  v), 

y  =  r  sin  6  sin  (Jff  +  v),  (102) 

2  =  r  sin  c  sin  (C  +  v)> 

a  transformatioD  which  is  perhaps  unnecessary,  but  which  is  con- 
venient when  a  series  of  places  is  to  be  computed. 

It  will  be  observed  that  the  formulse  for  computing  the  constants 
a,  by  Cy  A,  By  and  Cy  in  the  case  of  direct  motion,  are  converted  into 
those  for  the  case  in  which  the  distinction  of  retrograde  motion  is 
adopted,  by  simply  using  180°  —  i  instead  of  i. 

36.  When  the  heliocentric  co-ordinates  of  the  body  have  been 
found,  referred  to  the  equator  as  the  fundamental  plane,  if  we  add  to 
these  the  geocentric  co-ordinates  of  the  sun  referred  to  the  same 
fundamental  plane,  the  sum  will  be  the  geocentric  co-ordinates  of 
the  body  referred  also  to  the  equator. 

For  the  co-ordinates  of  the  sun  referred  to  the  centre  of  the  earth, 
we  have,  n^lecting  the  latitude  of  the  sun, 

X=i?C08O, 

F=i? sin  O  cose, 

Z  =  i?  sin  0  sin  e  =  Ftan  «, 

in  which  R  represents  the  radius-vector  of  the  earth,  Q  the  sun's 
longitude,  and  e  the  obliquity  of  the  ecliptic. 
We  shall,  therefore,  have 

X  +  X=  J  cos  S  cos  a, 

y  4-  r  =  J  cos  ^  sin  a,  (103) 

which  suffice  to  determine  a,  d,  and  J. 

If  we  have  regard  to  the  latitude  of  the  sun  in  computing  its  geo- 
centric co-ordinates,  the  formulse  will  evidently  become 

X=  i?  cos  O  cos  Sy 

Y=  R  sin  O  cos  2^  cos  e  —  R  sin  I  sin  e,  (104) 

Z=  jR  sin  O  cos  Tsin  e  -}-  jR  sin  I  cos  e, 

in  which,  since  2*  can  never  exceed  db  0".9,  cos  2*  is  very  nearly 
equal  to  1,  and  sin  H  =  2. 

The  longitudes  and  latitudes  of  the  sun  may  be  derived  from  a 
solar  ephemeris,  or  from  the  solar  tables.  The  principal  astronomical 
ephemerides,  such  as  the  Berliner  Astronomischea  Jahrbuch,  the 
Navtical  Almamwy  and  the  American  Ephemeris  and  Nautical  Al- 
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manaCy  eontaiD^  for  each  year  for  which  they  are  published,  the 
equatorial  co-ordinates  of  the  sun,  referred  both  to  the  mean  equinox 
and  equator  of  the  beginning  of  the  year,  and  to  the  apparent  equinox 
of  the  date,  taking  into  account  the  latitude  of  the  sun. 

37.  In  the  case  of  an  elliptic  orbit,  we  may  determine  the  co- 
ordinates directly  from  the  eccentric  anomaly  in  the  following 
manner : — 

The  equations  (102)  give,  accenting  the  letters  a,  6,  and  e, 

x  =  r  cos  1'  sin  a'  sin  J.'  +  r  sin  v  sin  a'  cos  A', 
y=:r  cos  V  sin  6'  sin  jff  +  r  sin  v  sin  V  cos  -B', 
z  =  r  cos  V  sin  c'  sin  C  +  r  sin  v  sin  cf  cos  C 

Now,  since  rcost?  =  acosJ5  —  ae,  and  r  sin  t?  =  a  cos  ^  sinJ?,  we  shall 
have 

a:  =  a  sin  a'  sin  A'  cos  E  —  ae  sin  a'  sin^'  +  «  cos  9  sin  a'  cos  J'  sin  £, 
y  =  a  sin  6'  sin  R  cos  E  —  ae  sin  6'  sin  -B'  +  «  cos  f  sin  6'  cos  -B'  sin  E, 
2  =  a  sin  </  sin  C  cos  E  —  ae  sin  c'  sin  C  -{••  a  cos  f  sin  cf  cos  (7  sin  £. 

Let  us  now  put 


a  cos  ^  sin  a'  cos -4'  =  A,  cos  Zr, 
a  sin  a'  sin  -.4'  =  X^  sin  /i, 

—  ae  sin  a'  sin  ^'  =  —  eX^  sin  i,  ==  v,; 

a  cos  ^  sin  6'  cos  R  =  Xj  cos  Xj, 
a  sin  6'  sin  R  =  Xj  sin  />,, 

—  ae  sin  6'  sin  -B'  =  —  eXj  sin  Zr,  =  Vj; 

a  cos  s?  sin  </  cos  C  =  ^,  cos  //„ 
a  sin  c'  sin  C  =  ^,  sin  Z„ 

—  ae  sin  c'  sin  C  =  —  e^,  sin  Lt  =  v^; 

in  which  sin  a',  sin  6^,  and  sin  c'  have  the  same  values  as  in  equations 
(102),  tlie  acciMits  iKMUg  added  simply  to  mark  the  necessary  dis- 
tinction  in   the   notation   employed   in  these  formula.     We  shall, 

therefore,  have 

x  =  X^  sin  (//,  -^  E)  +  v„ 

y  =  X^sin(Lj  +  E)  +  yj,  (105) 

z  =  X,  sin  (Lg  -{-  E)  -{-  v,. 

By  moans  of  these  formulie,  the  co-ordinates  are  found  directly 
from  the  eccentric  anomaly,  when  the  constants  ^„  ^,  ^,  i»,  Z^,  Z>, 
i/„  i^y,  and  v.,  have  l>een  computed  from  those  already  found,  or  from 
a,  b,  e,  A,  By  and  C    This  method  is  ver}'  convenient  when  a  great 
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number  of  geocentric  places  are  to  be  computed ;  but,  when  only  a 
few  places  are  required,  the  additional  labor  of  computing  so  many 
auxiliary  quantities  will  not  be  compensated  by  the  &cility  afforded 
in  the  numerical  calculation,  when  these  constants  have  been  deter- 
mined. Further,  when  the  ephemeris  is  intended  for  the  comparison 
of  a  series  of  observations  in  order  to  determine  the  corrections  to  be 
applied  to  the  elements  by  means  of  the  differential  formulae  which 
we  shall  investigate  in  the  following  chapter,  it  will  always  be  ad- 
visable to  compute  the  co-ordinates  by  means  of  the  radius-vector 
and  true  anomaly,  since  both  of  these  quantities  will  be  required  in 
finding  the  differential  coefficients. 

38.  In  the  case  of  a  hyperbolic  orbit,  the  co-ordinates  may  be  com- 
puted directly  from  Fj  since  we  have 

r  cos  v  =  o  (e  —  sec  F)^ 

r  sin  V  =  a  tan  4  tan  F; 
and,  consequently, 

x  =  ae^m  a'  sin  ^'  —  a  sec  l^sin  a'  sin  A'  -{-a  tan  4  tan  l^sin  ci  cos -4', 
y  =  ae  sin  6'  sin ^  —  a  sec  i^ sin  6'  sin  -B'  +  ^  tan  4  tan  i^ sin  6'  cos.B',    • 
z  =  a€Bin€f  sin  C  —  a  sec l^sin c'  sin  C  +  a  tan 4  tan i^sin </  cos  C". 

Let  us  now  put 

ae  sin  a'  sin  A'  =  ^„ 

—  a  sin  a'  sin  J.'  =  /i,, 
a  tan  4  sin  a'  cos  J.'  =  v, ; 

as  sin  V  sin  Jff  =  ^j, 

—  a  sin  y  sin  ff  =  fij, 
a  tan  4  sin  b'  cosJff  ==  Vy ; 

cte  sin  cf  sin  C  =  A„ 

—  a  sin  c'  sin  C"  =  /«,, 
a  tan  4  sin  </  cos  C"  =  v.. 

z  =  X^  -\-  fi^sec F -{-  Vx tan F, 

y  =  Xj-\-/jij8ecF+Vj  t&nF,  (106) 

2  =  ^g  +  /i,  sec  i^  + »'« tao  ^• 

In  a  similar  manner  we  may  derive  expressions  for  the  co-ordinates, 
m  the  case  of  a  hyperbolic  orbit,  when  the  auxiliary  quantity  (t  is 
used  instead  of  F, 

39.  If  we  denote  by  ;r',  ft',  and  i'  the  elements  which  determine 
the  position  of  the  orbit  in  space  when  referred  to  the  equator  as  the 


Then  we  shall  have 
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fuudamcntal  plane,  and  by  (o^  the  angular  distance  between  the 
ascending  node  of  the  orbit  on  the  ecliptic  and  its  ascending  node  on 
the  equator,  being  measured  positively  from  the  equator  in  the 
direction  of  the  motion,  we  shall  have 

To  find  SI '  and  i',  we  have,  from  the  spherical  triangle  formed  by 

the  intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with 

the  celestial  vault, 

cos  t'  =  cos  I  cos  e  —  sin  i  sin  e  cos  Q , 

sin  a  sin  Ji'  =  sin  i  sin  JJ, 

sin  i'  cos  SI'  =  cos  /  sin  e  -|-  sin  t  cos e  cos  fi. 

Let  us  now  put 

nsiniV=cosi, 

n  cosiV=  sin  i  cos  $2, 

and  these  equations  reduce  to 

cos  a  =  n  sin  {N  —  t), 
sin  t'  sin  JJ'  ==  sin  i  sin  JJ, 
sin  1^  cos  Ji '  =  n  cos  (JV  —  «) ; 

from  which  we  find 


,^        cot  I  .       ^/  cosJV       ^       -^ 

tan  N= —,  tan  SI  = tst    — x  tan  {2 , 

cos  SI  cos  (iv  —  c) 

coti'  =  tan  {N —  e)  cos  J2'. 


(107) 


Since  sin  i  is  always  positive,  oosN  and  cos  SI  must  have  the  same 
signs.     To  prove  the  numerical  calculation,  we  have 

sin  I  cos  SI  cos  N 

sin  /'  cos?  SI'       cos  {N —  e) 

the  value  of  the  second  menil>er  of  which  miLst  agree  with  that  used 
in  computing  SI'' 

In  order  to  find  lo^j  we  liave,  from  the  same  triangle, 

sin  Wq  sin  i'  - :  sin  SI  i*in  c, 

cos  w^  sin  a  =  cos  c  sin  i  +  sin  e  cos  i  cos  {}. 

Let  us  now  take 

m  sin  3/=  cos  e, 

m  cos  J/  =  sin  c  cos  Si  \ 
and  we  obtain 
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cot  Jf  =  tan  c  COS  $2, 

***^^o  =  iri^— rvtanft,  (108) 

cos  (ia  —  t) 


and,  also,  to  check  the  calculation, 

sin  s  cos  S2  cos  M 


sin  I  cos  «o       cos  ( Jf  —  i) 

If  we  apply  Grauss's  analogies  to  the  same  spherical  triangle,  we 

get 

cos^i'  sin ^  (  JJ'  -f  »,)  =  sin  ^5i  cos  ^  (i  —  e), 

cos^i'  cos^  (ft'  +  «,)  =  cos^ft  cosi  (i  +  e), 
sin|i^sin^(ft'  —  »,)  =  sin  ^ ft  sin  ^  (i  —  e),  ^       ^ 

sin  la  cos  ^  (ft '  —  « J  =  cos  ^  ft  sin  ^  (t  +  e). 

The  quadrant  in  which  J  (ft'  +  «o)  ^^  i  ( Ji  ""  ^o)  ^  situated,  must  be 
so  taken  that  sin|i'  and  cos^i'  shall  be  positive;  and  the  agreement 
of  the  values  of  the  latter  two  quantities,  computed  by  means  of  the 
value  of  Jt'  derived  from  tan  Ji',  will  serve  to  check  the  accuracy  of 
the  numerical  calculation. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
must  use  ISCP  — i  instead  of  i  in  these  equations,  and  we  have,  also, 

^  =  ^— ft  +  ft'  — ^'o- 

We  may  thus  find  the  elements  ;r',  ft ',  and  t',  in  reference  to  the 
equator,  from  the  elements  referred  to  the  ecliptic ;  and  using  the 
elements  so  found  instead  of  ;r,  ft,  and  i,  and  using  also  the  places 
of  the  sun  referred  to  the  equator,  we  may  derive  the  heliocentric 
and  ge(xjentric  places  with  respect  to  the  equator  by  means  of  the 
formulae  already  given  for  the  ecliptic  as  the  fundamental  plane. 

If  the  position  of  the  orbit  with  respect  to  the  equator  is  given, 
and  its  position  in  reference  to  the  ecliptic  is  required,  it  is  only 
necessary  to  interchange  ft  and  ft',  as  well  as  i  and  180°  —  i',  e 
remaining  unchanged,  in  these  equations.  These  formulse  may 
also  be  used  to  determine  the  position  of  the  orbit  in  reference  to 
any  plane  in  space;  but  the  longitude  ft  must  then  be*  measured 
from  the  place  of  the  descending  node  of  this  plane  on  the  ecliptic. 
The  value  of  ft,  therefore,  which  must  be  used  in  the  solution  of  the 
equations  is,  in  this  case,  equal  to  the  longitude  of  the  ascending 
node  of  the  orbit  on  the  ecliptic  diminished  by  the  longitude  of  the 
descending  node  of  the  new  plane  of  reference  on  the  ecliptic.  The 
quantities  ft',  i',  and  Wq  will  have  the  same  signification  in  reference 
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to  this  plaue  that  they  have  id  reference  to  the  equator,  with  this  dis- 
tinction, however,  that  W  is  meaeurecl  from  the  de»«iiding  node  of 
this  new  plane  of  referenct!  on  the  ecliptic;  and  e  will  in  this  case 
denote  tho  inclina^on  of  the  evliptic  to  this  plane. 


40.  We  have  now  derived  all  the  formuliB  which  «in  \k  roqtiired 
iu  the  case  of  undisturbed  motion,  for  the  computation  of  the  helio- 
centric or  geocentric  place  of  a  heavenly  body,  referred  either  lo  the 
ecliptic  or  equator,  or  to  any  other  known  plane,  when  the  elementa 
of  its  orbit  are  known ;  and  the  formulse  which  have  lieen  dtTi\'«I 
are  applicable  to  every  variety  of  conic  section,  thus  including  all 
possible  forme  of  undisturbed  orbits  consistent  with  the  law  of  uni- 
versal gravitation.  The  circle  is  an  ellipse  of  which  the  eccentricity 
is  zero,  and,  consequently,  Jf  =  p  =  m,  and  r  ^  a,  for  every  point  of 
the  orbit.  There  is  no  instance  of  a  circular  orbit  yet  known  ;  but 
in  the  case  of  the  discovery  of  the  asteroid  planets  lietwccn  Mars 
and  Jupiter  it  is  sometimes  thought  advisable,  in  order  to  fn«litat« 
the  identifieation  of  compariflon  stars  for  a  few  days  suecee<Iing  th« 
discover)-,  to  compute  circular  elcmcntit,  and  from  these  an  ephemeris. 

The  clemcntK  which  determine  the  form  of  the  orbit  remain  con- 
stant so  long  as  the  system  of  elements  is  r^arded  as  unchanged ; 
but  thoee  which  determine  the  position  of  the  orbit  in  space,  t,  Q, 
and  I,  vary  from  one  epoch  to  another  on  account  of  the  change  of 
the  rolatU'c  position  of  tlio  planes  to  which  they  are  rclerred.  Thus 
tho  inclination  of  the  orbit  will  vary  slowly,  on  no^unt  of  the  change 
of  the  position  of  the  ecliptic  in  ejiaoe,  arising  from  the  jK-rturbations 
of  the  earth  by  the  other  planets ;  while  the  longitude  of  the  peri- 
helion and  the  longitude  of  the  ascending  node  will  vary,  Imth  on 
account  of  this  change  of  tlio  position  of  tho  plane  of  tho  ecliptic, 
and  also  on  aocount  of  precession  and  nutation.  If  .t,  (j,  and  t  ar« 
referred  to  the  true  e<iuinox  and  ecliptic  of  any  date,  the  resnlling 
holiocentrio  plants  will  Ite  referred  lo  the  same  etjuinox  and  ecliplic; 
and,  further,  in  Uic  onipulntion  of  the  geocentric  pluc(«,  tlio  longi- 
tudes of  the  sun  mui<t  be  referred  to  the  some  eipiinnx,  so  tliat  tho 
resalling  geocentric  longitudes  or  right  ascensions  will  aino  Itc  n^ 
ferred  to  that  equinox.  It  will  appear,  therefore,  that,  on  account 
of  these  changes  in  the  values  of  ?:,  fl,  and  i,  the  auxiliaries  sino, 
sin&,  sine,  ^,  B,  mid  C,  intro<lncc<l  into  the  furmnlie  for  the  co- 
ordinates, will  not  lie  con<<tuHt8  in  the  eompnlntion  of  the  plaon  for 
a  aeritsf  of  dates,  unle^  the  elements  are  referred  conc>tuntly,  in  tbv 
calcnUtioD,  to  a  fixed  equinox  and  ecliptic.     It  is  customai^',  thore- 
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fore,  to  reduce  the  elements  to  the  ecliptic  and  mean  equinox  of  the 
beginning  of  the  year  for  which  the  ephemeris  is  required,  and  then 
to  compute  the  places  of  the  planet  or  comet  referred  to  this  equinox, 
using,  in  the  case  of  the  right  ascension  and  declination,  the  mean 
obliquity  of  the  ecliptic  for  the  date  of  the  fixed  equinox  adopted,  in 
the  computation  of  the  auxiliary  constants  and  of  the  co-ordinates 
of  the  sun.  The  places  thus  found  may  be  reduced  to  the  true 
equinox  of  the  date  by  the  well-known  formulse  for  precession  and 
nutation.  Thus,  for  the  reduction  of  the  right  ascension  and  declina- 
tion from  the  mean  equinox  and  equator  of  the  beginning  of  the 
year  to  the  apparent  or  true  equinox  and  equator  of  any  date,  usually 
the  date  to  which  the  co-ordinates  of  the  body  belong,  we  have 

Aa=/+^8in((?  +  a)tan^, 

for  which  the  quantities/,  gj  and  G  are  derived  from  the  data  given 
either  in  the  solar  and  lunar  tables,  or  in  astronomical  ephemerides, 
such  as  have  already  been  mentioned. 

The  problem  of  reducing  the  elements  from  the  ecliptic  of  one 
date  i  to  that  of  another  date  t'  may  be  solved  by  means  of  equations 
(109),  making,  however,  the  necessary  distinction  in  regard  to  the 
point  from  which  Q,  and  JJ'  are  measured.  Let  0  denote  the  longi- 
tude of  the  descending  node  of  the  ecliptic  of  V  on  that  of  t,  and 
let  r^  denote  the  angle  which  the  planes  of  the  two  ecliptics  make 
with  each  other,  then,  in  the  equations  (109),  instead  of  JJ  we  must 
write  J2  —  tf,  and,  in  order  that  Ji'  shall  be  measured  from  the 
vernal  equinox,  we  must  also  write  Ji'  —  0  in  place  of  Ji'.  Finally, 
we  must  write  rj  instead  of  e,  and  aco  for  w^y  which  is  the  variation 
in  the  value  of  ai  in  the  interval  V  —  t  on  account  of  the  change  of 
the  position  of  the  ecliptic ;  then  the  equations  become 

cos-li'  sin^  ( Ji'  —  ^  +  Aw)  =  sin  ^  (  Ji  —  ^)  cos  l(i  —  jj), 
cos^i^  cos^  {a'  —  0  +  £^io)  =  cos^  (ft  —  e)  cos^i  +  iy), 
sin  {H  sin  ^  ( ft'  —  ^  —  Aa.)  =  sin  ^Q  —  ^)  sin  ^  {i  —  iy),     ^^^^> 
sin  ^a  cos^  (ft'  —  ^  —  Aw)  =  cos^  (ft  —  0)  sin  -»  {i  +  rj). 

These  equations  enable  us  to  determine  accurately  the  values  of  ft ', 
t',  and  Aa>,  which  give  the  position  of  the  orbit  in  reference  to  the 
ecliptic  corresponding  to  the  time  V,  when  0  and  tj  are  known.  The 
longitudes,  however,  will  still  be  referred  to  the  same  mean  equinox 
as  before,  which  we  suppose  to  be  that  of  t;  and,  in  order  to  refer 
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them  to  the  mean  equinox  of  the  epoch  H^  the  amount  of  the  pre- 
cession in  longitude  during  the  interval  i'  —  t  must  also  be  applied. 

If  the  changes  in  the  values  of  the  elements  are  not  of  consider- 
able magnitude,  it  will  be  unnecessary  to  apply  these  rigorous  formuliey 
and  we  may  derive  others  sufficiently  exact,  and  much  piore  con- 
venient in  application.  Thus,  from  the  spherical  triangle  formed  by 
the  intersection  of  the  plane  of  the  orbit  and  of  the  planes  of  the 
two  ecliptics  with  the  celestial  vault,  we  get 

sin  17  cos (Q  —  ^)  =  —  cos  t'  sin i  +  sin i'  cos i  cos  A<», 

fit)m  which  we  easily  derive 

sin  {t!  —  i)  =  sin  17  cos  ( JX  —  ^)  +  2  sin  i  cos  t  sin'  |Ao».        (112) 

We  have,  further, 

sin  Aa*  sin  i'  =  sin  ij  sin  (Q  —  ^), 

or 

sin  (a — ^)  r^^ox 

sm  Aa*  ==  sm  1?  — ^4^-= — -.  (113) 

smi  ^      ^ 

We  have,  also,  from  the  same  triangle, 

sin  Aai  cost^  =  —  cos  (ft  —  ^)  sin  (Q'  —  B) 

+  sin  ( ft  —  ^)  cos  (a' —  ^)  COS17, 
which  gives 

sin  (a'  —  a)  =  —  sin  Aw  cos  t^  —  2  sin  (ft  —  &)  cos  (ft'  —  ^)  sin"  i^, 

or 

sin  (ft'  —  ft)  = —sin  1?  sin  (ft  — ^)  cot i 

—  2  sin  (ft  —  ^)  cos  (ft'  —  ^)  sin«  ^1?.  (114) 

Finally,  we  have 

T^  —  TZ=   ft'—   ft    +  AO*. 

Since  fj  is  very  small,  these  equations  give,  if  we  apply  also  the  pre- 
cession in  longitude  so  as  to  reduce  the  longitudes  to  the  mean  equinox 
of  the  date  <', 

8in(ft-<y) 

Aa*  =  ly ; ; , 

smt 
i  =    t  + lycos  (ft — 0)  +i sin2i, 

Si'=  si+(g-t)^-r,  8in(a-tf)cott*-il'8m2(R-tf),      (116) 
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in  which  —  is  the  annual  preoession  in  longitude^  and  in  which 

8  =  206264".8.     In  most  cases^  the  last  terms  of  the  expressions  for 
»',  ft',  and  7t',  being  of  the  second  order,  may  be  n^lected. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
most  put  180°  —  %  and  180°  —  t',  instead  of  t  and  i',  respectively,  in 
the  equations  for  aoi,  t',  and  ft';  and  for  ;r',  in  this  case,  we  have 

tt'— 7r=ft'—ft  —  Aai, 

which  gives 

r'  =  T  +  (<'  — 0-^  —  17  8in(ft—<?)  tan  4i^— 4:^  8in2(ft—(?). 

at  *         ^  « 

If  we  adopt  BesseFs  determination  of  the  luni-solar  precession  and 
of  the  variation  of  the  mean  obliquity  of  the  ecliptic,  we  have,  at  the 
time  1750  +  r, 

-^  =  50".21129  +  0."0002442966t, 
at 

^  =   0".48892  —  0."000006143r, 
at 

and,  consequently, 

fl  =  (0/'48892  —  0/'000006143r)  (i!  —  i); 

and  in  the  computation  of  the  values  of  these  quantities  we  must  put 
r  =  J(<'  +  <)  —  1750,  t  and  i'  being  expressed  in  years. 

The  longitude  of  the  descending  node  of  the  ecliptic  of  the  time  t 
on  the  ecliptic  of  1750.0  is  also  found  to  be 

351°  36'  10"  —  5".21  it  — 1750), 

which  is  measured  from  the  mean  equinox  of  the  b^inning  of  the  year 

1750. 

The  longitude  of  the  descending  node  of  the  ecliptic  of  i'  on  that 

of  tj  measured  from  the  same  mean  equinox,  is  equal  to  this  value 

diminished  by  the  angular  distance  between  the  descending  node  of 

the  ecliptic  of  t  on  that  of  1750  and  the  descending  node  of  the 

ecliptic  of  t'  on  that  of  t,  which  distance  is,  neglecting  terms  of  the 

second  order, 

5".21(«'— 1750); 
and  the  result  is 


or 


351°  36'  10"  —  5".21  (t  — 1750)  —  5".21  (if  —  1750), 
351°  36'  10"—  10".42(<  —  1750)  —  5".21  (if  —  t). 
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To  reduce  this  longitude  to  the  mean  equinox  at  the  time  t,  ve  must 
add  the  general  precession  during  the  interval  t  — 1750,  or 

50".2U(  — 1750), 
80  that  we  have,  finally, 

fl  =  351°  56'  10"  -I-  39".79  ((  —  1750)  —  5".21  (C  —  0- 

WTien  the  elements  n,  Si,  and  i  have  been  thus  re<luoed  from  the 
eeliptic  and  mean  equinox  to  which  they  are  refcrreil,  to  tlio^e  of  tlie 
date  for  which  the  heliocentric  or  geoecatric  place  is  required,  they 
may  be  referred  to  the  apparent  equinox  uf  the  date  by  applying  the 
nutation  in  longitude.  Then,  in  the  cfl.se  of  the  determination  of  the 
right  aBcenaion  and  declination,  using  the  apparent  obliquity  of  ihe 
eriiptic  in  the  computation  of  the  co-ordinates,  we  directly  obtain  tlie 
place  of  the  body  referred  to  the  apparent  equinox.  But,  in  com- 
puting a  series  of  places,  the  changes  which  thuB  take  place  in  iht^ 
elements  themselves  from  date  to  date  induce  corre«]M)nding  changes 
in  the  auxiliary  quantities  a,  A,  c,  A,  B,  and  C,  so  tliat  theee  are  no 
longer  to  be  considered  as  constants,  but  as  continually  changing  thi;ir 
valuts  by  small  differences.  The  differential  form u lee  for  the  com- 
putation of  these  changes,  which  arc  easily  derived  from  the  ii]ualiotu 
(99),  will  be  given  in  the  next  chapter;  but  they  are  jierhaps  anne««- 
sary,  since  it  is  generally  most  convenient,  in  the  cases  which  occur,  to 
compute  tlie  auxiliaries  for  the  extreme  dates  for  which  the  cphemeria 
is  required,  and  to  intcq>olute  their  values  for  intermediate  dales. 

It  is  advisable,  however,  to  re<luce  the  elements  to  the  ecliptic  and 
mean  t^quinox  of  the  beginning  of  the  year  for  which  the  cpheincris 
is  required,  and  using  the  incitn  obliquitj-  of  the  ecliptic  for  that 
epoch,  in  the  computation  of  the  auxiliary  constants  for  the  equator, 
the  resulting  geocentric  right  ascensions  and  declinations  will  be 
referred  to  the  same  Cjuiuox,  and  they  may  then  )>e  reduced  to  the 
apparent  equinox  of  the  date  by  applying  the  corrections  for  prwcs- 
sion  ami  nutation. 

The  places  which  thus  result  are /rw^fna  paraUax  and  aitrration. 
In  ooropariug  observations  with  an  ephemeris,  the  correction  for  par- 
allax is  applied  directly  to  the  observed  apparent  places,  since  this 
com^ctiou  varies  for  different  places  on  tlie  earth's  surfaiw.  The  cor- 
rection for  nbcrmtion  may  be  applied  in  two  different  modcit.  Wv 
may  subtract  from  the  time  of  observation  the  time  in  which  the 
light  from  the  planet  or  comet  reaches  the  earth,  and  the  true  place 
for  tliis  reduced  time  in  identical  with  the  apparent  place  for  the  litoe 
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of  observation ;  or,  in  case  we  know  the  daily  or  hourly  motion  of 
the  body  in  right  ascension  and  declination^  we  may  compute  the 
motion  during  the  interval  which  is  required  for  the  light  to  pass 
from  the  body  to  the  earth,  which,  being  applied  to  the  observed 
place,  gives  the  true  place  for  the  time  of  observation. 

We  may  also  include  the  aberration  directly  in  the  ephemeris  by 
using  the  time  t  —  4dT.7SJ  in  computing  the  geocentric  places  for 
the  time  t,  or  by  subtracting  from  the  place  free  from  aberration,  com- 
puted for  the  time  iy  the  motion  in  a  and  3  during  the  interval 
497'.78  J,  in  which  expression  J  is  the  distance  of  the  body  from  the 
earth,  and  497.78  the  number  of  seconds  in  which  light  traverses  the 
mean  distance  of  the  earth  from  the  sun. 

It  is  customary,  however,  to  compute  the  ephemeris  free  from 
aberration  and  to  subtract  the  time  of  aben^ationy  497'.78  J,  from  the 
time  of  observation  when  comparing  observations  with  an  ephemeris, 
according  to  the  first  method  above  mentioned.  The  places  of  the 
sun  used  in  computing  its  co-ordinates  must  also  be  free  from  aberra- 
tion; and  if  the  longitudes  derived  from  the  solar  tables  include 
aberration,  the  proper  correction  must  be  applied,  in  order  to  obtain 
the  true  longitude  required. 

41.  Examples. — We  will  now  collect  together,  in  the  proper 
order  for  numerical  calculation,  some  of  the  principal  formulae  which 
have  been  derived,  and  illustrate  them  by  numerical  examples,  com- 
mencing with  the  case  of  an  elliptic  orbit.  Let  it  be  required  to  find 
the  geocentric  right  ascension  and  declination  of  the  planet  Eurynome 
@,  for  mean  midnight  at  Washington,  for  the  date  1865  February 
24,  the  elements  of  the  orbit  being  as  follows : — 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=     V  29'  40".21 

^^^     .^  \\  \^  I    Ecliptic  and  Mean 
a  =206    42  40  .13  >   r.     ^  ^     .o^.n 
i=     4    36  50  .51  i    Equmox,  1864.0. 

f»  =   11    15  51  .02 
loga  =  0.3881319 
logitx=:  2.9678088 

fjL  =  928".55745 

When  a  series  of  places  is  to  be  computed,  the  first  thing  to  be 
done  is  to  compute  the  auxiliary  constants  used  in  the  expressions  for 
the  co-ordinates,  and  although  but  a  single  place  is  required  in  the 
problem  proposed,  yet  we  will  proceed  in  this  manner,  in  order  to 
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cxliibit  the  application  of  the  formulae.  Since  the  elements  iVy  Qy 
and  i  are  referred  to  the  ecliptic  and  mean  eqainox  of  1864.0,  we  will 
first  reduce  them  to  the  ecliptic  and  mean  equinox  of  1865.0.  For 
this  reduction  we  have  t  =  1864.0,  and  t'=  1866.0,  which  give 

~  ==  50".239,  0  =  352°  51'  41",  i?  =  0".4882. 

at 

Substituting  these  values  in  the  equations  (115),  we  obtain 

i:-i  =  Ai  =  —  0".40,  A  Ji  =r  +  53".61,  Ar  =  +  5a".23; 

and  hence  the  elements  which  determine  the  position  of  the  orbit  in 
reference  to  the  ecliptic  of  1865.0  are 

::  =  44°  21'  23".32,  ft  =  206°  43'  33".74,  %  =  4°  36'  50".ll. 

For  the  same  instant  we  derive,  from  the  American  Ephcineris  and 

Nautical  Almanac,  the  value  of  the  mean  obliquity  of  the  ecliptic, 

which  is 

c  =  23°  27'  24".03. 

The  auxiliary  constants  for  the  equator  are  then  found  by  means  of 
the  formulae 

X  J  .      ^         .  X      T^        tani 

cot  -4  =  —  tan  JJ  cos  i,  tan  £.  = —^ 

"      cos  Ji 

«^*  »                    COS^'               C08(£„+c) 
cot  iJ  =  i ;^r 77 » 

tan  JJ  cos  E^         cos  c 

cot  C  =  7 ^ 77  • .- > 

tan  ft  cos  J%  sm  e 

cos  ft  .    .        sin  ft  cos  c  .  sin  ft  sin  e 

sin  a  —-  — — v»  sm  6  =  —  .  -^r — ,  sm  c  = ,  ~r- — . 

sm  A  sin  li  sm  L 

The  angle  E^  is  always  less  than  180°,  and  the  quadrant  in  which  it  is 
to  be  taken,  is  indicated  directly  by  the  algebraic  sign  of  tan  £J,.  The 
values  of  sin  a,  sin  6,  and  sin  c  are  always  positive,  and,  therefore,  the 
angles  ^4,  /i,  and  Cmust  l>e  so  taken,  with  rt>spect  to  the  quadrant  in 
whi(*h  each  is  situated,  that  sin  A  and  cos  ft,  sin  ^  and  sin  ft,  and  also 
sin  r'and  sin  ft,  shall  have  the  same  signs.     From  these  we  derive 

A     :  21)6°  39'    5".07,  log  sin  a  r.^  9.9997156, 

B  =  205    55  27  .14.  log  sin  b  -—  9.974M254, 

(;  .-212    32  1 7  .74,  log  sin  c  =  9.5222192. 

Finally,  the  cralculation  of  these  constants  is  proved  by  means  of  the 
formula 
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sin  6  Bin  c  sin  ( (7 — B) 


tani  = 


sin  a  cos  A 


which  gives  log  tan  t  =  8.9068875,  agreeing  with  the  value  8.9068876 
derived  directly  from  i. 

Next,  to  iSnd  r  and  u.  The  date  1865  February  24.5  mean  time 
at  Washington  reduced  to  the  meridian  of  Greenwich  by  applying 
the  difference  of  longitude,  5*  8"*  11'.2,  becomes  1865  February 
24.714018  mean  time  at  Greenwich.  The  interval,  therefore,  from 
the  epoch  for  which  the  mean  anomaly  is  given  and  the  date  for 
which  the  geocentric  place  is  required,  is  420.714018  days;  and  mul- 
tiplying the  mean  daily  motion,  928''.55745,  by  this  number,  and 
adding  the  result  to  the  given  value  of  M^  we  get  the  mean  anomaly 
for  the  required  place,  or 

M=  1°  29'  40".21  +  108°  30'  57".14  =  110°  0'  37".35. 

The  eccentric  anomaly  E  is  then  computed  by  means  of  the  equation 

M=E—e  sinE, 

the  value  of  e  being  expressed  in  seconds  of  arc.  For  Eurynome  we 
have  log  sin  f  =  log  e  =  9.2907754,  and  hence  the  value  of  e  ex- 
pressed in  seconds  is 

log  e  =  4.6052005. 

By  means  of  the  equation  (54)  we  derive  an  approximate  value  of  Ey 

namely, 

£i=119M9'24", 

the  value  of  e*  expressed  in  seconds  being  log  e*=  3.895976;  and 
with  this  we  get 

M^=E^  —  e  sin E,  =  110°  6'  50". 
Then  we  have 

ccos^  1.097 

which  gives,  for  a  second  approximation  to  the  value  of  E, 

E^  =  119°  43'  44".3. 
This  gives  Jf,=  110°  0'  36".  98,  and  hence 

ft"  VI 


M-M,    _       372".7  _ 
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Therefore,  we  have,  for  a  third  approximation  to  the  value  of  E, 

^=119°48'44".64, 

which  requires  no  further  correction,  since  it  satisfies  the  equation 
between  J/ and  E. 

To  find  r  and  r,  we  have 

\/r  sin  lv  =  V~a(l  +  e)  sin  J  J?, 
l^r  cos ]v  =  l/ail  —  e)  cos  ^E, 

Tlie  vahies  of  the  first  factors   in   tlie  second   members  of  these 

equations  are:  log  Va(r+^)  =  0.2328104,  and  \ogV a{T^e)-= 
0.1468741 ;  and  we  obtain 

V  =  129°  3'  50".52,  log  r  =  0.4282854. 

Since  ;r  —  R  =  197°  37'  49^^58,  we  have 

t4  =  t;  +  -__jj=  326°  41'  4(yM0. 

The  heliocentric  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane  are  then  derived  from  the  equations 

x  =  r  sin  a  »\n  (A  -f  u), 
y  =r  sinb  sin  (5  +  ti), 
z  =  r  sin  c  sin  (  C  +  «), 

which  give,  for  Eurynome, 

x  =  —  2.6611270,  y  =--.  +  0.3250277,  z  =  +  0.0119486. 

The  Amrrlcan  Nautical  Almanac  gives,  for  the  equatorial  co-onli- 
natt»?»  of -the  sun  for  1865  February  24.5  mean  time  at  Washin^on, 
referred  to  the  mean  dpiinox  and  e<|uator  of  the  beginning  of  the 
year, 

X  .-.  +  0.9094557,  F--  —  0.8599298,  Z=  —  0.1561751. 

Finally,  the  geocentric  right  ascension,  declination,  and  distance  are 
given  by  the  cipiations 

y-^.-y       ,     ,     z  +  Z  .         z  +  Z  ,     t  +  Z 

tan  a  --  *    ,    „,        tan  <?  -  :       -  „sm  a  =      .    „cos  a,        J  =  ~.    — , 
x-rA  y+^  x-\-A  smo 

the  first  form  of  the  ecjuaticm  for  tan  J  being  used  when  sin  a  is 
greater  than  cos  a. 

The  vahu'  of  J  must  always  Ik?  positive;   and  d  cannot  exceed 
±:  90'^,  the  minus  sign  indicating  south  declination.   Thus,  we  obtain 
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a  =  181°  8'  2y'.29,        ^  =  —  4°  42'  21".56,        log  J  =  0.2450054. 

To  reduce  a  and  8  to  the  true  equinox  and  equator  of  February 
24.5,  we  have,  from  the  Nautical  Almanac, 

f=  +  16".80,  \ogg  =  1.0168,  O  =  45°  16'; 

and,  substituting  these  values  in  equations  (110),  the  result  is 

Aa  =  +  17".42,  A^  =  —  7".17. 

Hence  the  geocentric  place,  referred  to  the  true  equinox  and  equator 
of  the  date,  is 

«  =  181°  8'  46".71,  ^  =  —  4°  42'  28".73,  log  J  =  0.2450054. 

When  only  a  single  place  is  required,  it  is  a  little  more  expeditious 

to  compute  r  from 

r  =  a(l  —  e  cos  E), 
and  then  v  —  E  from 


sm 


i  (v  —  E)  =  ^-  sin  ^f  sin  E, 


Thus,  in  the  case  of  the  required  place  of  Eun/nome,  we  get 

log  r  =  0.4282852,  v  —  £  =  9°  20'  5".92, 

V  =  129°  3'  50".56, 

agreeing  with  the  values   previously  determined.     The   calculation 
may  be  proved  by  means  of  the  formula 


sin  ^  (v  +  -^)  =  \""  cos  if  sin  E. 


In  the  case  of  the  values  just  found,  we  have 

i(v  +  E)  =  124°  23'  47".60,  log  sin  ^(v  +  E)  =  9.9165316, 

while  the  second  member  of  this  equation  giv^es 

log  siai(y  +  E)=^  9.9165316. 

In  the  calculation  of  a  single  place,  it  is  also  very  little  shorter  to 
compute  first  the  heliocentric  longitude  and  latitude  by  means  of  the 
equations  (82),  then  the  geocentric  latitude  and  longitude  by  means 
of  (89)  or  (90),  and  finally  convert  these  into  right  ascension  and 
declination  by  means  of  (92).  When  a  large  number  of  places  are 
to  be  computed,  it  is  often  advantageous  to  compute  the  heliocentric 
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co-ordinates  directly  from  the  eccentric  anomaly  by  means  of  tho 
equations  (105). 

The  calculation  of  the  geocentric  place  in  reference  to  the  ecliptic 
is^  in  all  respects^  similar  to  that  in  which  the  equator  is  taken  as  the 
fundamental  plane^  and  does  not  require  any  furtlier  illustration. 

The  determination  of  the  geocentric  or  heliocentric  place  in  the 
cases  of  parabolic  and  hyperbolic  motion  differs  from  the  process 
indicated  in  the  preceding  example  only  in  the  calculation  of  r  and  r. 
To  illustrate  the  case  of  parabolic  motion^  let  < —  7=  75.364  days; 
log  q  =  9.9650486 ;  and  let  it  be  required  to  find  r  and  r. 

First,  we  compute  m  from 


^  0 


in  which  log  (7o=  9.9601277,  and  the  result  is 

log  m==  0.0125548. 
Then  we  find  31  from 

if=m(e—T), 
which  gives 

log  3/=  1.8897187. 
From  this  value  of  log  M  we  derive,  by  means  of  Table  VI., 

V  =  79°  55'  57".26. 
Finally,  r  is  found  from 

eos'-Ji;* 
which  gives 

log  r  =  0.1961120. 

For  the  case  of  hyi>orl>olic  motion,  let  there  be  given  t —  7'= 
65.41236  days;  4.  =  37^  35' 0".O,  or  log r  =  0.1010188;  and  loga 
-=  0.6020600,  to  find  r  and  r.     First,  we  compute  -Y  from 

in  which  log>l  =  9.6377843,  and  we  obtain 

log  X-=  8.7M.39356;  .V==  0.06108514. 

The  value  of  F  must  now  be  found  from  the  equation 

N  =  eX  tan  F  —  log  tan  ( 45°  +  J  F). 
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If  we  assume  F=^  30^,  a  more  approximate  value  may  be  derived 

from 

^  JV+logtaneO"^ 

whidi  gives  F,  =  28°  4ff  23",  and  hence  N,  =  0.072678.    Then  we 
compute  the  oorrection  to  be  applied  to  this  value  of  F,  by  means  of 

the  equation 

(N^N,)cos^F,^ 

wherein  a  =  206264".8 ;  and  the  result  is 

/^F,  =  4.6097  (iV—  iV;)  «  =  —  3°  3'  43".0. 
Hence,  for  a  second  approximation  to  the  value  of  F^  we  have 

F,  =  25^  36'  40".0. 

The  corresponding  value  of  iVis  -2^,  =  0.0617663,  and  hence 

aJ;  =  5.199 (N-N,)8  =  ^  12'  9".4. 

The  third  approximation,  therefore,  gives  F,  =  25®  24'  30".6,  and, 
repeating  the  operation,  we  get 

f'=  25°  24'  27".74. 

which  requires  no  fiirther  correction. 
To  find  r,  we  have 

which  gives 

log  r  =  0.2008544. 

Then,  V  is  derived  from 

tan  ^v  =  cot  ^4.  tan  ^F, 
and  we  find 

V  =  67°  3'  0".0. 

When  several  places  are  required,  it  is  convenient  to  compute  v 
and  r  by  means  of  the  equations 

Vr  sm  h)  = .  sm  i  F, 

,/-        ,         \^a{e  —  1)        ,_ 
Krcoflii;  =  — . cos  ^F. 
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For  the  given  values  of  a  and  c  we  have  log  v'^a(e  +  1)  =  0.4782849| 
log  Va{€^T)  =  0.0100829,  and  hence  we  derive 

v  =  67°  2'  59".92,  log  r  =  0.2008545. 

It  remains  yet  to  illustrate  the  calculation  of  v  and  r  for  ellipde 
and  hyperbolic  orbits  in  which  the  eccentricity  difiers  but  little  from 
unity.  First,  in  the  case  of  elliptic  motion,  let  t  —  T=  68.25  dajs; 
e  =.  0.9675212 ;  and  log  q  =  9.7668134.     We  compute  M  from 


if=(e-!r)-^;V^, 


wherein  log  C[,=  9.9601277,  which  gives 

log  3/=  2.1404550. 
With  this  as  argument  we  get,  from  Table  VI., 

V=  lOr  38'  3".74, 
and  then  with  this  value  of  F  as  argument  we  find,  from  Table  IX., 
A  =  1 540".08,  B  =  9".506,  C  =  0".062. 

1  —  € 

Then  we  have  log  i  =  log  ip-—-  =  8.217680,  and  from  the  equation 

v=V+A  (1000  +  5  (1000"  +  C(100i7, 
we  get 

v  =  r+  42'  22".28  +  25".90  +  0".28  =  102^  20'  52".20. 
The  value  of  r  is  then  found  from 

T  =  — 

1    -f  e  COS  V 

namelv, 

log  r  =  0.1614051. 

We  may  also  determine  r  and  r  by  means  of  Tabic  X.     Thus,  we 
first  compute  M  from 

M^-       ^ -. 

Assuming  -B  —  1,  we  get  log  J/~  2.13757,  and,  entering  Table  VI. 
with  this  as  argument,  we  find  tr  -    101^  25\     Then  we  compute  A 

fnan 

.       5(1— r)       .. 
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which  gives  A  =  0.024985.     With  this  value  of  -4  as  argument,  we 

find,  from  Table  X., 

log  J?  =  0.0000047. 

The  exact  value  of  M  is  then  found  to  be 

log  if  =2.1375635, 
which,  by  means  of  Table  VI.,  gives 

w  =  101^  24'  36".26. 
By  means  of  this  we  derive 

A  =  0.02497944, 
and  hence,  from  Table  X., 

log  (7=0.0043771. 


Then  we  have 


tan^r=CtanJ«»^^l±^. 


which  gives 

V  =  102°  20'  52".20, 

agreeing  exactly  with  the  value  already  found.   Finally,  r  is  given  by 


''""  il  +  AC)  cos^v' 
from  which  we*  get 

logr  =  0.1614052. 

Before  the  time  of  perihelion  i)assage,  t —  T  is  n^ative;  but  the 
value  of  17  is  computed  as  if  this  were  positive,  and  is  then  considered 
aB  negative. 

In  the'  case  of  hyperbolic  motion,  i  is  negative,  and,  with  this  dis- 
tincdon,  the  process  when  Tabic  IX.  is  used  is  precisely  the  same 
as  for  elliptic  motion;  but  when  table  X.  is  used,  the  value  of  A 
must  be  found  from 

.       5(e  — 1)^     ,, 

and  that  of  r  from 


r  = 


(1— 4C*)cos4t;' 


the  values  of  log  B  and  log  C  being  taken  from  the  columns  of  the 
table  which  belong  to  hyperbolic  motion. 
In  the  calculation  of  the  position  of  a  comet  in  space,  if  the  motion 


ia  retrograde  aud  the  inclination  is  regarded  as  less  tlian  00°,  the  3 
tinctions  indicated  in  tlie  formulte  must  be  carefully  noted. 

42.  When  we  have  thus  computed  the  places  of  a  planet  or  c«m«t 
for  a  series  of  dates  equidistant,  we  may  readily  interpolate  tlie  placet 
for  intermcdialo  dates  by  the  usual  formulie  for  interpolation.  The 
interval  between  tlie  dut«»  for  which  the  direct  computation  is  mode 
should  also  be  small  enough  to  permit  an  to  n^lect  the  cffrct  of  the 
fourth  difiereuL-es  in  the  process  of  .interpolation.  This,  howc\-cr,  ui 
not  absoIut«ly  necessary,  provided  that  a  very  extended  series  of 
places  is  to  be  computed,  so  that  the  higher  orders  of  differences  may 
be  taken  into  account.  To  liiid  a  couvenieut  formula  for  this  inter- 
polation, let  us  denote  any  date,  or  argument  of  the  fuuetion,  by 
a  -f-  nai,  and  the  corresponding  value  of  the  co-onlinate,  or  of  the 
function,  for  which  the  interpolation  is  to  be  made,  by  / (a -f  nw). 
If  we  have  computed  the  values  of  the  function  for  the  dates,  or 
arguments,  a  —  w,  n,  n  -f-  a*,  a  +  2(u,  &c.,  we  may  assume  that  an 
expression  for  the  function  which  exactly  satisfies  these  values  will 
also  give  the  exact  values  corresponding  to  any  intermediate  value 
of  the  argument.  If  we  regard  n  as  variable,  we  may  expand  the 
function  into  the  series 

/(a  +  jm)  =/(a)  +  An  +  Bn'  +  Cn' +  &c.  (116) 

and  if  we  r<^rd  tlie  fourth  differences  as  vanishing,  it  is  only  neum> 
sai^-  to  consider  terms  involving  n"  in  the  determinatiou  of  th« 
unknown  coefficieiitfi  A,  li,  and  C.  If  we  put  n  suocessively  M|ual 
to  —  1,  U,  1,  and  '2,  and  then  take  the  succtssivo  differences  of  these 
values,  we  get 

I.  DiC  II.  Diir.     UI.  PiS 

/Ca-»)   =/(a)-A    +B   -C    ^_g,f, 

/(«+«)  =/ia)  +  A   +B  +C    jtf»V;^2fi  +  «0     •' 
f(a  +  2m}=/(a)  +  -2A  +  iB  +  »C-^+'^^+^^ 

If  we  symbolize,  generally,  the  difference/(a  +  nm)  — /{a  +  (n  —  !)  a^ 
by/(a-r(n-l)'").  thediffi3rona;/(fl  +  (n  +  i)«.)-/{a  +  (M-i)«) 
by /"(a  +  not),  and  similarly  for  the  successive  orders  of  difie 
tliese  may  bo  arranged  a«  follows : — 

Argiinunt.  Function,  I.  Dilf  11.  Difl'. 
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Comparing  these  expressions  for  the  differences  with  the  above,  we 

which,  from  the  manner  in  which  the  differences  are  formed,  give 
C=  J  (/'  (a  +  fi.)  -r  (a)),  B  =  ir  («), 

A  =na + u,)  -/(a)  -  ir  («)  ~  i  (/"  (« + «')  -r  («)). 

To  find  the  value  of  the  function  corresponding  to  the  argument 
a  +  Jai,  we  have  w  =  J,  and,  from  (116), 

/(a  +  ^<o)  =/(o)  +  ^^  +  i^  +  J  G 

Sabstituting  in  this  the  values  of  A,  B,  and  C,  last  found,  and  re- 
ducing, we  get 

/(a  + 1»)  =  i  (/(o  +  »)  +/(«))  - 1  (J  (/'  (o  +  ")  +/"  (a))), 

in  which  only  fourth  differences  are  neglected,  and,  since  the  place 
of  the  argument  for  n  =  0  is  arbitrary,  we  have,  therefore,  generally, 

/(a  +  (n  +  i)  «i)  =  K/(a  +  (n  +  1)  0,) +/(a  +  no,)) 

-  i  (^  (/"  (a  +  (n  +  1)  ui)  +r  (a  +  no,))).  (117) 

Hence,  to  interpolate  the  value  of  the  function  corresponding  to  a 
date  midway  between  two  dates,  or  values  of  the  argument,  for  which 
the  values  are  known,  we  take  the  arithmetical  mean  of  these  two 
known  values,  and  from  this  we  subtract  one-eighth  of  the  arith- 
metical mean  of  the  second  differences  which  are  found  on  the  same 
horizontal  line  as  the  two  given  values  of  the  function. 

By  extending  the  analytical  process  here  indicated  so  as  to  include 
the  fourth  and  fifth  differences,  the  additional  term  to  be  added  to 
equation  (117)  is  found  to  be 

+ ih  (^  (r  (« + (n + 1) «')  +r  (« + ^))), 

and  the  correction  corresponding  to  this  being  applied,  only  sixth 
differences  will  be  neglected. 

It  is  customary  in  the  case  of  the  comets  which  do  not  move  too 
rapidly,  to  adopt  an  interval  of  four  days,  and  in  the  case  of  the 
asteroid  planets,  either  four  or  eight  days,  between  the  dates  for  which 
the  direct  calculation  is  made.  Then,  by  interpolating,  in  the  case  of 
an  interval  o^,  equal  to  four  days,  for  the  intermediate  dates,  we 
obtain  a  series  of  places  at  intervals  of  two  days ;  and,  finally,  inter- 
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polating  for  the  dates  intermediate  to  these,  we  derive  the  places  at 
intervals  of  one  day.  When  a  series  of  places  has  been  computed, 
the  use  of  differences  will  serve  as  a  check  upon  tlie  accuracy  of  tlie 
calculation,  and  will  serve  to  detect  at  ouce  the  place  which  ia  not 
correct,  when  any  discrepancy  is  apjiarent.  The  greatest  discxrrdance 
will  be  shown  in  the  dificrenccs  on  the  same  horizontal  line  as  the 
erroneous  value  of  the  function ;  and  the  discordance  will  be  greater 
and  greater  as  we  proceed  successively  to  take  higher  orders  of  dif- 
ferences. In  order  to  provide  agaiust  tlie  contingency  of  ^stcmittic 
error,  duplicate  calculation  should  be  made  of  those  qnanlities  io 
which  such  an  error  is  likely  to  occur. 

The  ephemeridcs  of  the  planets,  to  be  used  for  the  comparison  of 
observations,  arc  usually  computed  for  a  period  of  a  few  weeks  before 
and  after  the  time  of  opposition  to  the  sun;  and  the  time  of  the 
opposition  may  be  found  in  wivauce  of  the  calculation  of  the  entire 
Gpbemeris.  Thus,  we  find  first  the  date  tor  which  the  mean  longitude 
of  the  plauet  is  equal  to  the  longitude  of  the  sun  increasi-d  by  180°; 
then  we  compute  tlie  equation  of  the  centre  at  this  time  by  laeatwa 
the  equation  (53),  using,  in  most  cases,  only  the  first  term  f^f 
development,  or 

V  —  M^  2e  sin  M, 


e  being  expressed  in  seconds.     Next, 
slant,  we  find  the  date  for  which 


egarding  this  value  as  ^ 


L  +  equation  of  the  centre 

is  equal  to  the  longitude  of  the  sun  increased  by  180° ;  and  for^ 
date,  and  also  for  another  at  an  interval  of  a  few  days,  we  compale 
u,  and  hence  the  heliocentric  longitudes  by  means  of  the  equation 

tan  (/ —  (J )  =  tan  H  COB  i. 

Let  these  longitudes  l)e  deuotcd  by  I  and  I',  the  times  to  which  thej 
correspond  by  (  and  t',  and  the  longitudes  of  the  sun  for  the  t 
times  by  Q  and  Q ' ;  then  for  the  time  f„  for  which  the  heliw 
longitudes  of  the  planet  and  the  earth  are  the  same,  we  have 
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than  /'  — 180*^  —  ©'.  If  the  time  t^  differs  considerably  from  t  or 
i\  it  may  be  necessary,  in  order  to  obtain  an  accurate  result,  to  repeat 
the  latter  part  of  the  calculation,  using  t^  for  ^  and  taking  t'  at  a 
small  interval  from  this,  and  so  that  the  true  time  of  opposition  shall 
&11  between  t  and  t'.  The  longitudes  of  the  planet  and  of  the  sun 
must  be  measured  from  the  same  equinox. 

When  the  eccentricity  is  considerable,  it  will  facilitate  the  calcula- 
tion to  use  two  terms  of  equation  (53)  in  finding  the  equation  of  the 
centre,  and,  if  e  is  expressed  in  seconds,  this  gives 

5   e' 
V  —  if  =  2e  sinif  +  7  •  -  sin  2if, 

4    8 

8  being  the  number  of  seconds  corresponding  to  a  length  of  arc  equal 
to  the  radius,  or  206264".8 ;  and  the  value  of  t?  —  M  will  then  be 
expressed  in  seconds  of  arc.  In  all  cases  in  which  circular  arcs  are 
involved  in  an  equation,  great  care  must  be  taken,  in  the  numerical 
application,  in  reference  to  the  homogeneity  of  the  different  terms. 
If  the  arcs  are  expressed  by  an  abstract  number,  or  by  the  length  of 
arc  expressed  in  parts  of  the  radius  taken  as  the  unit,  to  express  them 
in  seconds  we  must  multiply  by  the  number  206264.8 ;  but  if  the 
arcs  are  expressed  in  seconds,  each  term  of  the  equation  must  contain 
only  one  concrete  fiwjtor,  the  other  concrete  fectors,  if  there  be  any, 
being  reduced  to  abstract  numbers  by  dividing  each  by  8  the  number 
of  seconds  in  an  arc  equal  to  the  radius. 

43.  It  is  unnecessary  to  illustrate  further  the  numerical  application 
of  the  various  formulae  which  have  been  derived,  since  by  reference 
to  the  formulae  themselves  the  course  of  procedure  is  obvious.  It 
may  be  remarked,  however,  that  in  many  cases  in  which  auxiliary 
angles  have  been  introduced  so  as  to  render  the  equations  convenient 
for  logarithmic  calculation,  by  the  use  of  tables  which  determine  the 
logarithms  of  the  sum  or  difference  of  two  numbers  when  the  loga- 
rithms of  these  numbers  are  given,  the  calculation  is  abbreviated, 
and  is  often  even  more  accurately  performed  than  by  the  aid  of  the 
auxiliary  angles. 

The  logarithm  of  the  sum  of  two  numbers  may  be  found  by  means 
of  the  tables  of  common  logarithms.     Thus,  we  have 

log(a-hft)  =  le)ga(l-f.^)=log6(l+^). 

If  we  put 

log  tan  «  =  J  (log  b  —  log  a), 


The  first  form  is  used  when  codx  is  greater  tb&n  sin  i,  and  the  aecond 
form  when  cosx  is  less  than  sinji. 

It  should  also  be  obsei^-ed  that  in  the  solution  of  Ojuntinus  of  the 
form  of  (89),  afl<?r  tao  (X  —  O ) — using  the  notation  of  this  partieuUr 
case — has  been  found  by  dividing  the  second  equation  by  the  fitfit, 
the  swond  members  of  these  equations  being  divided  by  cos  (i  —  O) 
and  sin  (i  —  O),  rcspertively,  give  two  valaes  of  J  cos ,9,  whieh  should 
agree  within  the  limitD  of  tkc  unavoidable  errors  of  the  It^aritiiinio 
tablee ;  but,  in  order  that  the  errors  of  these  tobies  shall  have  the 
least  inSuence,  the  value  derived  from  the  lu^t  equation  is  tu  be  pre- 
ferred when  co8(^  —  O)  is  greater  than  sin  {A—  ©),  and  that  deirived 
from  the  second  equation  when  cofl(i  —  CD)  is  less  than  8in(i  — O). 
The  value  of  J,  if  the  greatest  accuracy  possible  is  required,  should 
be  dmve«l  from  Jeos/}  when  ^  is  lees  than  45°,  and  from  4  N.n^ 
when  /}  b  greater  than  45°. 

In  the  application  of  numbers  to  ccjuations  (109),  when  the  valoea 
of  the  second  members  have  been  computed,  we  tirst,  by  diviNOO, 
find  tan  J  ((J' -f  to^)  and  tanj  ((J'  — w^);  then,  if  eini{a'+  a/ij  b 
greater  than  cosj (Si' +  w„),  we  find  cos Ji' from  the  first  eqnstioQ; 
but  if  siu|(£3'  -i-  wj  is  less  than  cos  J  ((J'  +  (u„),  we  find  coel»'  from 
the  se<«Dd  eqnation.  The  same  principle  is  applied  in  finding  sin  }i' 
by  means  of  the  Uiird  and  fourth  equations.  Finally,  fiom  sin)!' 
and  i-osjt' we  get  tan  Jt',  and  henec  i'.  The  cheek  obtained  bj' th« 
agreement  of  the  values  of  sinii'  and  coeji',  with  those  computed 
from  the  value  of  i'  dcrivetl  Irom  tan  ^i',  does  not  alMolutcly  prove 
the  calculation.  This  proof,  however,  nuiy  be  obtained  by  nicsiu  of 
the  equation 

sin  t' sin  {J'^^aintsin  {}, 
or  by 

sin  i'  sin  ui,  =^  sin  t  sin  JJ. 

In  all  cases,  care  should  be  taken  in  determining  the  quadrant  in 
which  the  angh-s  sought  are  situated,  the  criteria  for  which  an  fixed 
rither  by  the  nature  of  the  problem  directly,  or  by  tiic  relation  of  Um 
algebraic  signs  of  the  trigonometrical  I'unotions  involved. 
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CHAPTER  II. 

IWSanOATIOK  of  the  DIFFERENTIAX  FOBMUIiA  which  EXFBE88  THE  RELATION 
BETWEEN  THE  GEOCENTRIC  OR  HEUOCENTRIC  FliACEB  OF  ▲  HEAVENLY  BODY 
AND  THE  VARIATION  OF  THE  ELEMENTS  OF  ITS  ORBIT. 

44.  In  many  calculations  relating  to  the  motion  of  a  heavenly 
body,  it  becomes  necessary  to  determine  the  variations  which  small 
increments  applied  to  the  values  of  the  elements  of  its  orbit  will  pro- 
duce in  its  geocentric  or  heliocentric  place.  The  form,  however,  in 
which  the  problem  most  frequently  presents  itself  is  that  in  which 
approximate  elements  are  to  be  corrected  by  means  of  the  diflTerences 
between  the  places  derived  from  computation  and  those  derived  from 
observation.  In  this  case  it  is  required  to  find  the  variations  of  the 
elements  such  that  they  will  cause  the  differences  between  calculation 
and  observation  to  vanish;  and,  since  there  are  six  elements,  it  follows 
that  six  separate  equations,  involving  the  variations  of  the  elements 
as  the  unknown  quantities,  must  be  formed.  Each  longitude  or  right 
ascension,  and  each  latitude  or  declination,  derived  from  observation, 
will  furnish  one  equation ;  and  hence  at  least  three  complete  observa- 
tions will  be  required  for  the  solution  of  the  problem.  When  more 
than  three  observations  are  employed,  and  the  number  of  equations 
exceeds  the  number  of  unknown  quantities,  the  equations  of  condi- 
tion which  are  obtained  must  be  reduced  to  six  final  equations,  from 
which,  by  elimination,  the  corrections  to  be  applied  to  the  elements 
may  be  determined. 

If  we  suppose  the  corrections  which  must  be  applied  to  the  ele- 
ments, in  order  to  satisfy  the  data  furnished  by  observation,  to  be  so 
small  that  their  squares  and  higher  powers  may  be  neglected,  the 
variations  of  those  elements  which  involve  angular  measure  being 
expressed  in  parts  of  the  radius  as  unity,  the  relations  sought  may 
be  determined  by  differentiating  the  various  formulae  which  determine 
the  position  of  the  body.  Thus,  if  we  represent  by  0  any  co-ordi- 
nate of  the  place  of  the  body  computed  from  the  assumed  elements 
of  the  orbit,  we  shall  have,  in  the  case  of  an  elliptic  orbit. 
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Mq  being  the  mean  anomaly  at  the  epoch  T.  Let  0'  denote  the  valae 
of  this  co-ordinate  as  derived  directly  or  indirectly  from  observation; 
then^  if  we  represent  the  variations  of  the  elements  by  ^tt^  a{2,  At, 
&c.^  and  if  we  suppose  these  variations  to  be  so  small  that  their 
squares  and  higher  powers  may  be  neglected,  we  shall  have 

.    de     -.  ,  de  ... 

The  diflisrential  coefficients  -7—,  -7—-,  Ac.  must  now  be  derived  from 

dr.'  da 

the  equations  which  determine  the  place  of  the  body  when  the  ele- 
ments are  known. 

We  shall  first  take  the  equator  as  the  plane  to  which  the  positions 
of  the  body  are  referred,  and  find  the  difiereutial  coefficients  of  the 
geocentric  right  ascension  and  declination  with  respect  to  the  elements 
of  the  orbit,  these  elements  being  referred  to  the  ecliptic  as  the  fun- 
damental plane.  Let  a;,  y,  z  be  the  heliocentric  co-ordinates  of  the 
body  in  reference  to  the  equator,  and  we  have 

or 

.-       do  ^     .    do  .     ,    do  , 

Hence  we  obtain 

dO^__dO^    d^\dO^   iy_^—    ^t'  rq\ 

dit       dx  '  drt  '*'  dy    dr:       dz  '  ^71  * 

and  similarly  for  the  differential  coefficients  of  0  w4th  respect  to  the 
other  elements.  We  must,  therefore,  find  the  partial  differential  co- 
efficients of  0  with  respect  to  x,  y,  and  z,  and  then  the  partial  differen- 
tial coefficients  of  these  co-ordinates  with  res]>ect  to  the  elements.  In 
the  case  of  the  right  ascension  we  put  (7  =  a,  and  in  the  case  of  the 
declination  we  put  d  =  d. 

45.  If  we  differentiate  the  equations 

X  +  X=  J  cos  d  cos  o, 


y  4-  1':=  J  cos  d  sin  o, 
2  4-  Z  =  J  sin  <J, 


regarding  X,  Y,  and  Z  as  constant,  we  find 
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dx  =  COS  a  COS  d  dA  —  J  sin  a  cos  ^  da.  —  J  COS  a  sin  d  dd, 
dy  =  sin  a  cos  d  d^  -{-  ^  cos  a  cos  d  da  —  J  sin  a  sin  S  dd, 
ih  =  sin  d  dJ  -\-  J  cos  d  dd. 

From  these  equations^  by  elimination^  we  obtain 

,            sin  o  -        cos  tt  ,  .^N 

cos  o  ao  = —  dx  -\ —  dy,  (3) 

,«           cos  a  sin  d,        sin  a  sin  ^  ,     ,  cos^, 
dd  = ^ dx 2 dy  +  -^dz. 

Therefore,  the  partial  diflferential  coefficients  of  a  and  d  with  respect 
to  the  heliocentric  co-ordinates  are 

^da  sin  a  dd  cosasind 

« da      cosa  d9  sin  a  sin  d  ... 

«»*^  =  — '  3^  = J—'  (*> 

^  da       ^  dd       cos^ 

COS  a  -3-  =  0,  -J-  =  — 7-' 

dz  dz  n 

Next,  to  find  the  partial  differential  coefficients  of  the  co-ordinates 
Xy  y,  Zj  with  respect  to  the  elements,  if  we  differentiate  the  equations 
(100)1,  observing  that  sin  a,  sin  6,  sin  c,  A^  B,  C,  are  functions  of  Q 
and  if  we  get 

dx  =  -dr  +  x  cot(A  +  u)du  +  -j^  dQ  +  -j-r  di, 
r  a^i  a% 

dy  =  tdT  +  y  cot{B  +  u)du  +  ^da  +^di, 

dz  =  ~  dr  +  z  coi{C  +  u)  du -{-  y^  dJJ  +  -jr  di. 
T  a%i  ax 

To  find  the  expressions  for  -r--,  -p,  &c.,  we  have  the  equations 

a;  =  r  cos  ii  cos  S2  —  r  sin  u  sin  Jl  cos  t, 

y  =  r  cos  ti  sin  S2  cos  e  +  r  sin  u  cos  ft  cos  i  cos  e  —  r  sin  u  sin  i  sin  e, 

z  =  r  cos  w  sin  Si  sin  e  -f-  ^  sin  u  cos  Jl  cos  i  sin  c  +  r  sin  w  sin  i  cos  e, 

• 

which  give,  by  differentiation, 
dx 


da 


=  —  r  cos  u  sin  ft  —  r  sin  t*  cos  ft  cos  i, 


dy  ^  .        .    ^         . 

-yyr  =  r  COS  t*  COS  ft  COS  c  —  r  sm  i£  sm  ft  cos  i  cos  e, 
aft 
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-— .  =  r  COS  w  COS  Jl  sin  e  —  r  sinu  sin  SI  cos  *  sin  «, 

dx 

-—  =  r  sin  14  sin  Jl  sin  t, 
di 

dy  .  r\    '    - 

—yr  =  —  r  sinu  cos  Jl  sm  i  cos  c  —  r  sm  u  cos  t  sin  «, 

--p-  =  —  r  sin  ii  cos  S2  sin  t  sin  c  +  r  sin  u  cos  %  cos  c. 

The  first  three  of  these  equations  immediately  reduce  to 

dx  .  dy  dz  .         ,« 

and  since 

cos  a  =  sin  n  sin  i, 

cos  b  =  —  cos  SI  sin  i  cos  e  —  cos  i  sin  c, 

cos  c  =  —  cos  Jl  sin  i  sin  e  -f-  cos  i  cos  t , 

we  have^  also^ 

dx  .  dy  .  ,  dz  . 

-jT- =  r  sm  tt  cos  a,  -~- =  r  sm  t*  cos 6,  -j.  =:r  smii  cose. 

di  di  d% 

Further,  we  have 

du '=^  dv  -\-  dn  —  rfJJ, 
and  hence,  finally, 

X 

dx=z .  dr  -{-  X  cot  {A  -\- u)  dv  -}-  x  cot  (-4  -J-  w)  dn 
r 

+  ( —  X  cot(-4  +  «)  —  y  cos  c  —  z  sin  c)  dSl  +  r  sin  u  cos  a  di} 

dy  =  ^dr'\-y  cot(5  +  ti)  rfi;  +  y  cot(-B  +  w) rf*  .-v 

+  ( —  y  cot  (5  +  w)  +  X  cos  c)  dSl  +  r  sin  14  cos  6  di, 

cf2  =  -rfr  +  2  cot(C+  iO<^y  +  «  cot(C+  ii)djr 
r 

+  ( —  2  cot  (  C  +  ti)  +  ar  sin  e)  dR  +  r  sin  m  cos  c  di. 

These  equations  give,  for  the  partial  differential  coefficients  of  the 
heliocentric  co-ordinates  with  respect  to  the  element8, 
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CM/  dv 

-r^  = — X  cot  (A+u) — y  COS  f — z  sin  e,         -7^  = — y  cot  (S+w)+«  cos  «, 

dz 
-7T^  =  —  z  cot((7+ w)  +  aj  sine; 

do?  .  dy  ,  .  dz  .  .„^ 

■^  =  r  Binucoso,         -p  =r  smw  coso,         -tt- =r  sin  u  cose;  (7) 

dx X  dy  y  dz  z 

When  the  direct  inclination  is  greater  than  90°,  if  we  introduce  the 
distinction  of  retrograde  motion,  we  have 

du  =  dv  —  d7z-\-  dSl, 
and  hence 

^  =  -^  =  -:rcotU  +  «),         ^  =  _^  =  _ycot(S  +  «), 

^  =  -|  =  -.cot(C+«);  (8) 

dx       dx  .  dy       dy    ,  dz        dz    ,       . 

37r=-j ycose — zsine,        j^=-j-  +  ^cosc,       j7r=-j — h*8ui*- 

dfa       dv      ^  '       dJJ       dv    '  '      dJl       dv    ' 

mi  •         /•       da?     dt/         .    dz  , 

The  expressions  for  -r-,  -—,  and  -7-  remain  unchanged;  and  we 

have,  also, 

dx  .  dy  .  ,       dz  ,  ^.^v 

-T^  =  —  rsmt^cosa,    -j^  =  —  rsmucosft,    -jt-  =  —  rsmucosc.    (9) 

di  di  '     di  '^ 

It  is  advisable,  in  order  to  avoid  the  use  of  two  sets  of  formulae,  in 
part,  to  regard  the  motion  as  direct  and  the  inclination  as  susceptible 
of  any  value  from  0°  to  180°.  If  the  elements  which  are  given  are 
for  retrograde  motion,  we  take  the  supplement  of  i  instead  of  i;  and 
if  we  designate  the  longitude  of  the  perihelion,  when  the  motion  is 
considered  as  being  retrograde,  by  (;r),  we  shall  have 

If  we  introducp,  as  one  of  the  elements  of  the  orbit,  the  distance 
of  the  perihelion  from  the  ascending  node,  we  have 

dtt  =  dv  +  d«;, 
and,  hence, 

^  =  ^  =  zcotiC+u).  (10) 
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The  values  of  -j—f  -r^,  and  -7--  must,  in  this  case,  be  found  by  means 

da  da      da      '  '  ^ 

of  the  equations  (5). 

By  means  of  these  expressions  for  the  differential  coefficients  of  the 
co-ordinates  x,  y,  Zy  with  respect  to  the  various  elements,  and  those 
given  by  (4),  we  may  derive  the  differential  coefficients  of  the  geo- 
centric right  ascension  and  declination  with  respect  to  the  elements 
S2,  iy  and  t:  or  w,  and  also  with  respect  to  r  and  Vy  by  writing  suc- 
cessively a  and  d  in  place  of  dy  and  a,  i,  &Cv  ^^  place  of  t:  in  the 
equation  (2).  The  quantities  r  and  t?,  however,  are  functions  of  the 
remaining  elements  fy  Jlfg,  and  /i;  and  we  have 

dv  dv  dv 

Therefore,  the  partial  differential  coefficients  of  Xy  with  respect  to 
the  elements  <py  M^y  and  ^,  are 

dx  dx      dr         dx      dv 

d<p         dr      df         dv      d<p  * 

dx   dx      dr         dx      dv  .^^. 

dJf~~~WdM^'^~d^'  dM^'  ^^^^ 

dx         dx      dr         dx      dv 
dfx         dr      d/x         dv      d/i 

The  expressions  for  the  partial  differential  coefficients  in  the  case  of 
the  co-ordinates  y  and  z  are  of  precisely  the  same  form,  and  are  ob- 
tained by  writing,  successively,  y  and  s  in  place  of  x.    The  values  of 

dx     dx     dy     dy     dz        ^   dz  .  .       .  .         .^.         , 

-— ,  -7-,  -p-,  -7-,  -r-,  and  — -  arc  given  by  the  equations  (7),  and 
dr     dv     dr     dv     dr  dv  ^  ^  ^  ^  '' 

,  ,  .         ^      dr    dv      dr      dv     dr        ,  dv  y  , 

when  tlie  expressions  tor  — -,  -  --»  -zrr^  -ttt*  "ir*  ^^^d  -■-  nave  been 

^  dip    dfp    aj/j    aJ/g    rf/x  d/a 

found,  the  jmrtial  differential  coefficients  of  the  heli'xjentric  co-ordi- 
nates with  resjKJct  to  the  elements  ^,  3/^,  and  fx  will  be  completely 
determined,  and  hence,  by  means  of  (2),  making  the  necessary 
changes,  the  differential  coefficients  of  a  and  S  with  rcsi)ect  to  these 
elements. 

46.  If  we  differentiate  the  equation 

M=E — e  sin  £, 
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vre  shall  have 

dM=  dEO-  —  e  C08  J^  —  cos  f  sin  £  rff . 

V  V 

Bat, since  1  —  e  008-E  =  -,  and  cose?  8mjE7=-sinr,  this  reduces  to 

a  a 

dM=  -  dE  —  -  sin  r  df , 
a  a 

or 

dE  =  -  dJf -|-  sin  V  d(p. 

T 

If  we  take  the  logarithms  of  both  members  of  the  equation 

tan  Iv  =  tan  ^^  tan  (45°  +  y), 
and  differentiate,  we  find 

dv  dE  ,  dip 

+  cTT. 


2  sin  iv  cos  iv      2  sin  i^  cos  ^E  '  2  sin  (45°  +  y)  cos  (45°  +  ^s")' 
which  reduces  to 

smJ&  cosf> 

Introducing  into  this  equation  the  value  of  dEy  already  found,  and 

T  sin  V 

repladno:  sin  E  by »  we  get 

*^        ^  ^  acossp        ® 

r*  cosy>\      r  / 

Bat  since  a  cos"^  =  p,  and  -  =  1  +  sin ^p  cost?,  this  becomes 

T 

dv  =  ^   ^      dM-{-[ htan^pcosv  isinvdsp.  (12) 

If  we  differentiate  the  equation 

r  =  o  (1  —  e  cos  E), 
we  shall  have 

rfr=  -cia  +  ae%m  EdE — acosf  cosJ^df ; 
a 

and  substituting  for  dE  its  value  in  terms  of  dif  and  dfy  the  result 

IS 

rfr=  -da  +  otanf  sinvdJf+(a€sini?sint; — a  cos  f  cos  £)  ds?.     (13) 
a 
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X-  •  '      rt        sin  V  COS  ^  J  r,         COS  V  +  «  i     ii  i 

;^ow,  since  sin  E=  r— ,  and  cos  jE?=  7— »  we  snail  have 

.    r>  .  ri      aeco8  0  sin*  v      a  cos  9  (cos  r  +  e) 

o^sin^sint;  —  acosf  cosis  =  -^;— 7— ^^ =-n ■ — » 

l  +  ecosv  l+ecosF 

which  reduces  to 

ae  sin  ^  sin  V  —  a  cos  f  cos  ^  =  —  a  cos  f  cos  v 
Hence,  the  expression  for  dr  becomes 

dr  =  -  da'\-a  tan  f>  sin  v  dM —  a  cos  f  cos  v  df.  .    (14) 

a 

Further,  we  have 

T  being  the  epoch  for  which  the  mean  anomaly  is  M^  and 

kVl  +  m 

Differentiating  these  expressions,  we  get 

dM=  dM^  +  (<  —  r)  dn, 

a  "■       »  *   i^  ' 

and  substituting  these  values  in  the  expressions  for  dr  and  <fr,  we 
have,  finally, 

dr  =  a  tan  f>  sin  v  dM^  + 1  a  tan  y>  sin  v  (<  —  T)  —  —  j  dti 

—  a  cos  fp  cos  r  c/^,  (15) 

at;=  — -- —  "3loH i —  {t—  -i^jdfJL+i h  tan f  cos r  Isinraf. 

r"  w  '       |j  ^        •  \co8^  I 

From  these  equations  for  dr  and  rfr  we  obtain  the  following  values 
of  the  partial  differential  coefficients : — 

—r-  =  —  a  cos  f  cos  V,  -i-=l f-timf  cost  Ismr, 

d^  dtp     \co3^  / 

dr  .  .  dv       a*coflf  .,-. 

^^=«tan^8mr,  dMr"^'  ^"^ 

'^'"  =otanf  sin t;(«  —  r)  —  ?^ 206264.8,  4^  =  ?l^(t— T). 


rf/t  3;«  rf/»  r* 
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It  will  be  observed  that  in  the  last  term  of  the  expression  for  —  we 

have  supposed  //  to  be  expressed  in  seconds  of  arc^  and  hence  the 
&etor  206264.8  is  introduced  in  order  to  render  the  equation  homo- 
geneous. 

47.  The  formulae  already  derived  are  sufficient  to  find  the  varia- 
tions o^  the  right  ascension  and  declination  corresponding  to  the 
variations  of  the  elements  in  the  case  of  the  elliptic  orbit  of  a  planet; 
but  in  the  case  of  ellipses  of  great  eccentricity,  and  also  in  the  cases 
of  parabolic  and  hyperbolic  motion,  these  formulae  for  the  differential 
coefficients  require  some  modification,  which  we  now  proceed  to 
develop. 

First,  then,  in  the  case  of  parabolic  motion,  sin  ^  =  1,  and  instead 
of  Mq  and  fx  we  shall  introduce  the  elements  T  and  g,  the  differential 
coefficients  relating  to  ;r,  fi,  and  i  remaining  unchanged  firom  their 
form  as  already  derived. 

If  we  differentiate  the  equation 

^(^I|?5  =  ^!  (tan  it;  +  i  tan*  it;), 
r^arding  7,  9,  and  v  as  variable,  we  shall  have 

or,  since  7^=^ sec^Jt;, 


7=  =  3 7= —  «9  +  i  -1  o V. 

2ni 

Multiplying  through  by  -^»  and  reducing,  we  get 

dv  = ^dT J    .—     dq.  (17) 

^  ^V2q 

Instead  of  9,  we  may  use  log  9,  and  the  equation  will,  therefore, 
become  _  

a.^-'J^,T-'M,znv^no,,.  (18) 

in  which  ^l^  is  the  modulus  of  the  system  of  logarithms. 
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If  we  take  the  logarithms  of  both  members  of  the  equation 

cos'^v 
and  differentiate,  we  find 

dr  =  -  dq  +  r  tan  -Jv  dv. 
Introducing  into  this  equation  the  value  of  dv  from  (17),  we  get 

dr  =  r(l-^J^^^^^^)dq-'-}^^^dT.        (19) 

;t  (< T) 

Now,  since  — =  q  (tan  Jr  +  Jtan*  i»),  and  g  =  r  cos*  Jr,  we  have 

V2q 

1      3A;  (<  —  T)  tan  ^v      1  /i    ,   .     , ,         o   •  1 1  •  1 1    *    «  t  \ 

^^ 7== — =^  =  -  (1  +  tan*4i;  —  3  sm*  iv  —  sm'^v  tan'iv) 

q  i^V2q  r^  *  3  1/ 

cosv 

r 
We  also  have 

k\/2q^      ,        ifcl/2oco8'irtaniv      tsinv 
^  tan  ^v  = ^ ~  =  — 7=r. 

»•  ?  V2q 

Therefore,  equation  (19)  reduces  to 

dr  =  co9vdq-^^dT.  (20) 

If  we  introduce  d  log  q  instead  of  dg,  this  equation  becomes 

dr  =  ^—-dlogq-y=dT.  (21) 

From  the  equations  (17),  (18),  (20),  and  (21),  we  derive 

dv      __      kV2q 
df      ^  r«    ' 

f/r    ^      3t«- 7)1/29. 
rflogg  2^>  • 

and  then  we  have,  for  the  differential  coefficients  of  x  with  respect  to 
T  and  q  or  log  g, 


rfr 

k  sin  V 

dt      ~ 

V2q' 

dr 

cos  v, 

dq 

dr 

7  cosv 

dlogq 

^  • 
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dx dx     dr       dx     dv  dx dx     dr  ^.dx     dv 

dT'^'dr'dT'^'dv'd^  Iq  ^  Ir  "dq  ^  "dv  "dq* 

dx    dx       dr     _xdx       dv 

dlogq       dr  '  d\ogq       dv  '  dlog^ 

and  similarly  for  the  differential  coefficients  of  y  and  z  with  respect 
to  these  elements.  The  expressions  for  the  partial  differential  co- 
efficients of  Xy  y,  and  «,  respectively,  with  respect  to  r  dnd  v  are  the 
same  as  already  found  in  the  case  of  elliptic  motion.  We  shall  thus 
obtain  the  equations  which  express  the  relation  between  the  variations 
of  the  geocentric  places  of  a  comet  and  the  variation  of  the  parabolic 
elements  of  its  orbit,  and  which  may  be  employed  either  to  correct 
the  approximate  elemenlB  by  means  of  equations  of  condition  fur- 
nished by  comparison  of  the  computed  place  with  the  observed  place, 
or  to  determine  the  change  in  the  geocentric  right  ascension  and 
declination  corresponding  to  given  increments  assigned  to  the  ele- 
ments. 

48.  We  may  also,  in  the  case  of  an  elliptic  orbit,  introduce  T,  g, 

and  e  instead  of  the  elements  ^,  Mq,  and  fx.    If  we  differentiate  the 

expression 

g  =  o(l  — e), 

we  shall  have 

da  =  -  dg  +  —  cfe. 
We  have,  also,  

in  which  T  is  the  time  of  perihelion  passage,  and 

dM=  —  k\/l  +  m  ari  dT—  IhVT+m  a"  J  (<  —  T)  da. 
Hence  we  derive 

Substituting  this  value  of  dM  in  equation  (12),  replacing  sin  (p  by  c, 
and  reducing,  we  get 

_|^|iySSr,-T)-(f  +  l)sin«)j-lp<fo.       (23) 
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In  a  similar  manner,  by  substituting  the  values  of  da  and  dM  in 
equation  (14),  and  reducing,  we  find 

(ir  = 7= —  e  sm  v  dT 

Vp 

+ 1 "  —  3 y-\ X/T-j —  e  sm  v  I  rfg 

\?  V2qi  ^1  +  e  /   ^ 

+  (7>(^-co8t;)-.pi/;>(l+m)(<-r)^jj-^df.   (24r -*) 

These  equations,  (23)  and  (24),  will  furnish  the  expressions  for  th^i^  ^^ 

^'  1  j-ir       X-  1         no  '     j^    dv    dv    dv    dr    dr       ^  dr       ... 
partial  dinerential  coemeients  -— ,  -7-1  -t-»  -7=;t  -^>  and  -r->  which 
^  ar  ag    de    dT  dq  de 

required  in  finding  the  differential  coefficients  of  the  heliooentric 

ordinates  with  respect  to  the  elements  T,  g,  and  «,  these  quantitit 

being  substituted  for  3Iq,  //,  and  ^,  respectively,  in  the  equations  (11). 

49.  When  the  orbit  is  a  hyperbola,  we  introduce,  in  plaoe  of  J/^ 
fiy  and  <p,  the  elements  T,  q,  and  i//. 
If  we  differentiate  the  equation 

N^  =  etsLnF—  log,  tan  (45°  +  ^F), 
we  shall  have 


dN,  =  l-^,--l]-^  +  ULnFde, 

°       \  cos  i'  /  cos  i^    ' 


which  is  easily  transformed  into 

,,-       r      dF      ,  ^      r^tan^    , 

dK  = ,^  +  tan  F ~  rf^, 

°      a    cos  i^  ^  cos  4       ' 

or 

dF  a        ,--       o    tan  4    , 

sin  h       r  tan  i*       °      r     cos  4 

Let  us  now  take  the  logarithms  of  both  members  of  the  equation 

tan  i-F=  tan  \v  tan  ^4, 

and  differentiate,  and  we  shall  have 

,  .         dF         sinv    , 

dv  =  sin  V  — . — ,, . a^. 

siu  r        sm  4 

Introducing  into  this  equation  the  value  of  —     ,i  already  found,  we 
get 

,         a  sin r   - -^       la  sin v    tan 4    ,  sin v  \  , 

r  tan  i*       °      \     r        cos  4  sm  4  / 


DIFFEBENTIAL  FOBMXni£.  129 

Baty  nnoe  r  sin  v  =  a  tani^  tan  F,  and  p  =  a  tan'i^,  this  reduces  to 

,„  =  ^VpdN,-(Z  +  l)^^-d,.  (25) 

If  we  differentiate  the  equation 

r  =  a\ ^  —  1 ), 

\  cos  -F         / 

we  get 

dr  =  --da  +  ae  tSLD* F—. — rf-\ f? —d^. 

dF 
Sabstitating  in  this  equation  the  value  of  -: — ^,  we  obtain 

,       r,     ,  a'e  tan-F  J,.,.      /a'etan'i^         a     \  tan4  ,. 
a  r  \       r  cos-F/cos^ 

which  is  easily  reduced  to 

,        r  ,     ,       flinv    ,.-    ,  j3/     r  ««      ,       \  **' 

a  sm^  r\cosi^      cos'F  /sin^ 

But,  since 


06  a 


C08-F         C08*jP         COSjP 

this  reduces  to 

,        Vj.  asinv  ,,^    i  P<^  I  1     \  d^ 

a  sin  4       "        r  \         cosi^/sin^ 


or 


,       r J     .       smv   ,^^   ,       cost;   ,,  ,0^. 

a  sin  4  sin  4 


Now,  since  q  =  a{e  —  1),  we  have 

-        q  J     ,  a  tan  4  . 

dq  =  ±da-\ -^d4, 

^      a  cos4        ' 

or 

da  =  ^dq d^, 

q    ^       9COS4 

Ve  have,  also, 

jv;==ika-i(<  — !r), 

and  hence 

dN^=:  —  kcridT'-'lkari(t—T)da. 

By  substituting  the  value  of  da,  this  becomes 

•  ^  ^  o^  cos  4 

9 
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SubstitutiDg  this  value  of  dN^  in  equation  (25),  and  reducing,  we 
obtain 

In  a  similar  manner,  substituting  in  equation  (26)  the  values  of 
da  and  dN^,  and  reducing,  we  get 

Vp     COS 4'  W  V^25*       cos^4'V^co84 ' 

+  I    ^^ ; {-  —  cosvlp]  -T— -.  (28) 

\  7  008  4^       \5  /^/8m+ 

The  equations  (27)  and  (28)  will  furnish  the  expressions  for  the 
partial  diifcrential  coefficients  of  r  and  v  with  respect  to  the  elements 
Ty  qy  and  '^y  required  in  forming  the  equations  for  cos  ^  <fa  and  dd. 
It  will  be  observed  that  these  equations  are  analogous  to  the  equa- 
tions (23)  and  (24),  and  that  by  introducing  the  relation  between  t 
and  '^y  and  neglecting  the  mass,  they  become  identical  with  them. 
We  might,  indeed,  have  derived  the  equations  (27)  and  (28)  directly 
from  (23)  and  (24)  by  sul)stituting  for  e  its  value  in  terms  of  -^^  but 
the  diilercntial  formula;  which  have  resulted  in  deriving  them  directly 
from  the  cc^uations  for  hyperl)olic  motion,  will  not  be  superfluous. 

50.  It  is  evident,  from  an  inspection  of  the  terms  of  equations  (23), 
(24),  (27),  and  (28)  which  contain  de  and  rf^/,  that  when  the  value  of 
e  is  very  nearly  e(iual  to  unity,  the  coefficients  for  these  diffi^rentials 
become  indeterminate.  It  becomes  neccssan-,  therefore,  to  develop 
the  corresponding  expressions  for  the  case  in  which  these  equations 
are  insufficient.     For  this  pur[)ose,  let  us  resume  the  equation 

hit—  T)  (1  -A-  e^i 

2  r^  =  u+lv^-  2t(^'  +  in*)  +  Si'CJu*  +  4ii')  -  Ac, 

1 g 

in  which  u  =  tan  h\  and  i  =  z — ; — •     Then,  since 

we  shall  have 
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i^^^  =  «  + i««  +  Q« -:}«•- i«»)  (1  -  e) 

+  (jS«  -  i\^  +  aW  (1  -  «)•  +  Ac.  (29) 

uV 

If  it  is  required  to  find  the  expression  for  -r-  in  the  case  of  the 

variation  of  the  elements  of  parabolic  motion,  or  when  1  —  6  is  very 
small,  we  may  regard  the  coefficient  of  1  —  e  as  constant,  and  neglect 
terms  multiplied  by  the  square  and  higher  powers  of  1  —  e.  By 
differentiating  the  equation  (29)  according  to  these  conditions,  and 
regarding  u  and  e  as  variable,  we  get 

0  =  (1  + 1*')  ^t*  —  UtA  —  iM»  —  iti?)  cfo; 

and,  since  du  =  J(l  +  u*)  dv,  this  gives 

dv  _  ju  —  K  —  §ii»  .    . 

d^  -      (1  +  y^y  ^"^^^ 

The  values  of  the  second  member,  corresponding  to  different  values 
of  V,  may  be  tabulated  with  the  argument  v;  but  a  table  of  this  kind 

is  by  no  means  indispensable,  since  the  expression  for  -j-  may  be 

changed  to  another  form  which  furnishes  a  direct  solution  with  the 
same  &cility.    Thus^  by  division,  we  have 

dv  2     I    ft  ^  "I"  i^' 

"5^  =  "»"  +  "  (!+«'/ 

and  since,  in  the  case  of  parabolic  motion, 

this  becomes 

^  =  A^^^^^V^-|tan^..  (31) 

If  we  differentiate  the  equation 

1  +«C08V 

regarding  r,  v,  and  e  as  variables,  we  shall  have 

dr 2r*  sin*  jv  ,    r^gsint;     dv  ^o^n 

de  ~  f(l+7y  ■*■  qO-  +  e)  '  W  ^  ^ 
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In  the  case  of  parabolic  motion,  e  =  l,  and  this  equation  is  easily 
transformed  into 

^  =  irtaniv(tan^tr+2-^).  (33) 

dv 
Substituting  for  -j-  its  value  from  (31),  and  reducing,  we  get 


dr  _  ^  k(t—T)  ,,. 
V2q 


-^  =  5ft     ^^._     sinv  +  ^y  tan^v.  (34) 


The  equations  (31)  and  (34)  furnish  the  values  of  -r-  and  -^  to  be 

used  in  forming  the  expressions  for  the  variation  of  the  place  of  the 
body  when  the  parabolic  eccentricity  is  changed  to  the  value  1  +  de. 
When  the  eccentricity  to  which  the  increment  is  assigned  differs  bat 

little  from  unity,  we  may  compute  the  value  of  -7-  directly  from 

equation  (30).     A  still  closer  approximation  would  be  obtained  by 

dtf 

using  an  additional  term  of  (29)  in  finding  the  expression  for  j- ;  but 

a  more  convenient  formula  may  be  derived,  of  which  the  numerical 
application  is  facilitated  by  the  use  of  Table  IX.  Thus,  if  we  differ- 
entiate the  equation 

• 

v  =  V+A  (1000  +  B  (1000'  +  C(lOOt)', 

regarding  the  coefficients  A,  B,  and  C  as  constant,  and  introducing 
the  value  of  i  in  terms  of  e,  we  have 

dv      dV        200X  400B    ,,„„  600C    ,,-..,, 

-re=-di-  r(r+-«7  -  hi + «?  ^^^*^ "  *Tr+^'  ^^^'^  • 

in  which  8  —  206264.8,  the  values  of  Ay  JB,  and  C,  as  derived  from 

dV 
the  table,  being  expressed  in  seconds.     To  find  — ,  we  have 


*[^^_lpdlf  =  taniF+.Jtan.iF. 

which  gives,  by  differentiation, 

hU  —  T)         de  dV 

. .  _     _  .'_    ^^^^^_ — ^  .^_^^_  _     . 

2qi       Vl"+1      C0SV5K' 

and  if  we  introduce  the  expression  for  the  value  of  3/  used  as  the 
argument  in  finding  T'by  means  of  Table  VI.,  the  result  is 
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de  ""75(l  +  ey 
Henoe  we  have 

dv     Mcos^ir       200A  400B    ..^^..         600C    .,^^..,     ,^^. 

by  means  of  which  the  value  of  -7-  is  readily  found. 

When  the  eccentricity  differs  so  much  from  that  of  the  parabola 
that  the  terms  of  the  last  equation  are  not  sufficiently  convergent, 

the  expression  for  3-1  which  will  furnish  the  required  accuracy,  may 

be  derived  from  the  equations  (75)i  and  (76)i.  If  we  differentiate  the 
first  of  these  equations  with  respect  to  Cy  since  B  may  evidently  be 
r^arded  as  constant,  we  get 

If  we  take  the  logarithms  of  both  members  of  equation  (76),,  and 
differentiate,  we  get 

dv  dC  ,     die  Ade  ^^-x 

imi;  ~  "C  "•"  S^  ~  (1  +  e)  (1  +  9e)'  ^^ 

To  find  the  differential  coefficient  of  C  with  respect  to  e,  it  will  be 
sofScient  to  take 


which  gives 


rhe  equation 


C 

dC 
C 


=  lC'dA. 


.      5(1 -e),    ,, 
^  =  (r+9i)**''i«' 


Jives 


'^  =  -(lT9ey^'''>'^'  +  t^it^l^w 


ind  hence  we  obtain 

-77  =  —  /H    ,  n  \^  tan" ^wae4-  i  - — 
C  (1  +  9ey        -*  '   *  sm  w 

Substituting  this  value  in  equation  (37),  we  get 


dw' 


dv  20C      .      ,     ,,      ,    C'sinv    dw  4 sin-t; 
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and  substituting,  finally,  the  value  of  -j- ,  we  obtain 

de 


dv  k(t-^T)  C'sinv  co8«4u;         20C*     . 

4sinv 
■"  (1  +  e) (Y +9^' 

which,  by  means  of  (76)i,  reduces  to 

dv__  ^     h{t  —  T)   C'sinj cos'^ig  Stanjp 

cfe"-^'"    1/2 ^i    •JBi/'^iqr97rtan>      (l  +  e)a  + 9e)-  ^^^ 

If  we  introduce  the  quantity  M  which  is  used  as  the  argument  in 
finding  w  by  means  of  Table  VI.,  this  equation  becomes 

dv 9  If  cos'  jw;        .  8  tan  \v  . 

5^""2(l+9c)'75taniw      ""^^""(1 +e)(l +9^' 

This  equation  remains  unchanged  in  the  case  of  hyperbolic  motion, 

the  value  of  C  being  taken  from  the  column  of  the  table  which  cor- 

rfr 

responds  to  this  case*;  and  it  will  furnish  the  correct  value  of  -r  in 

all  cases  in  which  the  last  term  of  equation  (23)  is  not  conveniently 

applimble.     The  value  of  --  is  then  given  by  the  equation  (32). 

When  the  eccentricity  ditters  \Qry  little  from  unity,  we  may  put 
jB  =  1,  and  

tan  Iw  =  tan  :J  v  i/.i^  ^l  +  90» 

co8'Jtr=  6"cos*ii». 

Then  we  shall  liave 

Jf COS* .'.«',  .           2h(t—T)      ,, 
=--        r     C*  sm  t'  = , —  cos*  hv. 

The  equation 


9_ 
gives 


i  =  (1  +  ^  C')  COS*  \v  =  (1  +  iA)  cosMw, 

T 


Hence  we  derive 


^  =  (14- 1  A)  cos*  ^ic  =  Ccos*  be. 


•  if  cos»  W  .,  .           k(t  —  T)  \/p       I 
^-  ^      ,     C .sm  r  = -L ^  •  \  -7i, 


C\l  +  e) 
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If  we  substitute  this  value  in  equation  (39),  and  put  C  (1  +  «)  =  2, 
we  get 

d^~2(l  +  9e)-~i^^*'~^^~(l  +  e)(l  +  95'  ^^"^ 

and  when  6=1,  this  becomes  identical  with  equation  (31). 

61.  Examples. — ^We  will  now  illustrate,  by  numerical  examples, 
the  formulae  for  the  calculation  of  the  variations  of  the  geocentric 
right  ascension  and  declination  arising  from  small  increments  assigned 
to  the  elements.  Let  it  be  required  to  find  for  the  date  1865  Feb- 
ruary 24.5  mean  time  at  Washington,  the  differential  coefficients  of 
the  right  ascension  and  declination  of  the  planet  Eurynome  ®  with 
respect  to  the  elements  of  its  orbit,  using  the  data  and  results  given 
in  Art.  41.    Thus  we  have 

a  =  181°  8'  29".29,      ^  =  —  4°  42'  21".56,     log  J  =  0.2450054, 

log  r  =  0.428285,  v  =  129°  3'  50".5,  u  =  326°  41'  40".l, 

A  =  296°  39'  5".0,      B  =  205°  55'  27".l,  C=  212°  32'  17".7, 

log  sin  a  =  9.999716,        log  sin  b  =  9.974825,         log  sin  c  =  9.522219, 

log  X  =  0.425066^  log  y  =  9.51 1920,  log  z  =  8.077315, 

«  =  23°  27'  24^.0,  t  —  T=  420.714018. 

First,  by  means  of  the  equations  (4),  we  compute  the  following 
values: — 

log  cos  ^  ^  =  8.054308,  log  ^  =  8.668959,, 


$1  =  9.754919.,  log  4^ 

dy  -'  *  dy 


log  cos  ^  5^  =  9.754919,,  log  ^  =  6.968348., 


log  4^  =  9.753529. 

Then  we  find  the  differential  coefficients  of  the  heliocentric  co-ordi- 
nates, with  respect  to  ;r,  SJ^  t,  v,  and  r,  from  the  formulae  (7),  which 


log  -J  =  log  ^  =  9.950466., 
an  dv 

log  ^  =  7.876553,  log  ^=8.830941,  log  ^  =  9.222898,, 
log -^  =  8.726364,  log -^  =  9.687577,  log -^|- =  0.142443., 
log -^  =  9.996780.,    log -^  =  9.083635,    log -^  =  7.649030. 
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In  compnting  the  values  of  -pi  -jn  and  -^,  thoee  of  oosa,  oosi^ 

tnd  cos  c  may  generally  be  obtained  with  sufficient  aocuncy  firoa 
sina,  sin 6,  and  sine.     Their  algebraic  signs,  however,   must  be 
strictly  attended  to.     The  quantities  sin  a,  sin  6,  and  sin  e  are  always 
positive;  and  the  algebraic  signs  of  cos  a,  cos  6,  and  cos  c  are  indicated 
at  once  by  the  equations  (101)1,  from  which,  also,  their  numerical 
values  may  be  derived.     In  the  case  of  the  example  proposed,  it  will- 
be  observed  that  cos  a  and  cos  6  are  n^ative,  and  that  cos  c  is  poaitivew 

To  find  the  values  of  cos  ^^  and  -i->  we  have,  according  to  eqi 


tion  (2), 


which  give 


^da  ^da     dx    ,         ^da     dv  f  .^ 

C0B0-;-  =  C08  0-;-.-= y  COSO-^.— ^,  (41 

ar  dx     dn  dy    ok 

dd dd     dx  dd    dy       dS     dM 

di:  dx     dn  dy     die        dM     dx* 


^  da  ^  da         ,   ^  ^ftftjir  dd        dd  -  ^ttAAA 

cos  ^-T-  =  cos  ^-^  =  +  1.42345,  —-  =  -_  =  — 0.48900. 

dn  dv  dK        dv 

In  the  case  of  Siy  i,  and  r,  we  write  these  quantities  successively  in 
place  of  n  in  the  equations  (41),  and  hence  we  derive 

cos  d4!^=—  0.03845, 
dh6 

co8^^^  =  — 0.27641, 
di 

C08^-^  =  — 0.08020, 
dr 


d9 
dSi 

=  —  0.09533, 

di 
di 

=  —  0.78993, 

di 
"dr 

—  +  0.04873. 

ring 

values: — 

53, 

log  ^'■=2.376581^ 

log  -^  =  0.179155,  log  4t7  =  9.577453, 

d^  dM^ 

log  ^  =  0.171999,  log  %  =  9.911247,  log  ~  =  2.535234. 

d^  dM^  d/i 

We  may  now  find    p»  ^-r=:,  &c.  by  means  of  the  equations  (11), 

and  thence  the  values  of  cos  d  y-»  -p-,  &c.:  but  it  is  most  convenient 

d^    dip 

to  derive  these  values  directly  from  cos^-ri  cos^-r-t  -r-»  and  -r» 

•^  dr  dv    dr  dv 

in  connection  with  the  numerical  values  last  found,  according  to  the 
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equations  which  result  from  the  analytical  substitution  of  the  expres- 
sions for  -7-»  -^  -j-f  &c.,  in  equation  (2),  writing  successively  ^,  31^ 
and/iinpkceof  .T.    Thus,  we  have 

^  da  ^da  dr    ,         -  dfa     dv 

a^  dr  d^               dv    dip 

dd d9  dr       dd    dv                                     ..^^ 

dip       dr  dip  dv     dip* 

and  similarly  for  M^  and  fi^  which  give 

cos  d  -^  =  +  1.99400,  -^  =  —  0.65307, 

afp  dip 

cos  ^  ^  =  +  1.13004,  ^  =  ~  0.38023, 

cos  d  ~  =  +  507.264,  -^  =  — 179.315. 

dfi  dfi 

Therefore,  according  to  (1),  we  shall  have 

cosa  Aa=  +  1.42345Aff— 0.03845Aa  —0.27641  At    +1.99400asp 

+  1.13004a3£;  +  507.264AAi, 
A^  =—0.48900Ajr— 0.09533a  a  —0.78993Ai    —  0.65307  Af* 

— 0.38023A3f^— 179.315aa£. 

To  prove  the  calculation  of  the  coeffici^ts  in  these  equations^  we 
assign  to  the  elements  the  increments 

aJ^  =  +  10",  A^  =  —  20",  A  a  =  — 10",  Ai  =  +  10", 

A^  =  +  10",  AAi  =  +  0".01, 

80  that  they  become 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M^=     r2ff  50".21 
7z=   44   20  13  .09^ 

Ji  ==  206    42  30  .13  V  Mean  Equinox  1864.0 
t=     4    37     0  .51  j 
f*  =    11    16     1  .02 
log  a  =  0.3881288 
fi  =  928.56745 

With  these  elements  we  compute  the  geocentric  place  for  1865  Feb- 
ruary 24.5  mean  time  at  Washington ;  and  the  result  is 

a  =  181^  8'  34".81,        ^  =  —  4°  42'  30".58,        log  J  =  0.2450284, 
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which  are  referred  to  the  mean  equhiox  and  equator  of  1865.0. 
differem^  between  theee  vnlucs  of  a  and  S  mid  those  already  gUxn,  ■ 
derive*!  from  the  unchunged  elements,  gives 


4a  =  +  5".52, 


=  +  5".50, 


a3  = 


-  9".02. 


and  the  direct  substitution  of  the  assumed  values  of  &k,  a£J,  &i,i 
in  the  equations  for  cos^ao  and  a<?,  gives 


eJaa  =  +  5".46. 


aJ  =  —  9".29. 


The  agreement  of  these  results  is  sufficiently  close  to  show  that  the 
computation  of  the  differential  coefficients  has  been  correctly  pe^ 
formed,  the  difference  being  due  chiefly  to  t^rms  of  the  second  onls* 

When  the  differential  coefficients  are  required  for  several  data,  if 
we  compute  their  values  for  successive  dates  at  equal  intervals,  tba 
use  of  differences  will  serve  to  check  the  accuracy  of  the  calculation; 
but,  to  provide  againist  the  possibility  of  a  systematic  error,  it  may  be 
advisable  to  calculate  at  Inist  one  place  directly  from  the  changed 
elements.  Throughout  the  calculation  of  the  various  difTcrential 
coefficients,  great  care  must  be  taken  in  regard  to  the  algebraic  signs 
involved  in  the  successive  uumcrical  substitutions.  In  the  example 
given,  we  have  employed  logarithms  of  six  decimal  places;  but  it 
would  have  Iwen  sufficient  if  logarithms  of  five  decimals  had  been 
used;  and  such  is  generally  the  case. 

It  will  be  obserA-ed  that  the  calculation  of  the  coefficients  of  asr, 
a£J,  and  ai  is  inde|>cndent  of  the  form  of  the  orbit,  depcndii^ 
simply  on  the  pasition  of  the  plane  of  the  orbit  and  on  the  positJon 
of  the  orbit  in  this  plane.  Hence,  in  the  case  of  pambolie  and 
hyperbolic  orbits,  the  only  deviation  from  the  process  already  Ultis- 
trat«d  is  in  the  computation  of  the  coefficients  of  the  variations  of 
tlie  elements  which  determine  the  magnitude  and  form  of  the  or)iit 
and  the  position  of  the  body  in  its  orbit  at  a.  given  epoch.     In  aJl 


cases,  the  values  of  c 
already  exemplified, 
shall  have 


dif  dr    dv 

If  we  introduM  the  elements  T,  q,  and  c,  we 


rfJ  _  JJ    ^  ,  ^   ^ 
dT~  dr'dT'^  dv'  dt' 


and  similarly  for  the  differential  coefficients  with  respect  to  q  moA  «• 
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The  mode  of  calculating  the  values  of  -T«y  ^To^  -f  j-*  -t-»  and  j- 

depends  on  the  nature  of  t^ie  orbit. 

In  the  case  of  passing  from  one  system  of  parabolic  elements  to 

another  system  of  parabolic  elements^  the  coefficients  of  Ae  vanish. 

ctv    dv 
To  illustrate  the  calculation  of  -7^  -7^  &c.  in  the  case  of  parabolic 

motion^  let  us  resume  the  values  t — r=  75.364  days,  and  log  3 
=  9.9650486,  from  which  we  have  found 

log  r  =  0.1961120,  v  =  79°  55'  57".26. 

Then,  by  means  of  the  equations  (22),  we  find 

log  ^  =  8.095802^  log  ^  =  9.242547, 

log  ^=  7.976397^  log  ^  =  0.064602,. 

If,  instead  of  dq,  we  introduce  d  log  9,  we  shall  have 

log  :r^  =  9.569812,  log  ~~  =  0.391867  . 

''dlogg  ^diogq  * 

Jrom  these,  by  means  of  (43),  we  obtain  the  differential  coefficients 
cf  a  and  d  with  respect  to  Tand  q  or  logg.     The  same  values  are 

also  used  when  the  variation  of  the  parabolic  eccentricity  is  taken 

dv 
into  account.     But  in  this  case  we  compute  also  j-  from  equation 

<31)  and  ^  from  (33)  or  (34),  which  give,  for  v  =  79°  55'  57''.3, 

log  ^  =  8.147367.,  log  ^  =  9.726869. 

dv    dv 
In  the  case  of  very  eccentric  orbits,  the  values  of  -pf^  j^  Ac.  are 

ibondfrom 

dv  kV^  dr  h        .  .... 

Tt= — ^  dr=-7|*"'^'''  ^^^ 

dr r  ,  r'esint;   dv 

dq      q  p        dq 

the  mass  being  neglected. 
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To  illustrate  the  application  of  these  formulse^  let  us  resame  the 
values,  <—r=  68.25  days,  e  =  0.9675212,  and  log g  =  9.7668134, 
from  which  we  have  found  (Art.  41) 

V  =  102^  20'  52".20,  log  r  =  0.1614062. 

Hence  we  derive 

logp  =  0.0607328, 

and 

*=7.943137„  >.g* 


log  ^=  7.943137^  log  ^=  8.180711^ 


log  -^  =  0.186517^  log  ^  =  0.186517^. 

If  we  wish  to  obtain  the  differential  coefficients  of  v  and  r  wii 
respect  to  log  q  instead  of  q,  we  have 

dv     q    dv  dr     q    dr 

dlogq      ^g   dq  ^log^      \' dq 

in  which  X^  is  the  modulus  of  the  system  of  logarithms. 

dv 
Then  we  compute  the  value  of  -r  by  means  of  the  equation  (30)^ 

(35),  (39),  or  (40).    The  correct  value  as  derived  from  (39)  is 

^  =  —  0.24289. 
de 

The  values  derived  from  (35),  omitting  the  last  term,  from  (40)  and 
from  (30),  arc,  respectively,  —  0.24440,  —  0.24291,  and  —  0.23531. 
The  close  agreement  of  the  value  derived  from  (40)  with  the  correct 
value  is  accidental,  and  arises  from  the  j>articular  value  of  r,  which 
is  here  such  as  to  make  the  assumptions,  according  to  which  equation 

(40)  is  derived  from  (39),  almost  exact. 

dr 
Finally,  the  value  of  -r-  may  be  found  by  means  of  (32),  whidi 

gives 

^  =  +  0.70855. 
de 

When,  in  addition  to  the  differential  coefficients  which  do{)end  on 
the  elements  7)  q,  and  e,  those  which  dc|>cnd  on  the  position  of  the 
orbit  in  space  liave  l)ecn  found,  tlie  expressions  for  the  variation  of 
the  geocentric  right  ascension  and  declination  become 
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•  »da  •  ^*      ^     ,  •^^     .    •  .  ^*      m 

C06  0  Aa  =  C060-r-  A;r  +  coso-ttt^Q  +  COS  J -77  At  +  COSO-T=,Ar 

dTT  dii  at  dT 

+  COS  ^  T  AO  +  COS  ^  ^-  Ac, 

,      d^         ,    dd     ^       dd     ,      dd     ^      dd  dd 

If  we  introduce  log  q  instead  of  q,  the  terms  containing  q  become 
respectively  cos  d  -71 —  a  log  q   and    -v^j —  a  log  q.     It  should   be 

observed  that  if  a;:,  aSJ^  and  At  are  expressed  in  seconds,  in  order 
that  these  equations  may  be  homogeneous,  the  terms  containing  aT, 
A9,  and  Ae  must  be  multiplied  by  206264.8 ;  but  if  An-,  a^J?  and  Ai 
are  expressed  in  parts  of  the  radius  as  unity,  the  resulting  values  of 
cos  d  Aa  and  a^  must  be  multiplied  by  206264.8  in  order  to  express 
them  in  seconds  of  arc. 

The  most  general  application  of  the  equations  for  cos  d  Aa  and  a^ 
in  terms  of  the  variations  of  the  elements  is  for  the  ca§ea  in  which 
the  values  of  cos  8  Aa  and  of  a8  are  already  known  by  comparison 
of  the  computed  place  of  the  body  with  the  observed  place,  and  in 
which  it  is  required  to  find  the  values  of  A;r,  a$2;  ai,  &c.,  which, 
being  applied  to  the  elements,  will  make  the  computed  and  the 
observed  places  agree.  When  the  variations  of  all  the  elements  of 
the  orbit  are  taken  into  account,  at  least  six  equations  thus  derived 
are  necessary,  and,  if  more  than  six  equations  are  employed,  they 
must  first  be  reduced  to  six  final  equations,  from  which,  by  elimina- 
tion, the  values  of  the  unknown  quantities  A;r,  aS2>  &o*  ma^y  be 
found.  In  all  such  cases,  the  values  of  Aa  and  Ad,  as  derived  from 
the  comparison  of  the  computed  with  the  observed  place,  are  ex- 
pressed in  seconds  of  arc;  and  if  the  elements  involved  are  expressed 
in  seconds  of  arc,  the  coefficients  of  the  several  terms  of  the  equations 
must  be  abstract  numbers.  But  if  some  of  the  elements  are  not 
expressed  in  seconds,  as  in  the  case  of  T,  9,  and  e,  the  equations 
£)rmed  must  be  rendered  homogeneous.  For  this  purpose  we  mul- 
tiply the  coefficients  of  the  variations  of  those  elements  which  are 
not  expressed  in  seconds  of  arc  by  206264.8.  Further,  it  is  gene- 
rally inconvenient  to  express  the  variations  aT,  A7,  and  Ae  in  parts 
of  the  units  of  T,  g,  and  e,  respectively ;  and,  to  avoid  this  incon- 
venience, we  may  express  these  variations  in  terms  of  certain  parts 
of  the  actual  units.  Thus,  in  the  case  of  Ty  we  may  adopt  as  the 
unit  of  A  7  the  nth  part  of  a  mean  solar  day,  and  the  coefficients 
of  the  terms  of  the  equations  for  cos  d  Aa  and  Ad  which  involve  aT 


must  evidently  be  divided  by  Ji.  In  the  same  manner,  it  appan 
that  if  we  adopt  as  the  unit  of  i(/  the  unit  of  the  ntth  decimal 
place  of  ita  value  expressed  in  parts  of  the  unit  of  q,  we  mu^  divide 
its  coefficient  by  10*,  and  similarly  in  the  ease  of  ag,  so  that  the 
equations  become 


Wdc 


ie, 


in  which  8  =  206264.8.  When  log  q  is  introduced  in  place  of  7,  tl 
coefficients  of  d  log  q  are  multiplied  by  the  same  factor  aa  in  the  csa^ 
of  &q,  the  unit  of  &  log  q  being  the  unit  of  the  mth  derininl  plai.*^ 
of  the  logarithms.  The  equations  are  thus  rendered  homogt'ncouv* 
and  also  convenient  for  the  numerical  solution  in  finding  the  values 
of  the  unkno\\-n  quantities  ar.,  iJJ,  at,  aT,  Ac.  When  aT,  ar/,  and 
ae  have  been  found   by  means  of  the  equations  thus  fonn1.1l,  tbo 

coirections  to  be  applied  to  the  corresponding  elements  aro  — ,  ^, 

and  j^-  In  the  same  manner,  we  may  adopt  as  the  nnknowB 
quantity,  instead  of  the  actual  variation  of  any  one  of  the  elementa 
of  the  orbit,  n  times  that  variation,  in  which  case  its  coefBdent  ia 
the  er^uations  must  be  divided  by  n. 

The  value  of  aa,  derive<l  by  taking  the  difference  betwwD  the 
computed  and  the  observed  place,  is  affected  by  the  uncrrtainty 
necvssarily  incident  to  the  determination  of  o  by  obser^-ation.  The 
unavoidable  error  of  observation  being  supposed  the  same  in  the  case 
of  a  as  in  the  case  of  $,  when  expressed  in  parts  of  the  same  unit, 
it  is  evident  that  an  error  of  a  given  magnitude  will  prwlnw  % 
greater  apparent  error  in  a.  than  in  d,  since  in  the  case  of  a  it  it 
measured  on  a  small  cii'cle,  of  which  the  radius  is  cos  J;  and  bcoce, 
in  order  that  the  difference  between  computation  and  ohser\'at)DQ  in 
a  and  d  may  have  the  same  influence  in  the  determinatioD  of  the 
eorreclions  to  be  applied  to  the  elements,  we  introduce  cos^aS 
instuid  of  aa.  The  same  principle  is  applied  in  the  case  of  tbt 
longitude  and  of  all  corresponding  spherical  00-ordinata. 
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62.  The  formuhe  already  given  will  determine  also  the  variations 
of  the  geocentric  longitude  and  latitude  corresponding  to  small  in- 
crements assigned  to  the  elements  of  the  orbit  of  a  heavenly  body. 
In  this  case  we  put  e  ==  0,  and  compute  the  values  of  A,  B,  sin  a^ 
and  sin  6  by  means  of  the  equations  (94)p  We  have  also  C=0, 
sin  c  =  sin  i,  and,  in  place  of  a  and  5,  respectively,  we  write  X  and  ^. 
But  when  the  elements  are  referred  to  the  same  fundamental  plane 
as  the  geocentric  places  of  the  body,  the  formulae  which  depend  on 
the  position  of  the  plane  of  the  orbit  may  be  put  in  a  form  which  is 
more  convenient  for  numerical  application. 

If  we  differentiate  the  equations 

of  =  r  cos  14  cos  Q  —  r  sint*  sin  Q  cos*, 

y  =  r  cos  14 sin  Q  -{- r  sint*  cos  Q  cost, 

/  =  r  sin  ti  sint, 

we  obtain 

of 
da!  =z—dT  —  r (sin i4  cos  $2  +  cos t* sin  Q  cos t) du 

T 

—  r(cosi4  sin  Q  -|~  ^^i^^  cos  Q  cost)e2Q  +  ^  sini*  sin  Q  Anidi, 

df/  =  ^dr  —  r(8int4  sin  JJ  — cosw  cos  Q  C08*)dt* 
.  V 

-f-  r(co8t«cos  Ji  — siniisin  Q  cost)^ft  — rsinticos  Q  sinidi,  (46) 
dsf  =  -  dr  -^^  r  cos  u  sin  i  du  -{-  r  smu  cos  *  di, 

T 

in  which  x'j  y'y  J  are  the  heliocentric  co-ordinates  of  the  body  in 
reference  to  the  ecliptic,  the  positive  axis  of  x  being  directed  to  the 
vernal  equinox.  Let  us  now  suppose  the  place  of  the  body  to  be 
referred  to  a  system  of  co-ordinates  in  which  the  ecliptic  remains  as 
the  plane  of  ory,  but  in  which  the  positive  axis  of  :z;  is  directed  to  the 
point  whose  longitude  is  $2  ;  then  we  shall  have 

dx  =  d3!  QXn&Qt  +dy8inJJ, 
rfy  =  —  dx'  sin  Q  +  ^^y'  cos  Q, 
dz  =  dJ^ 

and  the  preceding  equations  give 

dx  =  -dr  —  r  emu  du  —  r  sini^  cos i  dCX, 

r 

dy  =  -dr  +  rcosu  cost  du  +  f  cosudQ  — r  sin i*  sin t  di,    (47) 

T 

cb  =  - dr  4-  r  cos u  sin t  du  4-  r  sinii  cos i di. 

r 
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This  transformation,  it  will  be  observed,  is  equivalent  to  diminifihing 
the  longitudes  in  the  equations  (46)  by  the  angle  Q  through  which 
the  axis  of  x  has  been  moved. 

Let  X,,  F„  Z,  denote  the  heliocentric  co-ordinates  of  the  earth 
referred  to  the  same  system  of  co-ordinates,  and  we  have 

x-^-  X,=  A  cos  i?  cos  (A  —  Q), 
y+  r;=  Jcosi9  8in(A— a), 
2  +  Z,  =  Jsin/?, 

in  which  ).  is  the  geocentric  longitude  and  ^  the  geocentric  latitude. 
In  diiferentiating  these  equations  so  as  to  find  the  relation  between 
the  variations  of  the  heliocentric  co-ordinates  and  the  geocentric  lon- 
gitude and  latitude,  we  must  regard  H  as  constant,  since  it  indicates 
here  the  i>osition  of  the  axis  of  x  in  reference  to  the  vernal  equinox, 
and  this  position  is  supposed  to  be  fixed.     Therefore,  we  shall  have 

<£r  =  co8/icos(A  — JJ)cfJ  —  J8in/5cos(A-— JJ)d/5— Jco8/9  8in(A— a)<tt, 
cfy=  C08/5  sin  (A  —  JJ)  rfJ  —  J  sin/S  sin  (A— JJ)  d/9  +  J  coB/S  cos  (i— a)(tt, 
dz  =8in  /S  rf  J  -f-  ^  cos  ii  (f/5, 

from  which,  by  elimination,  we  find 

COS  ,9  d-i = -  ?lHi^^  A.  + '-^^^^P^  dy, 

,.          sin/ScosC^— Ji)  ,       8in/58in(A — JJ)  ,     ,  cofl|9  , 
a/?  = ax 2 wy  +  -j    ««• 

These  equations  give 

^dk  8in(A  — JJ)  dp  8in/9cos(>l  — a) 

^^^'^  d[^  = J '  di  = J ' 

^dX       co8(A— JJ)  d?  8in/?8in(A — JJ)    ^.o\ 

^°^'',7?/= J Ty= J •  (**^ 

r,dX  d?        C08/5 

cos  /J    ,     =  u,  ,     =  — T— . 

dz  dz  J 

If  we  introduce  the  distance  w  between  the  ascending  node  and  the 
place  of  the  perihelion  aa  one  of  the  elements  of  the  orbit,  we  have 

du=^dv  -{-  d<t>, 

and  the  equations  (47)  give 

dx       X  ^y       y        '  ,        dz       z        ,        ,    , 

-^ —  =  -  =  co8u,  /  =-  =  8mttco8i,      -,  =-  =  8mti8mi; 

dr       r  dr       r  ar       r 

dx        dx  .  du        dy  ,     dz        dz  .    . 

—j  —  =.    =  —  rsmti,     ,==  ,=rcostico8i, —7— =  ^— =rco8U8mi; 
dv       dut  dv       d<o  dv       a« 
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= — rsmiicost,   -T^=rco8t*,  ——=0;  (49) 


da  '    dQ  '  dQ 

dz       ^  dy  .        ,    ,        dz  , 

— rr-=0,  --1—  = — r  Bint*  sin t,      -^7-=r  smt*  cost. 

at  at  at 

If  we  introduce  zr,  the  longitude  of  the  perihelion,  we  have 

du  =  dv  -{-di:  —  dQ, 

and  hence  the  expressions  for  the  partial  differential  coefficients  of 
the  heliocentric  co-ordinates  with  respect  to  t:  and  Si  become 


dx  .  dy  .  dz  .    . 

-i —  =  —  r  sm  u,  —5^-  =  r  cos  u  cos  t,  — = —  =  r  cos  usuii; 

die  an  an  '   ^ 

A  A  J  (^> 

=  2r  sm  u  sm'  ^t,  -j^  =  2r  cos  m  sm'  ^t,  -j^  =  —  r  cos  u  sm  t. 


When  the  direct  inclination  exceeds  90°  and  the  motion  is  r^arded 
as  being  retrograde,  we  find,  by  making  the  necessary  distinctions  in 
i^ard  to  the  algebraic  signs  in  the  general  equations, 

dx       ^         dy  ...  dz  .  •        /ci\ 

—  =  0,        -p-  =  r  sm  w  sm  t,        "T^  =  —  r  sm  t«  cos  t ;      (51) 

and  the  expressions  for  -i-»  -^^  To"'  TF'  ^'  ^"^  derived  directly 

from  (49)  by  writing  180°  —  t  in  place  of  t.     If  we  introduce  the 
longitude  of  the  perihelion,  we  have,  in  this  case, 

du  =  dv  —  dn  -{■  da, 
and  hence 

dx  .  dy  .         dz  .    . 

-J— =ir8mtt,  ~j^  =  r  cos  w  cos  t,       — = —  =  —  rcosnsmt; 

L  f  t  (52) 

jTt-  =  —  2r  sm  tt  sm'  At,  -=-^  =  2r  cos  w  sm^.U,  -v^r-  =  r  cos  w  sm  t. 

But,  to  prevent  confusion  and  the  necessity  of  using  so  many  for- 

mul®,  it  is  best  to  regard  i  as  admitting  any  value  from  0°  to  180°, 

and  to  transform  the  elements  which  are  given  with  the  distinction 

of  retrograde   motion   into   those  of   the   general   case   by   taking 

180°  —  i  instead  of  i,  and  2(2  —  ?r  instead  of  ;r,  the  other  elements 

'^Bciaining  the  same  in  both  cases. 

53.  The  equations  already  derived  enable  us  to  form  those  for  the 
differential  coefficients  of  X  and  ^  with  respect  to  r,  t?,  JJ,  t,  and  o)  or 
^9  by  writing  successively  k  and  ^  in  place  of  tf,  and  JJ,  t,  &c.  in 

10 
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place  of  Tt  in  equation  (2).  The  expressions  for  the  differential  oo^- 
cients  of  r  and  Vj  with  respect  to  the  elements  which  determine  the 
form  of  the  orbit  and  the  position  of  the  body  in  its  orbit,  being 
independent  of  the  position  of  the  plane  of  the  orbit,  are  the  same  as 
those  already  given ;  and  hence,  according  to  (42)  and  (43),  we  may 
derive  the  values  of  the  partial  differential  coefficients  of  i  and  ^ 
with  respect  to  these  elements.  The  numerical  application,  however, 
is  facilitated  by  the  introduction  of  certain  auxiliary  quantities. 
Thus,  if  we  substitute  the  values  given  by  (48)  and  (49)  in  the 

equations 

^dl  ^  cU    dx   .         ^dX    dy 

cos  i?  -J-  =  cos  ^  -J-  •  -J-  +  cos  P-Y~  •  -j^ 
dv  dx     dv  dy    dv 

di^_dl^    dx       dfi    dy^.dfi^    ^ 
dv        dx     dv       dy     dv        dz     dv ' 

cos  t  cos  {I  —  JJ)  =  j1^  sin  Ay 
sin  (^  —  JJ)  =  -4^  cos  A, 
sin  t  =  n  sin  N^ 
—  sin  (^  —  ft)  cos  I  =  n  cosiV, 

in  which  A^  and  n  are  always  positive,  they  become 

cos/5  -T-  =  cosi?  T— =  -7  A^  sin  (-4  +  ti), 
dv  era;        J     " 

d'i  dS      r 

-'  =         ~  ~-,(8ini5co8(^  —  ft)  sin n  +  ncosvsinfiV-f  j9)). 

av  aof       J 


and  put 


(68) 


(54) 


{^) 


Let  us  also  put 

n  sin  (N  -\-  ji)  =  Bq  sin  B, 

sin  iS  cos  (^  —  ft  )  =  ^0  ^^s  ^9 
and  we  have 

^dX  dX       1''   A     '    r  A    \      \ 

cos /I  -,-  =  cos /J -7-  =     Af.  sm  (A  +  u), 
dv  du>       A    ^  ^ 

The  expressions  for  cos  /9  -7-  and  -j-  give,  by  means  of  the 
auxiliary  quantities, 

cos  /3  J-  = ^  cos  {A  +  t*), 

In  the  same  manner,  if  we  put 
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we  obtain 


cos  (^  —  JJ)  =  Co  sin  (7, 
cos  t  sin  (^  —  JJ)  =  Co  cos  C; 

cos  t  =  Do  sin  2>, 
sin  (X  —  ft)  sin  t  =  D^  cos  D; 

cos/9^^  =  ^  Co  sin  (C+ u), 

=  —  -i-4o  8in/5  cosC-i  +u); 


(67) 


da 

coBfi—jr-  =  —  -rsint  sin u  COS  (A  —  JJ), 
at  J 

-^  =  -2>oSini*sin(2>  +  /9). 

If  we  substitute  the  expressions  (55)  and  (56)  in  the  equations 

.  cW  ^dX     dr    .         ^dX     dv 

eos/9^  =  cos/9^.^  +  cos/9^.^, 


(58) 


and  put 


d<p  dr    df        dv    5? 


dv 
—  -T—  =/8inJF  =  a  cosf>  cosv, 


r 


we  get 


<^v       ^       „     /    2  \ 

-—  =  f  cos  jP= ( [-  tan  f>  cos  t;  I  r  sin  v, 

09      "^  \c0s9  I 


(59) 


(60) 


d^ 
In  a  similar  manner,  if  we  put 

—  -jTf  ^g  BiaO  =  —  a  tan  f  einv, 

dv                „      a'  cos  9 
r  -yrr  =  a  cos  G  = —, 

dM,      "  r 


^  =  A8mfl"=  — I  a  tan  j»  sine  (t—D  — 1^206264.8), 


v(61) 


dfi 


=  AcoeJ=^-^?2^«-n 
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we  obtain 

cosP-^j^=?^AoBmU+  G  +  tt), 

C08/5  -^  =  -2^0  sin  U  +  S+  u\ 


(62) 


The  quadrants  in  which  the  auxiliary  angles  must  be  taken 
determined  by  the  condition  that  A^  Bq,  C^fj  g,  and  h  are  alway 
positive. 

54.  If  the  elements  T,  q,  and  e  are  introduced  in  place  of  M^ 
and  fj  we  must  put 

i-  •    ET  dr  ^       Ti         ^^ 

gBmO=  —  jj,,  gcoaO  =  rjj„  (63^   I 

A  sin  H= j-y  h  cos  H=  r  -r-» 

ag  dq 

and  the  equations  become 

cos  ^  ^^-  =  ^  u4o  sin  (^  +  F  4-  ti), 
f^=^B,Bm(iB  +  F+u); 


(64 


COS,?  j^=  -^  j4o8in  (^  +  O  +  m), 

cos ,S  -~  =  -jAoSmiA+H+  «), 

In  the  nuniorical  api)lieation  of  tlu^sc  formula?,  the  values  of  the 
HCN'ond  nu'nilH»rs  of  the  cfjuatioiis  (G3)  are  found  its  already  exem- 
pliiir<I  iJ»r  the  citses  of  j)arabolio  orbits  and  of  elliptic  and  hy{)orbolic 
orl)itri  in  whi<*h  the  e<tvntri<*itv  diflrrs  but  little  fnmi  unit  v.  In  the 
sinie  manner,  the  (litforential  i.M)ctHcients  of  X  and  ^3  with  respect  to 
any  other  elements  which  determine  the  form  of  the  orbit  may  be 
cfunputeil. 
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In  the  case  of  a  parabolic  orbit^  if  the  parabolic  eccentricity  is 
supposed  to  be  invariable,  the  terms  involving  e  vanish.  Further, 
in  the  case  of  parabolic  elements,  we  have 

.    ^  dr       ifesinv  x      i    ^^ 

which  give 

tan  G  =  —  tan  ^v. 

JHenoe  there  results  G=180° — \v,  and  g  =  k^-,  which  is  the 

expression  for  the  linear  velocity  of  a  comet  moving  in  a  parabola. 
Therefore, 

co8^^=  —  j-7=-  ^  sm  (J[  +  u  —  iv), 

dp         hVl  ^  .  ,^  ,        ^ ,  ^^^^ 

For  the  case  in  which  the  motion  is  considered  as  being  retrograde, 
1180°  —  i  must  be  used  instead  of  i  in  computing  the  values  of  A^j 
-4,  n,  Ny  Cq,  and  (7,  and  the  equations  (55),  (56),  and  the  first  two 
^f  (58),  remain  unchanged.  But,  for  the  differential  coefficients  with 
9*espect  to  i,  the  values  of  D^  and  D  must  be  found  from  the  last  two 
^Df  equations  (57),  using  the  given  value  of  i  directly ;  and  then  we 

^hall  have 

dX       r   . 
cos  i?  -jv  =  -7  sin  t  sin  u  cos  {I  —  ft), 

dB  r  (^^) 

^  =  — ^i)o8int*sin(i)  +  i9). 

65.  Examples. — ^The  equations  thus  derived  for  the  differential 
^x)efficients  of  I  and  ^  with  respect  to  the  elements  of  the  orbit, 
^referred  to  the  ecliptic  as  the  fundamental  plane,  are  applicable  when 
sny  other  plane  is  taken  as  the  fundamental  plane,  if  we  consider  X 
mnd  ^  as  having  the  same  signification  in  reference  to  the  new  plane 
tJiat  they  have  in  reference  to  the  ecliptic,  the  longitudes,  however, 
l)eing  measured  from  the  place  of  the  descending  node  of  this  plane 
on  the  ecliptic.  To  illustrate  their  numerical  application,  let  it  be 
required  to  find  the  differential  coefficients  of  the  geocentric  right 
nscension  and  declination  of  Eurynome  ®  with  respect  to  the  ele- 
inents  of  its  orbit  referred  to  the  equator,  for  the  date  1865  February 
24.5  mean  time  at  Washington,  using  the  data  given  in  Art.  41. 
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In  the  first  place^  the  elements  which  are  referred  to  the  ecliptic 
must  be  referred  to  the  equator  as  the  fundamental  plane ;  and,  bf 
means  of  the  equations  (109)i^  we  obtain 

a'  =  353°  45'  35".87,       i  =  19°  26'  25".76,        «.  =  212°  32'  IT".?!, 

and 

cu'  =  cu  +  a>„  =  50°  icy  7".29, 

which  are  the  elements  which  determine  the  position  of  the  orbit  in 
space  when  the  equator  is  taken  as  the  fundamental  plane.    Thes^ 
elements  are  referred  to  the  mean  equinox  and  equator  of  1865.0* 
Writing  a  and  d  in  place  of  X  and  ^^  and  (2^,  V^  m'  in  place  of  fi,    ^i 
and  01,  respectively,  we  have 

Aq  An  a  =  cos  (o  —  JJ')  cos  i',  jl^  cos  J[  =  sin  (a  —  ft') ; 

n  siniV=8int',  n  co8iV=  —  cost"  sin  (a — JJ'); 

BoSinB  =  ?i8in(JV+  ^),  f^ cos ^  =  sin  d  cos  (a  —  ft'); 

Q  sin  C=  cos  (o  —  ft'),  C^  cos  C=  sin  (o  —  ft 0  cos  ^^ ; 

Dg  sin  i)=  cost',  2>0cos2>=sin{'8in(a  —  ft'); 
/  sin  JF=  o  cos  <p  cos  v, 

/  cos  F=^  I h  tan  cp  cos  v  |  r  sin  v; 

•^  \C0SSP  I 

g8inO=  —  a  tan  ^  sin  v, 

^      a'  cos  0 
gcoaG=  -— — ; 

A  sin  H=  —  /  a  tan  f  sin  V  (<  —  T)  —  1^  2062(>4.8  ) , 

;ieosir=?'-^5i?(,_r). 

r 

The  values  of  -^1^,  n,  -B^,  Ci,  A>/>  /7>  "^^*  *  ™^9*  always  be  positivo^i^ 
thus  determining  the  quadrants  in  which  the  angles  A,  J3,  &e.  must:^ 
be  taken ;  and  these  equations  give 

log  A,  =  9.97497,  A  =  262°  10'  40", 

log  ^„=  9.52100,  B^    75   48  35, 

log  C„  =  9.999(J  1 ,  r  --  263     2  6  , 

logi)„:r:=  9.97497,  D  =   d2    35  47, 

log/  =^0.62946,  i^  =  389    14  0, 

log  g  =  0.84593,  (?  =  350    11  16  , 

log  h  =  2.97759,  H=   14    30  48  . 
tt'  =  i;  +  a*'  =  179°13'58". 
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Substituting  these  values  in  the  equations  (55),  (58),  (60)^  and  (62), 
and  writing  a  and  d  instead  of  X  and  fi,  and  u'  in  place  of  u,  we  find 

cos  ^  -fe  =  +  1.4235,  4^  =  —  0.4890, 

do/  aw 

cos  d  -^=  +  1.5098,  4L  =  +  0.0176, 

cos  ^  -^  =  +  0.0067,  -^  ==  +  0.0193, 

a%  at 

COS  ^  -4^  =  +  1.9940,  4^  =  —  0.6530, 


COB  ^  -fe  =  +  1.1300,  4^  =  —  0.3802, 


mnd  hence 


d^  dip 


0 


COS  ^  -^  =  +  507.25,  4^  =  —  179.34 ; 


cos  ^  Aa  =  +  1.4235  A«i'  4- 1.5098  a  ft'  +  0.0067  Ai^  +  1.9940  a^ 

+  1.1300  AiW;  +  507.25  A/ti, 
A^  =  —  0.4890  Ao;'  +  0.0176  Aft'  +  0.0193  Ai'  —  0.6530  a?) 

—  0.3802  A3fo  — 179.34  A^i. 
If  we  put 

Acu'  =  —  6".64,  A  a'  =  —  14".12,  Ai'  =  —  8".86, 

A^  =  +  10",  A3f,  =  +  10",  AM  =  +  0".01, 

get 

cos  ^  Aa  =  +  5".47,  A^  =  —  9".29 ; 

d  the  values  calculated  directly  from  the  elements  corresponding  to 
^tiie  increments  thus  assigned,  are 

cos  ^  Aa  =  +  5".50,  A^  =  —  9".02. 

T?he  agreement  of  these  results  is  sufficiently  close  to  prove  the  cal- 
culation of  the  coefficients  in  the  equations  for  cos  d  Aa  and  a^. 

When  the  values  of  aoi',  aJJ',  and  Ai'  are  small,  the  correspond- 
ing values  of  aoi,  aQ,  and  At  may  be  determined  by  means  of 
difiPerential  formulse.  From  the  spherical  triangle  formed  by  the 
intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with  the 

ilestial  vault,  we  have 

cos  i  =  cos  a  cos  e  +  sin  H  sin  e  cos  ft', 
sin  i  cos  JJ  =  —  cos  i  sin  e  +  sin  t  cos  e  cos  ft', 
sin  i  sin  ft  =  sin  t  sin  ft',  (,67) 

sin  i  sin  %  =  sin  ft '  sin  e, 
sin  i  cos  w^  =  cos  e  sin  i  —  sin  e  cos  i  cos  ft', 
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from  which  the  values  of  Si,  i\  and  Wq  may  be  found  firom  thoee  of 

(2 '  and  i^     If  we  differentiate  the  first  of  these  equations,  r^arding 

e  as  constant,  and  reduce  by  means  of  the  other  given  relations,  we 

get 

di  =  cos  tt>o  d^  +  sin  w^  sin  i!dSl\  (68) 

Interchanging  i  and  180°  —  i',  and  also  $2  &nd  $2',  we  obtain 

dC  =  cos  %  di  —  sin  w^^  sin  t  dQ . 
Eliminating  di  from  these  equations,  and  introducing  the  value 

sin  a sin  JJ 

smi       smS2 
the  result  is 

,_       sin  J2  ,-.,      sihw.  -^  ,^. 

smQ  smt 

If  we  differentiate  the  expression  for  cos  <0q  derived  from  the  same 
spherical  triangle,  and  reduce,  we  find 

dtif^  =  cos  t  dSi  —  cos  if  rf ft'. 

Substituting  for  dSi  its  value  given  by  the  preceding  equation,  and 
reducing  by  means  of 

sin  ft'  cos »'  =  sin  ft  cos  %  cos  i  —  cos  ft  sin  »^ 
we  get 

rfw  =  -  -  -»-  cos  ft  r/ft' ;    ."  cos  I  (?i'.  (70) 

°      smft  smt 

The  equations  (68),  (69),  and  (70)  give  the  partial  differential  co- 
efficients of  ft ,  I,  and  iOq  with  respect  to  ft '  and  f,  and  if  we  sup- 
pose the  variations  of  the  element}*,  expressed  in  parts  of  the  radius 
as  unity,  to  be  so  small  that  their  K|uare8  may  be  neglected,  <we  shall 

have 

sino>ft        ^     ^/       sinw-        .    ^ 

£^of.  =  -.    ^^,  cos  ft  Aft' .    5  cos  I  Ar, 

sm  ft  sin  I 


^Si  = :....  X/  cos  %  ^ft  —  -rrr-  a»  »  (71) 


pin  ft  _ ,       sin  w, 

-.     !;,C08W^Aft' r~4 

smft  "  sini 

Ai  =  sin  Wj  sin  T  Aft'  +  cos  w^  ^r, 


If  we  apply  these  formula?  to  the  case  of  Eurynome,  the  result  is 

Ao;,  =^:  —  4.420a  ft'  +  6.665  A  i", 

Aft  ^  —  3.488a ft'  +  6.686Ar, 

Ai  =  —  0.179a  ft'  —  0.843At^ ; 
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and  if  we  assign  the  values 

Aa'  =  —  14'M2,  At'  =  —  8".86,  Aoi'  ==  —  6".64, 

we  get 

Aoi,  =  +  3".36,         A  JJ  =  —  10".0,         At  =  +  10".0,         Acu  =  —  10".0, 

and^  henoe^  the  elements  which  determine  the  position  of  the  orbit  in 
reference  to  the  ecliptic. 

The  elements  ta'^  S2^  and  V  may  also  be  changed  into  those  for 
which  the  ecliptic  is  the  fundamental  plane,  by  means  of  equations 
which  may  be  derived  from  (109)i  by  interchanging  JJ  and  ft'  and 
180°  — t' and  t. 

56.  If  we  refer  the  geocentric  places  of  the  body  to  a  plane  whose 
inclination  to  the  plane  of  the  ecliptic  is  i^  and  the  longitude  of  whose 
ascending  node  on  the  ecliptic  is  JJ, — which  is  equivalent  to  taking 
the  plane  of  the  orbit  corresponding  to  the  unchanged  elements  as 
the  fundamental  plane, — ^the  equations  are  still  further  simplified. 
Let  «',  y* y  z'  be  the  heliocentric  co-ordinates  of  the  body  referred  to 
a  system  of  co-ordinates  for  which  the  plane  of  the  unchanged  orbit 
is  the  plane  of  ocy^  the  positive  axis  of  x  being  directed  to  the  as- 
cending node  of  this  plane  on  the  ecliptic;  and  let  2;,  ^,  z  be  the 
heliocentric  co-ordinates  referred  to  a  system  in  which  the  plane  of 
x\f  is  the  plane  of  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  point  whose  longitude  is  ft.     Then  we  shall  have 

dsi  =  dXf 

di/  =  dy  cos  t  4"  dz  sin  t, 

dJ  =  —  dy  sin  t  +  dz  cos  t. 

Substituting  for  dxy  dy,  and  dz  their  values  given  by  the  equations 
(47),  we  get 

daf  =  —  dr  —  r  sinu  du  —  r  sin  u  cos  t  dQ, 
r 

•/ 
(^y  =  —  rfr  +  r  cos  tt  (fu  +  r  cos  w  cos  t  dQ , 

T 

dJ  =-dr  —  r  cos  tt  sin  t  dft  -f-  r  sin  w  di, 

T 

-*^^  ^vrill  be  observed  that  we  have,  so  long  as  the  elements  remain 
^^^^ohanged, 

a/  =  r  cos  u,  y'  =  r  sin  w,  /  =  0, 
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and  hence,  omitting  the  accents^  so  that  Xj  y^  z  will  refer  to  the  plane 

of  the  unchanged  orbit  as  the  plane  of  ayj  the  preceding  equations 

give 

dx  =  cos u  dr  —  r  &\nu  du  —  r  sin u  cos t  dJJ, 

dy  =  sinu  dr  -{-r  cos u  du-^-  r  cos u  cos i  dJJ, 

dz  =  —  r  cos  u  sin  i  dQ  +  r  sin  t«  du 

The  value  of  a*  is  subject  to  two  distinct  changes,  the  one  arising 
from  the  variation  of  the  position  of  the  orbit  in  ite  own  plane,  and 
the  other,  from  the  variation  of  the  position  of  the  plane  of  the  orbit. 
Let  us  take  a  fixed  line  in  the  plane  of  the  orbit  and  directed  from 
the  centre  of  the  sun  to  a  point  the  angular  distance  of  which,  bock 
from  the  place  of  the  ascending  node  on  the  ecliptic,  we  shall  desig- 
nate by  tr;  and  let  the  angle  between  this  fixed  line  and  the  semi- 
transverse  axis  be  designated  by  ;f.     Then  we  have 

The  fixed  line  thus  taken  is  supposed  to  be  so  situated  that,  so  long 
as  the  position  of  the  plane  of  the  orbit  remains  unchanged,  we  have 

But  if  the  elements  which  fix  the  position  of  the  plane  of  the  orbit 
are  supposed  to  vary,  we  have  the  relations 

da  =co8t  dQ, 

duf  =  dx'-  cos  I  dSi ,  (72) 

dT:  =dz  +  (l—  cost)  dSl=dx  +  2  sin« ^i  dQ, 

Now,  since  u  =  v  -\-  w,  we  have 

and 

du  =  dv  -}-  dx  —  d<r  =  dv  -{•  dx  —  cos i  dQ, 

Substituting  this  value  of  du  in  the  equations  for  dr,  rfy,  rfr,  they 

reduce  to 

dx  =  cos  u  dr  —  r  sin  u  dv  —  r  sin  «  dx, 

dy  =  sin  u  dr  -\-  r  cos  u  dv  -\-  r  cos  m  dx,  (73) 

dz  =  —  r  cos  u  sin  i  rf  JJ  +  r  sin  w  di 

The  inclination  is  here  supposed  to  be  susceptible  of  any  value  from 
0°  to  180°,  and  if  the  elements  are  given  with  the  distinction  of 
retrognide  motion  we  must  use  180°  —  i  instead  of  i. 

Let  us  now  denote  by  0  the  geocentric  longitude  of  the  body  mea- 
sured in  the  plane  of  the  unchanged  orbit  (which  is  here  taken  as  the 
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fundamental  plane)  from  the  ascending  node  of  this  plane  on  the 
ecliptic^  and  let  the  geocentric  latitude  in  reference  to  the  same  plane 
be  denoted  by  rj.    Then  we  shall  have 

X-{-  X=  ^  COSrj  COS^, 

y  +  Y=  J  cos  19  sin  0, 
2  +  Z  =  J  sin  ly, 

in  which  X,  Y,  Zare  the  geocentric  co-ordinates  of  the  sun  referred 
to  the  same  system  of  co-ordinates  as  x,  y,  and  z.  These  equations 
give,  by  differentiation, 

rfx  =  cos  ij  CO&0  dA  —  J  sin  ly  coa  0  drj  —  J  cos  19  sin  ^  dff, 
dy  =  cos  17  sin  ^  ef  J  —  J  sin  17  sin  0  dfi  '\-  A  cos  iy  cos  0  dO, 
dz  =sinri  dA  -{-  J  cos  19  drj ; 

and  hence  we  obtain 

j^  sin  ^  ,     ,  cos  0  . 

cos  Tj  dO  =  —  -J-  dx  -| — -V-  dy, 

y             sin  19  cos  0  J        sin  19  sin  ^  .     ,  cos  tj  , 
d7i  = 2 ^* J dy+-j^dz. 

These  give 

do            sintf  do       cos^  dO 

cosij-j-  = J-,        cos  17 -J- =  — .- ,        cosi7-j-  =  0; 

.                             ^       .        .  (74) 

(fiy  Binr)  cosO         djj  siniy  sin^         drj  cos  17 

~d)c'^  J        '        AT""  J        '       'd^'"'J'' 

and  from  (73)  we  get 

dx  dy         .  dz        ^ 

-,— =co8t*,  -^  =  smt*,  -     =0: 

dr  dr  dr  ' 


dx         dx  .  dy        dy  dz         dz       ^ 

-j—=z-  =  —  rBinu,    -/-  =  -/-  =  r  COS!*,    -  ,     =-— =  0; 
dv         ax  dv         dx  dv        dx 


dx        ^  dy  dz 

=  0,  -j^  =  0,  -i— -  =  —  r  COS  u  sin  t; 


(75) 


da      *        da      '        da 

dx        f.  ^y        n  dz  . 

di  di  dx 

Substituting  the  values  thus  found,  in  the  equations 

de  do     dx    ,  do     dy 

cos  17  -,-  =  COSiJ-j-»-j— +  CO817    ,-  •  /, 
dv  dx    dv  dy     dv 

dfi dyi     dx       dfi     dy       drj     dz 

dv       (dx    dv       dy     dv       dz    dv' 
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we  get 

do  de       r        ,^        ^ 

COS  IJ  ^-  =  COS  17  -7-  =  ^  COS  (^  —  tt), 

dri        dri  r    .         .    ^_         ,. 

-^  =  -T^  =  —  -r  sm  19  sin  (^  —  u). 
dv       ax  J 

In  a  similar  manner^  we  derive 

d0  1     •     /y»  \  di]  1     .  r^  ^ 

cosi?-^—  =  —  -sinC^  —  u),        -^-  =  —  J  smi?  co8(^  — 11), 

do  drj  r  .    .  ,^_. 

cosiy-^  —  =  0,  -,      =  —  -^ cos  17  sin t  cos u,  (<7) 

do  drj  r  . 

C097J—  -=z{),  "-..-=  +  -tCosij  sinti. 

at  ai  J 

If  we  introduce  the  elements  <p,  M^  and  fiy  which  determine  r  and  r, 

we  have,  from 

do  do    dr    ,  dO     dv 

cos  w  ^f—  =  cos  w  -i-  •-,--  +  cos  w  -3-  •  -5— » 
as^  dr    dip  dv    dtp 

dii (fiy     dr       drj     dv 

d^       dr    dip       dv    d^ 

if  we  introduce  also  the  auxiliary  quantities /and  Fy  as  determined 
by  means  of  the  equations  (59), 

cosi?-?  =  =(cos(^  — w  — F),     i"^  =  —  l,2mTt%m{0--u  —  F).    (78) 

(lip         a  dip  J 

Finally,  using  the  auxiliaries  g,  h,  G,  and  jFf,  according  to  the  equa- 
tions (61),  we  get 

do        g        ,.  ^v  dfi  q    ,        ./^  ^v 

COS'?   j%r   =^^C08(^  —  U —  (r),  -,,r"  =  — ^  Sm  1J  Sm  (^ —  U —  G), 

d^         ^         fn  TT\  dvj  h    ,  .     ,  -^ 

COS  1?    ,     =  —  COS  (^  —  u  —  H)y        — j—  =  —  -7  sm  15  sm  (0  —  n  —  H\ 
d/i        J  dfi  J 

If  we  express  r  and  v  in  terms  of  the  elements  T,  7,  and  r,  the 
values  of  the  auxiliaries  /,  (/,  h,  F,  &e.  must  be  found  by  means  of 
(64);  and,  in  the  same  manner,  any  other  elements  which  determine 
the  form  of  the  orbit  and  the  position  of  the  body  in  it*  orbit,  may 
be  introduced. 

The  partial  differential  coefficients  with  respect  to  the  element* 
having  been  found,  we  have 

do         ^  do         ^  do      __    ,  do 

cos  1?  ^0  =--  cos  1}  J    Ay  +  cos  ly  .     a^  +  eos  r.         aJi.  +  cos  r,        Aa«, 

dx  dtp  djl^  dfi 

dv        ^     ,    dr.       ,    ^    dr.  ^    dr,  ,      dr,        __    ,     dr. 
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from  which  it  appears  that^  by  the  introduction  of  ;f  as  one  of  the 
elements  of  the  orbit,  when  the  geocentric  places  are  referred  directly 
to  the  plane  of  the  unchanged  orbit  as  the  fundamental  plane,  the 
variation  of  the  geocentric  longitude  in  reference  to  this  plane  depends 
on  only  four  elements. 

57.  It  remains  now  to  derive  the  formulae  for  finding  the  values 
of  7]  and  0  from  those  of  X  and  j9.  Let  Xq,  y^y  Zq  be  the  geocentric  co- 
ordinates of  the  body  referred  to  a  system  in  which  the  ecliptic  is 
the  plane  of  xy,  the  positive  axis  of  x  being  directed  to  the  point 
whose  longitude  is  Q ;  and  let  rr^',  y/,  Zq'  be  the  geocentric  co-ordi- 
nates of  the  body  referred  to  a  system  in  which  the  axis  of  x  remains 
the  same,  but  in  which  the  plane  of  the  unchanged  orbit  is  the  plane 
of  xy;  then  we  shall  have 

ar,,  =  J  cos  /5  cos  (^  —  JJ),  a?/  =  J  cos  ly  cos  0, 

y^  =  A  cos^  sin  {I  —  JJ),  y^  =  A  cos iy  sin  0, 


«„  =  J  sin;?,  z^  =  A  sin  ij, 


and  also 


^0  — *0» 


Hence  we  obtain 


yo'  =  yo  cost +  2^,  sin  1, 
z^  =  —  yo  sin  t  +  «o  cosi. 


cos  1?  cos  ^  =  cos  /9  cos  (I  —  a), 

cos iy  sin ^  =  cos /5  sin  (^  —  Ji)  cos t  -|-  sin  ^ sin i,  (80) 

sin  ly  =  —  cos  /5  sin  (^  —  ft  )  sin  i  +  sin  /5  cos  i. 

These  equations  correspond  to  the  relations  between  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  i,  90°  —  37,  and  90°  —  )9, 
the  angles  opposite  to  90°  —  tj  and  90°  —  ^  being  respectively 
90°  +  (>l  —  ft)  and  90°  —  d.  Let  the  other  angle  of  the  triangle  be 
denoted  by  7*,  and  we  have 

cos  iy  sin  J' =  sin  t  cos  (^  —  ft), 

cos  1?  cos  7*  =  sin  t  sin  {l  —  ft  )  sin  ^  +  cos  i  cos  /5.  ^     ^ 

TThe  equations  thus  obtained  enable  us  to  determine  7,  Oj  and  y  &om 
^  and  j9.  Their  numerical  application  is  &cilitated  by  the  intro- 
duction of  auxiliary  angles.     Thus,  if  we  put 

n  sin  iV  =  sin  ^, 

n  cos  iV'  =  cos  P  sin  (^  —  ft  ),  ^^^^ 
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in  which  n  is  always  positive,  we  get 

COB  7^008  0  =  cos  P  cos  (I  —  ft), 

cos  ij  sin  ^  =  n  cos  (N  —  i),  (83) 

sin  ly  =n  sin  (iV  —  t), 

from  which  yj  and  0  may  be  readily  found.     If  we  also  put 


n!  sin  N'  =  cos  t, 

n'  cos  iV'  =  sin  i  sin  (^  —  ft), 
we  shall  have 

cotiV'  =  tan  t  sin  (A  —  ft). 


(84) 


If  7*  is  small,  it  may  be  found  from  the  equation 

rin,  =  !i5i£2i(izift).  (86) 

COSIJ  '^ 

The  quadrants  in  which  the  angles  sought  must  be  taken,  are  easily 
determined  by  the  relations  of  the  quantities  involved  ;  and  the 
accuracy  of  the  numerical  calculation  may  be  checked  as  already 
illustrated  for  similar  cases. 

If  we  apply  Gauss's  analogies  to  the  same  spherical  triangle,  we  get 

sin  (45^  —  ^17)  sin  (45°  —  ^  (^  +  ^))  = 

cos (45°  +  ^ (; -  ft)) sin (45°  —  ■l(P  + 1)), 

sin (45°  —  iri)  cos (45°  —  l(e  +  r))  = 

sin  (45°  +  ^  (;  -  ft  ))  sin  (45°  -  J  (i9  - 1)), 

cos  (45°  -  ^rj)  sin  (45°  —  ^  (^  —  r))  =  (87) 

cos  (45°  +  i  (^  -  ft ))  cos  (45°  -i(fi  + 1)), 

cos  (45°  —  ^7i)  cos  (45°  ^i(0  —  r))  = 

sin  (45°  +  ^  (^  -  ft ))  cos  (45°  ~  i  (i5  -  0), 

from  which  we  may  derive  tj,  0,  and  y. 

When  the  problem  is  to  determine  the  corrections  to  be  applied  to 
the  elements  of  the  orbit  of  a  heavenly  body,  in  order  to  satisfy 
given  observed  places,  it  is  necessary  to  find  the  expressions  for 
cos  7]  ^0  and  ^rj  in  terms  of  cos  j9  aA  and  Aj9.  If  we  differentiate  the 
first  and  second  of  equations  (80),  regarding  ft  and  i  (which  here 
determine  the  position  of  the  fundamental  plane  adopted)  as  con- 
stant, eliminate  the  terms  containing  drj  from  the  resulting  equations, 
and  reduce  by  means  of  the  relations  of  the  parts  of  the  spherical 
triangle,  we  get 
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COS  ij  do  =  coay  COB  fi  cU  -{-  smy  dfi. 

Differentiating  the  laat  of  equations  (80),  and  reducing,  we  find 

di7  =  —  sinYCOsPdX  +  coBydp. 

The  equations  thus  derived  give  the  values  of  the  differential  co- 
efficients of  0  and  Tj  with  respect  to  X  and./9;  and  if  the  differences 
ZkX  and  A^  are  small,  we  shall  have 

COSl?  Atf  =  C08^C08/9  A^4-  Bmy  ^fi, 

Aiy  =  —  sin  J'  COS  i?  A^  -f  cos  J'  A/9.  ^     ^ 

The  value  of  y  required  in  the  application  of  numbers  to  these 
^nations  may  generally  be  derived  with  sufficient  accuracy  from 
(86),  the  algebraic  sign  of  cost*  being  indicated  by  the  second  of 
^uations  (81) ;  and  the  values  of  tj  and  0  required  in  the  calculation 
of  the  differential  coefficients  of  these  quantities  with  respect  to  the 
elements  of  the  orbit,  need  not  be  determined  with  extreme  accuracy. 

58.  Example. — Since  the  spherical  co-ordinates  which  are  fur- 
nished directly  by  observation  are  the  right  ascension  and  declina- 
tdon,  the  formulse  will  be  most  frequently  required  in  the  form  for 
finding  7]  and  0  from  a  and  d.  For  this  purpose,  it  is  only  necessary 
tx}  write  a  and  d  in  place  of  X  and  j9,  respectively,  and  also  £2^  i'j 
^i  X'y  ^^^  '^'  ^  place  of  (2,  i,  oi,  y,)  ^i^d  u,  in  the  equations  which 
liave  been  derived  for  the  determination  of  tj  and  0,  and  for  the 
differential  coefficients  of  these  quantities  with  respect  to  the  elements 
of  the  orbit. 

To  illustrate  this  clearly,  let  it  be  required  to  find  the  expressions 
:fbr  cos  ^  a9  and  as;  in  terms  of  the  variations  of  the  elements  in  the 
csase  of  the  example  already  given ;  for  which  we  have 

€»'  =  50^  icy  r.29,        a'  =  353^  45'  35".87,        i  =  19^  26'  25".76. 

•Hhese  are  the  elements  which  determine  the  position  of  the  orbit  of 
'Ewrynome  ®,  referred  to  the  mean  equinox  and  equator  of  1865.0. 
^We  have,  further, 

log/=  0.62946,  log  g  =  0.34693,  log  h  =  2.97759, 

F  =  339^  14'  0",  O  =  350M 1'  16",         H  ==  14°  30'  48", 

w'  =  179^13'58". 

In   the  first  place,  we  compute  r,  <?,  and  x  by  means  of  the  formulae 
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(83)  and  (85),  or  by  means  of  (87),  writing  a,  d,  Q\  and  i'  inateid 
of  Xf  fiy  Ji,  and  i,  respectively.     Hence  we  obtain 

0  =  188^  31'  9",  ,y  =  —  lo  sy  28",  y  =  — 19^  17'  7". 

Since  the  equator  is  here  considered  as  the  fundamental  plane, 
longitude  d  is  measured  on  the  equator  from  the  place  of  the  ascend — 
ing  node  of  the  orbit  on  this  plane.     The  values  of  the  differentiA.^ 
coefficients  are  then  found  by  means  of  the  formulse 

do  drj  r  ,    ^         , 

COST) -J -J  =  0,  -=-^  =  —  —  cos  19 sm  1  COS u, 

dhi  dSl  J 

do  df)         .  r  .     J 

cos  1?  —pr  =  0,  -~-  =  +  "T  cos  iy  sm  tr , 


cos  17 


do        r         .^        ,y^  dfi  r    .        .    ,_         ,. 

-  =  —  cos  (^  —  u),  ~r  =  —  -T  sm  iy  sm  (^  —  v  ), 


cosi?-j— =  :irCos(^  —  ti' — jF),       ^-  =  — isini?sin(^  —  v! — F)^ 
c^ 'J  T]i>'  =  ^  c^  (^  — ii'—  G)>        jiD^  =  —  ^  siniy  sin  (^  — u'—  G)^ 


do  h  ,^  f         -_.  rfl7  A     .  •      /^  #         'rr\ 

cosi?--T—  =  — co8(^ — u^JU),      "j^  =  —  —  smiysmC^ — v — H)^ 
which  give 

cosiy-^  =  0,  -^!-  =:  +  0.0204, 

ax  at 

coQri~  =  +  1.5051,  4-r  =  +  0.0086, 

dz  dx 

cos  r,  -^—  =  +  2.0978,  -$-  =  +  0.0422, 

COS  17  ,1t  =  4- 1.1922,  -f^.  =  +  0.0143, 

dMo  dM^ 

cos  1?  4-  =  +  538.00,  ~]^-  =  —  1.71. 

dn  dP' 

Therefore,  the  equations  for  cos^  a^  and  aj;  become 

cos  15  A^  =  +  1.5051  a/  +  2.0978  a^  +  1.1922  ^M^  +  538.00  am, 
Aij  =  +  0.008H  a/  +  0.0422  Af  +  0.0143  a3/,  —  1.71  A/ti 

+  0.5072  A  JJ'  +  0.0204  a*". 

If  we  assign  to  the  elements  of  the  orbit  the  variations 
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Aa.'  =  — 6".64,  Aa'  =  — 14".12,  At'  =  — 8".86, 

Aj>  =  +  10",  aK;  =  +  10",  A/i  =  +  0".01, 

wp  I1&V6 

A/  =  Am'  +  COS  i'  Aft'  =  — 19".96  ; 

and  the  preceding  equations  give 

cos  17  Ad  =  +  8".24,  Ai?  =  —  6".96. 

With  the  same  values  of  aco',  AS2^  <&c-9  we  have  already  found 

cos  ^  Att  =  +  5".47,  A^  =  —  9".29, 

which^  by  means  of  the  equations  (88),  writing  a  and  d  in  place  of 
I  and  ^^  give 

cos  1?  Ad  =  +  8".23,  Ai?  ==  —  6".96. 

59.  In  special  cases,  in  which  the  differences  between  the  calcu- 
lated and  the  observed  values  of  two  spherical  co-ordinates  are  given, 
and  the  corrections  to  be  applied  to  the  assumed  elements  are  sought, 
it  may  become  necessary,  on  account  of  difficulties  to  be  encountered 
in  the  solution  of  the  equations  of  condition,  to  introduce  other  ele- 
ments of  the  orbit  of  the  body.  The  relation  of  the  elements  chosen 
to  those  commonly  used  will  serve,  without  presenting  any  difficulty, 
for  the  transformation  of  the  equations  into  a  form  adapted  to  the 
special  case.  Thus,  in  the  case  of  the  elements  which  determine  the 
form  of  the  orbit,  we  may  use  a  or  log  a  instead  of  //,  and  the 
equation 

at 
gives 

dii  =  —  l-da  =  —  ^jd\oga,  (89) 

in  which  ^  is  the  modulus  of  the  system  of  logarithms.  Therefore, 
the  coefficient  of  a//  is  transformed  into  that  of  a  log  a  by  multiply- 
ing it  by  —  f  T-;  and  if  the  unit  of  the  mth  decimal  place  of  the  loga- 

rithms  is  taken  as  the  unit  of  a  log  a,  the  coefficient  must  be  also 
multiplied  by  10""*.  The  homogeneity  of  the  equation  is  not  disturbed, 
since  fi  is  here  supposed  to  be  expressed  in  seconds. 

If  we  introduce  logp  as  one  of  the  elements,  from  the  equation 

p  =  a  cos*  ^ 
11 
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we  get 

d  logp  =  —  ^-dfi  —  2^^  tan  ^  df , 
or 

dfi  =  —  ^jd logp  —  3/1  tan ^  d^ .  (90) 

Hence  it  appears  that  the  coefficients  of  a  logp  are  the  same  as  those 
of  A  log  ay  but  since  p  is  also  a  function  of  f,  the  coefficients  of  Af 

are  changed;  and  if  we  denote  by  cos  5 ( -7-  I  and  I  -r-  )  the  values  of 

the  partial  differential  coefficients  when  the  element  ft  is  used  in  con- 
nection with  fy  we  shall  have^  for  the  case  under  consideration. 


cos 


.da  *l  da\  ft  da 

o-j—  =  coso\-r—  I  —  3-tanf  cos 0-5-, 
d^  \a<p  1         a  apt 

dd  ldd\      ^fi^         dd 

d^=     [d^rh'^'^T^^ 


in  which  8  =  206264".8.  If  the  values  of  the  differential  coefficients 
with  respect  to  //  and  <p  have  not  already  been  found,  it  will  be  ad- 

,         ,  ^  dr    dv        dr  .       dv      ^ 

vantaecous  to  compute  the  values  of  j— ,  -j-»  -ri ,  and  -j-y —  by 

^  ^  d^   d^    d  logp  d  logp    ' 

means  of  the  expressions  which  may  be  derived  by  substituting  in 

the  equations  (15)  the  value  of  d/a  given  by  (90),  and  then  we  may 

f       ^     J        1         /»        ■*  "*  •*     da       do        _      d^ 

compute  directly  the  values  of  cos  0-7— ,  cos  o  -7= ,  -r— >  and  -r-i • 

*  •  d^  d  logp   dip  d  logp 

In  place  of  3/^,  it  is  often  convenient  to  introduce  L^  the  mean 

longitude  for  the  epoch ;  and  since 

we  have 

dL^  =  dM^  +dr.=z  dM^  +  da,  +  dSl, 

and,  M'hen  j[  is  used, 

dL^=  dMo+  dx  +  (1  —  cost)  dSl' 

Instead  of  the  elements  Ji  and  i  which  indicate  the  position  of  the 
plane  of  the  orbit,  we  may  use 

b  =  sin  i  sin  JJ,  c  =  sin  i  cos  Ji, 

and  the  expressions  for  the  relations  between  the  differentials  of  6 
and  c  and  those  of  1  and  Si  are  easily  derived.  The  cosines  of  the 
angles  which  the  lino  of  apsides  or  any  other  line  in  the  orbit  makes 
with  the  three  co-ordinate  axes,  may  also  be  taken  as  elements  of  the 
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orbit  in  the  formation  of  the  equations  for  the  variation  of  the  geo- 
centric place. 

60.  The  equations  (48),  by  writing  I  and  6  in  place  of  X  and  j9, 
respectively,  will  give  the  values  of  the  differential  coefficients  of 
the  heliocentric  longitude  and  latitude  with  respect  to  x,  y,  and  z. 
Combining  these  with  the  expressions  for  the  differential  coefficients 
of  the  heliocentric  co-ordinates  with  respect  to  the  elements  of  the 
orbit,  we  obtain  the  values  of  cos  6  a^  and  a6  in  terms  of  the  varia- 
tions of  the  elements. 

The  equations  for  dx,  dy^  and  dz  in  terms  of  duy  dSl^  and  di,  may 
also  be  used  to  determine  the  corrections  to  be  applied  to  the  co-or- 
dinates in  order  to  reduce  them  from  the  ecliptic  and  mean  equinox 
of  one  epoch  to  those  of  another,  or  to  the  apparent  equinox  of  the 
date.     In  this  case,  we  have 

du  =  dit  —  dJi. 

When  the  auxiliary  constants  A^  J?,  a,  6,  &c.  are  introduced,  to 
find  the  variations  of  these  arising  from  the  variations  assigned  to 
the  elements,  we  have,  from  the  equations  (99)|^ 

cot  -4.  =  —  tan  ft  cos  t, 

cot  J5  =  cot  Ji  cos  I  —  sin  I  cosec  Ji  tan  c, 

cot  C  =  cot  Ji  cos  I  +  sin  i  cosec  ft  cot  e, 

in  which  i  may  have  any  value  from  0°  to  180°.  If  we  differentiate 
these,  regarding  all  the  quantities  involved  as  variable,  and  reduce 
by  means  of  the  values  of  sin  a,  sin  6,  and  sin  c,  we  get 

,-        cost    -  sin^   •    ^    •    -J- 

dA  =    .  -    aft ; sm  ft  smtat, 

sm'a  sma 

cos  s 
dB  =  —^-T-r (cost  cose  —  sint  sinr  cos  ft)dft 

8inJ5  ,       r^    •    •  I         •  •     \j-  I  sinisinft  , 

H — ; — r-(cosft  smtcose  +  costsmejat H r-r-i — de, 

8m6  ^       '       8m*6 

dC=    .  ,    (cos  t  sin  c  +  sin  i  cos  e  cos  ft  )  dft 
sm'c  w/    WW 

,    sinC,      ^    .    .  .  .         .  -.  ,  sintsinft  , 

H ; (cos  ft  smt  sm  e  —  cos  t  cos  e)  at  -A ;— , ae ; 

smc  ^      "'  ^        '        8m*c 

these,  by  means  of  (101)^,  reduce  to 
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dA  =   .  ,    dSl  —  sin  A  cot  a  dL 
sin' a 

aJ5  =  — .  ,.     aQ  — 8mJ5  cot6at+    .  ,,  cfg,  (91) 

sin*  6  sin*  6 

dC= ;-^  — aJi  — smC7cotcai+   .  ,    ac 

sin*  c  sm*  c 

Let  us  now  differentiate  the  equations  (lOl)},  using  only  the  upper 
sign,  and  the  result  is 

da  =  —  sin  i  sin  A  d  ft  +  cos  A  di, 

db  =  —  sin  I  sin  B  dSl  +  cos  ^  ^*  +  cos  e  cosec  h  cfe, 

rfc  =  —  sin  i  sin  C  dSl  +  co&C  di  —  cos  b  cosec  e  ds. 

If  we  multiply  the  first  of  these  equations  by  cot  a,  the  second  by 
cot  by  and  the  third  by  cot  c,  and  denote  by  X^  the  modulus  of  the 
system  of  logarithms,  we  get 

d  log  sin  a= — A^  sin  i  cot  a  sin  A  dSl  +  ^«  cota  cos  -4  di, 

d  log  sin 6  = — A^  sin  i  cot  6  sin  B  rf JJ  +  ^o  cot 6  cos  Bdi-^-X^ r  ^r —  d't 

d  log  sin  c  =  —  ^-0  sin  i  cot  c  sin  CdSi  +  i^  cot  c  cos  Cdi — i^ r-;, cfc. 

sm  c 

(92) 

The  equations  (91)  and  (92)  furnish  the  differential  coefficients  of 
Ay  By  Cy  logsiutt,  ctc.  wlth  n^pect  to  Ji,  /,  and  e;  and  if  the  varia- 
tions assigned  to  Sly  iy  and  e  arc  so  small  that  their  scjuares  may  lie 
neglected,  the  same  equations,  writing  A>i,  Aji,  Ai,  &c.  instead  of 
the  differentials,  give  the  variations  of  the  auxiliary  constants.  In 
the  case  of  e<iuations  (92),  if  the  variations  of  ft,  i,  and  £  are  ex- 
press<Hl  in  seconds,  each  term  of  the  second  member  must  l>e  divided 
by  2062G4.8,  and  if  the  variations  of  log  sin  a,  log  sin  6,  and  log  sine 
are  re<juiri»il  in  units  of  the  ?rtth  decimal  place  of  the  logarithms,  each 
term  of  the  stK^ond  mcnilxT  must  also  be  divided  by  10*. 

If  we  differentiate  the  equations  (81  )i,  and  rwluce  by  means  of  the 
same  equations,  we  (^sily  find 

cos  hdJ  -  cos  /  sec  b  du  +  cos  ft  rfft  —  sin  6  cos  (/  —  ft  )  rfi,      .  ^o v 
db  ~  sin  /  cos  ( /  —  ft  )  r/u  +  sin  (/  —  ft  )  rfi, 

which  determine  the  relations  Iwtwcen  the  variations  of  the  elements 
of  the  orbit  and  those  of  the  heliocentric  longitude  and  latitude. 
Hy  ditlcrcntiating  the  equations  (88),,  neglecting  the  latitude  of 
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tiie  sun,  and  considering  A,  j9,  J,  and  Q  as  variables,  we  derive,  after 
reduction, 

COS  /5  d^  =  ^  COS  (i  —  O)  do, 

c?/5  =  —  -J  sin /9  sin  (^—  0)dO, 

which  determine  the  variation  of  the  geocentric  latitude  and  longitude 
arising  from  an  increment  assigned  to  the  longitude  of  the  sun.  It 
appears,  therefore,  that  an  error  in  the  longitude  of  the  sun  will 
produce  the  greatest  error  in  the  computed  geocentric  longitude  of  a 
heavenly  body  when  the  body  is  in  opposition. 


THEORETICAL  ASTBO>'OMY. 


CHAPTER  III. 


B  ELEMENTS  BY  THE  V^KUTIOK 


61.  The  observed  spherical  co-ordhiafes  of  the  place  of  ii  heavenly 
body  furnish  each  one  cqiintion  of  conditioD  for  the  corrcetion  of  the 
cleiUGnIs  of  its  orbit  approximately  known,  and  similarly  for  the 
detcrminntion  of  the  elements  in  the  case  of  an  orbit  wholly  unknown ; 
and  since  there  are  six  elenu^nts,  neglecting  the  maes, — wliich  niosl 
ahvftj-s  be  done  in  the  first  approximation,  the  perturbations  not 
being  considered, — three  complete  observationa  will  fiimish  the  six 
equations  neccssarj'  for  finding  these  unknown  quantities.  Hcnm, 
the  data  required  for  the  determination  of  the  orbit  of  a  heavenly 
body  are  three  complete  observations,  natneJy,  three  observed  luld 
tudes  and  the  corresponding  latitudes,  or  any  other  sphericftl  T 
ordinates  which  completely  determine  three  places  of  the  hoAf 
Been  from  the  earth.  Since  these  observations  are  given  aa  made  * 
Bome  point  or  at  different  points  on  the  earth's  surface,  it  betvmea 
necessary  in  the  first  place  to  apply  the  corrections  for  parallax.  In 
the  case  of  a  body  whose  orbit  is  wholly  unknown,  it  is  itnpotviblv 
to  apply  the  correction  for  parallax  directly  to  the  place  of  the  body; 
but  an  equivalent  correction  may  be  applied  to  the  places  of  (he 
CArth,  according  to  the  forniuls  which  will  be  given  in  the  iKXt 
chapter.  However,  in  the  first  determination  of  approximate  i*lv- 
ments  of  the  orbit  of  a  comet,  it  will  he  sutGcient  to  ot^lect  entir*! 
the  correction  for  parallax.  The  uncertainty  of  the  obrter\od  ] 
of  these  bodies  is  so  much  greater  than  in  tlie  case  of  well-deSi 
objects  like  the  planets,  and  the  intervals  lictweeo  the  obscrvatt 
which  will  be  generally  employed  in  the  first  dcterniinatiun  of  I 
orbit  will  be  so  small,  that  an  attempt  Ut  represent  the  obwrrvcd  [ 
with  extreme  accuracy  will  be  su[)orfluous. 

When  appro.ximate  elements  have  been  derived,  we  may  find  Uie 
distances  of  th«  comet  from  the  earth  corresponding  to  tile  three 
observed  places,  and  hence  determine  the  parallax  in  right  s 
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and  in  declination  for  each  observation  by  means  of  the  usual  formulae. 

Thu8|  we  have 

Ttp  COS  f>'    sin  (a  —  6) 


£ka>  =  — 


tany  = 


J  cos^ 

tan^' 


cos  (o  —  6)' 
-      -np  sin  f '    sin  (y  —  d) 

^^  = .  ; , 

in  which  a  is  the  right  ascension,  d  the  declination,  J  the  distance 
of  the  comet  from  the  earth,  ^'  the  geocentric  latitude  of  the  plac^ 
of  observation,  0  the  sidereal  time  corresponding  to  the  time  of 
observation,  p  the  radius  of  the  earth  expressed  in  parts  of  the 
equatorial  radius,  and  n  the  equatorial  horizontal  parallax  of  the 
son. 

In  order  to  obtain  the  most  accurate  representation  of  the  observed 
place  by  means  of  the  elements  computed,  the  correction  for  aberra- 
tion must  also  be  applied.  When  the  distance  J  is  known,  the 
time  of  observation  may  be  corrected  for  the  time  of  aberration; 
but  if  J  is  not  approximately  known,  this  correction  may  be  neglected 
in  the  first  approximation. 

The  transformation  of  the  observed  right  ascension  and  declination 
into  latitude  and  longitude  is  effected  by  means  of  the  equations 
which  may  be  derived  from  (92)i  by  interchanging  a  and  ^,  d  and  ^, 
and  writing  — e  instead  of  e.    Thus,  we  have 

^      ,^     tana 
sma 

.        ,  COs(iV— -e)  ^  ... 

tanX  =z ^_i.tano,  (1) 

COSiV 

tan/5  =tan(iV — e)8inA, 

and  also 

cos  (N —  e) COS  fi  sin  X 

cosN  cos  a  sin  o' 

which  will  serve  to  check  the  numerical  calculation  of  X  and  ^. 
Since  cos  )9  and  cos  8  are  always  positive,  cos  X  and  cos  a  must  have 
the  same  sign,  thus  determining  the  quadrant  in  which  ^  is  to  be 
taken. 

62.  As  soon  as  these  preliminary  corrections  and  transformations 
have  been  effected,  and  the  times  of  observation  have  been  reduced 
to  the  same  meridian,  the  longitudes  having  been  reduced  to  the 
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same  equinox,  we  are  prepared  to  proceed  with  the  determination  of 
the  elements  of  tlie  orbit.  For  this  purpose,  let  t,  t\  V'  be  the  times 
of  observation,  r,  r',  r"  the  radii-vectores  of  the  body,  and  u,  u',  u" 
the  corresponding  arguments  of  the  latitude,  12,  iJ',  iJ"  the  distances 
of  the  earth  from  the  sun,  and  O,  O^  O^^  the  longitudes  of  the  sun 
corresponding  to  these  times. 

Let  \rT^^  denote  double  the  area  of  the  triangle  formed  between 
the  radii-vectores  r,  r'  and  the  chord  of  the  orbit  between  the  corre- 
sponding places  of  the  body,  and  similarly  for  the  other  triangles 
thus  formed.  The  angle  at  the  sun  in  this  triangle  is  the  difference 
between  the  corresponding  arguments  of  the  latitude,  and  we  shall 

have 

[tV]   =  r/  sin  (n'  —  u), 

\Tr''^  =  W  sin  (u"  -  «),  (2) 

[/r"]  =  rV"  sin  («"  —  ii')i 

If  we  designate  by  x,  y,  z,  x'j  y',  2',  a?",  y",  2"  the  heliocentric  co- 
ordinates of  the  body  at  the  times  ^,  V^  and  V\  we  shall  have 

^         aP  =  r  sin  a  sin  (-4  +  ti), 
3!  =  /  sin  a  sin  {A  +  **')> 
x"  =  r"sina8in(A  +  tt"), 

in  which  a  and  A  arc  auxilian*  constants  which  are  functions  of  the 
elements  (2  &nd  1,  and  these  elements  mny  refer  to  any  fundamental 
plane  whatever.  If  we  multiply  the  first  of  these  equations  hy 
sin  (a"  —  t/'),  the  second  by  —  sin  (?/"  —  «),  and  the  third  by 
sin  (w'  —  u),  and  add  the  products,  we  find,  after  reduction, 

z  x'  x" 

-  sin  (ti"  —  n') ,  sin  (m"  —  m)  +  -„  sin  (n'  — 11)  =  0, 

r  r  r 

which,  by  introducing  the  values  of  [rr'],  [rr"],  and  {r'r"\  becomes 


If  we  put 


we  get 


"-[r/']'  "   -[rr"i'  ^'^ 


«x  -  x*  +  « "x"  =  0.  (4) 

In  precisely  the  same  manner,  we  find 

„y  -  y'  +  »".V"  =  0. 


nz  —  z  +  n  «   ==  0. 


(6) 
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Since  the  coefficients  in  these  equations  are  independent  of  the  posi- 
tions of  the  co-ordinate  planes^  except  that  the  origin  is  at  the  centre 
of  the  sun,  it  is  evident  that  the  three  equations  are  identical,  and 
express  simply  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun ;  and  the  last  two  might  have  been  derived 
from  the  first  by  writing  successively  y  and  z  in  place  of  x. 

Let  Xy  X'y  X"  be  the  three  observed  longitudes,  /?,  /9',  ^"  the  corre- 
sponding latitudes,  and  J,  A\  A"  the  distances  of  the  body  from  the 
earth;  and  let 

Jco8/9  =  />,  J'co8/5'  =  /,  J"co8/5"  =  /', 

which  are  called  curtate  distances.     Then  we  shall  have 

x  =  p  QO^X  —  i?  cos  O ,  a:'  =3  />'  cos ^'  —  R  cos  Q\ 

y  =  />  sin  A  —  i?  sin  O,  y'  =  ^'  sin  A'  —  i?  sin  ©', 

=  /o  tan/9,  7^=p'i9^^y 


3        . 

f  =  P 
/'=/>"  tan /9", 


/'co8r~i?"co8  0", 
/'sinr  — i^'sinO", 


in  which  the  latitude  of  the  sun  is  n^lected.  The  data  may  be  so 
transformed  that  the  latitude  of  the  sun  becomes  0,  as  will  be  ex- 
plained in  the  next  chapter ;  but  in  the  computation  of  the  orbit  of 
a  comet,  in  which  this  preliminary  reduction  has  not  been  made,  it 
will  be  unnecessary  to  consider  this  latitude  which  never  exceeds  1", 
while  its  introduction  into  the  formulae  would  unnecessarily  com- 
plicate some  of  those  which  will  be  derived.  If  we  substitute  these 
values  of  a?,  a/,  &c.  in  the  equations  (4)  and  (5),  they  become 

0  =  nOocos^  —  -RcosQ)  —  (^'cosA'  —  i^cos  ©') 

+  n"  (/>"  cos  k"  —  R'  cos  O  "), 
0  =nGo 8m;i  —  i^sin  O)  —  (/ sin/  —  R  sin  O')  (6) 

+  n"  0"  sin  r  —  i?' sm  O"), 
0  =  n/>  tan/J  — />'  tan/S'  +  nV  tan/9". 

These  equations  simply  satisfy  the  condition  that  the  plane  of  the 
orbit  passes  through  the  centre  of  the  sun,  and  they  only  become 
distinct  or  independent  of  each  other  when  n  and  n'^  are  expressed 
in  functions  of  the  time,  so  as  to  satisfy  the  conditions  of  undisturbed 
motion  in  accordance  with  the  law  of  gravitation.  Further,  they 
involve  five  unknown  quantities  in  the  case  of  an  orbit  wholly 
unknown,  namely,  7i,  n",  />,  p'y  and  />" ;  and  if  the  values  of  n  and 
n"  are  first  found,  they  will  be  sufficient  to  determine  />,  p\  and  p". 
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The  determination,  however,  of  n  and  n"  to  a  sufficicDt  degree  of 
accuracy,  by  means  of  the  intervals  of  time  betweeu  the  observation*, 
requires  that  p'  should  be  approximately  known,  and  hence,  In 
general,  it  will  become  necessary  to  derive  first  tlie  values  of  n,  n", 
and  p';  after  which  those  of  p  and  p"  may  be  fonnd  from  equation 
(6)  by  elimination.  But  since  the  number  of  equations  will  tbea 
exceed  the  utiinber  of  iinkiiowit  quantities,  we  may  combine  them  in 
such  a  manner  as  will  diminish,  in  the  greatest  degree  |>o»9ible,  the 
effect  of  the  errors  of  the  observations.  In  special  cases  in  which 
the  conditions  of  the  problem  are  such  that  when  the  ratio  of  two 
curtate  distances  is  known,  the  distances  themselves  may  be  deter- 
mined, the  elimination  must  be  so  performed  as  to  give  this  ratio 
with  the  greatest  accuracy  practicable. 

63.  If,  in  the  first  and  second  of  equations  (6),  we  change  the 
direction  of  the  nxife  of  x  from  the  vernal  eqninos  to  the  place  of  the 
sun  at  the  time  I',  and  again  in  the  second,  from  the  equinox  to  the 
second  place  of  the  IkxIv,  we  must  diminish  the  longitudes  in  these 
equations  liy  the  angle  through  which  the  axis  of  x  has  been  moved, 
and  we  shall  have 


-  O))  —  (j>' cosU'—  Q')—Sr) 
-fi"coa(©"-©')). 

—  O  ))—/<' sinC'l'— 00 
-^'8in(©"— 0'», 

-jr'6la{Q"—i.')). 


If  we  roaltiply  the  second  of  these  equations   by  tan^,  and  tbi 
fourth  by  —  sin(>i' —  ©'),  and  add  the  products,  we  get 

0  =  nV'(tan,?8iii(r— 0')-tan/?"ainCi'-O')) 
— n"B"Bin(  ©"—©')  tau,y-f?i,j(  tan,?  8in(i—0')— tan  ^maC-C— 
-f  w/?siii(©'— ©  Jtan,?. 

Let  us  DOW  denote  double  the  area  of  the  triangle  formed  h 
Bun  and  two  places  of  the  earth  corresponding  to  R  and  li'  by  [M 
and  we  shall  have 

lRjr-\=  RRan(,Q'—Q), 
and  similarly 

[RR"-]  =  RR"  tin  (0"-0). 
IR'R'-l  =  R'R"sia(.Q"~  ©'). 


0  = 

=  »0'e<«(i- 

-0')-«a 

mCG' 

+  » 

((."co«(r- 

-O') 

0  = 

=  »(,.iny- 

-0')  +  -K. 

n(0 

+  » 

■(/'.ii.(i"- 

-OO 

0  = 

=  »(,  «!.(/- 

-J)  +  *sm 

(O- 

—  n 

'(/'.m(J"- 

-/)- 

0  = 

=  nptAafi-- 

p'Ull^  +  > 

V  1» 
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Then,  if  we  put 

we  obtain 

jr'Bin(O"-O0  =  i?8in(O'-O)-^,. 

Substituting  this  in  the  equation  (8),  and  dividing  by.  the  coefficient 
of  />",  the  result  is 

,,__      n      tanyJ'ginO  — ©')— tani^sinO'— ©') 

r     —"  r 


n"    tan/9"8in(i'—  ©')  —  tan /9' sin (/' —  ©') 

i?sin(©'— ©)tani5' 


+ 


'tan;5"8in(>l'-  ©')  — tan/S'sinCA"— ©')' 

Let  us  also  put 

^_  tan^8in(;i— ©O—tanigsmCA^— ©0 
""taniS^smCA'— ©0  — tan/5'8in(>l"-— ©7 


j^,,_  sin  (©'—©)  tan  i9' 


(10) 


tan  )S"  sin  (A'  —  ©')  —  tan  ,^  sin  (>l"  —  ©') ' 
and  the  preceding  equation  reduces  to 

p"=^M'p  +  (^-^^M"R.  (11) 

We  may  transform  the  values  of  M'  and  -3f "  so  as  to  be  better 
adapted  to  logarithmic  calculation  with  the  ordinary  tables.  Thus, 
if  w'  denotes  the  inclination  to  the  ecliptic  of  a  great  circle  passing 
through  the  second  place  of  the  comet  and  the  second  place  of  the 
sun,  the  longitude  of  its  ascending  node  will  be  ©',  and  we  shall 

hAve 

8in(>l'— ©')tanti/=tany5'.  (12) 

I>ct  ^^  p^"  be  the  latitudes  of  the  points  of  this  circle  corresponding 
to  the  longitudes  i  and  k",  and  we  have,  also, 

tajkfi^  =8in(>l  — ©')tanti/,  ^^q\ 

tani9;'  =  sm(r— ©Otanti/.  ^     ^ 

Sabetituting  these  values  for  tan)9',  8in(i—  ©^  and  sin(;"—  ©0 
in  the  expressions  for  M'  and  Jf ",  and  reducing,  they  become 

^^  6Uk(?^—fi)     cos /9^' cos /g;^ 

""  sin  OS"  —  /V')      co8/?,co8/5  '  ^^v 

%^r        J.         J    '     f  ^t         ^ \  cos  ^'  cos  ?r 

ir'=  tan «/ 8m(0'- O) ^^^j,—^. 
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When  the  value  of  —jf  lias  been  foand^  equation  (11)  will  give  the 

relation  between  p  and  p"  in  terms  of  known  quantities.  It  is  evi- 
dent, however,  from  equations  (14),  that  when  the  apparent  path  of 
the  comet  is  in  a  plane  passing  through  the  second  place  of  the 

sun,  since,  in  this  case,  ^  =  t%  ^°^  ^"=  A'S  w®  shall  have  -Jf'=A 

and  J/"  =  (X.  In  this  case,  therefore,  and  also  when  fi^  —  ^  and 
^"  —  ^q"  are  very  nearly  0,  we  must  have  recourse  to  some  other 
equation  which  may  be  derived  from  the  equations  (7),  and  which 
does  not  involve  this  indetermination. 

It  will  be  observed,  also,  that  if,  at  the  time  of  the  middle  obfler- 
vation,  the  comet  is  in  opposition  or  conjunction  with  the  sun,  the 
values  of  M'  and  J/"  as  given  by  equation  (14)  will  be  iDdete^ 
minate  in  form,  but  that  the  original  equations  (10)  will  give  the 
values  of  those  quantities  provided  that  the  apparent  path  of  the 
comet  is  not  in  a  great  circle  passing  through  the  second  place  of  the 
sun.     These  values  are 

,.,__       gin(^~0')  ^^„_      sinfO^— 0) 

^~      8inCx"-07  ^'   ~       sinCr-O'/ 

Hence  it  appears  that  whenever  the  apparent  path  of  the  body  i» 
nearly  in  a  plane  {>ni^ing  through  the  place  of  the  sun  at  the  time  of 
the  middle  obser\'ation,  the  errors  of  observation  will  have  greii 
influence  in  vitiating  the  resulting  values  of  Jf'  and  J/";  and  to 
obviate  the  diificulties  thus  encounterc<l,  we  obtain  from  the  third  of 
equations  (7)  the  following  value  of  //': — 

„ n      8m(x  — X) 

^  ""  ^  «"  '  sin  (,r  —  a') 

-^/?8in(0-x')-47/^sin(0'-A')+ir'8in(0"-i')*^*^ 


H 


gm(,x  — a) 


We  may  also  eliminate  p'  l)etween  the  firet  and  fourth  of  eq«a- 
tioiij?  (7).     If  we  multiply  the  fin?:  by  tan  ,5',  and  the  second  by 

—  cos^x'—  ©'),  and  add  the  products,  we  obtain 

0  =  n"r"  (tan  ,y  cos ./"  —  ©')  —  tan  ^'  cos  v^'  —  ©')) 

—  n"i?"tan.3'ct>si,0"— 0''-w/'(tanyciisix-~0')— tan^coaU— O')) 

—  wi^tau.i'cosvO'— ©)  -r  /f  tan,?', 

from  which  we  derive 
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^  ""'^n" 'tan^'co8(>l'—0')  — tan/5' co8(r—0')  (16) 

-R^tan/S'cosCO"— O')  +  :j77-Rtani9'c08(O'— O)  — ^i^tani?' 
tan  /S"  cos  C>1'  —  © ')  —  tan  y?'  cos  (A"  —  ©') 

Let  us  now  denote  by  /'  the  inclination  to  the  ecliptic  of  a  great 
circle  passing  through  the  second  place  of  the  comet  and  that  point 
of  the  ecliptic  whose  longitude  is  ©' —  90°,  which  will  therefore  be 
the  longitude  of  its  ascending  node,  and  we  shall  have 

cos(A'—  0')tan  J' =  tanks';  (17) 

and,  if  we  designate  by  j9,  and  ^„  the  latitudes  of  the  points  of  this 
circle  corresponding  to  the  longitudes  k  and  /",  we  shall  also  have 

tan  fi,  =  cos  (X  —  Q')  tan  J',  ^^gx 

tan  ^„  =  cos  (A"  —  O')  tan  F.  ^ 

Introducing  these  values  into  equation  (16),  it  reduces  to 

,, n      8in(/9,  —  fi)     co8/S"cos/9„ 

^  "■  '^ ^ '  sin (/9"—  p„)  '  C08/9  cos/5,  (19) 

tan  r  cos /9"  cos  A,  /  n  „       .^,     ^.       1?  \ 

from  which  it  appears  that  this  equation  becomes  indeterminate  when 
the  apparent  path  of  the  body  is  in  a  plane  passing  through  that 
point  of  the  ecliptic  whose  longitude  is  equal  to  the  longitude  of  the 
second  place  of  the  sun  diminished  by  90°.  In  this  case  we  may  use 
equation  (11)  provided  that  the  path  of  the  comet  is  not  nearly  in 
the  ecliptic.  When  the  comet,  at  the  time  of  the  second  observation, 
is  in  quadrature  with  the  sun,  equation  (19)  becomes  indeterminate 
in  form,  and  we  must  have  recourse  to  the  original  equation  (16), 
which  does  not  necessarily  fail  in  this  case. 

When  both  e<|uations  (11)  and  (16)  are  simultaneously  nearly  in- 
determinate, so  as  to  be  greatly  affected  by  errors  of  observation,  the 
relation  between  p  and  p^'  must  be  determined  by  means  of  equation 
(15),  which  fails  only  when  the  motion  of  the  comet  in  longitude  is 
very  small.  It  will  rarely  happen  that  all  three  equations,  (14), 
(15),  and  (16),  are  inapplicable,  and  when  such  a  case  does  occur  it 
will  indicate  that  the  data  are  not  sufficient  for  the  determination  of 
the  elements  of  the  orbit.  In  general,  equation  (16)  or  (19)  is  to  be 
used  when  the  motion  of  the  comet  in  latitude  is  considerable,  and 
equation  (15)  when  the  motion  in  longitude  is  greater  than  in  latitude. 
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64.  The  formalse  already  derived  are  sufficient  to  determine  tlie 
relation  between  p''  and  p  when  the  values  of  n  and  n"  are  known, 
and  it  remainS|  therefore,  to  derive  the  expressions  for  these  qoin* 
titles. 

K  we  put 

k(i!'-()  =  r,  (20) 

A(r  — 0  =t', 

and  express  the  values  of  a?,  y,  2,  a;",  y",  z"  in  terms  of  a/,  y',  s'  by 
expansion  into  series,  we  have 

and  similar  expressions  for  y,  y^',  2,  and  z!'.  We  shall,  however,  tike 
the  plane  of  the  orbit  as  the  fundamental  plane,  in  which  case  z,  J^ 
and  z^'  vanish. 

The  fundamental  equations  for  the  motion  of  a  heavenly  body 
relative  to  the  sun  are,  if  we  neglect  its  mass  in  comparison  with 
that  of  the  sun, 

■5^+7^  =  ^' 

If  we  differentiate  the  first  of  these  equations,  we  get 

^^'^^   rf/_  ifc*  d^ 
dt^  ""   r'*   '  dt       ?''  df 

Differentiating  again,  we  find 


V_/^_12it'/rf/\«      3^   rfV\         6P   d/    d£^ 
¥  ~"\r'«       /*'\  dt)  "^  /*  *  dt*  /     "^  /*  *  de  '  dr 


d 
df 


^«^ 


Writing  y  instead  of  x,  we  shall  have  the  expressions  for  -^ 

~-     Substituting  these  values  of  the  differential  coefficients  in 

tions  (21),  and  the  corresponding  expressions  for  y  and  y",  and 
putting 
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~  k      *tt^^*W*'  dt 

we  obtain 

x  =  a!if  —  b%  af'  =  a"3f-i-b"% 

dt  dt 

From  these  equations  we  easily  derive 

f,!-i^=}r'^Jtldl^,  (23) 

The  first  members  of  these  equations  are  double  the  areas  of  the 
triangles  formed  by  the  radii-vectores  and  the  chords  of  the  orbit 
between  the  places  of  the  comet  or  planet.    Thus, 

^*-a^y  =  [rrQ,  y'V  -  rc'V  =  [//'],  fx--7!'y  =  \W%  (24) 
and  a/dy'  —  yfdaf  is  double  the  area  described  by  the  radius-vector 


during  the  element  of  time  cK,  and,  consequently,  —    /u   —  ^ 

double  the  areal  velocity.    Therefore  we  shall  have,  n^lecting  the 
Dttas  of  the  body, 

in  which  p  is  the  semi-parameter  of  the  orbit.    The  equations  (23), 
^liwefore,  become 

W\  =  U  y/p,  [/r"]  =  6"ife  1/5,  [ty]  =  (oi"  +  o"6)  h  i/p- 

Substituting  for  a,  6,  a",  6"  their  values  from  (22),  we  find,  since 

f=-r  +  r", 
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[//']  =  ri/^(l-i^  +  ij^.4 ),  (25) 

From  these  cquatioDS  the  values  of  n  =  ^   ,,..   and  »"  =  ^—7?;  may 
be  derived ;  and  the  results  are 


(26) 


which  values  arc  exact  to  the  third  powers  of  the  timCi  inclusive, 
lu  the  case  of  the  orbit  of  the  earth,  the  term  of  the  third  order, 

being  multiplied  by  the  very  small  quantity  -rp  is  reduced  to  i 

superior  order,  and,  therefore,  it  may  l)e  neglected,  so  that  in  this 
case  we  shall  have,  to  the  same  degree  of  approximation  as  in  (26), 


(27) 


From  the  equations  (26)  or  from  (25),  since  -f,  =  f— 7^,  we  find 

Since  this  equation  involves  r'  and  -,-,  it  is  evident  that  the  value 
of    -,y  in  the  case  of  an  orbit  wholly  unknown,  can  be  determineil 

only  l)y  successive  approximations.  In  the  first  approximation  to 
tho  cU'inciits  of  the  orbit  of  a  heavenly  Ixxly,  the  interx'als  between 
the  observations  will  usually  be  small,  and  the  series  of  terms  of  (28) 
will  converge  rapidly,  so  that  we  may  take 


7/  —  "^i* 


71 
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and  similarly 

j^  — 1 

Hence  the  equation  (11)  reduces  to 

P"  =  ~  M'p.  (29) 

It  will  be  observed,  further,  that  if  the  intervals  between  the  observa- 
tions are  equal,  the  term  of  the  second  order  in  equation  (28) 

vanishes,  and  the  supposition  that  — ,  =  -r^  is  correct  to  terms  of  the 

third  order.  It  will  be  advantageous,  therefore,  to  select  observa- 
tions whose  intervals  approach  nearest  to  equality.  But  if  the 
observations  available  do  not  admit  of  the  selection  of  those  which 
give  nearly  equal  intervals,  and  these  intervals  are  necessarily  very 
unequal,  it  will  be  more  accurate  to  assume 

and  compute  the  values  of  N  and  N"  by  means  of  equations  (9), 
since,  according  to  (27)  and  (28),  if  r'  does  not  differ  much  from  R\ 
the  error  of  this  assumption  will  only  involve  terms  of  the  third 
order,  even  when  the  values  of  r  and  z"  differ  very  much. 

Whenever  the  values  of  p  and  p^'  can  be  found  when  that  of  their 
ratio  is  given,  we  may  at  once  derive  the  corresponding  values  of  r 
and  r'^,  as  will  be  subsequently  explained. 

The  values  of  r  and  r"  may  also  be  expressed  in  terms  of  r'  by 
means  of  series,  and  we  have 


from  which  we  derive 


neglecting  terms  of  the  third  order.    Therefore 

k  (r"  —  O 


LU  T 

12 


(80) 
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and  when  the  intervals  are  cqual^  this  value  is  exact  to  terms  of  the 
fourth  order.     We  have,  also, 

'  +  -  =  2''  +  '-T^4 

which  gives 

|/=«(r  +  /')~K^'-r)^^.  (31) 


Therefore,  when  r  and  r"  have  been  determined  by  a  first  approzi- 
mation,  the  approximate  values  of  r'  and  -^  are  obtained  from  these 

equations,  by  means  of  which  the  value  of  -^  may  be  recomputed 

u 

from  equation  (28).     We  also  compute 

N""  i?i?8in(0'— ©)'  ^^*^ 

n  N 

and  substitute  in  equation  (11)  the  values  of  -;;  and  j=f,  thus  found* 

If  we  designate  by  M  the  ratio  of  the  curtate  distances  p  and  p^\ 
we  have 

In  the  numerical  application  of  this,  the  approximate  value  of  p  will 
be  used  in  computing  the  lost  term  of  the  second  member. 

In  the  case  of  the  determination  of  an  orbit  when  the  approximate 

elements  arc  already  known,  the  value  of  -77  may  be  computed  from 

n"""r/8iir(t/  — r)'  ^^ 

N 
and  that  of  ™  from  (32) ;  and  the  value  of  M  derived  by  means  of 

these  from  (33)  will  not  require  any  further  correction. 

65.  When  the  apparent  path  of  the  body  is  such  that  the  value 
of  JT,  as  derived  from  tlic  first  of  equations  (10),  is  either  indeter- 
minate or  greatly  affected  by  errors  of  obsor\'ation,  the  equations  (15) 
and  (16)  must  l>e  em))Ioycd.  The  last  terms  of  these  equations  may 
bo  changed  to  a  form  which  is  more  convenient  in  the  approximations 
to  the  vahie  of  the  ratio  of  p"  to  p. 

Let   F,  Y'f  Y"  be  the  ordinates  of  the  sun  when  the  axis  of 
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abscissas  is  directed  to  that  point  in  the  ecliptic  whose  longitude  is 

a  J  and  we  have 

Y  =R  Bin(0  —A'), 

T  =B:  8in(0'— A'), 

r"=i?'sin(0"— A'). 

Now^  in  the  last  term  of  equation  (15)^  it  will  be  sufficient  to  put 

n  _   N 

and^  introducing  F,  F',  Y"^  it  becomes 

( -;^  F-  i,  F  +  F"  )  cosec  (A"-  k').  (35) 

It  now  remains  to  find  the  value  of  -77-     From  the  second  of  equa- 

n  * 

'tidons  (26)  we  find,  to  terms  of  the  second  order  inclusive; 
^Te  have,  also, 


nd  henoe 


;i^  —  lp--J?7 '•(''  + ^')(p,-;g;i)- 


'-therefore,  the  expression  (35)  becomes 


,,_^^(3rr-F+j^"F"+i^r(^+r")(^-;^)i^"r). 


J?' 

at,  aooordmg  to  equations  (5), 

NY—Y'+N"Y"=0, 
^uid  the  forgoing  expression  reduces  to 


+ 


."'f^l^n/l        1  \.g'sin(Q^->10 
"t"*^    ^    ''\/»      iJ^/    Bin  (A"— A')    ' 


fidnce  Y'  =  iJ'  sin  (©'  —  ^').    Hence  the  equation  (15)  becomes 
'^-''^•8in(r-i')-*l^^^+'^)\f^-5^)   8in(/'— I')  '  ^^^^ 
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If  we  put 

-^ n_    sin  (^'  —  A) 

^~'iir  '  Bin  (X"  —  X'y 


we  have 


7  =  "=-»^-  <*" 


Let  us  now  consider  the  equation  (16),  and  let  us  designate  by  X, 
X'y  X**  the  abscissas  of  the  earth,  the  axis  of  abscissas  being  directed 
to  that  point  of  the  ecliptic  for  which  the  longitude  is  O',  then 

X  =i?co8(0  — OO, 

X"=i?'co8(0"— O'). 
It  will  be  sufficient,  in  the  last  term  of  (16),  to  put 

n  _   N 

and  for  — ^  its  value  in  terms  of  JV"  as  already  found.    Then,  since 

NX--X'  +  N"X"  =  0, 
this  term  reduces  to 

*  r"  '^    "^  ^\75      /?"/tan/5"c08(>l'-O')"— tan/S'cosCr— O  ' 
and  if  we  put 

^  "  n"  '  tan  /i" co«  (?/  -  O')  —  tan;?' cos (X"  —  0')'  (38) 

n^    rr'  ,    /J \\ tan  jT  R 

^■~^~"«   n   *  r"^'''^''  '\r'^       iJVtan/?'co8(A— 0')— tan/36o8(A'— Q')  '  7^ 

the  equation  (16)  becomes 

M=^  =  M,'r.  (89) 

In  the  numerical  application  of  these  formulae,  if  the  elements  are 
not  approximately  known,  we  first  assume 


n  T 


when  the  intervals  are  nearly  equal,  and 
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n  _    N 
n'''^  N   ' 

as  given  by  (32)^  when  the  intervals  are  very  unequal^  and  neglect 
the  factors  F  and  F\  The  values  of  p  and  />"  which  are  thus  ob- 
tained, enable  us  to  find  an  approximate  value  of  r'y  and  with  this  a 

more  exact  value  of  -jf  may  be  found,  and  also  the  value  of  F  or  F'. 

n 

Whenever  equation  (11)  is  not  materially  affected  by  errors  of 
observation,  it  will  furnish  the  value  of  M  with  more  accuracy  than 
the  equations  (37)  and  (39),  since  the  neglected  terms  will  not  be  so 
great  as  in  the  case  of  thes«  equations.  In  general,  therefore,  it  is  to 
be  preferred,  and,  in  the  case  in  which  it  fiiils,  the  very  circumstance 
that  the  geocentric  path  of  the  body  is  nearly  in  a  great  circle,  makes 
the  values  of  F  and  F'  differ  but  little  from  unity,  since,  in  order 
that  the  apparent  path  of  the  body  may  be  nearly  in  a  great  circle^ 
r'  must  differ  very  little  from  jB'. 

66.  When  the  value  of  M  has  been  found,  we  may  proceed  to 
determine,  by  means  of  other  relations  between  p  and  />'',  the  values 
of  the  quantities  themselves. 

The  co-ordinates  of  the  first  place  of  the  earth  referred  to  the  third, 

are 

x,  =  Jff'  eoB  O"  —  i?  cos  O,  ,^v 

y,  =  Jff'  sm  O"  —  i?  sm  O.  ^    ^ 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
corresponding  to  the  first  and  third  observations,  and  by  G  the  longi- 
tude of  the  first  place  of  the  earth  as  seen  from  the  third,  we  shall 

have 

x,  =  g  cosO,  yt  =  9  sin  G, 

and,  consequently, 

tB"cos(0"— ©)  — i?  =  5rco8(G— O),  .... 

JB"sin(0"— O)  =^8in((?— O).  ^    ^ 

If  '^  represents  the  angle  at  the  earth  between  the  sun  and  comet 
at  the  first  observation,  and  if  we  designate  by  w  the  inclination  to 
the  ecliptic  of  a  plane  passing  through  the  places  of  the  earth,  sun, 
and  comet  or  planet  for  the  first  observation,  the  longitude  of  the 
ascending  node  of  this  plane  on  the  ecliptic  will  be  O,  and  we  shall 
have,  in  aocoQlance  with  equations  (81)^ 

cos  4  =  cos  /5  cos  (A  —  O),  ^ 
sin  4  cos  w  =  cos  fi  sin  (A  —  ©), 
sin  4  sin  to  =  sin  fi, 
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from  which  l   ,  •  .^it^ 

taniS        ',?«<"'' 

^        tan(i-0)       t«.-" 

COS  II? 


(42) 


We  also  have 


Since  cos  ^  is  always  positive,  coa'^  and  cos(>l  —  Q)  must  have  the 
same  sign;  and,  further,  4^  cannot  exceed  180^. 

In  the  same  manner,  if  w"  and  '^'^  represent  analc^us  quantities 
for  the  time  of  the  third  observation,  we  obtain 

,        „  tan^' 

sm  (A"  —  O") 
^     „^tan(r^ 

cos  IIT '  ^ 

cos  At'  =  cos  iS"  cos  (I"  —  O'O. 
7^=  A'  +  iP  —  2Ji?  COS 4,  - 
which  may  be  transformed  into 

r*=  0>  sec/9  —  i?  cos^)*  +  iP  sin'^;  (44) 

and  in  a  similar  manner  we  find 

/'» =  {p"  sec  /S"  —  i?'  cos  V')'  +  -B"'  sin*  V'.  (45) 

Let  X  designate  the  chord  of  the  orbit  of  the  body  between  the  first 
and  third  places,  and  we  have 

K'=  (a^'-^)'  +  (y"-y)«+  (/'-^f)«. 

But 

x  =  p  Qosl  —  i?  cos  O, 

y  =  />  sin  >l  —  i?  sin  ©, 
z  =zp  tan  A 

and,  since  p"=  Mpy 

a!'  =  Mp  cos  X"  —  i?'  cos  Q", 
y"  --^  3//t>  sin  A"  —  i?'  sin  ©", 
2"  =-  3//t>  tan  ^' 

from  which  we  derive,  introducing  g  and  (r, 

re"  —  a:  =  3//>  cos  >l"  —  />  cos  A  —  g  cos  O, 
y"  —  y  =  J/j«  sin  i"  —  ^  sin  i  —  g  sin  O,    • 
«"  —  2  =  3/ir>  tau/S" —  /o  tan  /?. 

Let  us  now  put 
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Mp  COS  ^"  —  p  COS  X  =  ph  cos  C  cos  jBT, 

Mp  sin  A"  —  p  sin  X  =ph  cos  C  sin  H,  (46) 

JM/»  taniS" —  p  tani5=  ^A  sin  C. 


Then  we  have 


of'  —  a:  =  /oA  cos  C  cos  jBT —  ^  cos  G, 
y"  —  y  =  ph  cos  C  sin  JT —  g  sin  (?, 
«"  —  z=  ph  sin  C. 

Squaring  these  values^  and  adding^  we  get^  by  reduction^ 

x*  =  /j)W  —  25rMcosC  cos((?  —  fi")  +  ^r';  (47) 

and  if  we  put 

cos C  cos(G  —  H)  =  cos f,  (48) 

we  have  ^  ^^  ^i 

x"  =  {ph  —  g  cos  q>y  +  ^*  sin*  f . .  (49) 

If  we  multiply  the  first  of  equations  (46)  by  cosjl",  and  the 
second  by  %mX"j  and  add  the  products;  then  multiply  the  first  by 
sin  l"f  and  the  second  by  cos  ^",  and  subtract,  we  obtain 

A  cos  C  cos(jBr-.  r)  =  M—  cos(A"  —  A), 

A  cos  C  sin  (jBT  —  A")  =  sin  (A"  —  X\  (50) 

AsinC  =3ftan/3"  — tani?, 

by  means  of  which  we  may  determine  h,  ^,  and  H. 
Let  us  now  put 

gmi9  =  A, 
i?  sin  4  =  -B,  h  cos  /5  =  i, 

R'  sin  V'  =  ^',  \^^  =  y/^  (51) 

^  cos  ^  —  6i?  cos  4  =  c,      ^  cos  ^  —  6"i2"  cos  4"  =  c", 

^A  —  ^  cos  ^  =d, 

and  the  equations  (44),  (45),  and  (49)  become 

r  =  yj(ipJ  +  B',  (52> 

The  equations  thus  derived  are  independent  of  the  form  of  the 
orbit,  and  are  applicable  to  the  case  of  any  heavenly  body  revolving 
around  the  sun.  They  will  serve  to  determine  r  and  r^^  in  all  cases 
in  which  the  unknown  quantity  d  can  be  determined.   If /o  is  known. 
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Therefore,  

Let  us  now  put 

m  and  n  being  positive  quantities.    Then  we  shall  have 

2  cos^Ct/'  —  v)  l/rr"=  d=mn; 

and,  since  in  and  n  are  always  positive,  it  follows  that  the  upper  sign 

must  be  used  when  t/' —  v  is  less  than  180°,  and  the  lower  sign  when 

f/'  —  t?  is  greater  than  180°.     Combining  the  last  equation  with  (53), 

the  result  is 

oL/jf^      A       8mi(v"— v)l/rr''      •  ,     ,  _^       x  rKr^\ 

Sh  (f  —  0  =  — ^ — -^ (m*  +  n*  ±  mn).  (55) 

Now  we  have 

gin  J  (t/'  —  v)  =  sin  ^v"  cos  ^v  —  cos  ^v"  sin  ^v. 
Squaring  this,  and  reducing,  we  get 

sin*  J  (t/'  —  v)  =  cos'  ^v  +  cos'  ^t/'  —  2  cos  Jv"  cos  Jv  cos  ^  (t/' — v), 
or,  introducing  r  and  q, 

Therefore,  __ 

8ini(t^'~  v)  = -^^  (m  T  n). 

Introducing  this  value  into  equation  (55),  we  find 

6ife(r— 0  =  wi»=pw». 

Replacing  m  and  n  by  their  values  expressed  in  terms  of  r,  r"y  and 
X,  this  becomes 

6ife  (^'  -  0  =  (r  +  /'  +  x)i  qi  (r  +  r"  -  x)i,  (56) 

the  upper  sign  being  used  when  v"  —  v  is  less  than  180°.  This 
equation  expresses  the  relation  between  the  time  of  describing  any 
parabolic  arc  and  the  rectilinear  distances  of  its  extremities  from  each 
other  and  from  the  sun,  and  enables  us  at  once,  when  three  of  these 
quantities  are  given,  to  find  the  fourth,  independent  of  either  the 
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perihelion  distance  or  the  position  of  the  perihelion  with  respect  to 
the  arc  described. 

68.  The  transcendental  form  of  the  equation  (56)  indicates  that, 
when  either  of  the  quantities  in  the  second  member  is  to  be  found, 
it  must  be  solved  by  successive  trials;  and,  to  facilitate  these  approxi- 
mations, it  may  be  transformed  as  follows : — 

Since  the  chord  x  can  never  exceed  r  +  r",  we  may  put 


''.,         '   ,\  (57) 

r 


-j-^=8mr', 


and,  since  x,  r,  and  r'^  are  positive,  sin  7^  must  aiways  be  positive. 
The  value  of  /  must,  therefore,  be  within  the  limits  0°  and  180**. 
From  the  last  equation  we  obtain 

and  substituting  for  x'  its  value  given  by 

x«  =  (r  +  /')'  —  ^^'  cos*  i  (t/'  —  v), 
this  becomes 

co«r—  {r  +  f^y 

Therefore,  we  have 

cos /  =  cos ^  (v"  —  v)  ^      ^;,  (58) 

and  also 

tan  /  =  :r=r. — .  (59) 

2V rr"  cos  l(i/' —  v) 

Hence  it  appears  that  when  t''' — r  is  less  than  180°,  y'  belongs  to 
the  first  quadrant,  and  that  when  t?" —  v  is  greater  than  180°,  cosj^ 
is  negative,  and  y'  belongs  to  the  second  quadrant. 

If  we  introduce  7^  into  the  expressions  for  m*  and  n',  they  become 

m«=(r +  /')(!  +8inr'), 

n'=(r  +  r")(l-8inA 
which  give 

TO«=  (r  +  /')  (cos  If  +  sin  Jr')', 
n»  =  (r  +  r")  (  ±  cos  Jr'  ^  sin  j/)' ; 

and,  since  y'  is  greater  than  90°  when  r"  — r  exceeds  180°,  the 
equation  (56)  becomes 

7-!^^  =  (cos  Jr'  +  "n  i/y-  (cos  1/  -  sin  J/)". 
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From  this  equation  we  get 

— f^  =  6  0084/ sin i/+  2  Bin^y^, 

or 

r  =  6  sin 4/ — 4  sin' A/; 

and  this,  agaio^  may  be  transformed  into 

6^         _o/8inj/\       ./sin^/V'  .... 

2f(r  +  /0*""    lVr)""M~72")-  ^^^^ 


8ina;  =  ?^,  (61) 


Let  us  now  put 

8 

or 

sin  If  =  t/2  sin  a?, 
and  we  have 

=  =  3  sin  a;  —  4  sin' ^e  =  sin  3a;.  (62) 

l/2(r  +  /0* 

When  t?"  — V  is  less  than  180*",  f  must  be  less  than  90®,  and 

hence,  in  this  case,  sin  x  cannot  exceed  the  value  \y  or  x  must  be 

within  the  limits  0*"  and  30°.     When  t?"  —  t?  is  greater  than  180°, 

the  angle  y*  is  within  the  limits  90°  and  180°,  and  corresponding  to 

these  limits,  the  values  of  sin  x  are,  respectively,  \  and  Ji/2«     Hence, 

in  the  case  that  v"  —  v  exceeds  180°,  it  follows  that  x  must  be  within 

the  limits  30°  and  45°. 

The  equation 

3t' 


V'2(r  +  /')* 


=  sin  3a? 


is  satisfied  by  the  values  3a?  and  180°  —  3a?;  but  when  the  first  gives 
X  less  than  15°,  there  can  be  but  one  solution,  the  value  180°  — 3a? 
being  in  this  case  excluded  by  the  condition  that  3a?  cannot  exceed 
136°.  When  a?  is  greater  than  16°,  the  required  condition  will  be 
satisfied  by  3a?  or  by  180°  —  3a?,  and  there  will  be  two  solutions, 
corresponding  respectively  to  the  cases  in  which  v"  —  t?  is  less  than 
180°,  and  in  which  v"  —  v  is  greater  than  180°.  Consequently, 
when  it  is  not  known  whether  the  heliocentric  motion  during  the 
interval  t"  —  <  is  greater  or  less  than  180°,  and  we  find  3a?  greater 
than  45°,  the  same  data  will  be  satisfied  by  these  two  difierent 
solutions.     In  practice,  however,  it  is  readily  known  which  of  the 
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two  solutions  must  be  adopted^  since,  when  the  interval  i"  —  ^  is  not 
very  large,  the  heliocentric  motion  cannot  exceed  180^,  unless  the 
perihelion  distan'ce  is  veiy  small ;  and  the  known  circumstances  will 
generally  show  whether  such  an  assumption  is  admissible. 
We  shall  now  put 

^  =  7-^^  (63) 


and  we  obtain 


We  have,  also, 
and  hence 
Therefore 


8in3x=^=.  (64) 


sin  ^/  =  1/2  sinx, 

cos^/  =  |/1  —  2  gin* «  =  l/cos2x. 

sin  y^  =  2i  sin  X  V  cos2x, 
and,  since  x  =  (r  +  r")  sin  7^,  we  have 

X  =  2l  (r  +  /')  sin  X  i/cm2x. 


If  we  put 


3  sin  X    / j7-  y/fcCN 

P  =  ;j-^- VoM2r,  (66) 

smox 


the  preceding  equation  reduces  to 

1^ 


V  (r  +  r") 


M.  (66) 


From  equation  (64)  it  appears  that  1^  must  be  within  the  limits  0 
and  H'^S-  We  may,  therefore,  construct  a  table  which,  with  7  as 
the  argument,  will  give  the  corresponding  value  of  /^i,  since,  with  a 
given  value  of  3;,  3a:  may  be  derived  from  equation  (64),  and  then 
the  value  of  ^i  fix)m  (65).  Table  XI.  gives  the  values  of  /£  corre- 
sponding to  values  of  tj  from  0.0  to  0.9. 

69.  In  determining  an  orbit  wholly  unknown,  it  will  be  necessary 
to  make  some  assumption  in  r^ard  to  the  approximate  distance  of 
the  comet  from  the  sun.  In  this  case  the  interval  V  —  i  will  gene- 
rally be  small,  and,  consequently,  x  will  be  small  compared  with  r 
and  r".  As  a  first  assumption  we  may  take  r  =  1,  or  r  +  r"  =  2, 
and  /x  =  1|  and  then  find  x  from  the  formula 
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With  this  value  of  x  we  compute  d,  r,  and  r"  by  means  of  the 
equations  (52).  Having  thus  found  approximate  values  of  r  and  r'\ 
we  compute  rj  by  means  of  (63),  and  with  this  value  we  enter  Table 
XI.  and  take  out  the  corresponding  value  of  //.  A  second  value 
for  X  is  then  found  from  (66),  with  which  we  recompute  r  and  r",  and 
proceed  as  before,  until  the  values  of  these  quantities  remain  un- 
changed. The  final  values  will  exactly  satisfy  the  equation  (56), 
and  will  enable  us  to  complete  the  determination  of  the  orbit. 

After  three  trials  the  value  of  r  +  t"  may  be  found  very  nearly 
correct  from  the  numbers  already  derived.  Thus,  let  y  be  the  true 
value  of  log  (r  +  r")y  and  let  Ay  be  the  difference  between  any 
assumed  or  approximate  value  of  y  and  the  true  value,  or 

Then  if  we  denote  by  y^'  the  value  which  results  by  direct  calculation 
from  the  assumed  value  y^y  we  shall  have 

Vo' — yo  =/(yo)  =/(y  +  ^y). 

Expanding  this  function,  we  have 

But,  since  the  equations  (52)  and  (66)  will  be  exactly  satisfied  when 
the  true  value  of  y  is  used,  it  follows  that 

/(y)  =  0, 

and  hence,  when  Ay  is  very  small,  so  that  we  may  neglect  terms  of 
the  second  order,  we  shall  have 

yo' — yo  =  ^  ^y  =  ^  (yo — y  )• 

Let  us  now  denote  three  successive  approximate  values  of  log  (r  +  r") 
W  Voy  yo'i  Vo^j  and  let 

yo'  — yo=«i  yo"  — yo'  =  «'; 

then  we  shall  have 

a  =A(y^  —  y), 

a'  =  ^(y;~y). 
£liniiiiating  A  from  these  equations,  we  get 

y(a'  — a)  =  a'y„  — ayo', 


from  which 


aa'  „         a'* 


y=y.'-:y^=y."-^-  (67) 


a  — a 


^.'lli«jfi^  tu«  Ufwuiueci  vbiuef  un  (.-auBidenaiin'  k.  euui.  tiie  Talne  of 
«;  or  uf  itj^'  .V  -  <"  uiuf  i'uiuid  wilJ  tie  mi&cieiitrr  ezBC :  fam  dioiild 
i*  Lit.  «tiJ  iL  *srr\x.  v»  ui&v.  irunj  iiHr  three  vuiufih  wbicL  iqiproziiiiite 
u*»i*sii\  v,  cii»  tru*:i..  derive  «/  iritL  ffdli  jgiwui*'  aeonarr.  In  the 
ijtiiiii:«v;a.  a)i)iii<;a!.i'/L  cif  liji^  etjuifliun.  c  aud  r  msv  be  expressed  in 
uijivr  «a'  lu*.  iiwi!  o^;luiaJ  plaoe  ^.ff  tiie  iorrBiitliiiis^  emplnv«d. 

'J'l**  fl'^iuti'^ii  */i  •3'^uati'ju    ->0*..  to  find  i'' —  r  when  x  k  known,  ii 
/iife'j.M  i-flli^jt^  U'  xueaii^  of  Table  TIIL     Thu  wt  lisTfr 

-  =:EII:  OZ. 


*.'y:^  *i>rtt  y^  it  l«a*  ijiaxi  JfO'",  if  we  pm 


*tV  =  -^ — r, 
em  7" 


/  -    i  l'^  .Vfcin/  'V -  r" i.  (68) 

/    .  J  |/2  ^'x  vV=7\ 

Vm^  #j  ^  i'X^^^'Ati  Wf'",  we  put 

JVT'  =  sin  3x, 

T^       i  1/2  -lV  <^r  -^  r'O  J.  (69) 

.*,  M^./^  l'/i(  J|/2  '^OTrWOST.  With  the  argument  ;^  we  take 
ft*/h,  'i,i\,U  VIII.  tin?  c'iirrcK{>onding  value  of  JT  or  JT,  and  by 
//.>  M<<x  t,i  il«i «i'  <i|imf  ioiiH  r'      i'  (V  —  <)  is  at  once  derived. 

'\  \»*  uri»iri-  pfolili'ifi,  III  which  r'  is  known  and  x  is  reqoired,  may 
i»).//  \tt  .-i/l  vl  \ty  iiMiiiih  of  the  same  table.     Thus,  we  mav  for  a  first 

ft|fpi'/4imfitioii  |Hjt 

X  :^  r'  1/2, 

and  with  thin  vnhn*  of  X  iMimpute  d^  r,  and  r''.  The  value  of  ;^  is 
then  fbitiid  from 

and  the  table  f|;ivoH  tlic^  rorreH]>oiKling  value  of  iVor  N*,  A  second 
approxiinution  to  X  will  l>c  given  by  the  equation 


1/2   iVi/r  +  r"' 
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orhy 

3  T'sin/ 


3 
in  which  log  -^  =  0.3266063.    Then  we  recompute  d,  r,  and  r", 

and  proceed  as  before  until  x  remains  unchanged.    The  approxima- 
tions are  facilitated  by  means  of  equation  (67). 
It  will  be  observed  that  d  is  computed  from 

and  it  should  be  known  whether  the  positive  or  n^ative  sign  must 
be  used.    It  is  evident  from  the  equation 

d  =  ph  —  g  cos  ^, 

since  py  A,  and  g  are  positive  quantities^  that  so  long  as  ^  (which 
must  be  within  the  limits  0°  and  180°)  exceeds  90°,  the  value  of  d 
must  be  positive ;  and  therefore  ^  must  be  less  than  90°,  and  g  cos  ^ 
greater  than  phj  in  order  that  d  may  be  negative.  The  equation  (47) 
shows  that  when  x  is  greater  than  g,  we  have 

gcos^<C  iph, 

and  hence  d  must  in  this  case  be  positive*  But  when  x  is  less  than 
gy  either  the  positive  or  the  n^ative  value  of  d  will  answer  to  the 
given  value  of  fy  and  the  sign  to  be  adopted  must  be  determined 
from  the  physical  conditions  of  the  problem. 

If  we  suppose  the  chords  g  and  x  to  be  proportional  to  the  linear 
velocities  of  the  earth  and  comet  at  the  middle  observation,  we  have, 
the  eccentricity  of  the  earth's  orbit  being  neglected. 


=a/I 


which  shows  that  x  is  greater  than  g,  and  that  d  is  positive,  so  long 
as  r'  is  less  than  2.     The  comets  are  rarely  visible  at  a  distance  from 
the  earth  which  much  exceeds  the  distance  of  the  earth  from  the  sun, 
and  a  comet  whose  radius-vector  is  2  must  be  nearly  in  opposition  in 
Order  to  satisfy  this  condition  of  visibility.     Hence  cases  will  rarely 
Occur  in  which  d  can  be  negative,  and  for  those  which  do  occur  it 
Will  generally  be  easy  to  determine  which  sign  is  to  be  used.    How- 
ever, if  d  is  very  small,  it  may  be  impossible  to  decide  which  of  the 
two  solutions  is  correct  without  comparing  the  resulting  elements 
other  and  more  distant  observations. 
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70.  When  the  values  of  r  and  r'^  have  been  finally  determined,  ai 

just  explained,  the  exact  value  of  d  may  be  computed,  and  then  we 

have 

d  -{-  g  cos^ 

^ ""  h        '  (70) 

from  which  to  find  p  and  p^^. 

According  to  the  equations  (90),,  we  have 

r  cos  6  cos  (/  —  O)  =:  /»  cos  (A  —  ©)  —  R, 

r  cos  6  sin  (/  —  Q)  =  p  sin  (A  —  ©),  (71> 

r  sin  6  =  /o  tan  ^, 


and  also 


r"  cos  b"  cos  (r  —  0")  =  p"  cos  (A"  —  ©")  —  R', 
r"  cos  b"  sin  (f  —  O")  =  p"  sm  (X"  —  ©"), 
r"sm6"  =/>"tanS'' 


(72) 


in  which  I  and  T^  are  the  heliocentric  longitudes  and  b^  b"  the  corre- 
sponding heliocentric  latitudes  of  the  comet.  From  these  equations 
we  find  r,  r",  l,  V\  6,  and  6" ;  and  the  values  of  r  and  t"  thus  found, 
should  agree  with  the  final  values  already  obtained.  When  V  is  leas 
than  /,  the  motion  of  the  comet  is  retrograde,  or,  rather,  when  the 
motion  is  such  that  the  heliocentric  longitude  is  diminishing  instead 
of  increasing. 

From  the  equations  (82)j,  we  have 

±.  tan  {  sin  (/  —  J2  )  =  tan  6,  rp.Qv 

±tant8in(r— a)  =  tany',  ^^^ 

whicli  may  be  written 

±L  tani(sin(/  — ar)cos(ar —  J2)  +8in(ar  —  J2)cos(/  — a;))  =  tan6, 
±  tan  I  (!?in  (/"—  ar)  cos  (a;  —  J2  )  +  sin  (x  —  J2  )  cos  (/"—  «))  =  tan  V\ 

Multiplying  the  first  of  these  equations  by  sin  (/''  —  ar),  and  the  second 
by  —  sin(i  —  a?),  and  adding  the  products,  we  get 

±.  taut  sin  (a; —  JJ)  sin  (/"  —  /)  =  tan6  sin  (?'  —  «)  —  tan  6"  sin  (/  —  «); 

and  in  a  simikr  manner  we  find 

ditani  cos  (a; —  J2)sin(r — t)  =  tany'co8(/  —  x)  —  tan&  co8(r  — x). 

Now,  since  x  is  entirely  arbitrary,  we  may  put  it  equal  to  /,  and  we 
have 
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tan  t  sin  (^  —  JJ)  =  ±  tan  b, 

,      .       ,,      ^.           tan*"— tan 6  cos (r—0  (74) 

tantco8(/-a)  =  ± an{r-l) '' 

the  lower  sign  being  used  when  it  is  desired  to  introduce  the  distinc- 
tion of  retrograde  motion. 

The  formuke  will  be  better  adapted  to  logarithmic  calculation  if 
we  put  X  =  i{U'+  I),  whence  V'—x=i{l^'  —  Q  and  /  — a?=i(/— f''); 
and  we  obtain 

tan^sin(Kr+0-Q)==±2cos6:^yclKr-O'     (7,^ 
tan«cos(Kr+Q-Q)=±,^^,;^y-^)(,.^. 

These  equations  may  also  be  derived  directly  from  (73)  by  addition 
and  subtraction.     Thus  we  have 

±  tan  t(8m  (f—  ft)  +  sm  (/  —  J2))  =  tan  6"  +  tan  b, 
It  tan  i  (sin  (r  —  a  )  —  sin  (/  —  ft  ))  =  tan  6"  —  tan  6  ; 

and,  since 

8in(r—  a)  +  8in(/—  a)  =  2  8mKr+  if— 2JJ)co8K^  — 0, 
8in(r— a)  — 8in(/— JJ)  =  2co8K^'+ ^  — 2JJ)  sin  J(^'— 0, 

these  become 

•   •   /i/jTf  I   f\       r^\       ^  i (tan  y  +  tan 6) 

^^^MUf'+0-Si)  =  ±^  cosK^--0  ' 

X      .       /,/ir/  .   ,N       r^^       ^Utanft"— tan6)  ^^^^ 

tantcosG (^'  +  /)  -  a)  =  ±  ^\:r,ur'-^n    > 


8inK^'-0 

which  may  be  readily  transformed  into  (75).  However,  since  b  and 
b"  will  be  found  by  means  of  their  tangents  in  the  numerical  appli- 
cation of  equations  (71)  and  (72),  if  addition  and  subtraction  loga- 
rithms are  used,  the  equations  last  derived  will  be  more  convenient 
than  in  the  form  (75). 

As  soon  as  a  and  i  have  been  computed  from  the  preceding  equa- 
tions, we  have,  for  the  determination  of  the  arguments  of  the  latitude 
u  and  u^'y 

^tan(;— a)             ^       „      _^tan(r— a) 
tan  tt  =  ±: ^:— . — -^  tan  u"=  ± ^ ,-^^, 

Now  we  have 

U=zV-\'  to, 


(77) 
cos  I  cost  "^ 


in  which  w  =  7:  —  a  in  the  case  of  direct  motion,  and  oi  =  a  —  ^ 

13 
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-when  the  distinction  of  retrograde  motion  is  adopted;  and  we  shall 

have 

vl'  —  u  =  i/'  —  v, 

and^  consequently^ 

x'  =  r»  +  r"*  —  2rr"  cos  (w"—  t*),  ( 

or 

x'  =  (/'  —  r  cos  (u"  —  u)Y  +  r»  sin*  (w"  —  u).  (T 

The  value  of  x  derived  from  this  equation  should  agree  with 
already  found  from  (66). 
We  have^  further, 

r  =  q  sec*  -J  (u  —  a»),  r^'  =  q  sec*  ^  (m"  —  •), 

or 

— r=  cos  K^  —  »)  =  — 7^»  -7=-cosi(M"  — «)  =  --;— 

V^  Vr  Vq  Vf^ 

By  addition  and  subtraction,  we  get,  from  these  equations, 
--  (cos  ^  (tt"  —  w)  +  cosi(u  —  «))  ==  -7==  + 


-ji=- (COS  i  («"-«,)- COS  i  («-•'))  =  :j^ —p^ 
firom  which  we  easily  derive 

-^  cos  HK«"+ w)-*")  cos  I  («"-«)  =  ^  +  ^ 

2  11 

—  sin  ^  (^  («"+  tt)  —  m)  sin  ^  (u" —  «)  =  — ^  — 


(«» 


But  _ 

1   _   1   _    1    /  .//'  _  tfTx 

and  if  we  put 

tan(45»  +  0  =  -Vv' 

since  v —  will  not  differ  much  from  1,  6'  will  be  a  small  angle;  and 
we  shall  have,  since  tan  (45°  +  0')  —  cot  (45°  +  *')  =  2  tan  29', 


•n/^  -  \  7'- =  2  tan  2*', 
>/y- +  V^  =  2  ««  2*', 
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Therefore^  the  equations  (80)  become 

1      .    ,/,///,     V        >  tan2^' 

--^  sin  i  iiW+ 1*)  -  oi)  ==  Tv^' 

1  Mxf  jt  X     \        \  sec 2^ 

V  5  cos  J  {u  —  u)  yrr' 

from  which  the  values  of  q  and  (o  may  be  found.  Then  we  shall 
iiave,  for  the  longitude  of  the  perihelion 

"when  the  motion  is  direct^  and 

"when  i  unrestricted  exceeds  90°  and  the  distinction  of  retrograde 
motion  is  adopted. 

It  remains  now  to  find  T,  the  time  of  perihelion  passage.  We  have 

With  the  resulting  values  of  t;  and  t?"  we  may  find,  by  means  of 
Table  VI.,  the  corresponding  values  of  M  (which  must  be  distin- 
guished from  the  symbol  if  already  used  to  denote  the  ratio  of  the 
curtate  distances),  and  if  these  values  are  designated  by  Jf  and  Jf' ', 
we  shall  have 

m  m 

or 

m  m 

Q 

in  which  m  =  ^,  and  log  Cq  =  9.9601277.     When  v  is  negative,  the 

corresponding  value  of  Jf  is  negative.     The  agreement  between  the 

two  values  of  T  will  be  a  final  proof  of  the  accuracy  of  the  numerical 

calculation. 

The  value  of  T  when  the  true  anomaly  is  small,  is  most  readily 

and  accurately  found  by  means  of  Table  VIII.,  from  which  we 

derive  the  two  values  of  N  and  compute  the  corresponding  values 

of  T  firom  the  equation 

2       , 

T=  t  —  ol  Nr*  sin  v, 

2 
in  which  logo,  =  1.5883273.     When  t;  is  greater  than  90°,  we  de- 
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rive  the  values  of  N'  from  the  table,  and  compute  the  oorrespondin 
values  of  T  from 

71.  The  elements  q  and  T  may  be  derived  directly  from  the  vala< 
of  r,  r",  and  x,  as  derived  from  the  equations  (52),  without  fir 
finding  the  position  of  the  plane  of  the  orbit  and  the  position  of  tl 
orbit  in  its  own  plane.  Thus,  the  equations  (80),  replacing  u  and  v 
by  their  values  v  +  ca  and  v  +  ft)",  become 


-^.smi  (t/' +  v)  siniCt/' -I')  = -7=  -  ^' 
Vq  Vr      Vr" 

--;=C08i  (t/'  +  V)  COSi  (,/'  — v)  =-7=  +  -7=r. 

vq  Vr      Vr" 

Adding  together  the  squares  of  these,  and  reducing,  we  get 

1      r  +  ;^,-7=casi(t^'~i') 


q  sin*  ^  (v"  —  v) 

or 

rr"  sin*  i(t/'  —  r) 


«  = 


Combining  this  equation  with  (59),  the  result  is 

_  n^'  sin*  j  (t/^  —  v) 
'""  r  +  r"  — X  cot  r" 

and  hence,  since  x  =  (r  +  r'')  sin  t'', 

q  =  —  sin*  ^  (v"  —  v)  cot  ^/. 

We  have,  further,  from  (78), 

X*  =  (r"  —  ry  +  4rr^'  sin*  ^  (t/'  —  v), 
from  which,  putting 


f^'  —  T 

sm  V  = , 


we  derive 


2l/rr" 
= sin  i  (v"  —  v). 


cosv 

X 


(« 


Therefore,  the  equation  (83)  becomes 
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^r  =  i  (r  +  r")  cos^/ co8«y,  (86) 

l)y  means  of  which  q  is  derived  directly  from  r,  r",  and  «,  the  value 
43f  y  being  found  by  means  of  the  formula  (84)^  so  that  cos  i^  is 
jwritive. 

When  7^  cannot  be  found  with  sufficient  accuracy  from  the  equa- 

fve  may  use  another  form.     Thus,  we  have 

....      r  +  r^'  +  x  ,        .     ,      r  +  t^'  —  x 

l+8mr^=     ^^^,    ,  l_8my'  =  -jq-pr-, 

wlu«h  give,  by  division, 

tan  (45»  +  ^yO  =  yl^±^±^-  (87) 

Itm,    w^  similar  manner^  we  derive 

tan  (45^  +  ^v)  =  Jl±^^.  (88) 

^  X  —  (r  ^  r) 


order  to  find  the  time  of  perihelion  passage,  it  is  necessary  first 
*^  ci^rive  the  values  of  v  and  v".     The  equations  (59)  and  (85)  give, 

^y    ^KiQuItiplication, 

tan^  (v"  —  v)  =  tan/  cosv,  (89) 

which  f/'  —  V  may  be  computed.    From  (82)  we  get 

tuilV  +  .)tiiiiH«"-<i)  =  -i4 — • 

eput 

tan/  =  ^^', 

equation  reduces  to 


(90) 


tani  (t/'  +  v)  =  tan  (/ —  45^)  coti  (t/'  —  v),  (91) 

the  equations  (81)  give,  also, 

tani  (t/'  +  v)  =  coti  (t/'  —  v)  sin 2^, 
^tU^f  of  which  may  be  used  to  find  t?''  +  v. 
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From  the  equations 

cos  ^v 1  cos  ^v" 


Vq         Vr  Vq         Vi" 

by  multiplying  the  first  by  sin  Jr"  and  the  second  by  —  sin  Jr,  wic^Ml^' 
ing  the  products  and  reducing,  we  easily  find 

sin  ^  (v"  —  v)  sinAv cos  ^  (t/^  —  v)         1 


Vq  Vr  l/r" 

Hence  we  have 

J_  .    ,    ^cotjCr^^  — v) 1 

^-sm^v-         ^-  ^;7>8in^(v"-v)'  r«^=:^) 

1         ,  1  lif2»-— 

— ;=  cos  AV  =  —7=, 

Vq  Vr 

which  may  be  used  to  compute  j,  r,  and  t?"  when  r"  —  r  is  known. 

When  J(t7"  —  v)  and  J(t;"  +  t?),  and  hence  v"  and  r,  have 
determined,  the  time  of  perihelion  passage  must  be  found,  as  al 
explained,  by  means  of  Table  VI.  or  Table  VIII. 

It  is  evident,  therefore,  that  in  the  determination  of  an  orbit, 
soon  as  the  numerical  values  of  r,  r",  and  x  have  been  derived  firom—- ^ 
the  equations  (52),  instead  of  completing  the  calculation  of  the  ele- 
ments of  the  orbit,  we  may  find  q  and  T,  and  then,  by  means  of 
these,  the  values  of  r'  and  r'  may  be  computed  directly.     When  this 
has  been  effected,  the  values  of  n  and  n"  may  be  found  from  (3),  or 

that  of  — ,  from  (34).     Then  we  compute  p  by  means  of  the  first  of 

equations  (70),  and  the  corrected  value  of  M  from  (33),  or,  in  the 
special  cases  already  examined,  from  the  equations  (37)  and  (39).  In 
this  way,  by  successive  approximations,  the  determination  of  para- 
bolic elements  from  given  data  may  be  carried  to  the  limit  of  accuracy 
which  is  consistent  with  the  assumption  of  parabolic  motion.  In  the 
case,  however,  of  the  equations  (37)  and  (39),  the  n^Iected  terms 
may  be  of  the  second  order,  and,  cH>nsequently,  for  the  final  results 
it  will  be  necessary,  in  order  to  attain  the  greatest  possible  aocuracy, 

to  derive 

It 

P 

from  (15)  and  <  16).  When  the  final  value  of  M  has  been  foond,  the 
determination  of  the  elements  is  completed  by  means  of  the  formal* 
already  given. 


i 


PARABOLIC   ORBIT.  199 

72.  Example. — To  illustrate  the  application  of  the  formulae  for 
tiie  calculation  of  the  parabolic  elements  of  the  orbit  of  a  comet  by 
sft  numerical  example,  let  us  take  the  following  observations  of  the 
JPiflh  Comet  of  1863,  made  at  Ann  Arbor: — 

Ann  Arbor  M.  T.                              o  6 

1864  Jan.  10  6*  57"  20'.5  19*  14"  4'.92  +  34°    6'  2r.4, 

13  6  11    64.7  19  25    2.84  36    36  52  .8, 

16  6  35   11 .6  19  41    4 .54  +  39   41  26  .9. 

These  places  are  referred  to  the  apparent  equinox  of  the  date  and 
WLire  already  corrected  for  parallax  and  aberration  by  means  of 
approximate  values  of  the  geocentric  distances  of  the  comet.  But 
if  approximate  values  of  these  distances  are  not  already  known,  the 
csorrections  for  parallax  and  aberration  may  be  neglected  in  the  first 
determination  of  the  approximate  elements  of  the  unknown  orbit  of 
SL  comet.  If  we  convert  the  observed  right  ascensions  and  declina- 
"^ons  into  the  corresponding  longitudes  and  latitudes  by  means  of 
^^<)uations  (1),  and  reduce  the  times  of  observation  to  the  meridian 
Washington,  we  get 

Washington  M.  T.                             ^  P 

1864  Jan.  10  7*  24"    3*  297°  53'    7".6  +  55°  46'  58".4, 

13  6  38    37  302    57  51  .3  57    39  35  .9, 

16  7     1    54  310    31  52  .3  +  59    38  18  .7. 

,  we  reduce  these  places  by  applying  the  corrections  for  pre- 
and  nutation  to  the  mean  equinox  of  1 864.0,  and  reduce  the 
of  observation  to  decimals  of  a  day,  and  we  have 


t  =  10.30837,  X  =  297°  52'  51".l,  fi  =  +  55°  46'  58".4, 
f  =  13.27682,  X'  =  302  57  34  .4,  ^  =  57  39  35  .9, 
r  =  16.29299,         r  =  310    31  35  .0,         ^9"  =  +  59    38  18  .7. 

or  the  same  times  we  find,  from  the  American  NatUical  AlmanaOy 

O   =  290°    6'  27".4,  log  R  =  9.992763, 

O'  =293     7  57  .1,  logi?  =9.992830, 

©"  =  296    12  15.7,  log  if' =  9.992916, 

"^^hich  are  referred  to  the  mean  equinox  of  1864.0.     It  will  gene- 
^^ly  be  sufficient,  in  a  first  approximation,  to  use  logarithms  of  five 
decimals ;  but,  in  order  to  exhibit  the  calculation  in  a  more  complete 
^fbrro,  we  shall  retain  six  places  of  decimals. 

Since  the  intervals  are  very  nearly  equal,  we  may  assume 
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_w_ r_ N_ 

n"  ""  r"  "  W 
Then  we  have 

,-,      if'  — if     tan/5'8m(A  — 0')  — tan/9sin(i'— 0') 


e  —  t'tamr  sin  (A'  —  OO  —  tanks'  sin  (A"  —  ©')' 
and 

^  sin  (  G  —  O)  =  if'  sin  (0"  —  0), 

gcoslo—  O)  =  R'  cos(0"  —  O)  —  R; 

h  cos  C  cos  (JI  —  r)  =  Jtf  —  cos  (A"  —  A), 

A  cos  :  sin  {H—  k")  =  sin  (A"  —  A), 

AsinC  =Jtftan/9"  —  tani?;    , 

from  which  to  find  Jf,  G,  ^r,  JT,  ^,  and  A.     Thus  we  obtain 

log  Jf^::  9.829827,  H=      94**  24'    r.8, 

G  =  22°  58'  1".7,  C  =  —  40   28  21  .9, 

log  g  =  9.019613,  log  h  =  9.688532. 

J"  cos  fi 

Since  — p  =  M — ^  =  0.752,  it  appears  that  the  comety  at  the  time 

of  these  observations,  was  rapidly  approaching  the  earth.  The 
quadrants  in  which  G  —  O  and  H — X''  must  be  taken,  are  deter- 
mined by  the  condition  that  g  and  h  cos  ^  must  always  be  positive. 
The  value  of  M  should  be  checked  by  duplicate  calculation,  since  an 
error  in  this  will  not  be  exhibited  until  the  values  of  X'  and  fi^  are 
computed  from  the  resulting  elements. 
Next,  from 

cos  4  =  cos  /9  cos  (X  —  O),  cos  4"  =  cos  /S"  cos  (>l" —  ©"), 

cos  ^  =  cos  C  cos  (  G  —  -BT), 

we  compute  cosi//,  cosi//",  and  cos^;  and  then  from 

g  sin  ^     =  Af  h  cos  fi  =b, 

T>   .  -n  A  cos  /5"       , ,, 

R'  sin  V  =  J5", 
g  co8^  —  bR  cos 4  =  c,  g  cos^  —  V'Rf'  cos 4"  =  c', 

we  obtain  Ay  jB,  jB",  &c.  It  will  generally  be  sufficiently  exact  to 
find  sin '4'  and  siu'^/"  from  cos-v^  and  cos^^";  but  if  more  accurate 
values  of  1//  and  '4/"  are  required,  they  may  be  obtained  by  means  of 
the  equations  (42)  and  (43).     Thus  we  derive 

log  A  =  9.006485,        log  B  =  9.912052,        log  B"  =  9.933366, 
log  b  =  9.438524,  log  6"  =  9.562387, 

c  =  —  0.125067,  c"  =  —  0.150562. 
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Then  we  have 


r'  =  A(r— 0, 


2t' 


(r +/')»' 


from  which  to  find,  by  successive  trials,  the  values  of  r,  r'\  and  x, 
that  of  /I  being  found  from  Table  XI.  with  the  argument  tj.  First, 
^e  assume 

log  X  =  log  ^1/2  =  9.163132, 

and  with  this  we  obtain 

log  r  =  9.913895,        log  r"  =  9.938040,        log  (r  +  /')  =  0.2271 65. 

This  value  of  log(r  +  r")  gives  tj  =  0.094,  and  from  Table  XI.  we 
find  log;*  =  0.000160.    Hence  we  derive 

log  X  =  9.200220,        log  r  =  9.912097,        log  /'  =  9.935187, 

log(r  +  /')  =  0.224825. 


4-^ 


Repeating  the  operation,  using  the  last  value  of  log(r  +  r^^),  we  get 

log  X  =  9.201396,        log  r  =  9.912083,        log  /'  =  9.935117, 

log(r  +  r")=t).224783.    : 

The  correct  value  of  log(r  +  r'')  may  now  be  found  by  means  of  the 
equation  (67).  Thus,  we  have,  in  units  of  the  sixth  decimal  place  of 
Ihe  logarithms, 

a  =  224825  —  227165  =  —  2340,        a'  =  224783  —  224825  =  —  42, 

and  the  correction  to  the  last  value  of  log(r  +  r'O  becomes 


a'« 


=  —  0.8. 


a — a 
Therefore, 

log(r  + 0  =  0.224782, 

and,  recomputing  rj,  fiy  x,  r,  and  r",  we  get,  finally, 

log  X  =  9.201419,        log  r  =  9.912083,        log  r"  =  9.935116, 

log  (r  +  r")  =  0.224782. 

The  agreement  of  the  last  value  of  log(r  +  r'')  with  the  preceding 
one  shows  that  the  results  are  correct.     Further,  it  appears  from  the 
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values  of  i'  and  r"  that  the  comet  had  parsed  its  perihelion  and  wu 
rweding  from  the  auu. 

•  By  means  of  the  values  of  r  and  r"  wo  might  compute  approxi — 
mate  values  of  r'  and  -jr  from  the  equations  (30)  and  (31),  aod  lheK:«a 
a  more  approximate  value  of  — ^  from  (28),  that  of  j^  beinj;^  foua^^^i 
from  (32).  But,  since  r'  differa  but  little  from  M',  the  difiin-nc=^=- 
between  — ;;  and  -^  is  very  small,  so  that  it  ia  not  necessary  to  coi^^^* 
stder  the  second  term  of  the  second  member  of  the  equation  (33^^^H 
and,  since  the  iiiter\'al8  are  very  nearly  equal,  the  error  of  the  a^H^ 
Gumption 


is  of  the  third  order.  It  should  be  observed,  however,  that  an  erro.::^* 
In  the  value  of  M affects  H,  f,  A,  and  hence  also  A,  6,  6",  c,  and  e'"" 

and  the  resulting  value  of  p  may  be  affected  by  an  error  whicli  oon 

siderably  excecdii  that  of  AT.  It  is  advant^eous,  therefore,  to  srlec^^B 
observation!!  which  furnish  intervals  as  nearly  e<iual  as  poiwibic  ii^^* 
order  that  the  error  of  M  may  be  small,  otherwise  it  may  Ik-coto^^^ 
necessary  to  correct  M  and  to  repeat  the  calculation  of  r,  r",  and  x_—  - 

We  may  also  compute  the  perilielion  distance  and  the  time  of  ixsri - 

helion  posiiage  from  r,  )■",  and  x  by  means  of  the  equations  (8(i),  (89)^ 
and  (91)  in  oonnection  with  Tables  VI.  and  VIII.  Then  r'  and  ^' 
may  be  computed  directly,  and  tbe  complete  expression  for  Jf  nujr — 
be  employed. 

In  the  tint  determination  of  the  element?,  and  especially  wtittu  th^ 
corrections  for  parallax  and  aberration  have  been  neglected,  it  ix  un- 
necessary to  attempt  to  arrive  at  the  limit  of  aocuracy  attainable, 
since,  when  approximate  elements  have  been  found,  the  olMervatiot»- ■ 
may  be  more  conveniently  redun<d,  and  those  which  include  a  loi 
interval  may  be  used  in  a  moro  complete  calculation.  Hence,  as  s 
a»  r,  r",  and  x  have  been  found,  the  curtate  dishtnct'S  arc  next  deter- 
mined, and  then  the  elements  of  the  orbit.  To  find  />  and  p",  w» 
have 

d  =  -\-  0.122395, 

the  positive  sign  being  used  since  x  is  greater  than  f/,  and  the  furmuhs 


log/.  =  9.* 
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From  these  values  of  p  and  /?'',  it  appears  that  the  comet  was  very 
near  the  earth  at  the  time  of  the  observations. 

The  heliocentric  places  are  then  found  by  means  of  the  equations 
(71)  and  (72).     Thus  we  obtain 

/  =  106°  40'  50".6,        6  =  +  33°    1'  10".6,        logr  =  9.912082, 
r=112   31     9.9,        6"  =  +  23    55    5.8,        logr"  =9.935116. 

The  agreement  of  these  values  of  r  and  r"  with  those  previously 

found,  checks  the  accuracy  of  the  calculation.     Further,  since  the 

heliocentric  longitudes  are  increasing,  the  motion  is  direct. 

The  longitude  of  the  ascending  node  and  the  inclination  of  the 

orbit  may  now  be  found  by  means  of  the  equations  (74),  (75),  or  (76) ; 

jmd  we  get 

a  =  304°  43'  11".5,  i  =  64°  31'  21".7. 

The  values  of  u  and  u"  are  given  by  the  formulae 

cos  t  cos  % 

t»  and  I  —  S2  being  in  the  same  quadrant  in  the  case  of  direct  motion. 
Thus  we  obtain 

u  =  142°  52'  12".4,  tt"  =  153°  18'  49".4. 

Then  the  equation 

x«  =  (r"  —  r  cos  (w"  —  i*))*  +  r»  sin*  (w"  —  u) 
gives 

log  x  =  9.201423, 

Jmd  the  i^reement  of  this  value  of  x  with  that  previously  found, 
proves  the  calculation  of  J2,  i,  u,  and  w". 
From  the  equations 

tan  (45°  +  ^)  =  \p-, 

1     .,,,,„,     V         ^  tan  2^ 

Vq  sm  I  (i* ' —  u)  V  rr' 


Vq  cos  \  (tt" —  u)  {/rr** 

get 

^  =  0°  22'  47".4,        ««  =  115°  40'  6".3,        log  q  =  9.887378. 

^ence  we  have 

TT  =  01  +  J2  =  60°  23'  17".8, 


204  THEORETICAL  ASTRONOMY. 

and 

t;  =  tt  —  «» =  27^?  6'M,  v"  =  w" — a,  =  37°  38'  43'M. 

Then  we  obtain 

log  m  =  9.9601277  —  |  log  (^  =  0.129061, 
and,  corresponding  to  the  values  of  v  and  t?",  Table  VI.  gives 

log  Jtf  =  1.267163,  log  M"  =  1.424162. 

Therefore,  for  the  time  of  perihelion  passage,  we  have 

T=t  ——  =  «  — 13.74364, 
m 

and 

T==  <"—— =r— 19.72836. 
m 

The  first  value  gives  T=  1863  Dec.  27.56473,  and  the  second  gives 
T=  Dec.  27.56463.  The  agreement  between  these  results  is  the  final 
proof  of  the  calculation  of  the  elements  from  the  adopted  value  of 

p 
If  we  find  T  by  means  of  Table  VIII.,  we  have 

log  N  =  0.021616,  log  J\r"  =  0.018210, 

and  the  equation 

2  2 

T=t  —  -^NriBmv  =  f  —  -^  iV^V'i  sin  t/', 

in  which  log  ^  =  1.5883273,  gives  for  T  the  values  Dec.  27.56473 

and  Dec.  27.56469. 

Collecting  together  the  several  results  obtained,  we  have  the  fol- 
lowing elements : 

T  =  1863  Dec.  27.56471  Washington  mean  time. 

7C  =   60°23'17".8)    __.    .        _. 

o       of\A    ^  Q  1 1    K\  Ecliptic  and  Mean 
a  =  304    43  11  .5  V     j,^i        1334  Q 

i   =   64    31  21  .7j         ^ 

log  q  =  9.887378. 

Motion  Direct. 

73.  The  elements  thus  derived  will,  in  all  cases,  exactly  represent 
the  extreme  places  of  the  comet,  since  these  only  have  been  used  in 
finding  the  elements  after  p  and  p^^  have  been  found.     If,  by  means 
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of  these  elements,  we  compute  n  and  n"^  and  correct  the  value  of  M^ 
the  elements  which  will  then  be  obtained  will  approximate  nearer 
the  true  values;  and  each  successive  correction  will  furnish  more 
accurate  results.  When  the  adopted  value  of  M  is  exact,  the  result- 
ing elements  must  by  calculation  reproduce  this  value,  and  since  the 
computed  values  of  ^,  )J\  ^,  and  pi"  will  be  the  same  as  the  observed 
values,  the  computed  values  of  V  and  ^'  must  be  such  that  when 
substituted  in  the  equation  for  iff,  the  same  result  will  be  obtained 
as  when  the  observed  values  of  V  and  /3'  are  used.  But,  according 
to  the  equations  (13)  and  (14),  the  value  of  JIf  depends  only  on  the 
inclination  to  the  ecliptic  of  a  great  circle  passing  through  the  places 
of  the  sun  and  comet  for  the  time  V^  and  is  independent  of  the  angle 
at  the  earth  between  the  sun  and  comet.  Hence,  the  spherical  co- 
ordinates of  any  point  of  the  great  circle  joining- these  places  of  the 
sun  and  comet  will,  in  connection  with  those  of  the  extreme  places, 
give  the  same  value  of  J!f,  and  when  the  exact  value  of  M  has  been 
used  in  deriving  the  elements,  the  computed  values  of  V  and  /9'  must 
give  the  same  value  for  w'  as  that  which  is  obtained  from  observa- 
tion. But  if  we  represent  by  'v//'  the  angle  at  the  earth  between  the 
sun  and  comet  at  the  time  V ^  the  values  of  'v//'  derived  by  observation 
md  by  computation  from  the  elements  will  differ,  unless  the  middle 
place  is  exactly  represented.  '  In  general,  this  difference  will  be  small, 
uid  since  w'  is  constant,  the  equations 

cos  4'  =  cos  ^  cos  (A'  —  ©'), 
sin  4'  cos  «/  =  cos  /5'  sin  (A'  —  ©'),  (93) 

sin  4'  sin  v!  =.8in  ^5', 


give,  by  differentiation, 

cos  ft  d>!  =  cos  tif  sec  j^  rf^', 

d^  =  sin  v/  cos  (A'  —  ©')  d^\ 
From  these  we  get 

co8^d/_tan(/— OO 

dfi^  sin  ^5' 


(94) 


which  expresses  the  ratio  of  the  residual  errors  in  longitude  and 
latitude,  for  the  middle  place,  when  the  correct  value  of  M  has  been 
used. 

Whenever  these  conditions  are  satisfied,  the  elements  will  be 
correct  on  the  hypothesis  of  parabolic  motion,  and  the  magnitude 
of  the  final  residuals  in  the  middle  place  will  depend  on  the  deviation 
of  the  actual  orbit  of  the  comet  from  the  parabolic  form.     Further, 


206  THEORETICAL  ASTRONOMY. 

when  elements  have  been  derived  from  a  value  of  M  which  has  not 
been  finally  corrected^  if  we  compute  k'  and  )9'  by  means  of  these 
elements,  and  then 

tanw'  =  ^-^5J?L^,  (95) 

sm  (/  —  ©')  ^    ' 

the  comparison  of  this  value  of  tan  w'  with  that  given  by  observa- 
tion will  show  whether  any  further  correction  of  M  is  necessary,  and 
if  the  difference  is  not  greater  than  what  may  be  due  to  unavoidable 
errors  of  calculation,  we  may  regard  M  as  exact. 

To  compare  the  elements  obtained  in  the  case  of  the  example 
given  with  the  middle  place,  we  find 

t/  =  32°  31'  13".6,  v!  =  148**  11'  19".8,  log  /  =  9.922836. 

Then  from  the  equations 

tan  (?  —  JJ)  =  cos  1  tan  i*', 

tan  y  =  tan  i  sin  (?  —  ft), 
we  derive 

e  =  109°  46'  48".3,  y  =  28°  24'  56".0. 

By  means  of  these  and  the  values  of  ©'  and  i?',  we  obtain 

X'  =  302°  67'  41".l,  ^  =  67°  39'  37".0  ; 

and,  comparing  these  results  with  the  observed  values  of  ^'  and  /?', 
the  residuals  for  the  middle  place  are  found  to  be 

Comp.  —  Obs. 

cos  i5'  a;i'  =  +  3".6,  ^fi=  +  l".l. 

The  ratio  of  these  remaining  errors,  after  making  due  allowance  for 
unavoidable  errors  of  calculation,  shows  that  the  adopted  value  of 
M  is  not  exact,  since  the  error  of  the  longitude  should  be  less  than 
that  of  the  latitude. 

The  value  of  w'  given  by  observation  is 

log  tan  v/  =  0.966314, 

and  that  given  by  the  computed  values  of  ^'  and  ^'  is 

log  tan  t(/  =  0.966247. 

The  diiference  being  greater  than  what  can  be  attributed  to  errors  oC 
calculation,  it  appears  that  the  value  of  if  requires  further  cor— 
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rection.     Since  the  difference  is  small^  we  may  derive  the  correct 

value  of  M  by  using  the  same  assumed  value  of  -7,1  and^  instead  of 

the  value  of  tan  w'  derived  from  observation,  a  value  differing  as 

much  from  this  in  a  contrary  direction  as  the  computed  value  differs. 

Thus,  in  the  present  example,  the  computed  value  of  log  tan  w'  is 

0.000067  less  than  the  observed  value,  and,  in  finding  the  new  value 

of  My  we  must  use 

log  tan  «/  =  0.966381 

in  computing  ^^  and  ^q"  involved  in  the  first  of  equations  (14).  If 
the  first  of  equations  (10)  is  employed,  we  must  use,  instead  of  tan^' 
as  derived  from  observation, 

tan  /5'  =  tan  t(/  sin  (X'  —  ©'), 
or 

log  tan  /S'  =  0.966381  +  log  sin  (A'  —  ©')  =  0.198659, 

the  observed  value  of  k'  being  retained.    Thus  we  derive 

log  Jf=  9.829686, 

and  if  the  elements  of  the  orbit  are  computed  by  means  of  this 
value,  they  will  represent  the  middle  place  in  accordance  with  the 
condition  that  the  difference  between  the  computed  and  the  observed 
value  of  tan  w'  shall  be  zero. 

A    system  of  elements    computed   with    the    same    data    from 
log  -5f  =  9.822906  gives  for  the  error  of  the  middle  place, 

C  — O. 

cos  /5'  aA'  =  —  1'  26".2,  A/S'  =  —  40'M. 

If  we  interpolate  by  means  of  the  residuals  thus  found  for  two  values 
of  Mj  it  appears  that  a  system  of  elements  computed  from 

log  Jf=  9.829686 

will  almost  exactly  represent  the  middle  place,  so  that  the  data  are 
completely  satisfied  by  the  hypothesis  of  parabolic  motion. 
The  equations  (34)  and  (32)  give 

log  ^  =  0.006966,  log  -^  =  0.006831, 

and  fit)m  (10)  we  get 

log  Jf '  =  9.822906,  log  M"  =  9.663729.. 
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Then  by  means  of  the  equation  (33)  we  derive,  for  the  corrected 

value  of  My 

log  Jf=  9.829582, 

which  differs  only  in  the  sixth  decimal  place  froQi  the  result  obtained 
by  varying  tsLUW^  and  retaining  the  approximate  values  '~rt='ji'='fjv' 

74.  When  the  approximate  elements  of  the  orbit  of  a  comet  are 
known,  they  may  be  corrected  by  using  observations  which  include 
a  longer  interval  of  time.  The  most  convenient  method  of  effecting 
this  correction  is  by  the  variation  of  the  geocentric  distance  for  the 
time  of  one  of  the  extreme  observations,  and  the  formulse  which 
may  be  derived  for  this  purpose  are  applicable,  without  modification, 
to  any  case  in  which  it  is  possible  to  determine  the  elements  of  the 
orbit  of  a  comet  on  the  supposition  of  motion  in  a  parabola.  Since 
there  are  only  five  elements  to  be  determined  in  the  case  of  parabolic 
motion,  if  the  distance  of  the  comet  from  the  earth  corresponding  to 
the  time  of  one  complete  observation  is  known,  one  additional  com- 
plete observation  will  enable  us  to  find  the  elements  of  the  orbit 
Therefore,  if  the  elements  are  computed  which  result  from  two  or 
more  assumed  values  of  A  differing  but  little  from  the  correct  value, 
by  comparison  of  intermediate  observations  with  these  different  sys- 
tems of  elements,  we  may  derive  that  value  of  the  geocentric  distance 
of  the  comet  for  which  the  resulting  elements  will  best  represent  the 
observations. 

In  order  that  the  formulse  may  be  applicable  to  the  case  of  any 
fundamental  plane,  let  us  consider  the  equator  as  this  plane,  and, 
supposing  the  data  to  be  three  complete  observations,  let  -4,  -4',  A" 
be  the  right  ascensions,  and  D,  D',  D"  the  declinations  of  the  sun 
for  the  times  t,  t\  t".  The  co-ordinates  of  the  first  place  of  the  earth 
referred  to  the  third  are 

a?  =  ^' cos  D"  cos  ^" —  R  cosD  cos  J., 
y  =R'  cos  D"  sin  A"  —  J?  cos  D  sin  -4, 
z=K'AnU'  —  iJsmD. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
for  the  first  and  third  observations,  and  by  G  and  Kj  respectively, 
the  right  ascension  and  declination  of  the  first  place  of  the  earth  as 
seen  from  the  third,  we  shall  have 

x  =  (jf  cos  K  cos  Oy 
y  =  g  cos  K  sin  O, 
z  =  g  emK, 
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and,  consequently, 

g  cosKcoaiO  —  A)=Jff'  cosD"  cos(-4"—  A)  —  R  cosJD, 
^  cos ir sin  (G  —  ^)  =:  ^'  cosD"  sip  U"—  A),  (96) 

.      srsiniT  =  iJ"  sin  Zy  — 12  sin  2>, 

from  which  gy  Kj  and  G  may  be  found. 

If  we  designate  by  x,^  y,y  z,  the  co-ordinates  of  the  first  place  of 
the  comet  referred  to  the  third  place  of  the  earth,  we  shall  have 

a?,  =  J  cos  5  cos  tt  -j-  5^  cos  K  cos  G, 
y,=  A  cos  d  sina  -\-  g  cos  K  sin  O, 
z,=^  J  Bind  -{-  g  sin K. 


Let  us  now  put 


and  we  get 


Xf  =  K  cos  C'  cos  H\ 
y,  =z=  h!  cos  C'  sin  Jff', 
2,  =  ^'  sin  C', 


A' cos  C' cos  (J' —  0)  =  A  cosd  cos(a —  G)  +  5^  cos  iT, 

A'  cos r  sin  (J' —  0)  =  J  cos^  sin(a  —  G),  (97) 

A'  sin  C'  =  J  sin  ^  +  ^  sin  K, 

fiom  which  to  determine  H',  f ',  and  A'. 

If  we  represent  by  f'  the  angle  at  the  third  place  of  the  earth 
between  the  actual  first  and  third  places  of  the  comet  in  space,  we 
obtain 

cos  sp'=  cos  C' cos -ff' cos  ^' cos  tt"+ cos  C' sin  J' cos  ^' sin  tt"  +  sin  C  sin  ^', 

or 

cos  f'  =  cos  C  cos  ^'  cos  (a"  —  H')  +  sin  C  sin  ^' ;  (98) 

and  if  we  put 

e  sin/ =  sin  ^', 

e  cos/=  cos  ^'  cos  (a"  —  H') 
this  becomes 

cos  f '  =  e  cos  (r  — /).  (99) 

Then  we  shall  have 

x«  =  A'«  +  J"»—  2A' J"  cos  f ' 
or 

x«  =  (J"  —  A'  cos  97  +  A"  sin'  ^,  (100) 

in  which  J"  is  the  distance  of  the  comet  from  the  earth  correspond- 
ing to  the  last  observation.     We  have,  also,  from  equations  (44)  and 

(45), 

r*  =(J  —Bcoa^y    +iPsin'+,  ..r... 

/'» =  ( J"  —  i?'  COS  +")•  +  i?"  sin'  +", 

14 
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in  which  if/  is  the  angle  at  the  earth  between  the  sun  and  comet  at 
the  time  t,  and  n^''  the  same  angle  at  the  time  t".  To  find  their 
values,  we  have 

cos  4  =  cos  D  cos  d  cos  (tt  —  ^)  +  sin  D  sin  ^,  (\m\ 

cos  4"=  cos  U'  cos  r  cos  (a"—  A")  +  sin  D'  sin  ^',         ^      ^ 

which  may  be  still  further  reduced  by  the  introduction  of  auxiliary 
angles  as  in  the  case  of  equation  (98). 
Let  us  now  put 

h!  sin  <p'  =  C,  h!  cos  ^p'  =  c, 

R&in^=B,  i?cos4'  =  *,  (103) 

R'  sin  V'  =  ff\  -R"  cos  V  =  *", 

and  we  shall  have 

x  =  i/(J"  — c)»+  C\ 

r  =  i/(  J  —  by  +  &,  (104) 

r"  =  l/(J"~6'7  +  ^". 

These  equations,  together  with  (56),  will  enable  us  to  determine  J" 
by  successive  trials  when  J  is  given. 

We  may,  therefore,  assume  an  approximate  value  of  J"  by  meiu 
of  the  approximate  elements  known,  and  find  r"  from  the  last  of 
these  equations,  the  value  of  r  having  been  already  found  fix>m  the 
aasumed  value  of  J.     Then  x  is  obtained  from  the  equation 


,/ — : — 7, 
V  r  ~r  r 


fx  being  found  by  means  of  Table  XI.,  and  a  second  approximation 
to  the  value  of  J"  from 

J"  =  c  ±  l/x'— C".  (105) 

The  approximate  elements  will  give  J"  near  enough  to  show  whether 
the  upjHT  or  lower  .sign  must  be  used.  With  the  value  of  J"  thus 
foun<l  we  re<H>mpute  r"  and  x  as  before,  and  in  a  similar  manner  find 
a  .still  closer  approximation  to  the  correct  value  of  J".  A  few  trials 
will  p'lierally  give  the  correct  result. 

When  J"  has  thus  l)een  determined,  the  heliocentric  places  are 
found  bv  moans  of  the  formul© 

r  cos  6  cos  (/  —  -4)  ==  J  cos  d  cos  («  —  A)  —  J?  cos  D, 

r  c<v^  6  sin  (/  —  ^)  =  J  cos  ^  sin  ( a  —  A),  (106) 

r  sin  6  =  J  sin  <J  —  i?  sin  D; 
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/'  COS  V  COS  (r  —  A")  =  r  COS  ^'  COS  (a"  -~  A")  —  K'  COS  Zy, 

/'  COS  6"  sin  (r  —  A")  =  ^  cos  ^'  sin  (a"  —  ^"),  (107) 

r"  sin  y  =  r  sin  ^'  —  ^'  sin  D", 

in  which  6,  6",  Z,  V  are  the  heliocentric  spherical  co-ordinates  re- 
ferred to  the  equator  as  the  fundamental  plane.  The  values  of  r  and 
r"  found  from  these  equations  must  agree  with  those  obtained  from 
(104). 

The  elements  of  the  orbit  may  now  be  determined  by  means  of  the 
equations  (75),  (77),  and  (81),  in  connection  with  Tables  VI.  and 
VIII.,  as  already  explained.  The  elements  thus  derived  will  be  re- 
ferred to  the  equator,  or  to  a  plane  passing  through  the  centre  of  the 
sun  and  parallel  to  the  earth's  equator,  and  they  may  be  transformed 
into  those  for  the  ecliptic  as  the  fundamental  plane  by  means  of  the 
equations  (109)^. 

76.  With  the  resulting  elements  we  compute  the  place  of  the  comet 
for  the  time  V  aCnd  compare  it  with  the  corresponding  observed  place, 
and  if  we  denote  the  computed  right  ascension  and  decimation  by  < 
and  d^'j  respectively,  we  shall  have 


«'  +  a'  =  <,  y+cf  =  <j;, 


in  which  a'  and  d'  denote  the  diiferences  between  computation  and 
observation.  Next  we  assume  a  second  value  of  J,  which  we  repre- 
sent by  J  +  5J,  and  compute  the  corresponding  system  of  elements. 
Then  we  have 

a'  +  a"  =  a;,  ^  +  d"  =  a;, 

o"  and  d"  denoting  the  diiferences  between  computation  and  obser- 
vation for  the  second  system  of  elements.  We  also  compute  a  third 
system  of  elements  with  the  distance  d  —  5 J,  and  denote  the  diifer- 
ences between  computation  and  observation  by  a  and  d;  then  we  shall 

have 

a  =/(  J  -  dJ),  o!  =/( J),  a"  =/( J  +  ^J), 

and  similarly  for  d,  d'y  and  d'\  If  these  three  numbers  are  exactly 
represented  by  the  expression 


'^  +  ^i^  +  o(^), 


aj 


in  which  J  +  a?  is  the  general  value  of  the  argument,  since  the  values 
of  a,  a',  and  a"  will  be  such  that  the  third  differences  may  be  neg- 
lected, this  formula  may  be  assumed  to  express  exactly  any  value  of 
the  function  corresponding  to  a  value  of  the  argument  not  differing 
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much  from  J,  or  within  the  limits  x  =  —  dJ  and  a;  =  +  dJ,  the  a»- 
sumcd  values  J  —  dJ,  J,  and  J  +  dJ  being  so  taken  that  the  oorrect 
vaUue  of  J  shall  be  either  within  these  limits  or  very  nearly  so. 
To  find  the  coefficients  m,  n^  and  o,  we  have 

m -{- n -\-  o  =  a'\ 


?W  ' 

—  n 

+  0 

—  a, 

m 

-a'. 

whence 

m  = 

=«', 

n  — 

i(«" 

t 

«), 

Now,  in  order  that  the  middle  place  may  be  exactly  represented  in 
right  ascension,  we  must  have 

'(jj)'  +  ^ifj)  +  ^  =  ^' 
from  which  we  find 

/j  =  --27  (n-l/n«-4mo)=;>, 
or 

X — pdJ  =  0. 

In  the  same  manner,  the  condition  that  the  middle  place  shall  be 
exactly  represented  in  declination,  gives 

In  order  that  the  orbit  shall  exactly  represent  the  middle  place,  both 
conditions  must  be  satisfied  simultaneously;  but  it  will  rarely  happen 
that  this  am  Iw  etfwtt^il,  and  the  correct  value  of  j:  must  be  found 
from  tliosi*  obtainoil  by  the  separate  conditions.  The  arithmetical 
mean  of  the  two  values  of  x  will  not  make  the  sum  of  the  squares 
of  the  residuals  a  minimum,  and,  therefore,  give  the  most  probable 
value,  unless  the  variation  of  cosJ' Att',  for  a  given  increment  as- 
signcil  to  J,  is  the  same  as  that  of  aJ'.  But  if  we  denote  the  value 
of  X  for  which  the  error  in  a'  is  reiluc*ed  to  zero  bv  x\  and  that  for 
which  A  J'  -  0,  by  x'\  the  most  probable  value  of  x  will  be 

^  =  "'',--",',  (108) 

in  which  n  -  Ju?"  —  a)  and  n'  ■'  ■  i(</"  —  d).  It  should  be  obeserN'cd 
that,  in  onlcr  that  the  ditfert^m^^s  in  ritrht  asiH?nsion  and  de(*lination 
shall  have  injual  influeiuv  in  dctormininjr  the  value  of  j*,  the  values 
ot^  </,  n\  and  <i"  inu>t  1k»  multiplicil  l>v  I'oso'.  The  value  of  3 J  U 
niiist  conveniently  expressoil  in  units  of  the  last  decimal  place  of  the 
KHr*irithms  employeil. 
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If  the  elements  are  already  known  so  approximately  that  the  first 

assamed  value  of  A  differs  so  little  from  the  true  value  that  the 

second  differences  of  the  residuals  may  be  neglected,  two  assumptions 

in  regard  to  the  value  of  A  will  suffice.     Then  we  shall  have  o  =  0, 

and  hence 

m^=^a,  n=^ii  — a. 

The  condition  that  the  middle  place  shall  be  exactly  represented^ 
gives  the  two  equations 

The  combination  of  these  equations  according  to  the  method  of  least 
squares  will  give  the  most  probable  value  of  a?,  namely,  that  for 
which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 

Having  thus  determined  the  most  probable  value  of  Xj  a  final 
system  of  elements  computed  with  the  geocentric  distance  J  -{-  Xy 
corresponding  to  the  time  t,  will  represent  the  extreme  places  exactly, 
and  will  give  the  least  residuals  in  the  middle  place  consistent  with 
the  supposition  of  parabolic  motion.  It  is  further  evident  that  we 
may  use  any  number  of  intermediate  places  to  correct  the  assumed 
value  of  J,  each  of  which  will  furnish  two  equations  of  condition 
for  the  determination  of  Xj  and  thus  the  elements  may  be  found 
which  will  represent  a  series  of  observations. 

76.  Example. — ^The  formulae  thus  derived  for  the  correction  of 
approximate  parabolic  elements  by  varying  the  geocentric  distance, 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
a,  8y  Ay  Dy  Ac.  have  the  same  signification  with  respect  to  this  plane 
that  they  have  in  reference  to  the  equator.  To  illustrate  their 
numerical  application,  let  us  take  the  following  normal  places  of 
the  Great  Comet  of  1858,  which  were  derived  by  comparing  an 
ephemeris  with  several  observations  made  during  a  few  days  before 
and  after  the  date  of  each  normal,  and  finding  the  mean  difference 
between  computation  and  observation : 

WaBhiDgton  M.  T.  a  6 

1868  June  11.0        141°  18'  30".9        +  24°  46'  25".4, 
July  13.0        144    32  49  .7  27    48    0  .8, 

Aug.  14.0        152    14  12  .0        +  31    21  47  .9, 

which  are  referred  to  the  apparent  equinox  of  the  date.    These 
places  are  free  from  aberration. 
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We  shall  take  the  ecliptic  for  the  fundamental  plane,  and  eon- 
verting  these  right  ascensions  and  declinations  into  longitudes  and 
latitudes,  and  reducing  to  the  ecliptic  and  mean  equinox  of  1858.0, 
the  times  of  observation  being  expressed  in  days  irom  the  beginning 
of  the  year,  we  get 

t  =  162.0,  X  =  135°  51'  44".2,  P  =+    9*^    6'  6r.8, 

If  =  194.0,  X'  =  137   39  41  .2.  ^  =      12   55    9  .0, 

if'  =  226.0,  r  =  142   51  31  .8,  /9"  =  +  18    36  28  .7. 

From  the  American  NaiUieal  Almanac  we  obtain,  for  the  true  places 
of  the  sun, 

O   =   80°  24'  32".4,  log  R  =  0.006774, 

0'  =110   55  51  .2,  log^  =0.007101. 

O"  =  141    33    2  .0,  log  i?'  =  0.005405, 

the  longitudes  being  referred  to  the  mean  equinox  1858.0. 

When  the  ecliptic  is  the  fundamental  plane,  we  have,  neglecting 
the  sun's  latitude,  D  =^0,  and  we  must  write  X  and  fi  in  place  of  ^ 
and  df  and  O  in  place  of  A,  in  the  equations  which  have  been  derived 
for  the  equator  as  the  fundamental  plane.     Therefore,  we  have 

^  cos  ( G  —  0 )  =  ^'  cos  ( O"  —  0)  —  JB, 
(/sin  (G  -Q)  =  JR"  8in(0"—  0)  ; 

cos  -^  =  cos  ,3  cos  (^  —  0),  cos  4"  =  cos  /5"  coe  (X"  —  ©'^ 

Eco8^  =  b,  Bf' cos  ^"  =  b'\ 

R  sin  4^  =  jB,  Rf'  sin  ^"  =  B\ 


from  which  to  find   G,  g,  6,  Bj  6",  and  -B",  all  of  which  re 
unchanged  in  the  successive  trials  with  assumed  values  of  J.     Tb 
we  obtain 

6?  =  201°  r  57".4,        log  B  =  9.925092,        *  =  +  0.568719, 
log  5f  =  0.013500,  log  H'  =  9.510309,        6"  =  +  0.959342. 

Then   we  assume,   by   means   of  approximate   elements 

known, 

log  J  =  0.397800, 
and  from 

K  cos  :'  cos  {ir  —  G)  '-■-  J  cos  /Sr  cos  (X  —  G)  +  g, 

K  cos  r  sin  (H'  —  G)  -  J  cos ,3  sin  {X  —  G), 

h'  sin  C'  =  -J  sin  /5, 

we  find  /f,  J'',  and  h'.     These  give 
H'  =  153°  46'  20".5,  r  =  +  7°  24'  16".4,  log  K  =  0.487484.. 
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Nexty  firom 

C08  f '  =  cos  C'  COS  /5"  COS  (A"  —  H*)  +  sin  C'  sin/9", 
A'  cos  /  =  c,  h!  sin  f '  =  C, 

we  get 

log  C=  9.912519,  e=  +  2.961673 ; 

and  from  

r  =  l/(J  — 6)«  +  ^, 
'we  find 

logr  =  0.323446. 
Then  we  have 

/=*(*"-o.        "=(7777*'       """^iT^"' 

£Tom  which  to  find  J",  r",  and  x.     First,  by  means  of  the  approxi- 
xnate  elements,  we  assume 

log  J"  =  0.310000, 

^which  gives  log  1^'  =  0.053000,  and  hence  we  have 

71  =  0.8783,  log  fi  =  0.002706,  log  x  =  0.090511. 

"With  this  valae  of  x  we  obtain  fropi  the  expression  for  J",  the 
lower  sign  being  used,  sinoe  J''  is  less  than  o, 

log  J"  =  0.309717. 

Sepeating  the  calculation  of  r^',  fi,  and  x,  and  then  finding  J''  again, 

the  result  is 

log  J"  =  0.309647. 

Then,  by  means  of  the  formula  (67),  we  may  find  the  correct  value. 
Thus  we  have,  in  units  of  the  sixth  decimal  place, 

a  =  309717  —  310000  =  —  283,         a'  =  309647  —  309717  =  -  -  70, 

and  for  the  correction  to  the  last  result  for  log  J'^  we  have 


a" 


=  ~23. 


a  — a 
Therefore, 

log  J"  =  0.309624. 

By  means  of  this  value  we  get 

log  r"  =  0.052350,  log  x  =  0.090628, 
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and  this  value  of  x  gives^  finally^ 
log  J"  =  0.309623, 


log/' =  0.052348. 


The  heliocentric  places  of  the  comet  are  now  found  from  the  equa- 
tions (71)  and  (72),  writing  J  cos^  and  J"  co8)9"  for  p  and  />", 
respectively.    Thus  we  obtain 

I  =  159*^  43'  14".2,        h  =  +  10°  60-  14".0,        logr  =  0.323447, 
r  =  144    17  47.8,        6"  =  +  35    14  28.7,        log  r"  =  0.052347. 

The  agreement  of  these  results  for  r  and  r"  with  those  already 
obtained,  proves  the  accuracy  of  the  calculation.     Since  the  helio- 
centric longitudes  are  diminishing,  the  motion  is  retrograde. 
Then  from  (74)  we  get 


and  from 

tanu  = 
we  obtain 


a  =  165°  17'  30".3, 
tan  (/—a) 


t  =  63°6'32".5; 

tan(/"^a) 


cost 


tan  u"  =  — 


cost 


ti  =  12°  10'12".6, 


ti"  =  40°  18'  51".2, 


the  values  of  —  u  and  /  —  S2  being  in  the  same  quadrant  whcai  the 
motion  is  retrograde.     The  equation   (79)  gives  log  X  =  0.090630, 
which  agrees  with  the  value  already  found. 
The  formuhe  (81)  give 


w  =  129°  6'  46".3, 


log  q  =  9.760326. 


and  hence  we  have 


r  =rz  M  -  «,  =  —  116°  56'  33".7,     r"  =  u"  —  «  =  —  88°  47'  55".l. 


from  which  we  get 


r=  18.18  Sept.  29.4274. 


From  these  elements  we  find 


logr' ^0.212844, 


V  =  —  10 


—  o  — »  .■»  1" 

t      I    o 


and  from 


we  pet 


tan  6'  = 
r  =  154^  56'  33  ".4, 


r.O,  m'  =  21°59'12".3, 


civt  I*  tan  II . 

tan  I  sin  ( /  —  ft), 

6'  =  +  19»  30'  22".l. 
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By  means  of  these  and  the  values  of  O'  and  R',  we  obtain 
X'  =  137*^  Sy  13".3,  /S'  ==  +  12^  64'  46".3, 

and  comparing  these  results  with  observation^  we  have^  for  the  error 

of  the  middle  place, 

C  — O. 

cos  /S'  aA'  =  —  27".2,  A/S'  =  —  23".7. 

From  the  relative  positions  of  the  sun,  earth,  and  comet  at  the 

time  ^"  it  is  easily  seen  that,  in  order  to  diminish  these  residuals,  the 

geocentric  distance  must  be  increased^  and  therefore  we  assume,  for 

^  second  value  of  J, 

log  J  =  0.398500, 
►m  which  we  derive 


H'  =  153^  44'  57".6,  C' 

C=  9.912587,  lege 

J"  =  0.311054,  logr" 


+  7^  24'  26".l, 

0.472115, 

0.054824, 


log/i' 
logr 
logx 


0.488026, 
0.324207, 
0.089922. 


en  we  find  the  heliocentric  places 


^  =  159^  40'  33".8,       6  =  +  10°  50'    8".6, 
^'  =  144   17  12  .1,       b"  =  +  35     8  37  .8, 


logr  =0.324207, 
log  r"  =  0.054825, 


d  from  these, 

a  =  165*^  15'  41".l, 

u  =   12    10  30  .8, 

a»  =  128    54  44  .4, 

T=  1858  Sept.  29.8245, 

V  =  — 106°  55'  43".8, 

f  =      154   53  32  .3, 

X'=   -  137    39  39  .7, 


%  = 
w"  = 


log^ 
log/ 

tt' 

V 


63°    2'49".2, 
40    13  26  .0, 
9.763620, 
0.214116, 

21°  59'  0".6, 
+  19  29  31  .9, 
+  12    55    2  .9. 


herefore,  for  the  second  assumed  value  of  J,  w^  have 


cos^aA'  = 


C.-O. 
1".5, 


t,^  =  —  6".l. 


Since  these  residuals  are  very  small,  it  will  not  be  necessary  to 
^^aake  a  third  assumption  in  regard  to  J,  but  we  may  at  once  derive 
"^lie  correction  to  be  applied  to  the  last  assumed  value  by  means  of 
^tklie  equations  (109).    Thus  we  have 


ar  =  — 1.5, 


a"  =  —  27.2,        (i'  =  —  6.1, 
^  log  J  =  —  0.000700, 


d"=  — 23.7, 
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and,  expressing  dlog  J  in  units  of  the  sixth  decimal  place,  these 
equations  give 

25.7a?  —  1050  =  0. 
17. 6x  —  4270  =  0. 

Combining  these  according  to  the  method  of  least  squares,  we  get 

_  105  X  2.57  +  427  X  1.76  _ 
^  ""         (2.57)»  +  (1.76)«         ~  "^  ^"^' 

Hence  the  corrected  value  of  log  J  is 

log  A  =  0.398500  +  0.000106  =  0.398606. 

With  this  value  of  log  J  the  final  elements  are  computed  as  already 
illustrated,  and  the  following  system  is  obtained : — 

T=  1858  Sept.  29.88617  Washington  mean  time. 

r  =   36°  22'  36".9  1 
Q jgK    15  24   8  I    ^^^^^  Equinox  1858.0. 

t=   63      2  14.2 
log  q  =  9.764142 

Motion  Retrograde. 

If  the  distinction  of  retrograde  motion  is  not  adopted,  and  we  regard 
t  as  susceptible  of  any  value  from  0°  to  180°,  we  shall  have 

7r  =  294°    8'12".7, 
i  =  116    57  45  .8, 

the  other  elements  remaining  the  same. 

The  comparison  of  the  middle  place  with  these  final  elements 
gives  the  following  residuals: — 

C.-O. 

cos  t3^X=^  +  0".2,  A,9  =  —  4".3. 

These  errors  are  so  small  that  the  orbit  indicated  bv  the  ob!«er\'€d 
places  on  which  the  elements  are  based  differs  verj'  little  from  a 
parabola. 

When,  instead  of  a  single  place,  a  series  of  iuterme<1iato  places  is 
employwl  to  correct  the  assumed  value  of  J,  it  is  Uwt  to  adopt  the 
ecpiator  as  the  fundamental  plane,  since  an  error  in  a  or  d  will  affect 
both  X  and  ^;  and,  l)esides,  incomplete  ol>servations  may  also  t>e  u^ed 
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when  the  fundamental  plane  is  that  to  which  the  obser\'ations  are 
directly  referred.  Further,  the  entire  group  of  equations  of  con- 
dition for  the  determination  of  x,  according  to  the  formulse  (109), 
must  be  combined  by  multiplying  each  equation  by  the  coefficient  of 
X  in  that  equation  and  taking  the  sum  of  all  the  equations  thus 
formed  as  the  final  equation  from  which  to  find  x,  the  observations 
being  supposed  equally  good. 
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CHAPTER  rV. 

DETERMINATION,  FROM  THREE  COMPLETE  OBSERVATIONS,  OF  THE  ELEMENTS  OF 
THE  ORBIT  OF  A  HEAVENLY  BODY,  INCLUDING  THE  ECCENTRICITY  OR  FORM  OF 
THE  CONIC  SECTION. 

77.  The  formulae  which  have  thus  far  been  derived  for  the  deter- 
mination of  the  elements  of  the  orbit  of  a  heavenly  body  by  means 
of  observed  places,  do  not  suffice,  in  the  form  in  which  they  have 
been  given,  to  determine  an  orbit  entirely  unknown,  except  in  the 
particular  case  of  parabolic  motion,  for  which  one  of  the  elements 
becomes  known.  In  the  general  case,  it  is  necessary  to  derive  at 
least  one  of  the  curtate  distances  without  making  any  assumption  as 
to  the  form  of  the  orbit,  after  which  the  others  may  be  found.  Bnt, 
preliminary  to  a  complete  investigation  of  the  elements  of  an  un- 
known orbit  by  means  of  three  complete  observations  of  the  body, 
it  is  necessary  to  provide  for  the  corrections  due  to  parallax  and  aber- 
ration, so  that  they  may  be  applied  in  as  advantageous  a  manner  as 
possible. 

When  the  elements  are  entirely  unknown,  we  cannot  correct  the 
observed  places  directly  for  parallax  and  aberration,  since  both  of 
these  corrections  require  a  knowledge  of  the  distance  of  the  body 
from  the  earth.  But  in  the  case  of  the  aberration  we  may  either 
correct  the  time  of  observation  for  the  time  in  which  the  light  from 
the  body  reaches  the  earth,  or  we  may  consider  the  observed  place 
corrected  for  the  actual  aberration  due  to  the  combined  motion  of  the 
earth  and  of  light  as  the  true  place  at  the  instant  when  the  light  left 
the  planet  or  comet,  but  as  seen  from  the  place  which  the  earth  oocu- 
pics  at  the  time  of  the  observation.  When  the  distance  is  unknown, 
the  latter  method  must  evidently  be  adopted,  according  to  which  we 
apply  to  the  observed  apparent  longitude  and  latitude  the  actual 
aberration  of  the  fixed  stars,  and  regard  this  place  as  corresponding 
to  the  time  of  obser\'ation  corrected  for  the  time  of  aberration,  to  be 
effected  when  the  distances  shall  have  been  found,  but  using  for  the 
place  of  the  earth  that  corresponding  to  the  time  of  observation.  It 
will  appear,  therefore,  that  only  that  part  of  the  calculation  of  the 
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elements  which  involves  the  times  of  observation  will  have  to  be  re- 
peated after  the  corresponding  distances  of  the  body  from  the  earth 
have  been  found.  First,  then,  by  means  of  the  apparent  obliquity  of 
the  ecliptic,  the  observed  apparent  right  ascension  and  declination 
must  be  converted  into  apparent  longitude  and  latitude.  Let  X^  and 
^Q,  respectively,  denote  the  observed  apparent  longitude  and  latitude ; 
and  let  O^  be  the  true  longitude  of  the  sun,  1\  its  latitude,  and  Rq 
its  distance  from  the  earth,  corresponding  to  the  time  of  observation. 
Then,  if  X  and  ^  denote  the  longitude  and  latitude  of  the  planet  or 
comet  corrected  for  the  actual  aberration  of  the  fixed  stars,  we  shall 
have 

X-'X^  =  +  20".445  cos (>l  —  Oo)  sec i5  +  0".343  cos (X  —  281°)  sec ^, ... 
fi^fi^=  —  20".445  sm  (A  —  Oo)  sin  p  —  0".343  sin  (X  —  281°)  sin ,1  ^  ^ 

In'  computing  the  numerical  values  of  these  corrections,  it  will  be 
sufficiently  accurate  to  use  ^  and  ^^  instead  of  X  and  ^  in  the  second 
members  of  these  equations,  and  the  last  terms  may,  in  most  cases, 
be  n^lected.  The  values  of  X  and  /3  thus  derived  give  the  true  place 
of  the  body  at  the  time  t  —  497'.78  J,  but  as  seen  from  the  place  of 
the  earth  at  the  time  t. 

When  the  distance  of  the  planet  or  comet  is  unknown,  it  is  impos- 
sible to  reduce  the  observed  place  to  the  centre  of  the  earth ;  but  if 
we  conceive  a  lide  to  be  drawn  from  the  body  through  the  true  place 
of  observ^ation,  it  is  evident  that  were  an  observer  at  the  point  of 
intersection  of  this  line  with  the  plane  of  the  ecliptic,  or  at  any  point 
in  the  line,  the  body  would  be  seen  in  the  same  direction  as  from  the 
actual  place  of  observation.  Hence,  instead  of  applying  any  correc- 
tion for  parallax  directly  to  the  observed  apparent  place,  we  may 
conceive  the  place  of  the  observer  to  be  changed  from  the  actual  place 
to  this  point  of  intersection  with  the  ecliptic,  and,  therefore,  it  be- 
comes necessary  to  determine  the  position  of  this  point  by  means  of 
the  data  furnished  by  observation. 

Let  9q  be  the  sidereal  time  corresponding  to  the  time  t^  of  obser- 
vation, f>'  the  geocentric  latitude  of  the  place  of  observation,  and  fj^ 
the  radius  of  the  earth  at  the  place  of  observation,  expressed  in  parts 
of  the  equatorial  radius  as  unity.  Then  0^  is  the  right  ascension  and 
f'  the  declination  of  the  zenith  at  the  time  t^.  Let  /^  and  b^  denote 
•these  quantities  converted  into  longitude  and  latitude,  or  the  longitude 
and  latitude  of  the  geocentric  zenith  at  the  time  t^.  The  rectangular 
co-ordinates  of  the  place  of  observation  referred  to  the  centre  of  the 
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earth  and  expressed  in  parts  of  the  mean  distance  of  the  earth 
the  sun  as  the  unit,  will  be 

«o  =  P9  shi  ^0  cos  ^0  c<^  ^o» 
yo  =  Po  sin  Tq  cos  ^0  sin  Ij^, 
Zq  =  po  sin  r^j  sin  6^, 

in  which  ;ro=  8^57116. 

Let  Jq  be  the  distance  of  the  planet  or  comet  from  the  true 
of  the,  observer,  and  J,  its  distance  from  the  point  in  the  ecliptic 
which  the  observation  is  to  be  reduced.     Then  will  the 
of  the  place  of  observation,  referred  to  this  point  in  the  ecliptic,  be 


x,  =  {J,  —  Jj)  cos  /5  cos  ^, 
y,  =  (J,  —  J^)  cos  /S  sin  X, 
2,  =(J,  — Jjsin^, 


the  axis  of  x  being  directed  to  the  vernal  equinox.  Let  us  noi 
designate  by  O  the  longitude  of  the  sun  as  seen  from  the  point  ol  i^f 
reference  in  the  ecliptic,  and  by  R  its  distance  from  this  point.  Thentf:^^ 
will  the  heliocentric  co-ordinates  of  this  point  be 

X=  —  BcosQ, 
y=— i?8mO, 
Z  =  0. 

The  heliocentric  co-onlinates  of  the  centre  of  the  earth  are 

X^  =  —  Bo  cos  -0  cos  ©0, 
Y^=  —  B^  cos 2; sin  O^, 
Zq  =  —  B^  sin  2*^. 

But  the  heliocentric  co-ordinates  of  the  true  place  of  obflervation       -^ 

will  be 

X+x„  Y+y„  Z  +  z^ 

or 

A^o  +  j-o»  >'•  +  yo»  ^  +  «•» 

and,  ix)nscquently,  we  shall  have 

R  cos  O  —  (J,  —  J^")  cos  ,5  cosx  :=  R^  cos  2'^  cos  ©^  —  p^  sin  r^  cos b^ o»l^ 
R  sin  O  —  1.  -J»  —  -^0^  cos  ^  sin  i  =  R^  cos  -^  sin  O©  —  Pt  sin  -^  cos  ft,  sin  l^ 
—  (J,  —  Jg'^  sin  t^  =  /^<,  sin  -^  —  p^  sin  r^  sin  h^ 

If  we  supjX)se  the  axis  of  j;  to  be  directed  to  the  point  whose  longi* 
tudc  is  O^  these  become 
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^  006  (0  —  Oo)  —  (J,  —  -^o)  COS /5  COS  (A  —  Op)  = 

i?o  COS  i;  —  />o  sin  JTp  COS  6^  cos  (l^  —  0,), 
JBsinCO  —  OJ  —  (J,  —  Jo)  cos /5  sin  (A  —  ©o)  =  (2) 

—  p^  sin  7c^  cos  6o  sin  (/p  —  ©p), 
—  (J,  —  Jp)  sin  /5  =  i?^  sin  i^  —  />o  sin  Tfp  sin  6p, 

firozn  which  R  and  ©  may  be  determined.     Let  us  now  put 

(J,-Jp)cos/5  =  Z>;  (3) 

then,  since  tt^  2!^,  and  ©  —  ©g  are  small^  these  equations  may  be 
reduced  to 

J?  =  Z>  cos  (^  —  ©o)  —  ^0 />o  COS  6p  COS  (/p—  ©p)  +  R» 

jR  (©  —  ©o)  =  -D  sin  (A  —  ©p)  —  TT^ />p  COS  6p  sin  (^p  —  ©,), 
0  =  Z>  tan  /5  -—  Tfp  /o^  sin  6p  +  -Rp  2^. 

Henoe  we  shall  have,  if  tTq  and  2*^  are  expressed  in  seconds  of  arc, 

ii=ji.+j>««a-0.)--''-~'W4-e.,  (,) 

^       ^    ,  2062648  Z>  sin  (i  —  ©p)  >~  tt,  /Op  cos  6p  sin  (jl,  -  ©p) 

W  =  Oo  n g » 

from  which  we  may  derive  the  values  of  ©  and  J?  which  are  to  be 

used  throughout  the  calculation  of  the  elements  as  the  longitude  and 

distance  of  the  sun,  instead  of  the  corresponding  places  referred  to 

the  centre  of  the  earth.     The  point  of  reference  being  in  the  plane 

of  the  ecliptic,  the  latitude  of  the  sun  as  seen  from  this  point  is  zero, 

which  simplifies  some  of  the  equations  of  the  problem,  since,  if  the 

observations  had  been  reduced  to  the  centre  of  the  earth,  the  sun's 

latitude  would  be  retained. 

We  may  remark  that  the  body  would  not  be  seen,  at  the  instant 

of  observation,  from  the  point  of  reference  in  the  direction  actually 

observed,  but  at  a  time  different  from  t^,  to  be  determined  by  the 

interval  which  is  required  for  the  light  to  pass  over  the  distance 

J,  —  Jq.     Consequently  we  ought  to  add  to  the  time  of  observation 

the  quantity 

(J,  —  Jp)  497'.78  =  497'.78  D  sec  y9,  (5; 

which  is  called  the  reduction  of  the  time;  but  unless  the  latitude  of 
the  body  should  be  very  small,  this  correction  will  be  insensible. 
The  value  of  X  derived  from  equations  (1)  and  the  longitude  © 
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derived  from  (4)  sliould  be  reduced  by  applju^  the  ooihiK'—  ii 
Dutation  to  the  mean  equinox  of  the  date,  aod  then  both  tbcK  mi 
the  latitude  ,3  should  be  reduced  by  applying  the  eometioatatj^ 
ce^ion  to  the  ecliptic  aDd  mean  equinox  of  a  Gx«d  epodi,  for  wUdi 
the  Lteginning  of  the  year  is  usually  ebosen. 

In  this  H'ay  enoh  observ»i  apparent  longitode  and  huxtoAe  ia  to  b 
correeted  for  the  aberration  of  the  fixed  stars,  and  the  cocreapcadidg 
places  of  the  ^uu,  referred  to  the  point  in  whicb  the  line  dmni  bm 
the  body  through  the  plaoe  of  oheervatioQ  on  the  earth's  «atfttt  ia- 
tersects  the  plane  of  the  ecliptic,  are  derived  &om  the  egaatioM  (^ 
Theu  the  places  of  the  eun  and  of  the  planet  or  comet  are  redonJ 
to  the  ecliptic  and  mean  equinox  of  a  fixed  date,  and  the  reMilu  thof 
obtained,  togcth^  with  the  times  of  observation,  furnish  the  data  fv 
the  determination  of  the  elements  of  the  orbit. 

When  the  distance  of  the  body  corresponding  to  each  d  tb 
observations  shall  have  been  determined,  the  times  of  obeemtM 
may  be  corrected  for  the  time  of  aberration.  Thie  ooiTMtka  ii 
nevessan',  since  the  adopted  places  of  the  body  are  the  trae  {Jms 
for  the  iustant  when  the  light  was  emitted,  corresponding  rtspcctiTC^ 
to  the  times  of  ob9er%'ation  diminished  by  the  tin>e  of  alKfTalii% 
but  a»  seen  from  the  places  of  the  earth  at  the  m-IubI  timca  cf 
ob»er\-ation,  respectively. 

When  ;^  ^  0,  the  equations  (4)  cannot  be  applied,  and  when  ihi 
latitude  U  so  ?inall  that  the  reduction  of  the  time  and  tiic  itimttitm 
to  be  applied  to  the  place  of  the  sun  are  of  considerable  tna^;iUttAi 
it  will  be  advLaable,  if  more  suitable  observations  are  not  availably 
to  neglect  the  correction  for  parallax  and  derive  the  elements,  OMSf 
the  nnoorra-tcd  places.  The  dLutanceti  of  the  body  from  the  eank 
which  may  then  be  derived,  will  enable  us  to  apply  tbc  oomeCioa  ftr 
panllax  directly  to  the  observed  places  of  the  body. 

When  the  approximate  distances  of  the  body  from  the  earth  «t 
already  knonii,  and  it  is  required  to  derive  new  dements  of  the 
orbit  from  given  ob«en,'ed  places  or  from  normal  plana  ileri< 
many  obdorvatioos,  the  obeervatioas  may  be  oorrectod 
parallax,  and  the  times  corrected  for  the  time  of 
obail  then  have  the  true  places  of  the  bmly  as  seen  from  the 
of  the  earth,  and  if  thew  places  arc  ailoptei],  it  will  be  necamry,  &r 
the  most  acrunite  solution  possible,  to  rHain  (be  latitude  of  the  fOa 
in  the  IbrrauUe  which  may  be  required.  Bat  since  MKne  of  Umh 
farmuUc  anmire  greater  simplicity-  when  tbc  sun'fl  ktitoile  i*  not 


DETERMINATION   OF   AN  ORBIT.  225 

point  in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plane,  the  longitude  of  the  sun 
will  remain  unchanged,  the  latitude  will  be  zero,  and  the  distance  R 
will  also  be  unchanged,  since  the  greatest  geocentric  latitude  of  the 
sun  does  not  exceed  1".  Then  the  longitude  of  the  planet  or  comet 
BB  seen  from  this  point  in  the  ecliptic  will  be  the  same  as  seen  from 
the  centre  of  the  earth,  and  if  J,  is  the  distance  of  the  body  from 
this  point  of  reference,  and  fi,  its  latitude  as  seen  from  this  point,  we 
shall  have 


J,  cos  /5,  =  ^  cos  iSf 

J,  sin  fi,  =  ^  sin  jS  —  S^  sin  2^o» 


from  which  we  easily  derive  the  correction  ^,  —  ^,  or  a^,  to  be  applied 
to  the  geocentric  latitude.     Thus,  we  find     '' 

A/9  =  -^«C08A  (6) 

Sq  being  expressed  in  seconds.  This  correction  having  been  applied 
to  the  geocentric  latitude,  the  latitude  of  the  sun  becomes 

The  correction  to  be  applied  to  the  time  of  observation  (already 
diminished  by  the  time  of  aberration)  due  to  the  distance  J,  —  Jq 
will  be  absolutely  insensible,  its  maximum  value  not  exceeding 
0'.002.  It  should  be  remarked  also  that  before  applying  the  equa- 
tion (6),  the  latitude  2'^  should  be  reduced  to  the  fixed  ecliptic  which 
It  is  desired  to  adopt  for  the  definition  of  the  elements  which  deter- 
mine the  position  of  the  plane  of  the  orbit. 

78.  When  these  preliminary  corrections  have  been  applied  to  the 
data,  we  are  prepared  to  proceed  with  the  calculation  of  the  elements 
of  the  orbit,  the  necessary  formulse  for  which  we  shall  now  investi- 
gate. For  this  purpose,  let  us  resume  the  equations  (6)3 ;  and,  if  we; 
ranltiply  the  first  of  these  equations  by  tan /9  sin  ^''  —  tan /3"  sin  ^, 
the  second  by  tan/9''  cos^  —  tan /9  cos  A'',  and  the  third  by  sin  (/  —  >l''), 
and  add  the  products,  we  shall  have 

0  =  nR  (tan/5"  sin  (>l  —  ©)  —  tan;? sin  (/I"—  O)) 

—  />'  (tan  fii  sin  (X" — X')  —  tan  /T  sin  (/'  —  X)  +  tan  ^5"  sin  (X'  -  X)) 

—  J?  (tan  ,r  sin  (X  —  ©')  —  tan  /5  sin  (A"  —  ©'))  ^'^^ 
+  n"R'  (tan  ,r  sin  {X  —  ©")  —  tan  fi  sin  (r  —  ©")). 

It  should  be  observed  that  when  the  correction  for  parallax  is  applied 

15 
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to  the  place  of  the  sun,  p'  is  the  projection,  on  the  plane  of  th 
ecliptic,  of  the  distance  of  the  body  from  the  point  of  reference 
which  the  observation  has  been  reduced. 

Let  us  now  designate  by  K  the  longitude  of  the  ascending  node, 
and  by  /the  inclination  to  the  ecliptic,  of  a  great  circle  passin 
through  the  first  and  third  observed  places  of  the  body,  and  we  havi 

tan  /5  =  sin  {X  —  K)  tan  /, 

tan  ^'  =  sin  (X"  —  iQ  tan  /.  *  ® 

Introducing  these  values  of  tan^  and  tan^"  into  the  equation  (7) 
since 

sin  (i  -  O)  sin  {X"  —  K)—  sin {X"  —  ©)  sin  (.1  —  ^)  = 

—  8in(r  — ^)8in(0— JT) 
sin  (;/  —  X)  sin  (x"  —  ^)  +  sin  (A"  —  X')  sin  {X  —  K)  = 

+  sin  (x"  —  X)  sin  (x'  —  K), 
sin  {X  —  ©')  sin  (A"  —  iT)  —  sin  (x"  —  ©')  sin  (A  —  ^)  = 

—  sin  (r  —  X)  sin  (©'  —  JK^^ 
sin  {X  —  ©")  sin  (.1"  —  ^)  —  sin  (A"  —  ©")  An{X^K)  = 

—  sin  {X"  —  i)  sin  { ©"  —  K)^ 

we  obtain,  by  dividing  through  by  sin  {X"  —  /)  tan  /, 

0  =  nR  sin  (©  —  A')  +  />'  (sin  (X'  —  iT)  —  tan  .S'  cot  /) 

-  R  sin  (©'  —  A')  +  n'R'  sin  (©"  —  A').  ^^^ 

Let  /9,j  denote  the  latitude  of  that  jwint  of  the  great  circle  pasj^ing 

tlirough  the  tinst  and  third  places  which  corresponds  to  the  longitude 

/',  then 

tau  /Jj  =  sill  (x'  —  A")  tan  /, 

and  the  coefficient  of  o'  in  equation  (9)  becomes 

sin  ( .^0  —  ,?') 
cos^JqCOs^St'  tau/ 
Then^fore.  if  we  put 

sin  (,5' —  ,?<,) 

^       COS /j;,  tan/ 
we  shall  have 


RAniQ'—K)^      i?sin(©— A') 


,     ,,/?'\«in(©"— A'> 

ci. 


11) 


'tf 


This  formuhi  will  give  the  value  of  ^',  or  of  J',  when  the  values  of 
w  and  w"  have  Ihxmi  ilotermined,  jsince  a^  and  A"  are  derived  from  the 
data  furui:?heil  bv  observation. 
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To  find  iiTand  J,  we  obtain  from  equations  (8)  by  a  transformation 
precisely  similar  to  that  by  which  the  equations  (76),  were  derived, 

tan7sina(r+A)-iO  =  ^^^8ecK^"-^).        ^^^^ 

We  may  also  compute  K  and  /  from  the  equations  which  may  be 
derived  from  {7^\  and  (76)3  by  making  the  necessary  changes  in  the 
notation,  and  using  only  the  upper  sign,  since  7  is  to  be  taken  always 
than  90°. 
Before  proceeding  further  with  the  discussion  of  equation  (11),  let 
derive  expressions  for  p  and  p'^  in  terms  of  /)',  the  signification  of 
/t>  and  p'^y  when  the  corrections  for  parallax  are  applied  to  the  places 
€>£  the  sun,  being  as  already  noticed  in  the  case  of  p\ 

79.  If  we  multiply  the  first  of  equations  (6)3  by  sin  O"  tan /9'', 
tJbe  second  by  — cos  ©''  tan^S'',  and  the  third  by  sin  (A'' —  O'O^  ^^^ 
sk^d  the  products,  we  get 

€>=np  (tan  tT'sin  (©"—;)— tan  /5  sin  (O"— 'I"))— wJ?tan  ^'  sin  (O"— O) 

— ^'(tan/5"8m(0"— A')— tan/5'8in(0"— ^"))+i?tan^'8in(0"~0'), 

(13) 
hich  may  be  written 


0^=np (tan  ^sm  (r— ©")— tan ^9" sin  (A— ©  "))— ^^i? tan /T' gin  (©"—©) 
+  p'  (tan  /5"  sin  (A'  —  ©  ")  -  tan  /9,  sin  (A"  —  ©  ")) 

— /^'(tan/S'—  tan/9,)  8in(A"—  ©")  +  R  tan/9"  8in(©"—  ©'). 

ntroducing  into  this  the  values  of  tan/9,  tan/9",  and  tan/?^  in  terms 
I  and  Kf  and  reducing,  the  result  is 


O  =n^8in(r— >l)sin(©"— JT)— ni?8in(©"~  © ) sin (>l"— jK") 
— />'8in(>l"->l')8in(©"— Jr)-Ao8ec^8in(A"— ©'0 
+  i?8in(©"-0')8in(>l"— ^). 

^Therefore  we  obtain 

_p'lBm(r—X')  Op  sec /9^        sm{X"-^Q'')  \ 

^  "~n\8in(>l"  — >l)  "^8in(r— >l)'8in(©"— ^)/ 

%mi,r—K')    ir8in(©^^--©0— ni?sin(©^^— ©) 
n  *  sinCr  — A)8in(©"  — ^) 

ut,  by  means  of  the  equations  (O),,  we  derive 

JFTsinC©"—  00  —ni? sin (©"—  ©)  =  (J\r— n)  i?8in(©"—  ©), 
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and  the  preceding  equation  reduces  to 

'"       n  \  sin  {.H."  —  >l)  "**  sin  (/'  —  X)  '  sin  (©"  —  K)  ) 

/ ,  _  JV\ .RsinCe"— 0)8in(r—  K) 
■*■  \  nj     sin  {X"  —  X)  sin  (©"  — 


(14) 


JT) 


(16) 


To  obtain  an  expression  for  p''  in  terms  of  p%  if  we  maltiply  the 
first  of  equations  (6)3  by  sin  ©  tan^,  the  second  by  — cos  0  tan/3^ 
and  the  third  by  sin  {k  —  0),  and  add  the  products,  we  shall  have 

0=nV'(tan/9sin(r— 0)--tan/5"sin(>l— 0))— n"i?'tani9sin(0"— 0) 
—p'  (tau^^sin  (A'— 0)— tan/?' sin  (A— 0))+i? tan  /9sin  (0'— 0).  (15) 

Introducing  the  values  of  tan^,  tan^',  and  tan/9"  in  terms  of  jE'and 
/,  and  reducing  precisely  as  in  the  case  of  the  formula  already  found 
for  p,  we  obtain 

„ p'  I  sin  (A'  —  X)  a^sec^        sin(^  —  0)  \ 

^  "~  Z' \  SS^""^=r^      8in(x"— >l)*sin(0— ^)/ 

/         N''  \  R'  8in(0''—  0)  sinQ  — ^) 
"^  \  n"  I     sin(r  — /l)8in(0— ^) 

Let  us  now  put,  for  brevity, 

,       i?sin(0-^)                        RBm(O'^K) 
l>  = ,  c  = , 

ir'mi(0"-K)  sec^^^; Jf?iy^8in(0^^— 0) 

^~~  a,  '      •'~8in(r— A)'       ^"-"      a^sin(r  — i)     ' 

smpr-X')   .   ^/y' sin (r- 0^0 
^^^  =  sin{X'^-X)+^ d '  ^^^^ 

M'f  —  sin (X'  —  X)  __    i?8in(^  — 0) 
^'   ~sina"— >l)      ^  h  ' 

-^       h  sin  (r  —  K)             , ,,,       h  sin  {X-^K) 
M,= ^ ,  M,  = ^ , 

and  the  equations  (11),  (14),  and  (16)  become 

p'  sec  /5'  =  —  c-j-nb  -\-  n'^d, 
,=.3/.  4  +  3/.  (l-f),  (18) 

If  n  and  71"  are  known,  these  equations  will,  in  most  cases,  be 
sufficient  to  determine  p,  p',  and  />". 
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O.  It  will  be  apparent,  from  a  consideration  of  the  equations 
!ch  have  been  derived  for  ^o,  ^',  and  p"y  that  under  certain  circum- 
ices  they  are  inapplicable  in  the  form  in  which  they  have  been 
?n,  and  that  in  some  cases  they  become  indeterminate.  When  the 
it  circle  passing  through  the  first  and  third  observed  places  of  the 
y  passes  also  through  the  second  place,  we  have  a^,  =  0,  and 
ation  (11)  reduces  to 

n"i?'8in(0"  — ^  +  nJ?8in(0— ^  =  i?8in(0'  — J^). 

;he  ratio  of  n"  to  w  is  known,  this  equation  will  determine  the 
Qtities  themselves,  and  from  these  the  radius-vector  r'  for  the 
die  place  may  be  found.  But  if  the  great  circle  which  thus 
»e8  through  the  three  observed  places  passes  also  through  the 
•nd  place  of  the  sun,  we  shall  have  K=  O',  or  K=  180°  +  ©', 
hence 

n"jR"  sin  (©"  —  ©')  —  nR  sin  (©'  —  ©)  =  0, 

n!'  _  i?ein(©^— ©) 
n  ~i?'8in(©"  — ©')' 

a  which  it  appears  that  the  solution  of  the  problem  is  in  this 
t  impossible. 

f  the  first  and  third  observed  places  coincide,  we  have  X  =  I"  and 
:  ^",  and  each  term  of  equation  (7)  reduces  to  zero,  so  that  the 
3lem  becomes  absolutely  indeterminate.  Consequently,  if  the 
I  are  nearly  such  as  to  render  the  solution  impossible,  according 
he  conditions  of  these  two  cases  of  indetermination,  the  elements 
ch  may  be  derived  will  be  greatly  affected  by  errors  of  observa- 
.  If,  however,  X  is  equal  to  ^"  and  ^"  differs  from  ^,  it  will  be 
lible  to  derive  p\  and  hence  p  and  /?";  but  the  formulae  which 
e  been  given  require  some  modification  in  this  particular  case. 
IS,  when  ;  =  ;",  we  have  K=)if'  =  X,  /=90^  and  /9o=90°, 

hence  CTq,  as  determined  by  equation  (10),  becomes  -.     Still,  in 

case  it  is  not  indeterminate,  since,  by  recurring  to  the  original 
ation  (9),  the  coefficient  of  /?',  which  is  — a^  sec/S',  gives 

a,  =  sin  i5'  cot  /  —  cos  ^  sin  (A'  —  K\  (19) 

when  X  =  X"y  it  becomes  simply 

a*  =  —  cos  /5'  sin  (x' —  K), 
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Whenever,  therefore,  the  difference  X'' — X  is  very  small  compared 
with  the  motion  in  latitude,  a^  should  be  computed  by  means  of  the 
equation  (19)  or  by  means  of  the  expression  which  is  obtained 
directly  from  the  coefficient  of  p'  in  equation  (7). 

When  X  =  X''  =  K,  the  values  of  Jf,,  Jf/',  Jf^,  and  3f,"  cannot 
be  found  by  means  of  the  equations  (17);  but  if  we  use  the  original 
form  of  the  expressions  for  p  and  p^'  in  terms  of  p\  as  given  by 
equations  (13)  and  (15),  without  introducing  the  auxiliary  angles, 
we  shall  have 

^/t>'    tan  (^  sin  {X"  —  0^0  ~  tan  f^'  sin  {X'  —  Q") 
^       n  '  tan  /5  em  (/'  —  ©")  —  tan  /5"  sin  (/I  —  ©") 


+ 


('-^) 


i?tani5"8in(0"— 0) 


7f\» 


tan  /9  sin  (A"  —  ©")  -.  tan  ^5"  sin  (^  -  ©") 


,f__  P^     tan  i9sin(A'—  ©)  —  tan  ft*  sin  (A  —  ©) 
^  ""  n"  '  tan  /5  sin  (/'  —  ©)  —  taiT^sin  {X  —  Q) 


I         N''\  B"  tan  /5  sin  (©"  —  ©) 


Hence 


tan  /9  sin  (A"—  ©)  —  tan/5"  sin  (i  —  ©) 


tan  /y  sin  (X"  —  ©^Q  —  tan  fi"'  sin  (A^  —  ©^Q 
^' "~  tan  ^  sin  (A"  —  ©")  —  tan  i^  sin  (A  —  ©")  ' 
tan  /5  sin  (il'  —  ©)  —  tan  /^  sin  (X  —  ©) 


ilf/'  = 


'   ~  tan  /5  sin  (>l"  —  ©)  —  tan  ,5"  sm  (X—  Q)' 

Jf?tan/S^^sin(©^^~0) 

^  ~  tan  IS  sin  (/l"  —  ©")  —  tan  /?"  sin  {X  —  ©")' 

i?"tan/5  sin (©"—©) 


(20) 


MJ'  = 


*  "  tan  i^  sin  (A"  —  ©)  —  ten  fi"  sin  (A  —  ©)  ' 

are  the  expressions  for  3f„  3//',  Jifg,  and  Jfj"  which  must  be  used 
when  X  =  A"  or  when  X  is  very  nearly  equal  to  ?/^;  and  then  p  and  p" 
will  be  obtained  from  equations  (18).  These  expressions  will  also  be 
used  when  A"—  A  —  180°,  this  being  an  analogous  case. 

When  the  great  circle  passing  through  the  first  and  third  observed 
places  of  the  body  also  passes  through  the  first  or  the  third  place  of 
the  sun,  the  last  two  of  the  equations  (18)  become  indeterminate,  and 
other  formulae  must  be  derived.  If  we  multiply  the  second  of  equa- 
tions (7)3  by  tan/3"  and  the  fourth  by  —sin (A"—  ©'),  and  add  the 
products,  then  multiply  the  second  of  these  equations  by  tan  /9  and 
the  fourth  by  —sin (A  —  ©'),  and  add,  and  finally  reduce  by  means 
of  the  relation 

NB  sin  (©'  -  ©)  =  JV"i?"  sin  (©"  -  ©'), 
we  get 
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^/^   tan ^'  sin  {}!  —  pQ  —  tan jS^  sin  (^  —  pQ 
n  '  tan/5"  sili  (/I  —  p')  —  tan i?  sin  (A"  —  p') 

,  /  n"      iV"  \  i?'  tan  /5"  sin  (p"  —  p') 


tan  i$"  sin  (A  —  p')  —  tan  /9  sin  (/I"—  P')' 
.._^   taniysin(A~PO^tan/9sina^-pO 
'^        n" '  tan  /?"  sin  (A  —  p ')  —  tan  ^  sin  (>l"  —  p')  ^  ^ 

4-/!L_«j^\ Jgtani9sin(p^— p) 

"^  \  n"      iV^"  /  tan  ^'  sin  (i  —  p')  —  tan  i5  sin  (A"—  P')' 

These  equations  are  convenient  for  determining  p  and  /?"  from  /?' ; 
but  they  become  indeterminate  wlien  the  great  circle  passing  through 
the  extreme  places  of  the  body  also  passes  through  the  second  place 
of  the  sun.  Therefore  they  will  generally  be  inapplicable  for  the 
in  which  the  equations  (18)  fail. 
If  we  eliminate  ^o"  from  the  first  and  second  of  the  equations  (6)j 
get 

0  =  n/t>  sin  (A"  —  X)—nR  sin  (A"  —  p)  —  /  sin  (A"  —  .1') 
+  i?  Bin  (r  —  PO  —  ^'S'  sin  (r  —  p"), 
fiom  which  we  derive 

^=^-:.?j5(^  (22) 

n    8m(A"  —  K)  ^    ^ 

nR  sin  {k"  ^Q)^Bf  sin  (^ ~-  pQ  +  n^B"  sin  (/^  —  p^Q 
"^  n  sm  (A"  —  A) 

^E^liminating  p  between  the  same  equations^  the  result  is 
p'    sin  (A'  — A) 


n" '  sinCr-i)  (^^^ 

nig  sin  (i  —  p)  —  jy  sin  (A  —  pQ  +  n"Ii"  sin  (>t  —  Q") 

n"  sm  (a"  —  X) 

formulae  will  enable  us  to  determine  p  and  ^o"  from  /?'  in  the 
Special  cases  in  which  the  equations  (18)  and  (21)  are  inapplicable; 
iDut,  since  they  do  not  involve  the  third  of  equations  (6)3,  they  are 
^Kiot  so  well  adapted  to  a  complete  solution  of  the  problem  as  the 
:S[irmulse  previously  given  whenever  these  may  be  applied. 

If  we  eliminate  successively  /?"  and  p  between  the  first  and  fourth 
<3f  the  equations  (7)3,  we  get 

^^    tan  fi"  cos (X'  —  p Q  —  tan ^  cos  (>l^^  —  P Q 
^  "n"  tan /5"  cos  (A  —  p')  —  tan /S  cos  (r  —  p') 

tan^y^    nB  cos  ( p^—  p  ) — jy  +  n'^B"  cos  ( p^^—  Q') 
'^'   n  tan/9"cos(A  — p')— tan/9cos(>l"— p')    ' 

tan  /^  cos  (A  —  p')  —  tan  ft  cos  (A'—  p ') 


(24) 


#>" 


n"  '  tan  /5"  cos  (>l  —  p ')  —  tan  /?  cos  (A"—  p') 

_tan/5    ni? cos  (p^  —  p )  —  JT  +  n ^JT^  cos  (p^^  —  PQ 
n"    '       tan  /S"  cos  0  —  p')  —  tan  fi  cos  (^  —  P')      ' 
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which  may  also  be  used  to  determine  p  and  p"  when  the  equatio] 
(18)  and  (21)  cannot  be  applied.     When  the  motion  in  latitude 
greater  than  in  longitude^  these  ec^uations  are  to  be  preferred  i 

of  (22)  and  (23.) 

81.  It  would  appear  at  first,  without  examining  the  quantities  in 
volved  in  the  formula  for  />',  that  the  equations  (26),  will  enable 
to  find  n  and  n"  by  successive  approximations,  assuming  first  that 

T  T 

and  from  the  resulting  value  of  />'  determining  r',  and  then 

the  approximation  to  the  values  of  n  and  n"  one  step  farther,  so 

to  include  terms  of  the  second  order  with  reference  to  the  interval^sB-H* 

of  time  between  the  ol)servations.     But  if  we  consider  the  equation^^^it^'* 

(10),  we  observe  that  a^  is  a  very  small  quantity  depending  on  the^^^*® 

difference  /3'  —  /9o,  and  therefore  on  the  deviation  of  tlie  observed^ 

path  of  the  body  from  the  arc  of  a  great  circle,  and,  as  this  appears^ 

in  the  denominator  of  terms  containing  n  and  n"  in  the  equation  ^"^  •"* 

(11),  it  becomes  necessary  to  determine  to  wliat  d^ree  of  approxi -■" 

mution  these  quantities  must  be  known  in  order  that  the  resalting  "g^  % 
value  of  />'  may  not  be  greatly  in  error. 

To  determine  the  relation  of  a^  to  the  intervals  of  time  between 
the  observations,  we  have,  from  the  coefficient  of  p'  in  equation  (7), 

oo  sec  /3f'  =  tan  ?  sin  C>1"  —  /')  —  tan  ,V  sin  (A"  —  A)  +  tan/S"  sin  (i'  —  i). 

We  may  put 

tan  ?  =  tan  ,^'  —  Ar"  +  i?r"»  —  ...., 

tan  ,^'  =  tau  ^V  -|-  At  -f  Bt^  +...., 

and  hence  we  have 

fip  sec  i^  — -  (j?in  (A"  —  X')  —  sin  ( x"  — x)  +  sin  (x'  —  lY)  tan  pf 
+  (r  sin  ( ;/— /)  -  r"  sin  (x"-/' ))  A + (r^  sin  (/— i) +r"«  sin  (.x"— x'))  jB+. ., 

which  is  easilv  tmnsformed  into 

a,  sec  /  =  4  sin  J  ( x'  —  A)  sin  \  ( x"  —  x')  sin  J  (A"—  X)  tan  ,^     i  25 ) 
+  (rsin(x'— x)--r''sin.x''-->l')).4+(r»sin(x'~x)+r''»sinCx''— x^>)B4..... 

If  we  sup|)ose  the  intervals  to  be  small,  we  may  also  put 

sin  i  (/"  —  X )  =  I  (a"  —  A ), 
and 

sin  ( x"  -  a)  -rr  A"  —  ;,  sin  (x'  -^1)^1'  — I. 
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Further,  we  may  put 

X"  =  X'  +  A'r  +  B'T*  + 

Substituting  these  values  in  the  equation  (25),  neglecting  terms  of 
the  fourth  order  with  respect  to  r,  and  reducing,  we  get 

Oo  =z  tt't"  ( J^'»  tan  /5'  +  A'B  —  AB')  cos  1^. 

It  appears,  therefore,  that  Gq  is  at  least  of  the  third  order  with 
reference  to  the  intervals  of  time  between  the  observations,  and  that 
an  error  of  the  second  order  in  the  assumed  values  of  n  and  n"  may 
produce  an  error  of  the  order  zero  in  the  value  of  p^  as  derived  from 
equation  (11)  even  under  the  most  favorable  circumstances.  Hence, 
mn  general,  we  cannot  adopt  the  values 

omitting  terms  of  the  second  order,  without  affecting  the  resulting 
"value  of  jo'  to  such  an  extent  that  it  cannot  be  regarded  even  as  au 
approximation  to  the  true  value ;  and  terms  of  at  least  the^  second 
order  must  be  included  in  the  first  assumed  values  of  n  and  n'^ 
The  equation  (28)3  gives 

^?(.+.^-^"). 

omitting  the  term  multiplied  by  -^^  which  term  is  of  the  third  order 

with  respect  to  the  times ;  and  hence  in  this  value  of  — ,  only  terms 

of  at  least  the  fourth  order  are  neglected.     Again,  from  the  equations 
(26)j  we  derive,  since  r'  =  r  +  r", 

„  +  „"  =  ! +  ^,  (27) 

in  which  only  terms  of  the  fourth  order  have  been  neglected.     Now 
the  first  of  equations  (18)  may  be  written : 

b  +  —d 

/.'8ec/3'  =  (n  +  »") V-c.  (28) 

1  +  ^ 


n 
rr 


"*  ^^hich,  if  we  introduce  the  values  of  —  and  n  +  n"  as  given  by 
^      ^   and  (27),  only  terms  of  the  fourth  order  with  respect  to  the 
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times  will  be  neglected,  and  consequently  the  resulting  value  of  p' 
will  be  affected  with  only  an  error  of  the  second  order  when  a^  is  of 
the  third  order.  Further,  if  the  intervals  between  the  observations 
are  not  very  unequal,  r^  —  r"^  will  be  a  quantity  of  an  order  superior 
to  r^,  and  when  these  intervals  are  equal,  we  have,  to  terms  of  the 
fourth  order, 

71  T 

n        T* 
The  equation  (27)  gives 


Hence,  if  we  put 


2r'»(n  +  n"— 1)  =  tt''. 

n'  (29) 

e  =  2r'»(n  +  n"-l), 

we  may  adopt,  for  a  first  approximation  to  the  value  of  p'^ 

P  =  C  e  =  rT'',  (30) 

and  p*  will  be  affected  with  an  error  of  the  first  order  when  the  in- 
tervals are  unequal ;  but  of  the  secend  order  only  when  the  intervals 
are  equal.  It  is  evident,  therefore,  that,  in  the  selection  of  the 
observations  for  the  determination  of  an  unknown  orbit,  the  in- 
tervals should  be  as  nearly  equal  as  possible,  since  the  nearer  they 
approach  to  equality  the  nearer  the  truth  will  be  the  first  assumed 
values  of  P  and  §,  thus  facilitating  the  successive  approximations; 
and  when  a^  is  a  very  small  quantity,  the  equality  of  the  intervals 
is  of  the  greatest  importance. 
From  the  equations  (29)  we  get 


n"  =  nF; 
and  introducing  P  and  Q  in  (28),  there  results 


(31) 


,'8ec^  =  (l  +  |>i)^±5-c.  (3?) 

This  equation  involves  both  p'  and  r'  as  unknown  quantities,  but 
by  means  of  another  equation  between  these  quantities  p*  may  be 
eliminated,  thus  giving  a  single  equation  from  which  r'  may  be 
found,  after  which  p'  may  also  be  determined. 
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82.  Let  '^'  represent  the  angle  at  the  earth  between  the  sun  and 
planet  or  oomet  at  the  second  observation,  and  we  shall  have,  from 
the  equations  (93)3, 

tan/S' 


tan  11!'  =  — 


7\> 


fin  {X'  -  ©') 

t,„,,^tanO'-0O^ 

COS  wr  ^     '^ 

cos  4'  =  cos  fi^  cos  (A'  —  ©'), 

by  means  of  which  we  may  determine  o^',  which  cannot  exceed  180°. 

Since  cos^'  is  always  positive,  cosij/'  and  cos  (A' —  ©')  must  have  the 

same  sign. 

We  also  have 

/« =  J'«  +  i?*  —  2  J'i?  cos  V, 

which  may  be  put  in  the  form 

r'*  =  0»'  sec  ^5'  —  i?  cos  4')'  +  -B"  sin'  4', 

from  which  we  get 


/  sec  ^5'  =  JF?  cos  V  d:  V  /*  —  i?'  sin*  4'.  (3 1) 

Substituting  for  /t>'  sec/9'  its  value  given  by  equation  (32),  we  have 

For  brevity,  let  us  put 

b  +  Pd 


^0  = 


1  +  P' 

c^  —  c  =  A^o,  (35) 


and  we  shall  have 

ifeo—  ^  =  i?  cos  V  ±  v//'  —  JB^'sin^V. 


(36) 


When  the  values  of  P  and  Q  have  been  found,  this  equation  will 
give  the  value  of  r'  in  terms  of  quantities  derived  directly  from  the 
data  furnished  by  observation.  We  shall  now  represent  by  z'  the 
angle  at  the  planet  between  the  sun  and  earth  at  the  time  of  the 
second  observation,  and  we  shall  have 

/=-^.y.  (37) 
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Substituting  this  value  of  r',  in  the  preceding  equation,  there  resolti 

Lain*/ 

(ito— i?co8V)8in2'iFi?8in4''co8/  =  -^^^,  (38) 

and  if  we  put 

%  sin  C  =  -R'  sin  4', 

%  cos  C  =  ^0  —  K  cos  4',  (39) 
l^ 

the  condition  being  imposed  that  m^  shall  always  be  positive,  we 

have,  finally, 

sin  (3' :;::)  =  w,  sin V.  (40) 

In  order  that  tiIq  may  be  positive,  the  quadrant  in  which  ^  is  ttken 
must  be  such  that  tj^  shall  have  the  same  sign  as  /„,  since  sin  yff'  is 
always  positive. 

From  equation  (37)  it  appears  that  sin  2'  must  always  be  positive, 
or3'<180°;  and  further,  in  the  plane  triangle  formed  by  joining 
the  actual  places  of  the  earth,  sun,  and  planet  or  comet  corresponding 
to  the  middle  observation,  we  have 

.,_/  sin  (/  +  V)  _/y8in(/+40 

sm  4  sm  z 

Therefore, 

,      i?' sin  (/ +  V)        ^  ,,t^ 

P  = .--,  -      cos^y,  (41) 

smz 

and,  since  />'  is  always  positive,  it  follows  that  sin  (z'  +  '^')  must  ^ 
jHjsitivc,  or  that  z'  cannot  cxcetHl  180°  —  \|/'. 

When  the  planet  or  comet  at  the  time  of  the  middle  obser\*ation  *•* 
both  in  the  node  and  in  op|H>sition  or  conjunction  with  the  sun,  ^^ 
shall  have,5'--0,  >^'rr^l80°  when  the  Ixxly  is  in  opposition,  ac^ 
y^'  =-.  0°  when  it  is  in  conjunction.     Consequently,  it  becomes*  impo^^ 
sible  to  determine  r'  by  means  of  the  angle  z';  but  in  this  vsac  th^^ 
equation  (36)  gives 

i-.-^--  If  +  r', 

when  the  body  is  in  opposition,  the  lower  sign  being  excluded  by  th^ 
condition  that  tlie  value  of  the  first  member  of  the  equation  must  h^ 
positive,  and  for  \|/'  —  0, 

k  —  !l  =  R  ^r 
the  up|)or  sign  being  usoti  when  the  sun  is  between  the  earth  and  the 
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planet,  and  the  lower  sign  when  the  planet  is  between  the  earth  and 
the  sun.  It  is  hardly  necessary  to  remark  that  the  case  of  an  obser- 
vation at  the  superior  conjunction  when  /9'  =  0,  is  physically  impos- 
sible. The  value  of  r'  may  be  found  from  these  equations  by  trial ; 
and  then  we  shall  have 

when  the  body  is  in  opposition,  and 

when  it  is  in  inferior  conjunction  with  the  sum. 

For  the  case  in  which  the  great  circle  passing  through  the  extreme 
observed  places  of  the  body  passes  also  through  the  middle  place, 
which  gives  0^=  0,  let  us  divide  equation  (32)  through  by  c,  and  we 
have 


\    ^2i^}  1 


+  P 
The  equations  (17)  give 

ft      it  sin (0  — -g)  d_R'am(Q"—K) 

e~  R8ia{Q'—K)'  c~  RsiniO'  —  K)' 

and  if  \re  put 


we  shall  have 


*  +  pi 

c    '        c 

TTP 


—  Co, 


(i  +  J-.)q,-i=o, 


since  c  =  oo  when  0^  =  0.     Hence  we  derive 


(42) 


But  when  the  great  circle  passing  through  the  three  observed  places 
passes  also  through  the  second  place  of  the  sun,  both  o  and  Cq  be- 
come indeterminate,  and  thus  the  solution  of  the  problem,  with  the 
given  data,  becomes  impossible. 

83.  The  equation  (40)  must  give  four  roots  corresponding  to  each 

sign,  respectively ;  but  it  may  be  shown  that  of  these  eight  roots  at 

least  four  will,  in  every  case,  be  imaginary.     Thus,  the  equation  may 

be  written 

m^  sin*  sf  —  sin  /  cos  C  =  T  cos  2'  sin  C, 


and,  by  ^uaring  and  rerlueing,  this  becomes 

nin'ain'a' —  2inj  cos  C  sin' r*  +  sin'i'— 

When  J  is  within  the  limits  —  90°  and  -f  90°,  oos  J  will  be  posilive, 
and,  »i„  being  always  positive,  it  appoirs  from  the  algebraic  f^igii'Ol' 
the  terms  of  the  eqnation,  acconling  to  the  theory  of  equations,  tlui 
in  this  cose  there  cannot  be  more  than  four  real  roots,  of  wbieh  thnc 
will  be  positive  and  one  negative.  When  ^  exceeds  the  limits  —90" 
and  +  90°,  cos  J^  will  be  negative,  and  hence,  in  this  ease  also,  ihot 
cannot  be  more  than  four  real  roots,  of  which  one  will  W  jKwtin 
and  three  negative.  Further,  since  sia'f  is  real  and  positive.  Htm 
.must  be  at  least  two  real  roots — one  positive  and  the  other  iM^in 
—whether  cos  f  be  negative  or  positive. 

We  may  also  remark  that,  in  finding  the  roots  of  the  equation  (4Ui, 
it  will  only  be  necessary  to  solve  the  equation 

fliaC.'-:)  =  m.sin'^,  (4:it 

since  the  lower  sign  iu  (40)  follows  directly  from  this  by  substituting 
180^^3'  in  plaoe  of  z';  and  hence  the  roots  derived  from  this  will 
comprise  all  the  real  roots  belonging  to  the  general  form  of  ibe 
equation. 

The  observed  places  of  the  heavenly  body  only  give  the  direction 
in  space  of  right  lines  passing  through  the  plato^  of  the  earth  awl 
the  corresponding  places  of  tike  body,  and  any  three  poinU,  one  in 
each  of  these  lines,  which  are  situated  in  a  plane  {HisAiug  throngfa  tW 
centre  of  the  sun,  and  which  are  at  such  distances  as  to  fulfil  ih* 
condition  that  the  arcal  velocity  shall  be  constant,  according  to  the 
relation  expressed  by  the  equation  (30),,  must  satisfy  the  amiytkil 
conditions  of  the  problem.  It  is  evident  that  the  three  placed  nf  (in 
earth  may  satisfy  these  conditions ;  and  hence  there  amy  be  ome  root 
of  equation  (43)  which  will  correspond  to  the  orbtt  of  the  esrth,  or 
give 


',  it  follows  from  the  equation  (37)  that  this  root  must 
j'=180''  — +'! 


^ 


and  such  would  be  strictly  the  case  if,  instead  of  the  aasamed  valocv 
of  i' and  Q,  their  exact  vahus  for  the  orbit  of  the  earth  wercadopird, 
and  if  the  obser\'atiou9  were  referred  directly  to  the  cvnlre  of  the 
earth,  in  the  ix>TTe<^'tion  lor  parallax,  neglecting  also  the  pcrturiiatioa* 
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In  the  case  of  the  earth, 


n  =  N 


JRJ?"8in(0"— ©)' 
i?J?"sin(0"--0') 


"  jRif'sinCO"— ©)' 
and  the  complete  values  of  P  and  Q  become 

^  __  gjyj  jgjy  sin (0--0)  +  iyiy^  sin (0^^-00         \ 
^  \  i?JB"8in(0"— O)  /' 

and  since  the  approximate  values 

differ  but  little  from  these,  as  will  appear  from  the  equations  (27)3, 
there  will  be  one  root  of  equation  (43)  which  gives  z'  nearly  equal 
to  180°  —  1//'.  This  root,  however,  cannot  satisfy  the  physical  con- 
ditions of  the  problem,  which  will  require  that  the  rays  of  light  in 
coming  from  the  planet  or  comet  to  the  earth  shall  proceed  from 
points  which  are  at  a  considerable  distance  from  the  eye  of  the 
observer.  Further,  the  negative  values  of  sin  z!  are  excluded  by  the 
nature  of  the  problem,  since  r'  must  be  positive,  or  2'  <  180°  ;  and 
of  the  three  positive  roots  which  may  result  from  equation  (43),  that 
being  excluded  which  gives  2'  very  nearly  equal  to  180°  — ij/',  there 
will  remain  two,  of  which  one  will  be  excluded  if  it  gives  2'  greater 
than  180°  —  o^',  and  the  remaining  one  will  be  that  which  belongs 
to  the  orbit  of  the  planet  or  comet.  It  may  happen,  however,  that 
neither  of  these  two  roots  is  greater  than  180°  —  o^',  in  which  case 
both  will  satisfy  the  physical  conditions  of  the  problem,  and  hence 
the  observations  will  be  satisfied  by  two  wholly  different  systems  of 
elements.  It  will  then  be  necessary  to  compare  the  elements  com- 
puted from  each  of  the  two  values  of  2'  with  other  observations  in 
order  to  decide  which  actually  belongs  to  the  body  observed. 

In  the  other  case,  in  which  cos  ^  is  n^ative,  the  negative  roots 
being  excluded  by  the  condition  that  r'  is  positive,  the  positive  root 
must  in  most  cases  belong  to  the  orbit  of  the  earth,  and  the  three 
observations  do  not  then  belong  to  the  same  body.  However,  in  the 
case  of  the  orbit  of  a  comet,  when  the  eccentricity  is  large,  and  the 
intervals  between  the  observations  are  of  considerable  magnitude^  if 
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the  approximate  values  of  P  and  Q  are  computed  directly,  bjr  ineiDS 
of  approximate  elements  already  known,  from  the  equations 

p r/  sin  Ctt' —  u) 

^"//'sinV-ti')'  ,4^x 

/.  _  o^,  /  rr'  sin  (ti^-  u)  +  //^  sin  (n^^- 1/)      ,\  ^**^ 

'^"^'^'^  \  rr"  sin  (ti"- u)  ^V 


it  may  occur  that  cos  ^  is  negative,  and  the  positive  root  will  actuallT 
belong  to  the  orbit  of  the  comet.  The  condition  that  one  value  of 
z'  shall  be  very  nearly  equal  to  180°  —  \|/',  requires  that  the  adopted 
values  of  P  and  Q  shall  differ  but  little  from  those  derived  directlv 
from  the  places  of  the  earth ;  and  in  the  case  of  orbits  of  smtll 
eccentricity  this  condition  will  always  be  fulfilled,  unless  the  interv»b 
between  the  observations  and  the  distance  of  the  planet  from  the  son 
are  both  very  great.  But  if  the  eccentricity  is  large,  the  diffcrenoe 
may  be  such  that  no  root  will  correspond  to  the  orbit  of  the  earth* 

84.  We  may  find  an  expression  for  the  limiting  values  of  m^  ind 
f ,  within  which  equation  (43)  has  four  real  roots,  and  beyond  whidi 
there  are  only  two,  one  positive  and  one  n^ative.  This  change  in 
the  numl)er  of  real  roots  will  take  place  when  there  are  two  equil 
roots,  and,  consequently,  if  we  proceed  under  the  supposition  tint 
equation  (43)  has  two  equal  roots,  and  find  the  values  of  m^  and  ( 
which  will  acconl  with  this  supiKwition,  we  may  determine  the  limiti 
retjuircil. 

Differentiating  ecjuation  (43)  with  respect  to  z\  we  get 

cos  (J  —  i)  =^  4?w^  sin  V  cos  / ; 

and,  in  the  case  of  equal  roots,  the  value  of  z'  as  derived  from  this 
must  also  satisfy  the  original  equation 

sin  (/  —  C)  =  wIq  sin  V. 

To  find  the  values  of  m^  and  ^  which  will  fulfil  this  condition,  if  we 
eliminate  u\^^  Ix^tweon  these  equations,  we  have 

sin  /  cos  (/  —  C)  =  4  cos  z  sin  (/  —  C), 

from  which  we  easily  find 

sin  (2/  —  0  ==  S  sin  C.  (45) 

This  gives  the  value  of  ^  in  terms  of  z'  for  which  equation  (43)  has 


DETERMINATION  OF  AN  ORBIT.  241 

equal  roots,  and  at  which  it  ceases  to  have  four  real  roots.  To  find 
the  corresponding  expression  for  71%^,  we  have 

sin  (2'  —  C) cos  (g^  —  C) 

*  sinV  4 sin V  cos/' 

in  which  we  must  use  the  value  of  f  given  by  the  preceding  equation. 

Now,  since  sin  {2z'  —  ^)  must  be  within  the  limits  —  1  and  +  1,  the 

limiting  values  of  sin  f  will  be  +  {  and  —  f ,  or  ^  must  be  within  the 

limits  +  36°  52'.2  and  —  36°  52'.2,  or  143°  V.S  and  216°  52'.2.     If 

l^  IS  not  contained  within  these  limits,  the  equation  cannot  have  equal 

roots,  whatever  may  be  the  value  of  m^,  and  hence  there  can  only  be 

two  real  roots,  of  which  one  will  be  positive  and  one  negative.     If 

for  a  given  value  of  {[  we  compute  z'  from  equation  (46),  and  call 

this  z^'f  or 

sin  C2<- 0  =  1  sine, 

we  may  find  the  limits  of  the  values  of  m^,  within  which  equation 

(43)  has  four  real  roots.    The  equation  for  z^  will  be  satisfied  by 

the  values 

2,;-c,  180°-(2g;-C); 

and  hence  there  will  be  two  values  of  m^,  which  we  will  denote  by 
fOi  and  nij,  for  which,  with  a  given  value  of  f ,  equation  (43)  will 
have  equal  roots.    Thus  we  shall  have 

_  sin  (jzj  —  C) 
^"~      sinV     ' 

and,  putting  in  this  equation  180°  —  (22;/  —  f )  instead  of  2zJ  —  ^,  or 
90°  —  (V  —  C)  in  place  of  Zo', 

cos  g/ 

'^'-cosu^o'-cy 

It  follows,  therefore,  that  for  any  given  value  of  ^,  if  m^  is  not 
within  the  limits  assigned  by  the  values  of  mj  and  wi^,  equation  (43) 
will  only  have  two  real  roots,  one  positive  and  one  negative,  of 
which  the  latter  is  excluded  by  the  nature  of  the  problem,  and  the 
former  may  belong  to  the  orbit  of  the  earth.  But  if  P  and  Q  difier 
so  much  from  their  values  in  the  case  of  the  orbit  of  the  earth  that 
«'  is  not  very  nearly  equal  to  180°  —  1//',  the  positive  root,  when  ^ 
exceeds  the  limits  +  36°  52'.2  and  —  36°  52'.2,  may  actually  satisfy 
the  conditions  of  the  problem,  and  belong  to  the  orbit  of  the  body 
observed. 

16 
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When  Z  is  within  the  limits  143°  7'.8  and  216°  62' .2,  there  will 
be  four  real  roots,  one  positive  and  tlircc  negative,  if  m,  is  wtthia  the 
limits  m,  and  »ij ;  but,  il'  m^  eurpasucs  these  limita,  there  will  be  odIj 
two  real  root*. 

Table  XII.  contains  for  valuesof  C  from  —36°  62'.2  to  -(-  36°  52'^ 
the  values  of  m,  and  m,,  and  also  the  values  of  the  four  real  pooto 
corresponding  respectively  to  m,  and  i/i,. 

In  every  case  in  which  equation  (43)  has  three  poeitive  roota  and 
one  negative  root,  the  value  of  m^  must  be  within  the  limits  in<li<^oicd 
by  m,  and  m^  and  the  values  of  z'  will  be  within  tlic  limits  indicaud 
by  the  quantities  corresponding  to  m^  and  m,  for  each  root,  which 
we  designate  respectively  by  r,',  Sj',  2j',  and  :,'.  The  table  will  show, 
from  the  given  vahiea  of  m.^  and  180°  —  t^',  whether  the  problem 
admits  of  two  distinct  solutions,  since,  excluding  the  value  of  :', 
which  is  nearly  equal  to  180°  —  -J/',  and  corresponds  to  tlie  orWt  of 
the  earth,  and  also  that  which  exceeds  180°,  it  will  appear  at  one* 
whether  one  or  both  of  the  remaiuiug  two  values  of  z'  will  sntis!/ 
the  condition  that  z'  shall  be  less  than  180°  —  ij,'.  The  tabk-  will 
also  indicate  an  approximate  value  of  :',  by  means  of  which  the 
equation  (43)  may  be  solved  by  a  few  trials. 

For  the  root  of  the  equation  (43)  which  corresponds  to  the 
of  the  eartli,  we  have  />'  =  0,  and  henoe  from  (36)  we  derive 


K  =  ^,- 


"iJ" 
Substituting  this  value  for  k^  in  the  general  equation  (32),  we  hai 


f''"f'  =  '-{s>-7-) 


I 


and,  since  p'  miiEt  be  positive,  the  algebraic  sign  of  the  onmeriet] 
value  of  l^  will  indicate  whether  r'  is  greater  or  less  tlian  Jf.  It  ii 
easily  seen,  from  the  formulte  for  /g,  b,  d,  &c.,  that  in  the  actml 
application  of  these  formnlte,  the  intervals  between  the  obscrvstiou 
not  Ix'ing  very  lai^,  („  will  be  positive  when  ^'—^,  and  siii  (©'—  JC) 
have  coDtrarj-  signs,  au<l  nt^tive  when  /9'  —  ^,  has  the  same  s^  u 
axi{Q'  —  K).  Hence,  when  O'  — AT  is  less  than  180°,  r*  mnci  bt 
lees  than  R'  if  ji'  —  ^^is  jKjeitive,  but  greater  than  R'  it  ^  —  fi^'u 
nt^livc.  When  O'  —  K  exceeds  180°,  r*  will  be  greater  than  ff 
if  ^'  —  (9„  K  positive,  and  less  than  R'  if  ^  ~  ^,  is  negative.  W« 
may,  therefore,  by  means  of  a  celestial  globe,  determine  by  i 
whether  the  distance  of  a  comet  from  the  sua  is  greata  or  Ion  tl 
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that  of  the  earth  irom  the  sun.  Thus^  if  we  pass  a  great  circle 
through  the  two  extreme  observed  places  of  the  comet,  r'  must  be 
greater  than  R'  when  the  place  of  the  comet  for  the  middle  observa- 
tion is  on  the  same  side  of  this  great  circle  as  the  point  of  the 
ecliptic  which  corresponds  to  the  place  of  the  sun.  But  when  the 
middle  place  and  the  point  of  the  ecliptic  corresponding  to  the  place 
of  the  sun  are  on  opposite  sides  of  the  great  circle  passing  through 
the  first  and  third  places  of  the  comet,  r^  must  be  less  than  R. 

85.  From  the  values  of  p'  and  r'  derived  from  the  assumed  values 

P  =  —  and  §  =  rr",  we  may  evidently  derive  more  approximate 

values  of  these  quantities,  and  thus,  by  a  repetition  of  the  calcula- 
tion, make  a  still  closer  approximation  to  the  true  value  of  /?'.  To 
derive  other  expressions  for  P  and  Q  which  are  exact,  provided  that 
r'  and  p'  are  accurately  known,  let  us  denote  by  «"  the  ratio  of  the 
sector  of  the  orbit  included  by  r  and  r'  to  the  triangle  included  by 
the  same  radii-vectores  and  the  chord  joining  the  first  and  second 
places ;  by  s'  the  same  ratio  with  respect  to  r  and  r",  and  by  a  this 
ratio  with  respect  to  r'  and  r".  These  ratios  «,  «',  s"  must  nqces- 
earily  be  greater  than  1,  since  every  part  of  the  orbit  is  concave 
toward  the  sun.  According  to  the  equation  (30)i,  we  have  for  the 
areas  of  the  sectors,  neglecting  the  mass  of  the  body, 

and  therefore  we  obtain 

a"  [rr']  =  t' V^»  «' K']  =  r' |/-P>  8  [//']  =  r  i/^.      (46) 

Then,  since 

we  shall  have 

and,  consequently, 


P  =  —  •  -7:> 


T       «"* 


(48) 


Sabstituting  for  «,  «',  and  s"  their  values  from  (46),  we  have 


<^'^'^Qm^-^-     <«> 
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The  angular  distance  between  the  perihelion  and  node  being  denoted 
by  (Oy  the  polar  equation  of  the  conic  section  gives 

—  =  1  +  c  cos  (w  —  ci»), 
r 

4=l  +  eco8(w'-~ai),  (50) 

r 

;^  =  1  +  e  cos  (ti"  —  Of). 

T 

If  we  multiply  the  first  of  these  equations  by  sin  {u" —  u'),  the  second 
by  —  sin  (u''  —  u),  and  the  third  by  sin  (w'  —  w),  add  the  products 
and  reduce,  we  get 

^  sin  (w"  —  «')  — §  sin  (u"  —  w)  +  ^  sm  (vf  —  ii)  =  sin  {vf'  —  ^) 
r  r  T 

—  sin  in"  —  w)  +  sin  {vl  —  u) ; 
and,  since 

sin  ivl'  —  u')  =  2  sin  ^  (w"  —  v!)  cos  \  (w"  —  u'), 

sin  (u"—  It)  —  sin  (id—  u)  =  2  sin  ^  (w"—  u')  cos  i  (ti"  +  u'—  2i4), 

the  second  member  reduces  to 

4  sin  ^  (w"  — 1*0  sin  ^  (u"  —  it)  sin  J  (u'  —  u). 

Therefore,  we  shall  have 

-     4/tV"  sin  j  (t/^^  —  nQ  sin  J  (n"  —  n)  sin  j  (u^  --  ti)_ 
^  "^  rV"  sin (u"—  w')  —  rr"  sin  (it"—  u)  +  rr' sin  (u'-^  tt)' 

If  wc  nuiltiply  both  numerator  and  denominator  of  this  expression 

by 

2rr'r"  cos  A  (n"  —  tt')  cos  1  (u"  —  u)  cos  ]  (u'  —  ti), 

it  becomes,  introducing  [rr'],  [rr"],  and  [rV], 

_    [rV]  .  [rr"]  .  [rr'] 1 

P  ~  [//']  -t-  [rV]  —  irr"^  '  2rrV"  cos  A  (u"— nO'cos  ^"(tt"— u)  cos i  (u'— it)* 

Subf^tituting  this  value  of  j)  in  equation  (49),  it  reduces  to 


."  ^t 


r^' 


^  ~  w"  '  rr"  cos  A"(m""—  u')  cos  •  (it"  —  iz/cos  i  (w'  —  i<)" 


(51) 


86.  If  we  compare  the  equations  (47)  with  the  formula  (28)j,  we 
derive 

«"  T*  —  r"*  (t*  +  t"*)    dr 


> 


i 
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Consequentlj,  in  the  first  approximation,  we  maj  take 


8 

If  the  intervals  of  the  times  are  not  very  unequal,  this  assumption 
will  differ  from  the  truth  only  in  terms  of  the  third  order  with  respect 
to  the  time,  and  in  terms  of  the  fourth  order  if  the  intervals  are 
equal,  as  has  already  been  shown.  Hence,  we  adopt  for  the  first 
approximation, 

T 

the  values  of  r  and  r"  being  computed  from  the  uncorrected  times 
of  observation,  which  may  be  denoted  by  t^,  <,,',  and  ^".  With  the 
values  of  P  and  Q  thus  found,  we  compute  r',  and  from  this  p%  />, 
and  />",  by  means  of  the  formulse  already  derived. 

The  heliocentric  places  for  the  first  and  third  observations  may 
now  be  found  from  the  formulse  (Tl),  and  (72)3,  and  then  the  angle 
u''  —  u  between  the  radii-vectores  r  and  r''  may  be  obtained  in 
various  ways,  precisely  as  the  distance  between  two  points  on  the 
celestial  sphere  is  obtained  from  the  spherical  co-ordinates  of  these 
points.     When  t^"  —  u  has  been  found,  we  have 

sin  (u" —  u')  =  -J  sin  (u"  —  u), 

n"r"  *^^^^ 

sin  (u'  —  w)  =  —-J-  sin  {u"  —  u), 

T 

from  which  w"  —  u'  and  u'  —  u  may  be  computed.  From  these 
results  the  ratios  a  and  b"  may  be  computed,  and  then  new  and  more 
approximate  values  of  P  and  Q.  The  value  of  u"  —  w,  found  by 
taking  the  sum  of  u"  —  it'  and  u'  —  u  as  derived  from  (53),  should 
agree  with  that  used  in  the  second  members  of  these  equations, 
within  the  limits  of  the  errors  which  may  be  attributed  to  the 
logarithmic  tables. 

The  most  advantageous  method  of  obtaining  the  angles  between 
the  radii-vectores  is  to  find  the  position  of  the  plane  of  the  orbit 
directly  from  /,  /",  6,  and  6",  and  then  compute  w,  u',  and  u"  directly 
from  (2  and  i,  according  to  the  first  of  equations  (82)|.  It  will  be 
expedient  also  to  compute  r',  V  and  6'  from  />',  k\  and  /9',  and  the 
agreement  of  the  value  of  r',  thus  found,  with  that  already  obtained 
from  equation  (37),  will  check  the  accuracy  of  part  of  the  numerical 
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calculation.  Further,  since  the  three  places  of  the  body  must  be  in 
a  plane  passing  through  the  ceutre  of  the  sup,  whether  P  and  Q  are 
exact  or  only  approximate,  we  must  also  have 

tan  b'  ^=  tan  t  sin  C^  —  (J  ), 

and  the  value  of  b'  derived  from  this  equation  must  agree  with  tiiat 
computed  directly  from  p',  or  at  least  the  difference  should  not  esoecd 
what  may  be  due  to  the  uuavotdablc  errors  of  logarithmic  calcula- 
tion. 

We  may  now  compute  n  an«3  «"  directly  from  tlie  equatiooa 


""  rr"a 


t/  sin  (u'^ 


u) 


"r/'B 


>(«"- 


u)' 


(M) 


but  when  the  values  of  u,  u',  and  w"  are  those  which  r(»uU  firom  the 
assumed  values  ol'  P  and  Q,  the  resulting  values  of  n  and  n"  will 
only  satisfy  the  condition  that  the  plane  of  the  orhit  passes  through 
the  centre  of  the  sun.  If  substituted  in  the  equations  (29),  they  will 
only  reproduce  the  assumed  values  of  P  and  Q,  from  which  they 
have  be«n  derived,  and  hence  they  cannot  be  used  to  correct  them. 
If,  therefore,  the  numerical  calculation  bo  correct,  the  values  of  n 
and  n"  obtained  from  (54)  must  agree  with  those  derived  from  eqoai* 
ttons  (31),  within  the  limits  of  accuracy  admitted  by  the  togaritbinic 
tables. 

The  ditferences  w"  —  u'  and  ti'  —  u  will  usually  be  small,  and 
hence  a  small  error  in  either  of  these  quantities  may  considerably 
affect  the  resulting  values  of  n  and  n".  In  owler  to  detcnnioe 
whether  tlic  error  of  calculation  is  within  the  limits  to  be  expected 
from  the  logarithmic  tables  usctl,  if  we  take  thu  l(^rilhms  of  both 
members  of  the  equations  (54)  and  differentiate,  supposing  only  n, 
n",  and  «'  to  vary,  we  get 


(f  log,»"r 


:  —  cot  (u"  —  m')  du', 

■-   +  cot  (m'  —  Ml  du'. 


Multiplying  these  by  0.43429-1,  the  modulus  of  the  common  st-stdn 
of  logarithms,  and  expressing  dti'  in  seconds  of  arc,  we  find,  in  unita 
of  the  seventh  dwimal  place  of  common  logarithms, 

rflogn   =  — 21.055cot(M"  — u')du', 
d  log  n"  =  +  21.055  cot  («'  —  «)  rfu'. 

If  we  substitute  in  these  the  differences*  l>etween  log  n  and  lo|)-ii"  w 
found  &om  the  equations  (54),  and  the  \-alue8  nlraulv  obttiaed  lijr 
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means  of  (31),  the  two  resulting  values  of  du'  should  agree,  and  the 
magnitude  of  du'  itself  will  show  whether  the  error  of  calculation 
exceeds  the  unavoidable  errors  due  to  the  limited  extent  of  the 
logarithmic  tables.  When  the  agreement  of  the  two  results  for  n 
and  n''  is  in  accordance  with  these  conditions,  and  no  error  has  been 
made  in  computing  n  and  n"  from  P  and  Q  by  means  of  the  equa- 
tions (31),  the  accuracy  of  the  entire  calculation,  both  of  the  quan- 
tities which  depend  on  the  assumed  values  of  P  and  Qy  and  of  those 
which  are  obtained  independently  from  the  data  furnished  by  observa- 
tion, is  completely  proved. 

87.  Since  the  values  of  n  and  n"  derived  from  equations  (54) 
cannot  be  used  to  correct  the  assumed  values  of  P  and  Q,  from 
which  r,  r',  w,  u',  &c.  have  been  computed,  it  is  evidently  necessary 
to  compute  the  values  for  a  second  approximation  by  means  of  the 
aeries  given  by  the  equations  (26)3,  or  by  means  of  the  ratios  8  and 
9!'.  The  expressions  for  n  and  n"  arranged  in  a  series  with  respect 
to  the  time  involve  the  differential  coefficients  of  r'  with  respect  to  <, 
and,  since  these  are  necessarily  unknown,  and  cannot  be  conveniently 
determined,  it  is  plain  that  if  the  ratios  b  and  s"  can  be  readily  found 
from  r,  r',  r",  u,  u'j  w",  and  r,  r',  r",  so  as  to  involve  the  relation 
between  the  times  of  observation  and  the  places  in  the  orbit,  they 
may  be  used  to  obtain  new  values  of  P  and  Q  by  means  of  equations 
(48)  and  (51),  to  be  used  in  a  second  approximation. 

Let  us  now  resume  the  equation 

M=E'^e2>\xiEy 

or 

k{t—T)       ^         .    „ 


a 
and  also  for  the  third  place 

a* 
Subtracting,  we  get 

4  =  iS:"  —  iS:  —  2e  sin  i  {E"  —  E)  cos  ^  {E''  +  E).  (55; 

a* 

This  equation  contains  three  unknown  quantities,  a,  e,  and  the  dif- 
ference E'  —  E,  We  can,  however,  by  means  of  expressions  in- 
volving r,  r",  w,  and  w",  eliminate  a  and  e.  Thus,  since  p=a(l  — e^, 
we  have 

f  V5  =  aVr=^  (£"  —E  —  2e%m\  (£"  —  E)  cos  J  {E"  +  E)).  (56) 
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From  the  equations 

l/r  sin  Iv  =  T/a(l  +  c)  sin  ^E,  V7'  sin  y  =  l/o(l  +  e)  sin  i  JT, 

l/r  cos  ^v  =  Va(\  —  e)  cos  i£,  l/r^  cos  ^t/'  =  V^a(l— c)  cos  J  £", 

since  t?''  —  t?  =  u"  —  u,  we  easily  derive 

l/;y^  sin  i  K  —  u)  =  al/r=^  sin  ^  (£"  —  JB),  (57) 

and  also 

acosJC^"— £)  — aecosU^"+-^)  =  V^co8i(«"— ^)f 


or 


c  cos  J  (£"  +  ^)  =  COS  J  (£"—  -B) ^-^^ '-     (58) 


Substituting  this  value  of  eoo&\{E'' -\-  E)  in  equation  (66),  we  get 

x^\/p  =  aVr^  (£"  ~  ^—  sin  (£"  —  £)) 

+  2aVT^=^sinK^"—  -^)  cosi(u"  — «)  T/iV', 

and  substituting,  in  the  last  term  of  this,  for  aV\  — «^,  its  value  firom 
(57),  the  result  is 

^Vp  =  a«l/r^^  {E''  ^E  —  sin  {E"  -  E))  +  rr"  sin  (u"  -^  u).   (59) 
From  (57)  we  obtain 

•^  p        "sin' J  (£"-£)      ' 


or 


.      /      rr"  sin  («"—«)      \' 1_ 

aVl  —  e*  =  \  2,  rj^"  cos  ^  (u"—  t*;  /  p  sin'  ^  (£" 


Therefore,  the  equation  (59)  becomes 

•^^""p  siuM(i:"— i;)         \2V  rr"cosi(w"— «)/ 

Let  x'  1)0  the  chord  of  the  orbit  between  the  first  and  third  places, 
and  we  siiall  have 

x'»  =  (r  +  /')*  —  4rr"  cos'  J  (u"  —  ti). 
Now,  since  the  chord  x'  can  never  exceed  r  +  r",  we  may  put 

x'  =  (r+r")8inr'.  (61) 

and  from  this,  in  combination  with  the  preceding  equation,  we  derive 


21   rr"  cos  \  ( u"  -  u)  =  (r  +  r")  cos  /.  (62) 
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Substitutiiig  this  value^  and   \rr^^  =  ^  Vp,  in  equation   (60),  it 
redaoes  to 

8in4(£"— £)         *(r  +  /O'cos»r'*7^"^^~"  ^^^^ 

The  elements  a  and  e  are  thus  eliminated,  but  the  resulting  equation 
involves  still  the  unknown  quantities  E^' — J^and^^  It  is  neces- 
sary, therefore,  to  derive  an  additional  equation  involving  the  same 
unknown  quantities  in  order  that  E'^ — E  may  be  eliminated,  and 
that  thus  the  ratio  «',  which  is  the  quantity  sought,  may  be  found. 
From  the  equations 

r  =  a  —  ae  cos  E,  r"  =  a  —  ae  cos  E\ 

we  get 

/' +  r  =  2a  —  2ae  cos  K-^"  +  ^)  cos  i  (£"  —  J5;). 

Substituting  in  this  the  value  of  e  cos  J(jE"+  E)  from  (58),  we  have 

f''+r  =  2a8in«i(JE"  — i5:)  +  2v/iy^cosi(^'-"^)co8K£"— -E), 
and  substituting  for  sin  J(-E?" —  E)  its  value  from  (57),  there  results 

^,^ ^^2yy^sin4(u^^~n)^  2/;y' cosKt*"— «*) (1— 28m4 {E!'—E)). 

Buty  since 

2r/^  sin'  ^  W  —u)_  (K1)'  _  2r^' 

p  2prr^'  cos'  ^ 

we  have 

from  which  we  derive 

*  ^      ?•     (r  +  /')  cos*/        cosr 

'Which  is  the  additional  equation  required,  involving  -B" —  £and  9^ 
unknown  quantities. 

Let  us  now  put 

._         sin'^CjE^^— £) 

^  ""  E^'—E—BiniE^'-Ey 

(r-\-r  fcoer/ 
^^  sin'j/ 
•^         cosp^  ' 
a/  =  8in«i(i5:"  — £), 


^(u^  —  u)"  «'«  \2/^'co8i(w"-^))' 
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and  the  equations  (63)  and  (64)  become 


When  the  value  of  y'  is  known,  the  first  of  these  equations  will 
enable  us  to  determine  «',  and  hence  the  value  of  a?',  or  sin*J(-B^' — E\ 
from  the  last  equation. 

The  calculation  of  y'  may  be  £icilitated  by  the  introduction  of  an 
additional  auxiliary  quantity.     Thus,  let 

tan/  =  \^  (67) 

and  from  (62)  we  find 

cos  /  =  cos  ^  (w"  —  u)  — —-jf  =  2  cos  i  (ti" —  u)  cos'/  tan /, 

or 

cos  r'  =  sin  2/  cos  ^  {vl'  —  u).  (68) 

We  have,  also, 

,'« =  (r  +  /')'  —  ^^'  G0S«  4  (ti"  —  u\ 
which  gives 

x'«  =  (r  ~  r")*  +  4rr"  sin« ,}  (w"  —  w). 

Multiplying  this  equation  by  cos*J(u" — v)  and  the  preceding  one 
by  sin*J(u"  —  w),  and  adding,  we  get 

x"  =  (r  +  /')'  sin'  ^  (w"  —  w)  +  (r  —  r")*  cos«  ^  (u"  —  u).      (69) 

From  (67)  we  get" 


r  /' 

cosV  =  ^    ,    ^;>  sinV  =  ^    ,   ^„ 


and,  therefore, 

r  —  /' 

so  that  equation  (69)  may  be  written 

(-r+/7  =  «^^'^  =  '"''2(^'-^)  +  cos«2/ 

We  may,  therefore,  put 

sin  /  cos  G'  =  sin  ^  {y!'  —  u), 

sin  /  sin  G'  =  cos  ^  (w"  —  w)  cos  2/,  (70) 

cos  7^  =  cos  ^  (w"  —  u)  sin  2/, 
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fix)m  which  f  may  be  derived  by  means  of  its  tangent,  so  that  sin  y* 
shall  be  positive.  The  auxiliary  angle  &  will  be  of  subsequent  use 
in  determining  the  elements  of  the  orbit  froni  the  final  hypothesis  for 
Pand  q. 

88.  We  shall  now  consider  the  auxiliary  quantity  y'  introduced 
into  the  first  of  equations  (66).     For  brevity^  let  us  put 

and  we  shall  have 

^       2^  —  sin  2^' 
This  gives,  by  differentiation, 

rfy'       o      X     J          4sin'flrrfflr 
-5-  =  3  cot^  dg  —  s ?-~, 

or 

-^  =  3y'  cot  (^  —  4y'*  cosec  g. 

The  last  of  equations  (65)  gives  a:'  =  sin*  Jgr,  and  hence 

dq       ^ 

-~7  =  2  cosec  g. 

Therefore  we  have 

d^i  _  ^i  coBg  —  St/^  _  3(1  —  2a/)  y^—  4y^« 
(ia/""         Qin'g         ""         20^(1  — a/) 

It  is  evident  that  we  may  expand  y'  into  a  series  arranged  in  refer- 
ence to  the  ascending  powers  of  x',  so  that  we  shall  have 

t/  =  a  +  P3f  +  r3f*+daf^+  ea/*  +  Ca?'*  +  Ac. 
Differentiating,  we  get 

^  ==  ^  +  2ra/ +  3da/«  +  4ca/»  +  5:a;^  +  Ac, 

dt/ 
and  substituting  for  -ri  the  value  ali*eady  obtained,  there  results 

2^jf  4-  (4^  ^  2/5)  a?'*  +  (6^  —  4r)  a/«  +  (8e  —  6d)  af'  +  (IOC  —  8e;  a/»+  Ac. 
=  (3a  —  4a«)  +  (3/9  —  6a  —  8ai9)a/  +  (3/-  —  6/5  —  4i5«  —  8ar)a/« 
+  (3a  —  6r  —  8^  —  8ad)a/»  +  (3f  —  6d  —  4r*  —  Sfid  —  Sas)  a;'* 
+  (3:  —  6e  —  Sr^  —  8/5e  —  8a:)  a/»  +  Ac. 

Since  the  coefficients  of  like  powers  of  x'  must  be  equal,  we  have 

3a  —  4a«=  0,  3/5  —  6a  —  8a/5  =  2/5, 

3^  — 6/5  — 4/5«  — 8ar  =  2(2r  — /5),  Ac.; 
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and  henoe  we  derive 

^ = ^mh^        c = numh.        V = liHHf  III. 

Therefore  we  have 

+  3^84!  ??I45*"  +  Ac.  (71) 

If  we  multiply  through  by  V,  and  put 

+  ifli?§«Jl5^*  +  &c.,  (72) 

we  obtain 

Combining  this  with  the  second  of  equations  (66),  the  result  is 


If  we  put 


we  shall  have 


Vy'  +  ^  =  8+/  +  r. 


But  from  the  first  of  equations  (66)  we  get 


TO  -7  —  ^1 


m' 


and  therefore  we  have 


(7« 


As  soon  as  ?;'  is  known,  this  equation  will  give  the  corrcspoodii 
value  of  «'. 

Since  c'  is  a  quantity  of  the  fourth  order  in  reference  to  the  diflfe^^ 
ence  J  (£"  —  E),  we  may  evidently,  for  a  first  approximation  to  tl^ 
value  of  »',  take 


8  ^J 


and  with  this  find  «'  from  (75),  and  the  corresponding  value  of 
from  the  last  of  equations  (QO).     With  this  value  of  x'  we  find 
corresponding  value  of  c',  and  recompute  r/,  s'y  and  x' ;  and,  if 
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■ 

value  of  f '  derived  from  the  last  value  of  x'  differs  from  that  already 
used,  the  operation  must  be  repeated. 

It  will  be  observed  that  the  series  (72)  for  f '  converges  with  great 
rapidity,  and  that  for  E'  —  ^=  94°  the  term  containing  xf^  amounts 
to  only  one  unit  of  the  seventh  decimal  place  in  the  value  of  f '.  Table 
XIV.  gives  the  values  of  f '  corresponding  to  values  of  x'  from  0.0 
to  0.3,  or  from  JS?'  — ^=0  to  £^'  —  ^=132°  50'.6.  Should  a 
case  occur  in  which  W  —  E  exceeds  this  limit,  the  expression 


E) 


E"—E  —  sin(,E'—E) 

may  then  be  computed  accurately  by  means  of  the  logarithmic  tables 
ordinarily  in  use.  An  approximate  value  of  x'  may  be  easily  found 
with  which  y'  may  be  computed  from  this  equation,  and  then  S'  from 
(73).  With  the  value  of  f '  thus  found,  ij'  may  be  computed  from 
(74),  and  thus  a  more  approximate  value  of  a/  is  immediately 
obtained. 

The  equation  (75)  is  of  the  third  degree,  and  has,  therefore,  three 
roots.  Since  a'  is  always  positive,  and  cannot  be  less  than  1,  it 
follows  from  this  equation  that  ij^  is  always  a  positive  quantity.  The 
equation  may  be  written  thus : 

d"  — a^  —  iyV  — iV  =  0, 

and  there  being  only  one  variation  of  sign,  there  can  be  only  one 
positive  root,  which  is  the  one  to  be  adopted,  the  negative  roots  being 
excluded  by  the  nature  of  the  problem.  Table  XIII.  gives  the 
values  of  log  «'^  corresponding  to  values  of  tj^  from  7^'=  0  to  rj'=  0.6. 
Vhen  jy'  exceeds  the  value  0.6,  the  value  of  s'  must  be  found  directly 
from  the  equation  (75). 

89.  We  are  now  enabled  to  determine  whether  the  orbit  is  an 
ellipse,  parabola,  or  hyperbola.  In  the  ellipse  x  =  sin^\{E^  —  E) 
is  positive.  In  the  parabola  the  eccentric  anomaly  is  zero,  and  hence 
e  =  0,  In  the  hyperbola  the  angle  which  we  call  the  eccentric 
iQonialy,  in  the  case  of  elliptic  motion,  becomes  imaginary,  and 
lence,  since  sin  J  {E'  —  E)  will  be  imaginary,  x'  must  be  negative. 
't  follows,  therefore,  that  if  the  value  of  a:'  derived  from  the  equa- 
ion 

&  positive,  the  orbit  is  an  ellipse ;  if  equal  to  zero,  the  orbit  is  a 
^rabola ;  and  if  negative,  it  is  a  hyperbola. 
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For  the  case  of  parabolic  motion  we  have  x'  =  0,  and  the  seoond 
of  equations  (66)  gives 

J'  =  %'  (76) 

If  we  eliminate  a'  by  means  of  both  equations^  since,  in  this  cue, 
y'  =  iweget 

Substituting  in  this  the  values  of  m  and  I  given  by  (65),  we  obtain 

.     ,     „..  =  3  sin^/  cos/  +  4  8in4r', 
(r  +  /')* 
which  gives 

— ^  =  6  sin  Ir"  cos«  ir'  +  2  8in»  ^Z, 

OP 

Br' 

^     .     ,,^.  =  (sin  ^/  +  cos  ^Z)*  +  (sin  i/  —  coe  ir')*- 

(r  -f-  r  )» 

This  may  evidently  be  written 

-^^^^  =  (1  +  8inr')i  +  (1  -«nr')t, 

the  upper  sign  being  used  when  f  is  less  than  90*^,  and  the  lower 
sign  when  it  exceeds  90°.  Multiplying  through  by  (r  -p  r")',  vA 
replacing  (r  H-  r")  sin  t'  by  x,  we  obtain 

Br'  =  (r  +  r"  +  x)i  ip  (r  +  /'  -  x)i, 

which  is  identical  with  the  equation  (66)3  for  the  special  case  of 
parabolic  motion. 

Since  x'  is  negative  in  the  case  of  hyperbolic  motion,  the  value  ^ 
f '  determined  by  the  series  (72)  will  be  different  from  that  in  tb^ 
case  of  elliptic  motion.  Table  XIV.  gives  the  value  of  V  coT^^ 
spending  to  both  forms;  but  when  x'  exceeds  the  limits  of  this  tab*^' 
it  will  be  necessary,  in  the  case  of  the  hyperbola  also,  to  compute  tb^ 
value  of  c'  directly,  using  additional  terms  of  the  series,  or  we  ni*/ 
modify  the  expression  for  y'  in  terms  of  £"  and  £  so  as  to  ^ 
applicable. 

If  we  compare  equations  (44),  and  (56),,  we  get 

tani£=l/^taniF; 
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and  hence,  from  (58),, 

tan^^=^^l/=l. 

We  have,  also,  by  comparing  (65)i  with  (41)i,  since  a  is  negative  in 

the  hyperbola, 

IT      ^'  +  1 
eosj&  =  — s — , 

which  gives 

8inJB=^^l/=T:. 

Now,  since  

cos  JB  +  l/— 1  sin  JB  =  6**^^ 

in  which  e  is  the  base  of  Naperian  logarithms,  we  have 

E  l/^=l  =  log,  (cos  E  +  l/^Of  sm  E\ 
which  reduces  to 


; 


EV^^  =  \ogX 


or  

jB=l/^^log,<y. 

By  means  of  these  relations  between  E  and  a^  the  expression  for  y' 
may  be  transformed  so  as  not  to  involve  imaginary  quantities.  Thus 
we  have 

E"^E=  (log, </'  -  log,  ti)  l/=ri  =  |/=T:  log. ?^', 
sin  (£"  —  E)  =  sin  £"  cos  £  —  cos  £"  sin  E  =  '^''~,''l/^^. 

From  the  value  of  cos  ^  we  easily  derive 

2  v/ff  2  y'ff 

and  hence 

sinA  (£"  —  i:)  =  '^'~'  i/ZZ\ 
'  21/^"^ 

Therefore  the  expression  for  y'  becomes 


y'=- 


<t" 


(!/*<»")•  log.^^ 4  l/(f<r"  («">-  <»«) 
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Since  the  auxiliary  quantity  a  in  the  hyperbola  is  always  positm^ 
let  us  now  put 


and  we  have 


}l  = i ,  (77) 

from  which  y'  may  be  derived  when  A  is  known. 
'We  have,  further, 

and  therefore 

or 

J  =  -^[VA-^.  (7J) 

These  expressions  for  y*  and  vf  enable  us  to  find  f '  when  if  exoeedi 
the  limits  of  the  table.  Thus,  we  obtain  an  approximate  value  of  f' 
by  putting 

from  which  we  first  find  «'  and  then  x'  from  the  second  of  equations 
(66).     Then  we  compute  A  from  the  formula  (79),  which  gives 

^  =  1  —  2a:'  +  IVt!^  —  7i,  (80) 

y'  from  (77),  and  f  from  (73).  A  repetition  of  the  calculation,  using 
the  value  of  ?'  thus  found,  will  give  a  still  closer  approximation  to 
the  correct  values  of  x^  and  «';  and  this  process  should  be  continued 
until  c^  remains  unchanged. 

90.  The  formulie  for  the  calculation  of  «'  will  evidently  give  the 
value  of  «  if  we  use  r,  r',  r'',  tt',  and  tt",  the  necessary  changes  in  tbe 
notation  being  indicated  at  once;  and  in  the  same  manner  using ?^'i 
r,  r',  Uj  and  u',  we  obtain  «".  From  the  values  of  n  and  *"  thus 
found,  more  accurate  values  of  P  and  Q  may  be  computed  by  metn* 
of  the  equations  (18)  and  (51).  We  may  remark,  however,  that  if 
the  times  of  the  observations  have  not  been  already  corrected  for  the 
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time  of  aberration,  as  in  the  case  of  the  determination  of  an  unknown 
orbit,  this  correction  may  now  be  applied  as  determined  by  means  of 
the  values  of  /o,  p\  and  /o"  already  obtained.  Thus,  if  %y  </,  and  t^" 
are  the  uncorrected  times  of  observation,  the  corrected  values  will  be 

t  =t^  —  Cp  sec  Py 

t  =t^  —  Cp'  sec  /9',  (81) 

r  =  C— ^'''sec/S", 

in  which  log  C=  7.760523,  expressed  in  parts  of  a  day;  and  from 
these  values  of  <,  t',  t"  we  recompute  r,  r',  and  r",  which  values  will 
require  no  further  correction,  since  /o,  ^o',  and  /o",  derived  from  the 
first  approximation,  are  sufficient  for  this  purpose.  With  the  new 
values  of  P  and  Q  we  recompute  r,  r',  r",  and  it,  u',  w"  as  before, 
and  thence  again  P  and  Q,  and  if  the  last  values  differ  from  the  pre- 
ceding, we  proceed  in  the  same  manner  to  a  third  approximation, 
which  will  usually  be  sufficient  unless  the  interval  of  time  between 
the  extreme  observations  is  considerable.  If  it  be  found  necessary 
to  proceed  further  with  the  approximations  to  P  and  Q  after  the 
calculation  of  these  quantities  in  the  third  approximation  has  been 
effected,  instead  of  employing  these  directly  for  the  next  trial,  we 
may  derive  more  accurate  values  from  those  already  obtained.  Thus, 
let  X  and  y  be  the  true  values  of  P  and  Q  respectively,  with  which, 
if  the  calculation  be  repeated,  we  should  derive  the  same  values  again. 
Let  &x  and  ^y  be  the  differences  between  any  assumed  values  of  x 
and  y  and  the  true  values,  or 

Then,  if  we  denote  by  x^y  y^'  the  values  which  result  by  direct  cal- 
culation from  the  assumed  values  Xq  and  y^,  we  shall  have 

Expanding  this  function,  we  get 

xi  —  x^=f{x,  y)  +  A£ix  +  B£iy  +  Ci^s?  +  D6.x  Ay  +  E^y*  +...., 

and  if  ^z  and  Ay  are  very  small,  we  may  neglect  terms  of  the  second 
order.     Further,  since  the  employment  of  x  and  y  will  reproduce  the 

same  values,  we  have 

/(rr,  y)  =  0, 

and  hence,  since  ax=^Xq  —  x  and  Ay  =  yQ  —  y, 

17 
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In  a  similar  manner,  we  obtain 

y«' — yo = -4' («« — «)  +  5*  (y, — y). 

Let  us  now  denote  the  values  resulting  from  the  first  aasumptioa  ftr 
P  and  Q  by  P,  and  Q^,  those  resulting  from  Pj,  Q^  by  P„  Qp  and 
from  Pj,  Q2  by  P„  §,;  and,  fiirther,  let 

P,-P  =  a,  P,-P,=o',  P,-P,  =  a(", 

Q,-Q=b,      Q,-Q,=b',      e.-e.=6". 

Then,  by  means  of  the  equations  for  x,' — x^  and  yo' — Jte>  ^«  »''•'' 
have 

a  =AiP-x)  +  B(Q-y),  b  =  A'(P-z)  +  B'CQ -f), 

a'  =A(P,-z)  +  B(Q,-y).  6'  =4'(P-x)  +  B^iQ-y), 

a"=A{P,-x)+BiQ,-y),  b"  =  A'(P,-x)  +  R(^Q,-y). 

If  we  eliminate  A,  B,  A',  and  B'  from  these  equations,  the  Tegolto 

are 

_  P(a'6"  —  a"b')  +  P,  (a"6  —  ab")  +  P,  (a&'  —  a'b) 

"  —       (^a'b"  —  a"b')  +  ia"b  —  ab")  +  (aft'  —  a'b)      ' 

_  Q{a'b"-a"b')+Q, (a"b-ab")+Q,iab'-a'b) 
y  —       i^a'b"  —  a"b')  +  Ca"b  —  ab")  +  {ab'  —  a'b)      ' 

from  which  we  get 

(a"  +  a')  {a'b"  —  a"b')  +  a"  {a"b  —  ab"^ 


"  —  ^^      (a'b"—  a"b')  +  (o"6  —  ab")  +  (ab'  —  a'b)' 

—  O—  (^"  +  b')  (a'b"  -  a"b')  +  b"  {a"b  —  ab") 
y—^*      (a'b"—  a"b')  +  {a"b  —  ab")  +  {ab'—  a'b)' 


(82) 


In  the  numerical  application  of  these  forraulae  it  will  bo  more  con- 
venient to  use,  instead  of  the  numbers  P,  P„  P„  Q,  (p„  <&<•.,  the  logt- 
ritlims  of  these  quantities,  so  that  a  =  log  P^ —  log  P,  6  —  log  Q^  —  log  Q^ 
and  similarly  for  a',  6',  a",  6", — which  may  also  be  expres^  in 
units  of  the  last  decimal  place  of  the  logarithms  employed, — and  we 
shall  thus  obtain  the  values  of  log -r  and  logy.  With  these  valuer 
of  log  X  and  log  y  for  log  P  and  log  Q  respectively,  we  proceed  with 
the  final  calculation  of  r,  r',  r",  and  ?i,  w',  m". 

When  the  ecciMitricity  is  small  and  the  inter\'als  of  time  between 
the  observations  are  not  ver>'  great,  it  will  not  be  neeessar}*  to  employ 
the  tH] nations  (82);  but  if  the  eccentricity  is  considerable,  and  if,  in 
addition  to  this,  the  intervals  are  large,  they  will  be  required.  It 
may  also  occur  that  the  values  of  P  and  Q  derived  from  the  last 
hy|>othcsis  as  corrected  by  means  of  these  formulsi  will  differ  so 
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much  from  the  values  found  for  x  and  y,  on  account  of  the  neglected 
terms  of  the  second  order,  that  it  will  be  necessary  to  recompute  these 
quantities,  using  these  last  values  of  P  and  Q  in  connection  with  the 
three  preceding  ones  in  the  numerical  solution  of  the  equations  (82). 

91,  It  remains  now  to  complete  the  determination  of  the  elements 
of  the  orbit  firom  these  final  values  of  P  and  Q.  As  soon  as  Ji,  t, 
and  Uy  u\  u"  have  been  found,  the  remaining  elements  may  be  de- 
rived by  means  of  r,  r',  and  u' —  u,  and  also  from  r',  r",  and  vJ' — u'; 
or,  which  is  better,  we  will  obtain  them  from  the  extreme  places,  and, 
if  the  approximation  to  P  and  Q  is  complete,  the  results  thus  found 
will  agree  with  those  resulting  from  the  combination  of  the  middle 
place  with  either  extreme. 

We  must,  therefore,  determine  %'  and  x'  from  r,  r",  and  u"  —  Uy 
by  means  of  the  formulae  already  derived,  and  then,  from  the  second 
of  equations  (46),  we  have 

^^|^rr"sy-«)|'^  (83) 

firom  which  to  obtain  p.    If  we  compute  «  and  «"  also,  we  shall  have 

/  «^r"  sin  (u"  —  w')  \ '      /  «"r/  sin  (w'  —  w)  \ « 
^  =  \ -r )  ^l V^ )' 

and  the  mean  of  the  two  values  of  j>  obtained  from  this  expression 
should  agree  with  that  found  from  (83),  thus  checking  the  calcula- 
tion and  showing  the  degree  of  accuracy  to  which  the  approximation 
to  P  and  Q  has  been  carried. 
The  last  of  equations  (65)  gives 

%m\{E''^E^  =  V^,  (84) 

from  which  J^' — E  may  be  computed.  Then,  from  equation  (57), 
since  e  =  sin  ^,  we  have 

cos  ^  =  .    ,Vr,;; — r^  Vrr  (85) 

for  the  calculation  of  a  cos  f.     But  p  =  a  (1  —  e?)  =  a  cos^  ^,  whence 

cos  <p  =  -^—,  (86) 

aeosf 

which  may  be  used  to  determine  ip  when  e  is  very  nearly  equal  to 
unity;  and  then  e  may  be  found  from 

e  =  l  — 2sinH45°  — J^). 
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The  equations  (50)  give 

ecoa(u  — a>)  =  ^  —  1, 


«cos 


(t,"-a,)=|;-l, 


and  from  these^  by  addition  and  subtraction,  we  derive 

2eco8K^"-^)co8(Kw"  +  ti)-«)=|  +  |^-2, 

P      P 


(87) 


2e 


8ini(t*"-t*)8m(i(w"  +  w)~«)=^~77. 


by  means  of  which  e  and  w  may  be  found. 
Since 

we  have 

?4.^  —2  =  — =J2— —  2 
r"^f^  l/r/'8in2/ 

p      p 2jpcot2/ 

r      r^  l/iy' 

and  from  equations  (70), 

^  cos/  ^  cos  J  (t/'— 14) 

Therefore  the  formulae  (87)  reduce  to 

e  sin  {to  —  i  (w"  +  u))  = £— ^  tan  G', 

cos  /  Vrr"  .^^ 

c co8(ai  —  i (ti"  +  u))  = f  y  y,  —  sec^w"  —  1*;, 

cos^  1/rr 

from  which  also  e  and  cd  may  be  derived.     Then 

sin  ^  =  e, 

and  the  agreement  of  cos  ^  as  derived  from  this  value  of  f  with  tfc^^"^ 
given  by  (86)  will  serve  as  a  further  proof  of  the  calculation.  T""^ 
longitude  of  the  perihelion  will  be  given  by 

or,  when  i  exceeds  90°,  and  the  distinction  of  retrograde  motion  * 
adopted,  by  ;r  =  JJ  —  w. 
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To  find  Qy  we  have 

p  (g  cos  y)' 

a  = r—  = , 

coer^  p 

or  it  may  be  computed  directly  from  the  equation 

*  "^  4«^«rr"  cos*  J  (u"  —  u)  sin^  (jE"  —  E)'  ^®^^ 

which  results  from  the  substitution^  in  the  last  term  of  the  preceding 
equation,  of  the  expressions  for  a  cos  ^  and  p  given  by  (83)  and  (85). 
Then  for  the  mean  daily  motion  we  have 

k 
a* 

We  have  now  only  to  find  the  mean  anomaly  corresponding  to  any 
epoch,  and  the  elements  are  completely  determined.  For  the  true 
anomalies  we  have 

v  =  u  —  «,  t/  =  w  —  01,  t/'  =  li"  —  at; 

and  if  we  compute  r,  r',  r"  from  these  by  means  of  the  polar  equa- 
tion of  the  conic  section,  the  results  should  agree  with  the  values  of 
the  same  quantities  previously  obtained.     According  to  the  equation 

(45)|,  we  have 

tan^^  =  tan  (45**  —  i^)  tan  iv, 

tan  lir  =  tan  (46**  —  ^y)  tan  ^v',  (90) 

tan  iJB"  =  tan  (46°  —  ^^)  tan  ^v", 

from  which  to  find  E,  E%  and  B'.    The  difference  E''  —  E  should 

agree  with  that  derived  from  equation   (84)  within  the  limits  of 

accuracy  afforded  by  the  logarithmic  tables.     Then,  to  find  the  mean 

anomalies,  we  have 

M  =E  —  eBmE, 

M'  =E'  —  eAnE\  (91) 

M"  =  E''—eBmE"] 

and,  if  M^  denotes  the  mean  anomaly  corresponding  to  any  epoch  T, 

we  have,  also, 

M,  =  M  -yL{t-T) 

=  M'  —  /JL{1f--T) 
=  M"—  fi  {f—  T), 

in  the  application  of  which  the  values  of  <,  <',  and  t"  must  be  those 
which  have  been  corrected  for  the  time  of  aberration.     The  agree- 
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ment  of  the  three  values  of  M^  will  be  a  final  test  of  the  aoconuy  of 
the  entu-e  calculation.  If  the  final  values  of  P  and  Q  are  exact, 
this  proof  will  be  complete  witliin  the  limits  of  accuracy  admitted 
by  the  logarithmic  tables. 

When  the  eccentricity  is  such  that  the  equations  (91)  cannot  be 
solved  with  the  requisite  degree  of  accuracy,  we  must  proceed  accord- 
ing to  the  methods  already  given  for  finding  the  time  from  the  peri- 
helion in  the  case  of  orbits  differing  but  little  from  the  parabola. 
For  this  purpose,  Tables  IX.  and  X.  will  be  employed.  As  sood  as 
Vy  v'y  and  v"  have  been  determined,  we  may  find  the  auxiliary  angle 
V  for  each  observation  by  means  of  Table  IX.;  and,  with  T as  the 
argument,  the  quantities  My  W,  W  (which  are  not  the  mean  anoma- 
lies) must  be  obtained  from  Table  VI.  Then,  the  perihelion  distance 
having  been  computed  from 


we  shall  have 


P 


T=t^.f.^^=.,^M^^-^^^  (92) 

Q    ^  1  +  e  C'o    ^  1  +  «  Co     ^  1  +  « 

in  which  log  Q  =  9.96012771  for  the  determination  of  the  time  of 
perihelion  passage.  The  times  ty  Vy  t"  must  be  those  which  have 
been  corrected  for  the  time  of  aberration,  and  the  agreement  of  the 
three  valuer  of  T  is  a  final  proof  of  the  numerical  calculation. 

If  Table  X.  is  used,  as  soon  as  the  true  anomalies  have  Ikhju  found, 
the  corresponding  values  of  log  B  and  log  C  must  be  derived  from 
the  table.     Then  w  is  computeil  from 


^      ,         tan^t»    /  l  +  9c 


and  similarly  for  «?'  and  w" ;  and,  with  these  as  arguments,  we  derive 
My  M'y  J/"  from  Table  VI.     Finally,  we  have 


C\\  A  U  +  9e)  i\V  I'o  (1  +  90  C\V  t'o  1 1  +  9^) 

<93) 

for  the  time  of  }K»rihelion  passage,  the  value  of  C^  being  the  same  as 
in  (92). 

When  the  orbit  is  a  ])arabola,  e  ^\  and  p  =  2^,  and  the  dementi 
q  and  w  can  be  derived  from  r,  r*\  Uy  and  u''  by  means  of  the  equa- 
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tions  (76),  (83),  and  (88),  or  by  means  of  the  formulse  already  given 
tor  the  special  case  of  parabolic  motion. 

92.  Since  certain  qoantities  which  are  real  in  the  ellipse  and  para- 
bola become  imaginary  in  the  case  of  the  hyperbola,  the  formulse 
already  given  for  determining  the  elements  from  r,  r",  u,  and  i*" 
require  some  modification  when  applied  to  a  hyperbolic  orbit. 

When  8'  and  a/  have  been  found,  p,  6,  and  w  may  be  derived  from 
equations  (83)  and  (87)  or  (88)  precisely  as  in  the  case  of  an  elliptic 
orbit.     Since  a/  =  sin'  J  (J0"  —  E),  we  easily  find 


sin  i  (E"  —  JE;)  =  2  l/a/  —  af\ 
and  equation  (85)  becomes 

aco8^  =  — ^    7- — — (94) 

But  in  the  hyperbola  a?'  is  negative,  and  hence  V^x'  —-  a/*  will  be 
imaginary ;  and,  further,  comparing  the  values  of  p  in  the  ellipse 
and  hyperbola,  we  have  cos'y>  =  —  tan'i//,  or 

cos  ^  =  V'^ —  1  tan  4. 
Therefore  the  equation  for  a  cos  ^  becomes 

atan4  =  — ^        ,      — 1  (95) 

if  a  is  considered  as  being  positive,  from  which  a  tan  if/  may  be 
obtained.    Then,  since  p  =  a  tan'  1//,  we  have 

tan  4  =  —r—^y  (96) 

a  tan  4  "^ 

for  the  determination  of  if/,  and  the  value  of  e  computed  from 

c  =  sec  4  =  l/i  +  tan*4 

should  i^ree  with  that  derived  from  equation  (88).  When  e  differs 
but  little  from  unity,  it  is  conveniently  and  accurately  computed 

from 

e  =  1  +  2  sin*  ^4  sec  4. 

The  value  of  a  may  be  found  from 
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or  from 

o  = 


16*"  rrf'  co8»  \  (w"  —  u)  (a/«  —  JJ 


which  is  derived  directly  from  (89),  observing  that  the  elliptic 
transverse  axis  becomes  negative  in  the  case  of  the  hyperbola. 

As  soon  as  lo  has  been  found,  >ve  derive  from  t«,  u\  and  u** 
corresponding  values  of  t?,  v'^  and  v"^  and  then  compute  the  valo 
of  Fy  F'y  and  F"  by  means  of  the  formula  (57)i ;  after  which, 
means  of  the  equation  (69)^,  the  corresponding  values  of  JV,  N'^  an 
N"  will  be  obtained.     Finally,  the  time  of  perihelion  passage  ikiI 
be  given  by 

^Jc  V^  XJo 

wherein  log^^fc  =  7.87336575. 

The  cases  of  hyperbolic  orbits  are  rare,  and  in  most  of  those  whick. 
do  occur  the  eccentricity  will  not  differ  much  from  that  of  the  pariK 
bola,  so  that  the  most  accurate  determination  of  T  will  be  effected  faj 
means  of  Tables  IX.  and  X.  as  already  illustrated. 

93.  Example. — To  illustrate  the  application  of  the  principal  for- 
'  mulse  which  have  been  derived  in  this  chapter,  let  us  take  the  follow- 
ing observations  of  Eurynomc  ®  : 

Ann  Arbor  M.  T.  ^o  @6 

1863  Sept.  14  15*  53"  37'.2        1*    0"  44'.91         +  9*^  53'  3(K'.8, 
21    9  46    18 .0        0  57      3 .57  9    13    5  .5, 

28    8  49    29 .2        0  52    18 .90        +  8    22    8  .7. 

The  apparent  obliquity  of  the  ecliptic  for  these  dates  was,  respect- 
ively, 23°  27'  20".75,  23°  27'  20".71,  and  23°  27'  20".65;  and,  by 
means  of  these,  converting  the  observed  right  ascensions  and  declina- 
tions into  apparent  longitudes  and  latitudes,  we  get — 

Ann  Arbor  M.  T.                          Longitude.  Latitude. 

1863  Sept.  14  15*  53-  37'.2  17°  47'  37".60  +  3^    8'  43'M9, 

21     9  46    18 .0  16    41  36  .20  2    52  27  .46, 

28    8  49    29 .2  15    16  56  .35  +  2    32  42  .98. 

For  the  same  dates  wo  obtain  from  the  American  Nauiiail  Almanac 
the  following  places  of  the  sun : 
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True  Lcmg^tude. 

Latitade. 

logBt. 

172°    l'42".l 

—  0.07 

0.0022140, 

178    37  17  .2 

+  0.77 

0.0013867, 

185   26  54  .8 

+  0.67 

0.0006174. 

Since  the  elements  are  supposed  to  be  wholly  unknown^  the  places 
of  the  planet  must  be  corrected  for  the  aberration  of  the  fixed  stars 
as  given  by  equations  (1).  Thus  we  find  for  the  corrections  to  be 
applied  to  the  longitudes^  respectively^ 

— 18".48,  —  19".49,  —  20".8, 

and  for  the  latitudes^ 

4-  0".47,  +  0".30,  +  (y\14. 

When  these  corrections  are  applied,  we  obtain  the  true  places  of  the 
planet  for  the  instants  when  the  light  was  emitted,  but  as  seen  from 
the  places  of  the  earth  at  the  instants  of  observation. 

Next,  each  place  of  the  sun  must  be  reduced  from  the  centre  of 
the  earth  to  the  point  in  which  a  line  drawn  from  the  planet  through 
the  place  of  the  observer  cuts  the  plane  of  the  ecliptic.  For  this 
purpose  we  have,  for  Ann  Arbor, 

^  =  42^  5'.4,  log  p^  =  9.99936 ; 

and  the  mean  time  of  observation  being  converted  into  sidereal  time 
gives,  for  the  three  observations, 

^.  =  3»  29-  1',  e^  =  21»  48"  17',  ^  =  21*  18"  55*, 

which  are  the  right  ascensions  of  the  geocentric  zenith,  of  which  ^' 
is  in  each  case  the  declination.  From  these  we  derive  the  longitude 
and  latitude  of  the  zenith  for  each  observation,  namely, 

4=      60°33'.9,  4'=    347^    0'.4,  /,"  =    342^  59'.2, 

6.=  +  22   25.0,  6;  =  +  50    16.8,  6o"=  +  53   41.6. 

Then,  by  means  of  equations  (4),  we  obtain 

A©.  =  — 18".92,  A  O'  =  —  36".94,  a  O"  =  —  26".76, 

A  log  i?j  =  —  0.0001084,  A  log  Jf?o'  =  --  0.0002201, 

A  log  jRo"  =  —  0.0002796. 

For  the  reduction  of  time,  we  have  the  values  +  0'.15,  +  0'.28,  and 
+  0'.34,  which  are  so  small  that  they  may  be  n^lected. 
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Finally,  the  longitudes  of  both  the  sun  and  planet  are  reduced  to 
the  mean  equinox  of  1863.0  by  applying  the  corrections 

—  50".95,  —  51".52,  —  52".14 ; 

and  the  latitudes  of  the  planet  are  reduced  to  the  ecliptic  of  the  same 
date  by  applying  the  corrections  — 0'M5,  — 0'M4,  and  — 0'M4, 
respectively. 

Collecting  together  and  applying  the  several  corrections  thus  ob- 
tained for  the  places  of  the  sun  and  of  the  planet,  reducing  the  un- 
corrected times  of  observation  to  the  meridian  of  Washington,  and 
expressing  them  in  days  from  the  beginning  of  the  year,  we  have  the 
following  data : — 

(o  =  257.68079,  X  =  17^  46'  28".17,  /9  =  +  3^    8'  43".51, 

C  =  264.42570,  A'  =  16   40  25  .19,  IT  =      2   52  27  .62, 

C'  =  271.38625,  r  =  15    15  44  .03,  /?"  =  +  2    32  42  .98, 

O   =172^    0'32".23,  \ogR  =0.0021056, 

O'  =178    35  48  .74,  logi?  =0.0011656, 

©"=185    25  36  .90,  log  IT' =  0.0002378. 

The  numerical  values  of  the  several  corrections  to  be  applied  to 
the  data  furnished  by  observation  and  by  the  solar  tables  should  be 
checked  by  duplicate  calculation,  since  an  error  in  any  of  these  re- 
ductions will  not  be  indicated  until  after  the  entire  calculation  of  the 
elements  has  been  effected. 

By  means  of  the  equations 

j^^  iTif' sin  (0"~  00^  ^„  ^  Pi?  sin CG'-  O) 


i?i2"  sin  (0"—0)'  "^  i?i?' sin  CO"— 0)' 

,  tan/5'  ^        .      tan(A'-^O') 

tanw/  =  ^— yr, prfTf  tau  4  = J — ', 

8m(A' — O)  cosur 

we  obtain 

log  N  =  9.7087449,  log  N"  =  9.6950091, 

4'  ^  161°  42'  13".16, 
log  {R  sin  4')  =  9.4980010,  log  {R  cos  V)  =  9.9786355^. 

The  quadrant  in  which  o^'  must  be  taken  is  determined  by  the  con- 
ditions that  4'  niust  be  less  than  180°,  and  that  008*4/'  and  co8(>l'—  00 
must  have  the  same  sign.     Then  from 
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tan  Jsin  (j  0^^  +  X)^K)  =  ^^''  ^^'  +  ^^,  sec  j  (^  -  X), 
^*^  -^      2  cos/?  cos /x'       -*  ^ 

tan Jco8(i iX"  +  X)  —  K)  =  o^^^-'^-l  cosec^ 0"— >l); 
^*  -^      2co8i?cosix  -* 

tani9.  =  8in(/-Jr)tanJ,  «.  =  "!.°f  f  Z/ r  > 

cos  /Jq  tan  i 

,       RsinO—K)  i?sin(0'— JT) 

^  =  ,  C   := , 

,      iJ"8in(0"— JT)  .  sec/9'  ,       i?i?' sin  (©"— O) 


a 


0 


sin  (A"—  A)'  ■"      tto  sin  (>l"  —  ;i) 


we  compute  Kj  I,  ^q,  a^,  6,  c,  d,/,  and  A.  The  angle  I  must  be  less 
than  90*^,  and  the  value  of  /S^  must  be  determined  with  the  greatest 
possible  accuracy^  since  on  this  the  accuracy  of  the  resulting  elements 
principally  depends.    Thus  we  obtain 

JT  =  4^  47'  29".48,  log  tan  J  =  9.3884640, 

/9o  =  2^  52'  59"f  J5,  log  %  =  6.8013583^, 

log  b  =  2.5456342^  log  c  =  2.2328550^, 

log  d  =  1.2437914,  log/  =  1 .3587437^         log  h  =  3.9247691 . 

The  formulse 

_8in(>l"-->l')         jy' sin  (>l'^  ~  O") 

^'   — sinCr-^A)  '^^  d 

„  ___  sin  (y  —  X)  __    jRsin(A—  0) 

^»  ""sin(r  — A)      -^  b 

^        AsinO"  — ^)             -.„      AsinCA-^iT) 
if,  = ^ ,  M,  = J , 

log  M^  =  9.8946712,  log  if/'  =  9.6690383, 

log  if.  =  1.9404111,  log  M^'  =  0.7306625^. 


give 


The  quantities  thus  far  obtained  remain  unchanged  in  the  suo- 
oessive  approximations  to  the  values  of  P  and  Q. 
For  the  first  hypothesis,  from 

P=^,  q  =  r^\ 

%  =  j^    .  p>  A^  =  c,  —  c,  ^»  =  —  l^^o  V* 

i7o  sin  C  =  i?  sin  4', 

i^j  cos  C  =  A;,  —  i^  cos  ^\ 

_  k 


268  THEORETICAL  ASTBONOMT. 

we  obtain 

logT  =9.0782249,  log  r"  =  9.0645575, 

log  P  =  9.9863326,  log  Q  =  8.1427824, 

log  c,  =  2.2298567^,  log  k^  =  0.0704470, 

log  4  =  0.0716091,  log  fi^  =  0.3326925, 

C  =  8°  24'  49".74,  logiWo  =  1.2449136. 

The  quadrant  in  which  ^  must  be  situated  is  determined  by  the  con- 
dition that  7JQ  shall  have  the  same  sign  as  l^. 

The  value  of  z'  must  now  be  found  by  trial  from  the  equation 

sin  (/  —  C)  =  m^  sin*  a^. 

Table  XII.  shows  that  of  the  four  roots  of  this  equation  one  exoeeds 
180^,  and  is  therefore  excluded  by  the  condition  that  sin  2/  must  be 
positive,  and  that  two  of  these  roots  give  z'  greater  than  180°  —  t^', 
and  are  excluded  by  the  condition  that  z'  must  be  less  than  180° — '^'. 
The  remaining  root  is  that  which  belongs  to  the  orbit  of  the  planet, 
and  it  is  shown  to  be  approximately  10°  40' ;  but  the  correct  value 
is  found  from  the  last  equation  by  a  few  trials  to  be 

«'  =  9M'22".96. 

The  root  which  corresponds  to  the  orbit  of  the  earth  is  18°  20'  41", 
and  differs  very  little  from  180°  —  i^'. 
Next,  from 

,       i^'sinV  ,       jR'8in(2'+4')        ^ 

we  derive 

log  /  =  0.3025672,  log  p'  =  0.0123991, 

log  n  =  9.7061229,  log  n"  =  9.6924555, 

log  p  =  0.0254823,  log  /t>"  =  0.0028859. 

The  values  of  the  curtate  distances  having  thus  been  found,  the 
heliocentric  places  for  the  three  observations  are  now  computed  from 
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r  COS  6  COS  (/  —  O)       =  /t>  cos  (A  —  ©)  —  R, 
r  cos  6  sin  (/  —  ©)        =p8m(X  —  ©), 
rsinb  =/t>tan/5; 

/  cos  y  cos  (?  —  ©0     =p'  cos  C^'  —  ©')  —  R, 
/  cos  h'  sin  (?  —  ©0     =  p'  sin  (A'  —  ©'), 
/  sin  y  =  p'  tan  fi^ ; 

/'  COB  6"  cos  (r  —  ©")  =  p"  cos  (/'  —  ©")  —  -R", 
/'  cos  6"  sin  (r  —  ©")  =  p"  sin  (;i"  —  ©"), 
/'sin  6"  =/o"tan/r', 

which  give 

/  =  5^14'3»".63,  log  tan  6  =8.4616572,  logr  =0.3040994, 
/'  =  7  45  11  .28,  log  tan  6'  =8.4107555,  log/  =0.3025673, 
r  =  10   21  34  .57,        log  tan  b"  =  8.3497911,        log  /'  =  0.3011010. 

The  agreement  of  the  value  of  logr'  thus  obtained  with  that  already 
foond^  is  a  proof  of  part  of  the  calculation.     Then,  from 

*      •  •    firjft  I   i\       r^\       tan 6"  + tan 6 

^.  »      •       /I /i/f  I   i\       r^\       tan  6"  —  tan 6 

tan(7— ft)     ^       ,      tan  (/'—a)     ^       ,,      tan(Z"-~  ft) 

tan  ti  = ^^ — r^^,    tan  m'  =: ^^ — r^^    tan  u'  =  — ^^ r-^^, 

cos  t  cos  t  cos  I 

we  get 

a  =  207^  2f  38'M6,  t  =  4^  27'  23".84, 

u  =  158^  8'  25".78,         w'  =  160°  39'  18".13,         w"  =  163°  16'  4".42. 

The  equation 

tan  V  =  tan  i  sin  (/'  —  JJ) 

gives  log  tan  V  =  8.4107514,  which  differs  0.0000041  from  the  value 
already  found  directly  from  p'.  This  difference,  however,  amounts 
to  only  0'^05  in  the  value  of  the  heliocentric  latitude,  and  is  due  to 
errors  of  calculation.     If  we  compute  n  and  n"  from  the  equations 

//'  sin  (n" —  u')  ,, r/  sin  {v!  —  u) 

7t"  sin  («"  —  m)  '  r¥'  sin  (tt"  —  u)  * 

the  results  should  agree  with  the  values  of  these  quantities  previously 
compujted  directly  from  P  and  Q.  Using  the  values  of  Uj  u\  and 
%!'  just  found,  we  obtain 

log  n  =  9.7061158,  log  n"  =  9.6924683, 
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which  difTer  in  the  last  decimal  places  from  the  values  used  in  finding 
p  and  /9".     According  to  the  equations 

rf  log  n  =  —  21.055  cot  (u"—  u')  dvl^ 
d  log  n"=  +  21.055  cot  (w'  —  u)  du', 

the  differences  of  logn  and  logn''  being  expressed  in  units  of  the 
seventh  decimal  place,  the  correction  to  tt'  necessary  to  make  the  two 
values  of  logn  agree  is  — O'Mo;  but  for  the  agreement  of  the  two 
values  of  logn",  u'  must  be  diminished  by  0".26,  so  that  it  appears 
that  this  proof  is  not  complete,  although  near  enough  for  the  first 
approximation.  It  should  be  obser\^ed,  however,  that  a  great  circle 
passing  through  the  extreme  observed  places  of  the  planet  passes 
very  nearly  through  the  third  place  of  the  sun,  and  hence  the  values 
of  p  and  />"  as  determined  by  means  of  the  last  two  of  equations  (18) 
are  somewhat  uncertain.  In  this  case  it  would  be  advisable  to  com- 
pute p  and  ^/',  as  soon  as  p^  has  been  found,  by  means  of  the  equa- 
tions (22)  and  (23).     Thus,  from  these  equations  we  obtain 

log  p  =  0.0254918,  log  /'  =  0.0028874, 

and  hence 

I  =  5°14'40".05,  log  tan  6  =8.4616619,  log  r  =0.3041042, 
r  =10    21  34  .19,        log  tan  6"  =  8.3497919,         log  /'  =  0.3011017, 

ft  =  207°  2'  32".97,  i  =  4°  27'  25M3, 

u  =  158°  8'  31".47,         v!  =  160°  39'  23".31,         w"  =  163°  16'  9".22. 

The  value  of  log  tan  6'  derived  from  I'  and  these  values  of  ft  and  i, 

is  8.4107555,  agreeing  exactly  with  that  derived  from  p'  directly. 

The  values  of  n  and  n"  given  by  these  last  results  for  u,  u'  and  u", 

are 

log  n  =  9.7061144,  log  n"  =  9.6924640; 

and  this  proof  will  be  complete  if  we  apply  the  correction  du'=  —  0'M8 
to  the  value  of  u',  so  that  we  have  ' 

y!^  _  u'  =  2°  36'  46".09,  u'  —  tt  =  2°  30'  51".66. 

The  results  which  have  thus  been  obtained  enable  us  to  proceed  to 
a  second  approximation  to  the  correct  values  of  P  and  Q,  and  we 
may  also  correct  the  times  of  obser\^ation  for  the  time  of  aberration 
by  means  of  the  formulro 

t=-%—  Cpsec^,  if  =  t,'—  Cp' sec^,  <"  =  V'—  0>"sec/3", 

wherein  log  C=  7.760523,  expressed  in  parts  of  a  day.   Thus  we  get 

t  =  257.67467,  f  =  264.41976,  t"  =  271.38044, 
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and  hence 

log  r  =  9.0782331,  log  /  =  9.3724848,  log  t"  =  9.0645692. 

Then,  to  find  the  ratios  denoted  by  «  and  «",  we  have 

tan/  =  ^^ 

sin  ^  cos  G  =  sin  ^  (w"  —  tt'), 

sin  7*  sin  G  =  cos^(ti"  —  m')co8  2/, 

cos/'  =  cos  ^(ti"  —  v!)  sin  2/; 


tan/' 


-^. 


sin  /^'  COB  G"  =  sin  ^  {v!  —  u), 

sin  7^'  sin  G"  =  cos  ^  (w'  — 1«)  cos  2/', 

cos  /^'  =  cos  ^  (u'  —  u)  sin  2;if" ; 

-^ .  sin'  \y 

^  —  rr'+/')'cos»r  ^   ""^oi^' 

.,_  r"''  .„  _  sin*  l/\ 

^  —(r+Zycos*/"  -^   "■  cosr"  ' 

firom  which  we  obtain 

/  =  44^6r    6".00,  /"  =  44^  66' 67".50, 

r=   1    18  35  .90,  r"=   1    16  40  .69, 

log  m  =  6.3482114,  log  m"  =  6.3163548, 

logj  ==  6.1163135,  log/'  =  6.0834230. 

From  these^  by  means  of  the  equations 

in  in 


nsing  Tables  XIII.  and  XIV.,  we  compute  a  and  a".  First,  in  the 
case  of  8,  we  assume 

1?  =  T-^  =  0.0002675, 

and,  with  this  as  the  argument,  Table  XIII.  gives  log  «*  =  0.0002681. 
Hence  we  obtain  2;^  =  0.000092,  and,  with  this  as  the  argument, 
Table  XIV.  gives  $  =  0.00000001 ;  and,  therefore,  it  appears  that  a 
r^Ktition  of  the  calculation  is  unnecessary.     Thus  we  obtain 

log  s  =  0.0001290,  log«"  =  0.0001200. 

When  the  intervals  are  small,  it  is  not  necessary  to  use  the  formula 
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in  the  complete  form  here  given,  since  these  ratios  may  then  be  fimnd 
by  a  simpler  process,  as  will  appear  in  the  sequel.    Then,  horn 

^-  —  '-^ 

^ ~««"  * rr" cosK^*"—  ^') cos^Cw"—  ti) 008^(1/—  «)' 
we  find 

log  P  =  9.9863451,  log  Q  =  8.1431341, 

with  which  the  second  approximation  may  be  completed.  We  now 
compute  Cq,  k^,  Z^,  z',  &c,  precisely  as  in  the  first  approximation;  but 
we  shall  prefer,  for  the  reason  already  stated,  the  values  of  />  and  p" 
computed  by  means  of  the  equations  (22)  and  (23)  instead  of  those 
obtained  from  the  last  two  of  the  formulae  (18).  The  lesultB  tk* 
derived  are  as  follows: — 

log  c^  =  2.2298499^,  log  k.  =  0.0714280, 

log  /o  =  0.0719540,  log  1?,  =  0.3332233, 

C  =  8°  24'  12".48,  log  m,  =  1.2447277, 

2'  =  9°  0'  30".84, 

log  /  =  0.3032587,  log  p'  =  0.0137621, 

log  H  =  9.7061153,  log  n"=  9.6924604, 

\ogp  =  0.0269143,  log/t>"=  0.0041748, 

/   =   5^  15'  57".26,        log  tan  6  =  8.4622524,         log  r  =  0.3048368, 

/'  =   7    46     2  .76,  •     log  tan  6'  =8.4114276,         log /=  0.3032^7* 

r  =  10   22    0.91,        log  tan  6"  =  8.3504332,         log /'  =  0.301 7^*^^' 

ft  =  207^  0'  0".72,  i  =  4^  28'  35".20, 

It  =  158°  12*  19".54,         n'  =  160°  42'  45".82,         ti"  =  163°  ly  7'^  **• 

The  agreement  of  the  two  values  of  log  r'  is  complete,  and  the  vaJ  ^^ 
of  log  tan  6'  computed  from 

tan  V  =  tan  t  sin  (J  —  JJ), 

is  log  tan  6' =  8.4114279,  agreeing  with  the  result  derived  direcC^-*'' 

from  p'.    The  vahies  of  n  and  n"  obtained  from  the  equations  (i 

are 

log  n  =  9.7061156,  log  n"  =  9.6924603, 

which  agree  with  tlie  values  already  used  in  computing  p  and  />", 
the  proof  of  the  calculation  is  complete.     We  have,  therefore, 

14"— «' =  2°  36' 2r.32,    n'— u  =  2°30'26".28,    u"— u  =  5°  6*  47". 

From  these  values  of  u" —  u'  and  u' —  m,  we  obtain 
log  i  =  0.0001284,  log  «"  =  0.0001193, 
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and,  recomputing  P  and  Qy  we  get 

log  P  =  9.9863452,  log  Q  =  8.1431359, 

which  differ  so  little  from  the  preceding  values  of  these  quantities 
that  another  approximation  is  unnecessary.   We  may^  therefore^  from 
the  results  already  derived,  complete  the  determination  of  the  elements 
of  the  orbit. 
The  equations 

sin  /  coaG'  =  sin  -^  (w"  —  u), 
sin  /  sin  G'  =  cos  ^  (u"  —  u)  cos  2/', 
cos^  =  cos^  (u"  —  u)  sin  2/, 
'_-__Jl!__  .,_8in4/ 

^  —  (r +  /')•  cosV  -^  ■"  cosr" 

give 

/  =  44^  5^  53".25,        r'  =  2^  33'  52".97,        log  tan  (^  =  8.9011435, 
log  m'  =  6.9332999,  log/  =  6.7001345. 

From  these,  by  means  of  the  formulse 

/ wi'  , W      ., 

'^"'1+/  +  ^'  "^-y*--^' 

and  Tables  XIII.  and  XIY .,  we  obtain 

log  /•  =  0.0009908,  log  af  =  6,5494116. 

Then  from 

//rr"  sin  (t«"  —  t4)\« 
P  =  ( ^ ), 

logp  =  0.3691818. 
The  values  of  logp  given  by 

^/^/'8in(Ti'^  — tiO\'^  /^W8in(u'— ti)\' 

are  0.3691824  and  0.3691814,  the  mean  of  which  agrees  with  the 
result  obtained  from*  u'^  — u,  and  the  differences  between  the  separate 
results  are  so  small  that  the  approximation  to  P  and  Q  is  sufficient. 
The  equations 

siniC-E"  — £)  =  ;/?, 

a  008  y  =  ^'  1  /  r^ff  ~^  V\  Vr7\ 
sm  J  (£"—£)  ' 

COSf  =  — ^ — 


acoss? 

18 
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give 


i  (£"  -'E)  =  V  4'  42".903,  log  (a  cos  9^)  =  0.8770316, 

log  cos  f»  =  9.9921603. 
Next^  from 

e8in(cci~l(t*"  +  t*))  = ^-^=tanG^, 

cob/ vrr' 

P 


eco8(c.~K^"  +  ^))  = f7— -secKu"-i»), 

cos/ Vrr 


we  obtain 


a»  =  190^  15'  39".67, 
f  =   10   61  39  .62, 


log  e  =  log  sin  f  =  9.2751434, 
^  =  a»  +  a  =  37^  15'  40".29. 


This  value  of  f  gives  log  cos  ^  =  9.9921601^  agreeing  with  the  regolt 
already  found. 

To  find  a  and  fz,  we  have 


0  = 


cos'^p' 


k 


the  value  of  k  expressed  in  seconds  of  arc  being  log£  =  3.6500066| 
from  which  the  results  are 

log  a  =  0.3848816,  log  fi  =  2.9726842. 

The  true  anomalies  are  given  by 

V  =  n  —  o»,  t/  =  \{  —  Of,  v"  =  ti"  —  «, 

acconling  to  which  we  have 

r  =  327°  56'  39".97,  if  =  330°  27'  6".25,  *"  =  333°  3'  27^  ^ 

If  wo  ctmipute  r,  r',  and  r"  from  these  values  by  means  of  the 
equation  of  the  ellipse,  we  get 


Si- 


f^ 


lo^'  r  :r_  0.3048367. 


logr=  0.3032586, 


log/' =  0.3017 


and  the  a^rocnient  of  these  results  ^nth  those  derived  directly 
o,  />',  and  o"  is  a  further  proof  of  the  calculation. 
The  equations 

tan  ^K  =  tan  (;45°  —  Af ")  tan ^r, 

tan  \E'  =  tan  \  45°  —  -Af ")  tan  W, 

tan  ;£•'  =  tan  (,45°  —  if)  tan  j> 
give 

/;  =  333^  17'  28  ".18,       fT  =  335°  24'  38".00.      E"  =  837^  3ff  ir^  ^* 
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The  value  of  \  {W  —  JE7)  thus  obtained  differs  only  0''.003  from  that 
computed  directly  from  a/. 

Finally^  for  the  mean  anomalies  we  have 

Jlf=^— esin^,  ir'  =  -E'  — esinJSr,         if "  =  JST' —  e  sin  £", 

from  which  we  get 

M=  SSS**  8'  36".71,       if'  =  339°  54'  10".61,      if"  =  341^  43'  6".97 ; 

and  if  ifo  denotes  the  mean  anomaly  for  the  date  T=1863  Sept.  21.5 
Washington  mean  time,  from  the  formulsa 

if  =if  —f^it^T) 
=  M'  —ix(f—T) 

'we  obtain  the  three  values  339^  55'  25". 97,  339°  55'  25".96,  and 
339*^  55'  25".96,  the  mean  of  which  gives 

ifo  =  339°  65'  26".96. 

The  agreement  of  the  three  results  for  ifg  is  a  final  proof  of  the 
accuracy  of  the  entire  calculation  of  the  elements. 

Collecting  together  the  separate  results  obtained,  we  have  the  fol- 
lowing elements : 

Epoch  =  1863  Sept.  21.5  Washington  mean  time. 
M=  339°  55'  25".96 
7r=   37    15  40.29)  . 

Si  =  207     0    0  .72  }  ^^''^]'^  """"t^T 
i=     4   28  35.20J      Equmox  1863.0. 

f  =   10    51  39  .62 
log  0  =  0.3848816 
logAt  =  2.9726842 

fi  =  939".04022. 

If  we  compute  the  geocentric  right  ascension  and  declination  of 
the  planet  directly  from  these  elements  for  the  dates  of  the  observa- 
tions, as  corrected  for  the  time  of  aberration,  and  then  reduce  the 
observations  to  the  centre  of  the  earth  by  applying  the  corrections 
for  parallax,  the  comparison  of  the  results  thus  obtained  will  show 
how  closely  the  elements  represent  the  places  on  which  they  are 
based.  Thus,  we  compute  first  the  auxiliary  constants  for  the  equator, 
using  the  mean  obliquity  of  the  ecliptic, 

e  =  23°  27'  24".96, 
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and  the  following  expressions  for  the  heliocentric  co-ordinates  of  tbe 
planet  are  obtained : 

x  =  r  [9.9997272]  sin  (296*'  65'  46".05  +  ii), 
y  =  r  [9.9744699]  sin  (206  12  42  .79  +  ii), 
z=r  [9.5249539] sin (212    39  14  .62  +  ti). 

The  numbers  enclosed  in  the  brackets  are  the  logarithms  of  sin  a, 
sin 6,  and  sine,  respectively;  and  these  equations  give  the  co-ordiiitt« 
referred  to  the  mean  equinox  and  equator  of  1863.0. 

The  places  of  the  sun  for  the  corrected  times  of  observation,  ind 
referred  to  the  mean  equinox  of  1863.0,  are 


True  Longitude. 

Latitude. 

LogJZ. 

172°    0'29".5 

—  0".07 

0.0022146, 

178   36    4  .5 

+  0  .77 

0.0013864, 

185   25  42  .0 

+  0.67 

0.0005182. 

If  we  compute  from  these  values,  by  means  of  the  equations  (lM)if 
the  co-ordinates  of  the  sun,  and  combine  them  with  the  corresponding 
heliocentric  co-ordinates  of  the  planet,  we  obtain  the  following  geo- 
centric places  of  the  planet : 

a  =  15°  IC  29".06,  ^  =  +  9°  53'  16".72,  log  J  =  0.02756. 

a'  =  14    15    0  .22,  9  =      9    12  51  .29,  log  J'  =  0.0141^ 

a"  =  13     3  49  .47,  ^'  =  +  8    21  54  .46,  log  J"  =  0.0043*- 

To  reduce  these  places  to  the  apparent  equinox  of  the  date  of  obe^'' 
vation,  the  corrections 

+  48".14,  +  48".54,  -h  48".91, 

must  be  applied  to  the  right  ascensions,  respectively,  and 

-f- 18".55,  -f- 18".92,  +  19".31, 

to  the  declinations.     Thus  we  obtain : 

Washington  M.  T.  Comp.  a.  Comp.  6, 

1863  Sept.  14.67467  1»    0"  45M5  +  9°  53'  35".3, 

21.41976  0  57     3 .25  9    13  10  .2, 

28.38044  0  52    18.  56  -h  8    22  13  .8. 

The  corrections  to  be  applied  to  the  respective  obser\'ations,  in  o 
to  reduce  them  to  the  centre  of  the  earth,  arc  +  0'.24,  —  C.Sl,  —  V. 
in  right  ascension,  and  +  4".o,  +  4".8,  +  5'M  in  declination, 
that  we  liave,  for  the  same  dates, 


'41 
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Observed  a.  Observed  d. 

1»    0-45M6  +9^53'36".3, 

0  57     3 .26  9    13  10  .3, 

0  52   18 .56  +8   22  13  .8. 

• 

The  comparison  of  these  with  the  computed  values  shows  that  the 
extreme  places  are  exactly  represented,  while  the  difference  in  the 
middle  place  amounts  to  only  C.Ol  in  right  ascension,  and  to  O'M 
in  declination.  It  appears,  therefore,  that  the  observations  are  com- 
pletely satisfied  by  the  elements  obtained,  and  that  the  preliminary 
corrections  for  aberration  and  parallax,  as  determined  by  the  equa- 
tions (1)  and  (4),  have  been  correctly  computed. 

It  cannot  be  expected  that  a  system  of  elements  derived  from  ob- 
servations including  an  interval  of  only  fourteen  days,  will  be  so 
exact  as  the  results  which  are  obtained  from  a  series  of  observations 
or  from  those  including  a  much  longer  interval  of  time ;  and  although 
the  elements  which  have  been  derived  completely  represent  the  data, 
yet,  on  account  of  the  smallness  of  j9'  —  /S^,,  this  difference  being  only 
31'^893,  the  slight  errors  of  observation  have  considerable  influence 
in  the  final  results. 

When  approximate  elements  are  already  known,  so  that  the  cor- 
rection for  parallax  may  be  applied  directly  to  the  observations,  in 
order  to  take  into  account  the  latitude  of  the  sun,  the  observed  places 
of  the  body  must  be  reduced,  by  means  of  equation  (6),  to  the  point 
in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth  to  the 
plane  of  the  ecliptic  cuts  that  plane.  The  times  of  observation  must 
also  be  corrected  for  the  time  of  aberration,  and  the  corresponding 
places  of  both  the  planet  and  the  sun  must  be  reduced  to  the  ecliptic 
and  mean  equinox  of  a  fixed  epoch ;  and  further,  the  reduction  to 
the  fixed  ecliptic  should  precede  the  application  of  equation  (6). 

If  the  intervals  between  the  times  of  observation  are  considerable, 
it  may  become  necessary  to  make  three  or  more  approximations  to  the 
values  of  P  and  Q,  and  in  this  case  the  equations  (82)  may  be  applied. 
But  when  approximate  elements  are  already  known,  it  will  be  advan- 
tageous to  compute  the  first  assumed  values  of  P  and  Q  directly 
from  these  elements  by  means  of  the  equations  (44)  or  by  means  of 
(48)  and  (61) ;  and  the  ratios  8  and  a'^  may  be  found  directly  from  the 
equations  (46).  In  the  case  of  very  eccentric  orbits  this  is  indispen- 
sable, if  it  be  desired  to  avoid  prolixity  in  the  numerical  calculation, 
since  otherwise  the  successive  approximations  to  P  and  Q  will  slowly 
approach  the  limits  required. 
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The  various  modificatioiis  of  the  formulsa  for  oeriain  special  cases, 
as  well  as  the  formuIsB  which  must  be  used  in  the  case  of  parabolic 
and  hyperbolic  orbits,  and  of  those  differing  but  little  from  the 
parabola,  have  been  given  in  a  form  such  that  they  require  no  fa^ 
ther  illustration. 

94.  In  the  determination  of  an  unknown  orbit,  if  the  inter\'ak  are 
considerably  unequal,  it  will  be  advantageous  to  correct  the  first 
assumed  value  of  P  before  completing  the  first  approximation  in  the 
manner  already  illustrated.  *  The  assumption  of 

is  correct  to  terms  of  the  fourth  order  with  respect  to  the  time,  and 
for  the  same  degree  of  approximation  to  P  we  must,  aoeordiog  to 
equation  (28)3,  use  the  expression 


P=-(.+,t-:), 


which  becomes  equal  to  —;^  only  when  the  intervals  are  equal.    Tb* 
first  assumed  values 

furnish,  with  vcr^"  little  labor,  an  approximate  value  of  r' ;  and  tb^^' 
with  the  values  of  P  and  Q^  derived  from 

the  entire  calculation  should  be  completed  precisely  as  in  the  exam 
given.     Thus,  in  this  example,  tlic  first  assumed  values  give 

log  r'  =  0.30257, 

and,  recomputing  P  by  means  of  the  first  of  these  equations,  we  p 

log  P  =-.  9.98G3404,  log  Q  -^  8.1427822, 

with  whicli,  if  the  first  appn)xiniation  to  tlie  elements  Ik?  «>mpletc 
the  rc^sults  will  differ  but  little  from  thast*  obtaininl,  without  tliU  o*-^^ 
rection,  from  the  second  hyj)othcsis.     If  the  times  had  iKvn  alntnf    ^ 
cornM'ted  for  the  time  of  alwrration,  the  agraunent  would  Iw  >ti^ 
clos(?r. 

The  comparison  of  e<|uatious  (46)  with  (25)3  gives,  to  terms  of  tl 
fourth  onler. 


NUMEBICAL  EXAMPLE.  279 

and^  if  the  intervals  are  equal^  this  value  of  %'  is  correct  to  terms  of 
the  fifth  order.    Since 

log.«  =  log.(l  +  («~l))  =  «-l-i(«-l)«  +  &c., 

we  have^  n^lecting  terms  of  the  fourth  order, 

iog«  =  ^^-:^  (99) 

in  which  log)^=  8.8696330.  We  have,  also,  to  the  same  degree  of 
approximation, 

log  ^  =T-  V^'  ^o«  ^'  =  ^'  •  7^-  (10^) 

For  the  values 

log  T  =  9.0782331,  log  t'  =  9.3724848,  log  t"  =  9.0645692, 

log/ =  0.3032587, 
these  formulse  give 

log«  =  0.0001277,  log*'  =  0.0004953,  log«''=  0.0001199, 

which  differ  but  little  from  the  correct  values  0.0001284,  0.0004954, 
and  0.0001193  previously  obtained. 
Since 

8ec»r'=  1  +  6  sin'^r'  +  &c., 

the  second  of  equations  (65)  gives 

t"  6t" 

Substituting  this  value  in  the  first  of  equations  (66),  we  get 

If  we  neglect  terms  of  the  fourth  order  with  respect  to  the  time,  it 
will  be  sufficient  in  this  equation  to  put  y'  =  },  according  to  (71),  and 
benoe  we  have 

«'«(«'- 1)  =  !—-^,; 

and,  since  %'  —  1  is  of  the  second  order  with  respect  to  r',  we  have, 
to  terms  of  the  fourth  order, 

«^«(«'— l)  =  log.a'. 
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Therefore, 

which,  when  the  intervals  are  small,  may  be  used  to  find  ff  from  r 
and  r".    In  the  same  manner,  we  obtain 

log^  =  K(^^^.),>  log^^  =  j^(^^^y        (102) 

For  logarithmic  calculation,  when  addition  and  subtraction  logi- 
rithms  arc  not  used,  it  is  more  convenient  to  introduce  the  aaziliaiy 
angles  ;f,  y^^  and  f^'^  by  means  of  which  these  formulae  become 

,  .,  r'co8*y  ,  ,  .,  t'^cos*/  .  „  .,  r^'cofll'y''  ,^tA\ 
log«  =  |^o— ^»    log«'  =  ^^ -~-y    log«"=K — -^-^^  0^) 

in  which  log  |^=  9.7627230.     For  the  first  approximation  these 

equations  will  be  sufiicicnt,  even  when  the  intervals  are  oonsidenbki 

to  determine  the  values  of  b  and  b"  required  in  correcting  P  and  Q* 

The  values  of  r,  r',  r",  and  r"  above  given,  in  connection  with 

log  r  =  0.3048368,  log  r"  =  0.3017481, 

give 

log  %  =  0.0001284,  log  y  =  0.0004951,  log  i*  =  0.00011»S. 

These  results  for  log«  and  logs"  are  correct,  and  that  for  log*' 
only  3  in  the  seventh  decimal  place  from  the  correct  value. 
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CHAPTER  V. 

mBTKBHIHATION  OF  THE  OBBIT  OF  A  HEAVENLY  BODY  FROM  FOUR  0BSEBVATI0N8, 
OF  WHICH  THE  8£C!0ND  AND  THIRD  MUST  BE  COMPLETE. 

95.  The  formulse  given  in  the  preceding  chapter  are  not  sufficient 
to  determine  the  elements  of  the  orbit  of  a  heavenly  body  when  its 
apparent  path  is  in  the  plane  of  the  ecliptic.  In  this  case,  however, 
the  position  of  the  plane  of  the  orbit  being  known,  only  four  ele- 
ments remain  to  be  determined,  and  four  observed  longitudes  will 
fiimish  the  necessary  equations.  There  is  no  instance  of  an  orbit 
-whose  inclination  is  zero;  but,  although  no  such  case  may  occur,  it  may 
happen  that  the  inclination  is  very  small,  and  that  the  elements 
derived  from  three  observations  will  on  this  account  be  uncertain, 
and  especially  so,  if  the  observations  are  not  very  exact.  The  diffi- 
culty thus  encountered  may  be  remedied  by  using  for  the  data  in  the 
determination  of  the  elements  one  or  more  additional  observations, 
and  n^lecting  those  latitudes  which  are  r^arded  as  most  uncertain. 
The  formulse,  however,  are  most  convenient,  and  lead  most  expe- 
ditiously to  a  knowledge  of  the  elements  of  an  orbit  wholly  unknown, 
when  they  are  made  to  depend  on  four  observations,  the  second  and 
third  of  which  must  be  complete ;  but  of  the  extreme  observations 
only  the  longitudes  are  absolutely  required. 

The  preliminary  reductions  to  be  applied  to  the  data  are  derived 
precisely  as  explained  in  the  preceding  chapter,  preparatory  to  a  de- 
termination of  the  elements  of  the  orbit  from  three  observations. 

Let  ty  t'y  t"y  t" '  bc  thc  times  of  observation,  r,  r',  r",  r'"  the  radii- 
vectores  of  the  body,  ti,  w',  w",  t^'"  the  corresponding  arguments  of 
the  latitude,  -B,  i2',  i2",  R"^  the  distances  of  the  earth  from  the  sun, 
and  O,  ©',  0",  Q'"  the  longitudes  of  the  sun  corresponding  to 
these  times.    Let  us  also  put 


and 


[r'/"]  =  //"  sin  K'  —  t*'), 
[/ V"]  =  /V"  sin  (i*'"  — 14"), 
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Then^  according  to  the  equations  (5)3,  we  shall  have 

nx  —3^  +  7i' V  =  0, 

ny  -t/  +nY   =0, 

nV  — ar"  +  n"V"  =  0,  ^^^ 

ny  — ar"  +  n"y"  =  0. 

Let  X,  k'y  A",  A'"  be  the  observed  longitudes,  /?,  ^',  ^",  ^"  the  ob- 
served latitudes  corresponding  to  the  times  t,  t%  t",  if'',  respectivelv, 
and  J,  J',  J'',  J'"  the  distances  of  the  body  from  the  earth.    Further, 

let 

J'"  cos /J"' ==/>'", 

and  for  the  last  place  we  have 

ar"'  =  ^'"  cos  r'  —  i?"  cos  0'", 
.       y"'  =  />'"  sin  x'"  —  i?"  sin  ©'". 

Introducing  these  values  of  x^^'  and  y''',  and  the  corresponding  valoci 
of  Xf  x'y  x"y  y,  y',  y"  into  the  equations  (2),  they  become 

O  =  n(/ocos^  — -Rcos  O)  —  (/>'co8^'  —  i?cos0') 

+  n"  (/>"  coflil"  —  ir  cos  0% 
0  =  n  (/>  sin  ^  —  i?  sin  0)  —  (/>'  sin  A'  —  i?  sin  0') 

+  w"  (/>"  sin  r  —  J?"  sin  G>"^' 
0  =  7i'  0>'  cos  A'  —  i?  cos  00  —  0>"  cos  r  —  i?"  cos  0")  C^^ 

+  n'"  (/"  cos  r'  —  i?"  cos  O  '  ''^ 
0  =  n'  (/  sin  A'  —  i?  sin  0')  —  (/>"  sin  k"  —  R'  sin  0") 

+  n'"  (/>'"  sin  r'  —  i?"  sin  ©'  ""^ 

If  we  multiply  the  first  of  these  equations  by  sin  ^  and  the 
by  —  cos  /,  and  add  the  produ(»ts,  we  get 

0  =  nR  sin  (A  -  0)  —  (/>'  sin  (/  —  A)  +  i?  sin  {X  —  0')) 

+  w"  (/>"  sin  (A"  —  A)  +  ir  sin  (A  —  0")) ;  (- 

and  in  a  similar  manner,  from  the  third  and  fourth  equations, 
find 

0  =  n'  {p'  An  a'"  —  A')  -  ir  sin  (A'"  —  0'))  ( 

—  (^"  sin  CA'"—  A")  —  i^'  sin  (A"'-  0"))  —  n'"/?"  sin  (A'"-  0' 

Whonovcr  the  vahios  of  n,  7/,  7i",  and  71'"  are  known,  or  may 
detorniineil  in  functions  of  the  time  so  as  to  satisfy  the  conditions  o^ 
motion  in  a  conic  section,  those  equations  become  distinct  or  i 
pendent  of  each  other  ]  and,  since  only  two  unknown  quantitie:^ 
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and  p'^  are  involved  in  them,  they  will  enable  us  to  determine  these 
curtate  distances. 
Let  us  now  put 

cos  ?  sin  (J!  —  >l)    =A,  cos  /9"  sm  (/'  —  ;)  =  5, 

cos  /5"  sm  (r '—  r )  =  C,  cos  /5'  sin  (k'"  —  A')  =  2), 

and  the  preceding  equations  give 


(6) 


Ap'  secfi"  —  Bny  sec  /9"  =  n/?  sin  (;i  —  0  )  —  1?  ein  (A  —  ©') 

+  nf'IT'  sin  (>l  —  0"), 
DnV  seciJ'—  Q»"  sec /5"=n'ir  sin  (/"—  0')  —  IT'  sin  (>l'"—  0")        (7) 

H-  n'"i?"  sm  (r'  —  0'"). 

If  we  assume  for  n  and  n"  their  values  in  the  case  of  the  orbit  of 
the  earthy  which  is  equivalent  to  neglecting  terms  of  the  second  order 
in  the  equations  (26)3,  the  second  member  of  the  first  of  these  equa- 
tions reduces  rigorously  to  zero ;  and  in  the  same  manner  it  can  be 
shown  that  when  similar  terms  of  the  second  order  in  the  corre- 
sponding expressions  for  n'  and  n'^  are  n^lected^  the  second  member 
of  the  last  equation  reduces  to  zero.  Hence  the  second  member  of 
each  of  these  equations  will  generally  differ  from  zero  by  a  quantity 
which  is  of  at  least  the  second  order  with  respect  to  the  intervals  of 
time  between  the  observations.  The  coefficients  of  p'  and  /o"  are  of 
the  first  order,  and  it  is  easily  seen  that  if  we  eliminate  p['  from 
these  equations,  the^  resulting  equation  for  p'  is  such  that  an  error  of 
the  second  order  in  the  values  of  n  and  n''  may  produce  an  error  of 
the  order  zero  in  the  result  for  /o',  so  that  it  will  not  be  even  an 
approximation  to  the  correct  value ;  and  the  same  is  true  in  the  case 
of  /o".  It  is  necessary,  therefore,  to  retain  terms  of  the  second  order 
in  the  first  assumed  values  for  n,  n',  n",  and  71'";  and,  since  the 
terms  of  the  second  order  involve  r'  and  r",  we  thus  introduce  two 
additional  unknown  quantities.  Hence  two  additional  equations  in- 
volving r',  r",  /o',  ^"  and  quantities  derived  from  observation,  must 
be  obtained,  so  that  by  elimination  the  values  of  the  quantities  sought 
may  be  found. 
From  equation  (34)^  we  have 


/>'8ec/5'==ir  cosV  =fc  V/*  — JK'*8in«4'',  (8) 

which  is  one  of  the  equations  required ;  and  similarly  we  find,  for 
the  other  equation, 

^'  sec  ^'  =  JR"  cos  4"  =t  i/r"«— iT'^sin'^'.  (0) 
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Introducing  these  values  into  the  equations  (7),  and  putting 

a!  =±i  VV'— ii"sin'+', 


we  get 


a/'  =  ±  »//'>—  i?'«  Bin'  4",  ^^^' 


+  n"R'  sin  (-1  —  ©")  —  ^i?  coe  +'  +  n"BR'  a»f, 
Dn'a!  —  Ce"  =  n'R  sin  Q!"  —  ©')  —  R'  sin  il'"  —  ©") 

+  n"'R"  sin  (A'"  —  ©'")  —  n'DR  cos  +'  +  CJT'  c«+'. 

Let  us  now  put 

■^  —  A'  ^  —  h" 


or 


cos  /9'  sin  a'  —  >l) '  cos  /S"  sin  (^ '—  r / 

jt^        ,,  ,  /?sin(i— ©') 

ir  cos  4  -| ^^-j ^^-^  =  a , 

ir'cosV'--^'"°^^;'-Q">=a". 
A'iy'cos4"+^'^'°^^-Q">=<^.  ^'^^ 

A"ircos.'--^«^"^^;'-Q'>=^>, 

iJ  sin  (A  —  O )       _                  iJ"'  sin  (A'"  —  © '") 
A =  ^'  C =  • 

and  we  haye 

af  =  h'n"x^'  4-  n<r  —  o'  +  nV, 

a;=Ana;-|-no   —  a-f-nc. 

These  equations  will  serve  to  determine  ar'  and  x",  and  hence  r' 
r'',  as  soon  as  the  values  of  w,  n',  n'',  and  n'"  are  known. 

96.  In  order  to  include  terms  of  the  second  order  in  the  valuer 
n  and  n",  we  have,  from  the  equations  (26)j, 

and,  putting 


n 


P'^-':,,  C  =  (n  +  n"-l)»^,  (] 


these  give 


n 
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^ -?'V      ■     /•     /•  (14) 

Let  as  now  pnt 

T"'=A(r-o.  T,'=k(if"-o,  (15) 

and,  making  the  necessary  changes  in  the  notation  in  equations  (26)„ 
we  obtain 


(16) 


„>»  _  ^  /  1    ,    ,  ^"  «  +  r)       ■  r"'  (t^"'+  r"'T  -  t»)    dr"      \ 
t'\      ■"*        r"*  *  ifcr"*  "W"'}' 

.    _^"l,    .    .T(r^  +  r'")    .      r(T»+Tr'"-r'"')    d/'       \ 

«  -17\i  +  4      T^T      +?  ffn  Si-]' 

From  these  we  get,  inclading  terms  of  the  second  order, 

and  hence,  if  we  put 

P"  =  !L.,  Q"=(n'  +  n"'-l).''»,  (17) 

we  shall  have,  since  r/  =  r  +  r'", 

When  the  intervals  are  equal,  we  have 

and  these  expressions  may  be  used,  in  the  case  of  an  unknown  orbit, 
for  the  first  approximation  to  the  values  of  these  quantities. 
The  equations  (13)  and  (17)  give 

« 

n  =  n"P'; 

>_     1     /i  ,  qi'\  (19) 

"~  1+P"\^"''?^/' 
»"'  =  n'P"; 

and,  introducing  these  values,  the  equations  (12)  become 
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*"  =  T+T^  ( ^  +  ^ )  ^*"*'  +  ^"'^'  +  '^'^  ~  »"• 
Let  us  now  put 

1  +  P'    ""^'  l  +  P'  ""•^' 

1  -f  p"  ""  *^« »  1-1-  p"  ■"•'  » 

and  we  shall  have 

a^  =  (l  +  :^)(/V'+0-«'. 

it"  =  (l  +  -^)(/'V  +  0-a". 

We  have,  further,  from  equations  (10), 

/»  =  (a/«  +  R*  sin*^')*, 


(20) 


(21) 


(22) 


Vi 


If  we  substitute  these  values  of  r'^  and  r"*  in  equations  (22),  the  tiro 
resulting  equations  will  contain  only  two  unknown  quantities  /  tvA 
a;",  when  P',  P",  Q'j  and  (^^  are  known,  and  henoe  they  will  be 
sufficient  to  solve  the  problem.  But  if  we  effect  the  elimination  of 
either  of  the  unknown  quantities  directly,  the  resulting  equati<»o 
becomes  of  a  high  order.  It  is  necessary,  therefore,  in  the  nuinoric*l 
application,  to  solve  the  equations  (22)  by  successive  triak,  which 
may  be  readily  effected. 

If  z'  represents  the  angle  at  the  planet  between  the  sun  and  th* 
earth  at  the  time  of  the  second  observation,  and  2"  the  same  angle  at 
the  time  of  the  third  observation,  we  shall  have 

,       R  sin  V 
r= ; — r-t 

„_/^'8in+" 

T    —         7       J}     • 

smz 
Substituting  these  values  of  r'  and  r"  in  equations  (10),  we  get 

3!  =  /  cos  «', 

and  hence 
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tansr'  =  — ^, — 

by  means  of  which  we  may  find  2/  and  z"  as  soon  as  x'  and  x"  shall 
have  been  determined ;  and  then  r'  and  r"  are  obtained  from  (24)  or 
(25).  The  last  eqaations  show  that  when  x'  is  n^ative,  z'  must  be 
greater  than  90°,  and  hence  that  in  this  case  r'  is  less  than  It'. 

In  the  numerical  application  of  equations  (22),  for  a  first  approxi- 
mation to  the  values  of  x'  and  x",  since  Q'  and  ^'  are  quantities  of 
the  second  order  with  respect  to  r  or  t"',  we  may  generally  pat 


and  we  have 


or,  by  eUmination, 


<jf  =  0,  Q"  =  0; 

^_<+/V-/a"-a' 
1-ff" 


1  -/'/" 

With  the  approximate  values  of  a?'  and  x''  derived  from  these  equa- 
tionsy  we  compute  first  r'  and  r"  fit)m  the  equations  (26)  and  (24), 
and  then  new  values  of  a?'  and  a;"  from  (22),  the  operation  being 
repeated  until  the  true  values  are  obtained.  To  &cilitate  these  ap- 
proximations, the  equations  (22)  give 


«"  = 


a/  +  a'  c; 


af  = 


af'  +  a"  c,^  (27) 


Let  an  approximate  value  of  x'  be  designated  by  rr^',  and  let  the 
value  of  a?"  derived  from  this  by  means  of  the  first  of  equations  (27) 
be  designated  by  Xq'\  With  the  value  of  a?/'  for  a?"  we  derive  a 
new  value  of  a/  from  the  second  of  these  equations,  which  we  denote 
by  x/.  Then,  recomputing  a/'  and  a/,  we  obtain  a  third  approximate 
value  of  the  latter  quantity,  which  may  be  designated  by  ic^  >  ^^^> 
if  we  put 
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we  shall  have,  according  to  the  equation  (B?)^,  the  neoeasaiy  changes 
being  made  in  the  notation, 

J  =  xl ?^  =  xi ^^  (28) 

The  value  of  2/  thos  obtained  will  give,  by  means  of  the  first  of 
equations  (27),  a  new  value  of  zf'y  and  the  substitution  of  this  in  the 
last  of  these  equations  will  show  whether  the  correct  result  has  been 
found.  If  a  repetition  of  the  calculation  be  found  necessary,  the 
three  values  of  o^  which  approximate  nearest  to  the  true  value  will, 
by  means  of  (28),  give  the  correct  result.  In  the  same  manner,  if 
we  assume  for  a/'  the  value  derived  by  putting  Q'  =  0  and  Q"  =  0, 
and  compute  ocfy  three  successive  approximate  results  for  7f'  will 
enable  us  to  interpolate  the  correct  value. 

When  the  elements  of  the  orbit  are  already  approximately  known, 
the  first  assumed  value  of  2/  should  be  derived  from 


a^  =  >//'— ir»8in«V 
instead  of  by  putting  Q'  and  Q"  equal  to  zero. 

97.  It  should  be  observed  that  when  >l'  =  ^  or  V"  =  X"y  the  equa- 
tions (22)  are  inapplicable,  but  that  the  original  equations  (7)  give^ 
in  this  case,  either  p"  or  /o'  directly  in  terms  of  n  and  n"  or  of  ft' 
and  n'^'  and  the  data  furnished  by  observation.  If  we  divide  the 
first  of  equations  (22)  by  A',  we  have 


2! 
K 


H^^m^^'iht' 


The  eqoatioiis  (21)  give 

£__!_  e^_-^  h'  +  k' 

h'~l+P"  h'~    1+P'  ' 

and  from  (11)  we  get 

a'      R  C084'  ,  -gsmU—  Q') 
h'~       h'       ■•"  B  ' 

h'~'  B 

Then,  if  we  put 
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its  value  may  be  found  from  the  results  for  ^  and  ^  derived  by 
means  of  these  equations,  and  we  shall  have 


h 


>=rTF(^  +  ^)(^'+^-')-^-  ^^^) 


When  X'  =  i,  we  have  h'  =  oo,  and  this  formala  becomes 

0=(l  +  ^)(*"+Ci')-^(l  +  P'), 

of 

the  value  of  p  being  given  by  the  first  of  equations  (29)     This 

equation  and  the  second  of  equations  (22)  are  sufiScient  to  determine 
x'  and  as''  in  the  special  case  under  consideration. 

The  second  of  equations  (22)  may  be  treated  in  precisely  the  same 
manner,  so  that  when  A'"  =  A",  it  becomes 

o=(i  +  |^)(^+Co'0-^!(i  +  P"). 

and  this  must  be  solved  in  connection  with  the  first  of  these  equations 
in  order  to  find  x'  and  x^^. 

98.  As  soon  as  the  numerical  values  of  x'  and  x''  have  been 
derived,  those  of  r'  and  r"  may  be  found  by  means  of  the  equations 
(26)  and  (24).    Then,  according  to  (41)^  we  have 

^'"^"^  ran 

_  R^  sin  (/-  +  4-)  ^^^>^ 

^  ~ ^i^T ^'^^ 

The  heliocentric  places  are  then  found  from  p'  and  /o"  by  means  of 
the  equations  (Tl),,  and  the  values  of  r'  and  r'^  thus  obtained  should 
agree  with  those  already  derived.  From  these  places  we  compute 
the  position  of  the  plane  of  the  orbit,  and  thence  the  arguments  of 
the  latitude  for  the  times  t'  and  ^'^ 

The  values  of  r',  r",  w',  w'',  n,  n",  n',  and  n'"  enable  us  to  deter- 
mine r,  r"',  u,  and  w"^     Thus,  we  have 

[//']  =  //' sin  (M"  —  ti'), 
and,  from  the  equations  (1)  and  (S)^ 

19 


Therefore, 


(32) 
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[I'V'T  =  ^  [r'r"], 

n 

n" 
r  sin  (t/  —  u)      =  —  /'  sin  (t/'  —  t/), 

r  sin  (i*"  —  ii)     =  -  /  sin  (ii"  —  t/), 

/"  sin  («'"—  «")  =  -4  ^^  sin  («"  —  i/), 

/"  Bin  (u'" — «')  =  -4 »"  Bin  («"  —  i/). 

n 

From  the  first  and  second  of  these  equations,  by  addition  and  sub- 
traction,  we  get 

r  sin  ((w' -  «)  +  K^'' —  ^0)  =  ^^^-^^^^-^' 8^ 

^  ^  n  n  (33) 

rcos((i*'  — ii)  +  i(i4"  — uO)  =  ^- ^-^co8j(^"--^X 

from  which  we  may  find  r,  u'  —  w,  and  t^  =  u'  —  (t^'  —  u). 

In  a  similar  manner,  from  the  third  and  fourth  of  equations  (32), 
we  obtain 

/"  8in  ((«'"  -  «")  +  \  (m"  -  «'))  = ""  t  "'*"  sin  i  («"  -  «'), 
r"'  cos((«"'  -  m")  +  A  («"  —  «'))  =        „r     cosi  («"  —  «'). 

from  which  to  find  r"'  and  w'". 

When  the  approximate  values  of  r,  r',  r",  r'",  and  w,  w',  w",  u'" 
have  been  found,  by  means  of  the  preceding  equations,  from  the 
assumed  values  of  P',  P",  Q',  and  Q'',  the  second  approximation  to 
the  elements  may  be  commenced.  But,  in  the  case  of  an  unknown 
orbit,  it  will  be  ex|)edient  to  derive,  first,  approximate  values  of  r' 
and  r'',  using 

p/ ^  n/f "^      . 

-*     — ^'  -*      — ^ 

and  then  recompute  P'  and  P"  by  means  of  the  equations  (14)  and 
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(18),  before  finding  u'  and  u".  The  terms  of  the  second  order  will 
thus  be  completely  taken  into  account  in  the  first  approximation. 

99.  If  the  times  of  observation  have  not  been  corrected  for  the 
time  of  aberration,  as  in  the  case  of  an  orbit  wholly  unknown,  this 
correction  may  be  applied  before  the  second  approximation  to  the 
elements  is  effected,  or  at  least  before  the  final  approximation  is  com- 
menced. For  this  purpose,  the  distances  of  the  body  from  the  earth 
for  the  four  observations  must  be  determined;  and,  since  the  curtate 
distances  /t>'  and  p"  are  already  given,  there  remain  only  p  and  /t>'"  to 
be  found.  If  we  eliminate  p*  from  the  first  two  of  equations  (3),  the 
result  is 

n%in(r-^  (35) 

^      ^     n8in(>l'— i)  ^^^^ 

n/g8in(A^— 0)— jysinCr— 0O+n^^iy^8in(A^  — Q^Q- 

and,  by  eliminating  p"  from  the  last  two  of  these  equations,  we  also 
obtain 

,,,  _       n^8in(r-;0 

ii  R  sin  Q!'  -  QQ  —  jf^  sm  (^  —  0  ^Q  +  ri"  R''  sin  (^  —  0 ''') 

n'"sin(r'--r) 

by  means  of  which  p  and  /o"'  may  be  found.     The  combination  of 
tbe  first  and  second  of  equations  (3)  gives 

/>  =  ^'  cos  a'  —  ;i)  —  5-^'  cos  (A"  —  A)  (37) 

n  n 

,  nR  cos  (A  — 0)  —  jy  cos  (A  — 00  +  n^^/y^cos  (A  — 0^0 

+  n  • 

and  from  the  third  and  fourth  we  get 

,/"  =  ^  COB  (/"  _  A")  -  ^  COS  iX'"  -  X')  (38) 

.  n'  jy COS  (X'"—  QO  —B"  C08  (X'"—  Q")  +  n'"  R"  cos  {)!"—  0 '") 

n 

Further,  instead  of  these,  any  of  the  various  formulse  which  have 
been  given  for  finding  the  ratio  of  two  curtate  distances,  may  be 
employed ;  but,  if  the  latitudes  ^,  ^',  &c.  are  very  small,  the  values 
of  p  and  p'"  which  depend  on  the  differences  of  the  observed  longi- 
tudes of  the  body  must  be  preferred. 
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The  values  of  p'  and  p'"  may  also  be  derived  by  computing  the 
heliocentric  places  of  the  body  for  the  times  t  and  t'"  by  means  of 
the  equations  (82)iy  and  then  finding  the  geocentric  places^  or  those 
which  belong  to  the  points  to  which  the  observations  have  been 
reduced,  by  means  of  (90)i,  writing  p  in  place  of  J  cos  ^.  This 
process  affords  a  verification  of  the  numerical  calculation,  namely, 
the  values  of  X  and  X'"  thus  found  should  agree  with  those  furnished 
by  observation,  and  the  agreement  of  the  computed  latitudes  )9  and 
P'"  with  those  observed,  in  case  the  latter  are  given,  will  show  how 
nearly  the  position  of  the  plane  of  the  orbit  as  derived  from  the 
second  and  third  observations  represents  the  extreme  latitudes.  If 
it  were  not  desirable  to  compute  X  and  A"'  in  order  to  check  the 
calculation,  even  when  ^  and  /9'''  are  given  by  observation,  we  might 
derive  p  and  p'^'  from  the  equations 

p    =  r  sin  w  sin  i  cot  A 

p'"  =  /"  sin  u'"  sin  t  cot  /J"',  (^^^ 

when  the  latitudes  are  not  very  small. 

In  the  final  approximation  to  the  elements,  and  especially  when 
the  position  of  the  plane  of  the  orbit  cannot  be  obtained  with  the 
required  precision  from  the  second  and  third  observations,  it  will  be 
advantageous,  provided  that  the  data  furnish  the  extreme  latitudes 
[i  and  ^'",  to  compute  p  and  /t>"'  as  soon  as  p'  and  />"  have  been 
found,  and  then  find  /,  ^'",  6,  and  6"'  directly  from  these  by  means 
of  the  formulae  (71)3.  The  values  of  JJ  and  i  may  thus  be  obtained 
from  the  extreme  places,  or,  the  heliocentric  places  for  the  times  t' 
and  V"  being  also  computed  directly  from  p'  and  /o",  from  those 
which  arc  best  suited  to  this  purpose.  But,  since  the  data  will  be 
more  than  sufficient  for  the  solution  of  the  problem,  when  the  extreme 
latitudes  are  used,  if  we  compute  the  heliocentric  latitudes  6'  and  6'" 
from  the  equations 

tan  h'  =  tan  t  sin  (J  —  JJ), 
tan  6"  =  tan  i  sin  (J'  —  JJ  ), 

they  will  not  agree  exactly  with  the  results  obtained  directly  from  p' 
and  ^",  unless  the  four  observations  are  completely  satisfied  by  the 
elements  obtained.  The  values  of  r'  and  r'\  however,  computed 
directly  from  p'  and  />''  by  means  of  (71)3,  must  agree  with  those 
derive^l  from  ar'  and  x". 

The  corrections  to  be  applied  to  the  times  of  observation  on  account 
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of  aberration  may  now  be  found.  Thus,  if  ^,  i^',  t^'j  and  i^^"  are 
the  uncorrected  times  of  observation,  the  corrected  values  will  be 

t   =% — Qosec^, 

<"=<;'- C/t>"  sec /5",  ^^"^ 

r  =  t,"'—Cp'"  Beer, 

wherein  log  C=  7.760523,  and  from  these  we  derive  the  corrected 
values  of  r,  r',  r",  r'",  and  r/. 

100.  To  find  the  values  of  P',  P",  Q',  and  Q",  which  will  be 
exact  when  r,  r',  r",  r''',  and  w,  w',  w",  w'"  are  accurately  known,  we 
have,  according  to  the  equations  {i7\  and  (51)^  since  Q'  =  ^Q, 

""7' '7' 

^""^w"  *ty' cos  J  (u"  —  u')co8^(w"  —  u)cosi(ii'  —  uy 

In  a  similar  manner,  if  we  designate  by  «"'  the  ratio  of  the  sector 
formed  by  the  radii-vectores  r''  and  r'"  to  the  triangle  formed  by 
the  same  radii-vectores  and  the  chord  joining  their  extremities,  we 
find 


^'^^^'  //"  cos  i  (u'"  —  U")  cos  i  iu'"  —  W')  COS  ^  (ti"  —  14')' 


(42) 


The  formulae  for  finding  the  value  of  «'"  are  obtained  ftota  those  for 
B  by  writing  jr"',  f'y  G'",  &c.  in  place  of  jr,  jj  O,  Ac,  and  using 
r^'y  r"',  tt'"  —  u''  instead  of  r',  r",  and  w"  —  u',  respectively. 

By  means  of  the  results  obtained  from  the  first  approximation  to 
the  values  of  P',  P",  Q',  and  Q",  we  may,  from  equations  (41)  and 
(42),  derive  new  and  more  nearly  accurate  values  of  these  quantities, 
and,  by  repeating  the  calculation,  the  approximations  to  the  exact 
values  may  be  carried  to  any  extent  which  may  be  desirable.  When 
three  approximate  values  of  P'  and  Q',  and  of  P"  and  Q'\  have 
been  derived,  the  next  approximation  will  be  facilitated  by  the  use 
of  the  formulae  (82)^,  as  already  explained. 

When  the  values  of  P',  P",  Q',  and  Q"  have  been  derived  with 
sufficient  accuracy,  wc  proceed  from  these  to  find  the  elements  of  the 
orbit.  After  Ji,  i,  r,  r',  r",  r'",  k,  te',  u",  and  w'"  have  been  found, 
the  remaining  elements  may  be  derived  from  any  two  radii-vectores 
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and  the  corresponding  arguments  of  the  latitude.     It  will  be  most 
accurate,  however,  to  derive  the  elements  from  r,  r"',  ti,  and  u"'. 
If  the  values  of  P',  P",  Q',  and  §"  have  been  obtained  with  greti 
accuracy,  the  results  derived  from  any  two  places  will  agree  wit%i 
those  obtained  from  the  extreme  places. 
In  the  first  place,  from 

sin  y^  cos  Oq  =  sin  ^  (m'"  —  w),  ( 

sin  ^To  sin  G^  =  cos  ^  (u'"  —  u)  cos  2/,, 
cos  ^'jj  =  cos  jj  (t*'"  —  w)  sin  2/^ 

we  find  /-Q  and  Gq,    Then  we  have 

•n  —  V  .  __  shLiro  / 

'^p  -  (r  +  /")•  cos'  To  ^'  ""  cos>, '  ^ 

ff  ^  Jo  n"  '•0  *t 

from  which,  by  means  of  Tables  XIII.  and  XIV.,  to  find  9^  and  x^  - 

We  have,  further, 

/«oty"sin(i4'"— u)\» 

and  the  agreement  of  the  value  of  p  thus  found  with  the  separate 
results  for  the  same  quantity  obtained  from  the  combination  of  any 
two  of  the  four  places,  will  show  the  extent  to  which  the  approxima- 
tion to  P',  P",  Q',  and  Q"  has  been  carried.  The  elements  are  now 
to  be  computed  from  the  extreme  places  precisely  as  explainiHl  in  the 
preceding  chapter,  using  ?•'"  in  the  place  of  r"  in  the  formulae  there 
given  and  introducing  the  necessary  modifications  in  the  notation, 
which  have  been  already  suggested  and  which  will  be  indicatcil  at 
once. 

101.  Example. — For  the  purpose  of  illustrating  the  application 
of  the  formula;  for  the  calculation  of  an  orbit  from  four  observations, 
let  iLs  take  the  following  normal  plac(\s  of  Eiirynome  @  derived  by 
comparing  a  series  of  observations  with  an  ephemeris  computed  from 
approximate  elements. 

Greenwich  M.  T.  o  A 

18G3  Sept.  20.0  14°  30'  3o".6  +    9*^  23'  49".7. 

Dec.     9.0  9   54  17  .0  2   53  41  .8, 

1864  Feb.     2.0  28    41  34  .1  9     6     2  .8. 

April  30.0  74    29  58  .9  +19   35  41  .5. 
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These  normals  give  the  geocentric  places  of  the  planet  referred  to  the 
anean  equinox  and  equator  of  1864.0^  and  &ee  from  aberration.  For 
'ihe  mean  obliquity  of  the  ecliptic  of  1864.0^  the  American  NavMcal 
Almanac  gives  ' 

e  =  23°  27'  24".49, 

Jind,  bj  means  of  this^  converting  the  observed  right  ascensions  and 
declinations^  as  given  by  the  normal  places^  into  longitudes  and  Iati« 
"ftudes,  we  get 

Greenwich  M.  T.  X  p 

1863  Sept  20.0  16*^69'    9".42  +  2°  56' 44".58, 
Dec.      9.0  10    14  17  .57  —  1    15  48  .82, 

1864  Feb.      2.0  29   53  21  .99  2   29  57  .38, 
April  30.0  75   23  46  .90  —  3     4  44  .49. 

n^'hese  places  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0, 
3iid,  for  the  same  dates,  the  geocentric  latitudes  of  the  sun  referred 
«ko  to  the  ecliptic  of  1864.0  are 

+  0".60,  H-0".53,  +0".36,  +0".19. 

Per  the  reduction  of  the. geocentric  latitudes  of  the  planet  to  the 
!point  in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth 
"*«>  the  plane  of  the  ecliptic  cuts  that  plane,  the  equation  (6)4  gives  the 
^^rrections  —  0".57,  —  0''.38,  —  0".18,  and  —  0''.07  to  be  applied  to 
latitudes  respectively,  the  logarithms  of  the  approximate  dis- 

toes  of  the  planet  from  the  earth  being 

0.02618,  0.13355,  0.29033,  0.44990. 

us  we  obtain 

^    =     0.0,  X    =16^59'    9".42,  P    =  +  2**  56' 44".01, 

^  =   80.0,  X'  =  10    14  17  .57,  ^  =—1    15  49  .20, 

V'  =135.0,  A"  =29    53  21  .99,  /9"  =  — 2    29  57  .56, 

^"  =  223.0,  r'  =  75    23  46  .90,  /S"'  =  —  3     4  44  .56 ; 

d,  for  the  same  times,  the  true  places  of  the  sun  referred  to  the 
n  equinox  of  1864.0  are 

0    =177°    0'58".6,  log  J?    =0.0015899. 

0'  =256   58  35.9,  logi?  =9.9932638, 

O"  =312   57  49  .8,  logi?'  =9.9937748, 

©'"  =   40   21  26  .8,  log  i?"  =  0.0035149, 
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From  the  equations 

tan  w  =  -; — 777 — TT-,  tan  4  = -j 1 

tan  Vf  =  -T— TTTT ;:r77r»  tan  4    = -T, , 

Bin  (A —  O  )  COS  vf 

we  obtain 

V  =  113*>  15'  20'MO,  log(ir  cos  V)  =  9.5896777^ 

log  (i?  sin  V)  =9.9564624, 

4"=   76   56  17.75,  log  (i?' cos  V')=  9.3478848, 

log  (if'sin  V)  =  9.9823904. 

The  quadrant  in  which  4"'  must  be  taken,  is  indicated  by  the  coi 
tion  that  cos'v^'  and  cos  (A' —  ©')  must  have  the  same  sign, 
same  condition  exists  in  the  case  of  '4/'\    Then,  the  formal® 

^  =  cos  /S'  sin  (r  —  il),  B  =  cos/9"8in  (X"  —  X\ 

C=  cos /5"  sin  (A'"—  r),  Z>  =  cos  /S'  sin  (i'"—  k'\ 

a'=ii'cosV  +  '^^^i=^, 

a'-i^'cosV'-^^-^^^l^^^ 

c'=A'i?"cosV'+^^^^:°^l 

c   =  n  It  cos  4' >» » 

„      iJsinCA— O)                 „,          i?"8in(/"-0"') 
«?= 2 .  d  = ^ ^ 

give  the  following  results : — 

log  A  =  9.0699254,,  log  C  =  9.8528803, 

log  B  =  9.3484039,  log  D  =  9.9577271 , 

log  h'  =  0.2785685^,  log  h"  =  0.1048468, 

log  a'  =z  0.8834880,,  log  a"  =  9.9752015,, 

log  c'  =  0.9012010,,  log  c"  =  9.7267348], 

log  d'  =  0.4650841,  log  d"  =  9.9096469]]. 

We  are  now  prepartHl  to  make  the  first  hypothesis  in  reganl  to  tn 
values  of  P',  Q',  P",  and  Q".  If  the  elements  were  entirely  u^ 
known,  it  would  be  ne<*ossary,  in  the  first  instance,  to  assume  for  th<3^ 
quantities  the  values  given  by  the  expre:$sions 
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then  approximate  values  of  r'  and  r''  are  readily  obtained  by  means 
of  the  equations  (27),  (26),  and  (24)  or  (25).  The  first  assumed 
value  of  o;^  to  be  used  in  the  second  member  of  the  first  of  equations 
(27),  is  obtained  from  the  expression  which  results  from  (22)  by 
putting  ^^  =  0  and  Q"  =  0,  namely, 

~       1  -//' 

after  which  the  values  of  x'  and  a;"  will  be  obtained  by  trial  from 
(27).  It  should  be  remarked,  further,  that  in  the  first  determination 
of  an  orbit  entirely  unknown,  the  intervals  of  time  between  the  ob- 
servations will  generally  be  small,  and  hence  the  value  of  x'  derived 
from  the  assumption  of  §'  =  0  and  Q"  =  0  will  be  sufficiently  ap- 
proximate to  facilitate  the  solution  of  equations  (27). 

As  soon  as  the  approximate  values  of  r'  and  r^'  have  thus  been 
found,  those  of  P^  and  P^'  must  be  recomputed  from  the  expressions 

^■=^(.-.^1.    p"=^(i-j^). 

With  the  results  thus  derived  for  P'  and  P",  and  with  the  values  of 
Q'  and  Q^'  already  obtained,  the  first  approximation  to  the  elements 
must  be  completed. 

When  the  elements  are  already  approximately  known,  the  first 
ussumed  values  of  P',  P",  Q',  and  §"  should  be  computed  by  means 
of  these  elements.    Thus,  frdm 

//'sinCt/'  —  t/)  „        r/sinCt/ — v) 

n  =  — TT—. — 7-r» r-i  n     = 


rr^'  sin  (i/'  —  v) '  rr^'  sin  (v"  —  v) ' 

r^V'' Bin {'(/"— v")  „,_  r'r^' sin (v"—v') 


we  find  n,  n',  n",  and  n'".     The  approximate  elements  of  Eurynome 

give 

V   =322°  65'    9".3,  logr    =0^08327, 

t/  =353    19  26  .3,  log/  =0.294225, 

t/'=   14   45    8.5,  log/' =0.296088, 

/"=   47    23  32.8,  log/"  =  0.317278, 
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and  hence  we  obtain 


log  n  =  9.653052,  log  n"  =  9.806836, 

log  n'  =  9.825408,  log  n'"  =  9.633171. 


Then,  from 


P"  =  !!l1,  q'  =  (n'+  n'"—  1)  /", 

we  get 

log  P'  =  9.846216,  log  q  =  9.840771, 

log  P"  =  9.807763,  log  q'  =  9.882480. 

The  values  of  these  quantities  may  also  be  computed  by  means  of  ^ 

equations  (41)  and  (42). 

Next,  from 

,  _  P'd!  +  </  _      h! 

^^  ""  1  +  P"  -^   "■  1  +  P'* 

,__pv;m^'  ..  _    h" 

^          2   I  pff  '  /    —  2-1-  p"* 

we  find 

log  <?;  =  0.541344^  log/  =  0.047658,, 

log  r,"  =  9.807665,,  log/"  =  9.889385. 


Then  we  have 


/('+S 


ton  /  =  — p — ,  ton  /  =  — ^, — , 

ii' sin  V  _  _£;^  l"_^'"ni!!_    *^ 


smz  cos  2  smr  0002 

from  which  to  find  r'  and  r".     In  the  first  place,  from 


we  obtain  the  approximate  vahie 

log  y  =  0.242737. 

Then  the  first  of  the  prcceiHng  e(|uation.<  gives 

logx'  =  0.237687. 
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From  this  we  get 

/'  =  29°  3'  11".7,  log  /'  =  0.296092 ; 

and  then  the  equation  for  x'  gives 

log  a/ =  0.242768. 
Hence  we  have 

t!  =  2V  20'  69".6,  log  /  =  0.294249 ; 

and,  repeating  the  operation,  using  these  results  for  x'  and  r',  we  get 

log  a/'  =  0.237678,  log  a/  =  0.242757. 

The  correct  value  of  log  a?'  may  now  be  found  by  means  of  equation 
(28).     Thus,  in  units  of  the  sixth  decimal  place,  we  have 

a, = 242768  —  242737  =  +  31,  o/  =  242767  —  242768 = — 11, 

and  for  the  correction  to  be  applied  to  the  last  value  of  log  a;',  in 
units  of  the  sixth  decimal  place, 

Aloga;'  =  --^  =  +  3. 

Therefore,  the  corrected  value  is 

log  a/ =  0.242760, 
and  from  this  we  derive 

log  a?"  =  0.237681. 

^hese  results  satisfy  the  equations  for  a;'  and  a?",  and  give 

/  =  27°  21'    1".2,  log/  =  0.294242, 

i"  =  29     3  12  .9,  log  /'  =  0.296087. 

To  find  the  curtate  distances  for  the  first  and  second  observations, 
%he  formulae  are 

''= riST '^^'  '' riST' '''^^' 

>¥hich  give 

log  /t,'  =  0.133474,  log  /t>"  =  0.289918. 

Then,  by  means  of  the  equations 
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/cosy  COS  (?—©')     =/t>'cos(A'— 0')  — J?, 
/  cos  V  sin  (r  -  ©')     =  p'  sin  {}!  —  ©'), 
/siny  =/ tan/5', 

/'  cos  6"  cos  (r  —  o") = p"  cos  (r — 0") — ir, 

r"  cos  6"  sin  (Z"  —  ©")  =  /t>"  sin  (^  —  0"), 
/'sin  6"  =/t>"tan/9", 

we  find  the  following  heliocentric  places : 

r  =  37°  35'  26".4,  log  tan  V  =  8.182861^,  log  /  =  0.2^2-©, 

r  =  58    58  15  .3,  log  tan  6"  =  8.634209^  log  /'  =  0.296a€^ . 

The  agreement  of  these  values  of  log  r'  and  log  r"  with  thoae  obtaio<* 
directly  from  x'  and  x"  is  a  partial  proof  of  the  nnmerical  calctxl^ 
tion. 

From  the  equations 

tanisinQ  (?'  +  f)  —  ft)  =  ^  (tan  6"  +  tan  6')  sec  J  Cr  —  f), 
tan  i  cosQ  (r  +  0  —  ft)  =  i  (tan  6"  —  tanft')  co8ec|  (r  —  0, 

^       ,      tan(r— aO  ^       ,,      tan(r-a) 

tan  ti  = ^^ ; — -,  tan  t*  = ^^ ; , 

COS!  cost 

we  obtain 

ft  =  206M2' 24".0,  %   =     4*'36'47".2, 

w'  =190   55    6  .6  i*"  =  212   20  53  .6. 

Then,  from 

we  get 

log  n"  =  9.806832,  logn    =9.653048, 

log  n'  =  9.825408,  log  n'"  =  9.633171, 

and  the  equations 

r  sin  ((u'  -  w)  +  ^  (n"  -  n'))        =  ^— -  sin  J  (u"  -  «'), 

r  cos  ((«'  -  «)  +  i  («"  — 1«'))       =  — ^""•"  cos  ^  (m"  -  «'), 

/"  sin  ((«'"  -  tt")  +  ^  (u"  —  «'))  =  — "ti^  sin  ^  (u"  -  «'), 
r"'  cos(Cw"'  -  u")  +  i  (m"  -  u'))  =  '^'  ~  "  '^  cos  i  (u"  -  «'), 

71' 


NUMEBICAL  EXAMPLE.  301 

give 

logr    =0.308379,  u   =  160°  30' 5r.6, 

log/"  =  0.317273,  i*'"=244    59  32  .5. 

Next^  by  means  of  the  formulae 

tan(^ — SI)    =co8itant«,  tan  6    =:tant8in(/ — SJ), 

tan  (f"  —  ft  )  =  cos  I  tan  u"\  tan  6"'  =  tan  t  sin  (?"  —  ft  ), 

pcoa(X  —  O)         =  r  cos  6  cos  (^  —  O)  +  i?, 
/9  sin  (A  —  O  )  =  r  cos  6  sin  (/  —  ©), 

p  tan  fi  =  r  sin  6 ; 

/t)'"  cos  (r'  —  ©"')  =  /"  cos  6'"  cos  (r—  ©"')  +  i?", 
/t>'"  sin  (r'  —  ©'")  =  r'"  cos  6"'  sin  (r  —  ©'"), 
/"tan/9"'  =/"sin6'", 

we  obtain 

/  =        7°  16'  61".8,  r  =      91**  37'  40".0, 

6  =  +    1    32  14  .4,  6'"  =  —   4   10  47  .4, 

A  =      16   59    9  .0,  /"  =      76   23  46  .9, 

i9=+    2    56  40  .1,  ^"  =  —   3     4  43  .4, 

log  p  =  0.025707,  log  it>'"  =  0.449258. 

The  value  of  A'"  thus  obtained  agrees  exactly  with  that  given  by 
observation^  but  X  differs  0".4  from  the  observed  value.  This  differ- 
ence does  not  exceed  what  may  be  attributed  to  the  unavoidable 
errors  of  calculation  with  logarithms  of  six  decimal  places.  The 
differences  between  the  computed  and  the  observed  values  of  /9  and 
jS''  show  that  the  position  of  the  plane  of  the  orbit,  as  determined 
by  means  of  the  second  and  third  places,  will  not  completely  satisfy 
the  extreme  places.  ' 

The  four  curtate  distances  which  are  thus  obtained  enable  us,  in 
the  case  of  an  orbit  entirely  unknown,  to  complete  the  correction  for 
aberration  according  to  the  equations  (40). 

The  calculation  of  the  quantities  which  are  independent  of  P', 
■i^'y  Q',  and  §'',  and  which  are  therefore  the  same  in  the  successive 

hypotheses,  should   be  performed   as  accurately  as  possible.     The 

c ' 
Value  of  -p^  required   in   finding  x''  from  x'j  may  be  computed 

directly  from 

5l  —  p'  ^  4-  ^ 

the  values  of  ry  and  77  being  found  by  means  of  the  equations  (29) ; 
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and  a  similar  method  may  be  adopted  in  the  case  of  ^y    Further, 

in  the  computation  of  x'  and  x"y  it  may  in  some  cases  be  advisaUe 
to  employ  one  or  both  of  the  equations  (22)  for  the  final  trial.  Thus, 
in  the  present  case,  x"  is  found  from  the  first  of  equations  (27)  k 
means  of  the  difierence  of  two  larger  numbers,  and  an  error  in  the 
last  decimal  place  of  the  logarithm  of  either  of  these  numbers  affixti 
in  a  greater  degree  the  result  obtained.     But  as  soon  as  t*''  is  known 

so  nearly  that  the  logarithm  of  the  factor  1  +  -^Ti^  remains  unchanged, 

the  second  of  equations  (22)  gives  the  value  of  x"  by  means  of  the 
sum  of  two  smaller  numbers.  In  general,  when  two  or  more  for- 
mulae for  finding  the  same  quantity  are  given,  of  those  which  ire 
otherwise  equally  accurate  and  convenient  for  logarithmic  calculatioiL) 
that  in  which  the  number  sought  is  obtained  from  the  sum  of  smaUer 
numbers  should  be  preferred  instead  of  that  in  which  it  is  obtaioci 
by  taking  the  difierence  of  larger  numbers. 

The  values  of  r,  r',  r",  r'",  and  u,  u'y  u'\  w'",  which  result  fir*"^ 
the  first  hypothesis,  suffice  to  correct  the  assumed  values  of  P',  -f  • 
q\  and  q*.     Thus,  from 

r  =  ifc(r— o,  T"=jt(e'— 0,  T'"=ife(r-  ^^' 


tan/ 


=  \/^  tan/'=x/r  tan/"  =  V5^, 


sin  7'  cos  G  =  sin  tJ  (m" —  n'),  sin  -/*  cos  G"  =  sin  i  (u' —  w ), 

sin ^ sin  G  =■  cos \ (w" —  w' )  cos 2/,     sin /'  sin  6r"  =--  cos \{ml  —  m)  cos i 
cos  Y  =  cos  \  (u" —  n')  sin  2/,     cos  /'  =  cos  ^  (u  —  m;  »ia  - 

sin  y"  cos  G"'  =  sin  ^  («'"  —  w"), 

sin  r"'  sin  G'"  =  cos  J  (m'"  —  u")  cos  2/" 

cos  /"  =  cos  J  (u'"  —  ii")  sin  2/"' ; 

r»  COS*/  ,  _  r^^'cos'/-  ,  _  r-«  C06-/" 

.  ^  sin*  ^r  vf  ^  8|_»'  ^/'^  f„  ^  «n!Jr"'^ 

•^        COS  y '  cos  ^" '  ^  COS  /"  * 

in  connection  with  Tables  XIII.  and  XIV.  we  find  «,  s",  and  / 
The  results  are 
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logr  =  9.9759441, 
X  =  4d''    3'39".l, 
r  =  10   42  66  .9, 
log»»=  8.186217, 
logj  =  7.948097, 
log«  =  0.0086248, 


log  t"=  0.1386714, 
/"=44°32'    1".4, 
/'=  16    13  46  .0, 
log  m"=  8.616727, 
log/'=  8.260013, 
log  «"=  0.0174621, 


log  t'"=  0.1800641, 
f'=  46°  41'  65".2, 
/"=  16  22  48  .6, 
log  m"'=  8.690596, 
log/"=  8.325366, 
log  «"'=  0.0204063. 


Then,  by  means  of  the  formulae 


tt"'  /* 

^"^  ^ ^ *rr"  cos  J(^'—  t*0  cosKw"—  «)  cos J(w'—  t*)' 

^'"^  ^  ^'  Vr"'  cosK^'"  — w")  cos^Cw"'—  wO  cosKt*"—  t*')' 
we  obtain 


log  P'  =  9.8462100, 
log  P"  =  9.8077616, 


log  ^  =  9.8407636, 
log  §"  =  9.8824728, 


with  which  the  next  approximation  may  be  completed. 

We  now  recompute  Cq'j  V, /',/",  x\  a;",  &c.  precisely  as  already 
illustrated;  and  the  results  are 


log  c;  =  0.6413486^, 
log/'  =  0.0476614^, 
logo/ =0.2427628, 

sf  =  2r  21'  2".71, 
log/ =0.2942369, 
log /t>' =0.1334636, 
log  n  =  9.6630446, 
log  n' =9.8264092, 

C*lien  we  obtain 


log  c,"  =9.8076649^, 
log/"  =9.8893851, 
logar"  =0.2376752, 

2"  =  29°  3'  14".09, 
log/'  =0.2960826, 
log/t>"  =0.2899124, 
log  n"  =  9.8068345, 
log  n'"  =  9.6331707. 


"    =  37°  36' 27".88, 
''  =  68    68  16  .48, 


log  tan  V  =  8.1828672^, 
log  tan  6"  =8.6342073^, 


log/  =0.2942369, 
log/' =0.2960827. 


C^liese  results  for  logr'  and  logr"  agree  with  those  obtained  directly 
irom  z'  and  2",  thus  checking  the  calculation  of  'v^'  ^^'^  '^"  ^^^  ^^ 
l^e  heliocentric  places. 
Next,  we  derive 


ft  =  206°  42'  25".89, 
w'  =  190    66    6  .27, 


i  =     4°  36'  47".20, 
u"  =  212    20  62  .96, 
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and  from  w" —  u',  r',  r",  n,  n'\  n',  and  n'",  we  obtain 

logr    =0.3083734,  ii    =  160^  30' 55".45, 

log  1^"=  0.3172674,  ii'"=244    59  31  .98. 

For  the  purpose  of  proving  the  accuracy  of  the  numerical  reBuhs, 
we  compute  alfio^  as  in  the  first  approximation, 

/  =        7M6'  51".54,  V"  =      91**  37'  41".20, 

6  =  +    1    32  14  .07,  y"=—   4    10  47  .36, 

1=      16    59    9.38,  r'=      75    23  46.99, 

^  =  +    2   56  39  .54,  ^"=—   3     4  43  .33, 

log  p  =  0.0256960,  log  f'  =  0.4492539. 

The  values  of  >l  and  /'"  thus  found  differ,  respectively,  only  0".04 
and  (y^09  from  those  given  by  the  normal  places,  and  hence  the 
accuracy  of  the  entire  calculation,  both  of  the  quantities  which  are 
independent  of  P',  P",  §',  and  §",  and  of  those  which  depend  on 
the  successive  hypotheses,  is  completely  proved.  This  condition, 
however,  must  always  be  satisfied  whatever  may  be  the  assumed 
values  of  P',  P'',  §',  and  q'. 
From  r,  r',  le,  t*',  &e.,  we  derive 

log  «  =  0.0085254,        log  «"  =  0.0174637,        log  «"'  =  0.0204076, 

and  hence  the  corrected  values  of  P',  P",  Q',  and  Q"  become 

log  P'  =  9.8462110,  log  q  =  9.8407524, 

log  P"  =  9.8077622,  log  Q"  =  9.8824726. 

These  values  differ  so  little  from  those  for  the  second  approximation, 
the  intervals  of  time  between  the  observations  being  very  large,  that 
a  further  repetition  of  the  calculation  is  unnecessary,  since  the  results 
which  would  thus  be  obtained  can  differ  but  slightly  from  those 
which  have  l)een  derived.  We  shall,  therefore,  complete  the  deter- 
mination of  the  elements  of  the  orbit,  using  the  extreme  places. 
Thus,  from 

T,  =  k  (r  ^  0,  tan/,  =  \  ^, 

sin  y^  cos  G^  =  sin  J  (n"'  —  tt), 

sin  Yq  sin  Gq  =  cos  S  (ii'"  —  u)  cos  2/,, 

cos  To  =  cos  A  ( u'"  —  u)  sin  2/^, 

^ -o' ,-  _  sin'  in 

^—  (r  +  r"y  co^To  cosr.  ' 

„— 3. x—^—i 

9  ^Jo~r  ••0  *• 
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we  get 

log  T„  =  0.6838863,  log  tan  Go  =  8.0521953,, 

r«  =  42°  14'  30".17,  log  wio  =  9.7179026, 

log  «^»  =  0.2917731,  log  x^  =  8.9608397. 


The  formula 

/  8^''  sin  (li"'—  u)  \» 

^=1 r, ) 

gives 

log|>=:  0.3712401; 

and  if  we  compute  the  same  quantity  by  means  of 

/  «^r"  sin  (u"—  w')  \'     /  ^W  sin  (w'—  ti)  \  *     / «' VV"  sin  (w"'-it'0  \ « 
P  =  ( ; )=[ ?r )=( ^rr—        ), 

the  separate  results  are,  respectively,  0.3712397,  0.3712418,  and 
0.3712414.  The  differences  between  these  results  are  very  small,  and 
arise  both  from  the  unavoidable  errors  of  calculation  and  from  the 
deviation  of  the  adopted  values  of  P',  P",  Q\  and  §"  from  the 
limit  of  accuracy  attainable  with  logarithms  of  seven  decimal  places. 
A  variation  of  only  0".2  in  the  values  of  u' — u  and  u'"  —  u"  will 
produce  an  entire  accordance  of  the  particular  results. 
From  the  equations 

sini(JE:'"-JE:):=l/^, 
8in.}(w'"— w) 


Kre  obtain 


P 

cos  0  =  -^^ — , 

acosv 


i  (^'"  —  ^)  =  17°  35'  42".12,  log  (a  cos  f )  =  0.3796883, 

log  cos  v>  =  9.9915518. 
^F&e  formulae 

E 

COS/'o 


e8in(a,-K^"+  ^))  =  — ^7=  tan  Go, 


ecos(«i-K^"+^))  = ^^=-~8ecK^'"-t*), 

cos/'o  Vrr 

w  =  197°  38'  8".48,  log  e  =  log  sin  v>  =  9.2907881, 

^  =  11°  15'  52".22,  ;r  =  a,  +  ft  =  44°  20'  34".37. 

't^h  result  for  (p  gives  log  cos  ^  =  9.9915521,  which  differs  only  3 
*  the  last  decimal  place  from  the  value  found  from  p  and  a  cos  <p. 
^I'^^n,  from 

20 
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p  k 

the  value  of  k  being  expressed  in  seconds  of  arc,  or  log  it  =  3.55OO06S  , 

we  get 

log  o  =  0.3881 369,  log  pl  =  2.9678027. 

For  the  eccentric  anomalies  we  have 

tan^jE  =tanj(u  —  a»)  tan  (45**  —  ^f ), 
tani^'  =tanA(w'  —  «)  tan  (45**  —  is'), 
tan  Ie"  =  tan  \  (w"  —  to)  tan  (45°  —  ^^), 
tan  if;'"  =  tan  i  (w'"—  w)  tan  (45°  —  if*), 

from  which  the  results  are 

E  =  329°  11'  46".01,  E''  =  12°    5'  33".63, 

£'  =  354    29  11  .84,  £'"  =  39    34  34  .65. 

The  value  of  J  (£'"  —  E)  thus  derived  differs  only  0".03  from  thit 
obtained  directly  from  x^. 

For  the  mean  anomalies,  we  have 

M  =E  —  e^mE,  M"  =£"  — csin^", 

M'  =  E'—e  ein  E\  Jf '"  =  £'"  —  e  sin  £"', 

which  give 

M  =  334°  55'  39".32,  M"  =   9°  44'  52".82, 

J/'  .=.  3.-)5    33  42  .07,  3/'"  =  32    26  44  .74. 

Finally,  if  M^  denotes  the  mean  anomaly  for  the  epoch  7'=  1864 
Jan.  1.0  mean  time  at  Greenwich,  from 

=  M'  -  IX  it"  —T)  =  If'"  -  Ai  (r  -  D, 

we  obtiiin  the  four  values 

J/o=l°29'39".40 
39  .49 
39  .40 
39  .40. 

the  jijj:roi»ment  of  which  completely  proves?  the  entire  calculation  of 
the  olciuonts  fn.>m  the  data.  Collecting  together  the  several  result^ 
we  have  the  following  element:?: 
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Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M=     r  29'  3r.42 

1=     4    36  47  .20  J         ^ 

<P=   11    15  52  .22 
log  0  =  0.3881359 
log/£  =  2.9678027 

fi  =  928".64447. 

102.  The  elements  thus  derived  completely  represent  the  four  ob- 
served longitudes  and  the  latitudes  for  the  second  and  third  places, 
which  are  the  actual  data  of  the  problem ;  but  for  the  extreme  lati- 
tudes the  residuals  are,  computation  minus  observation, 

A/9  =  —  4".47,  £ir  =  +  1".23. 

These  remaining  errors  arise  chiefly  from  the  circumstance  that  the 
position  of  the  plane  of  the  orbit  cannot  be  determined  from  the 
second  and  third  places  with  the  same  degree  of  precision  as  from 
the  extreme  places.  It  would  be  advisable,  therefore,  in  the  final 
approximation,  as  soon  as  />',  />",  n,  n",  n',  and  n'"  are  obtained,  to 
compute  from  these  and  the  data  furnished  directly  by  observation 
the  curtate  distances  for  the  extreme  places.  The  corresponding 
heliocentric  places  may  then  be  found,  and  hence  the  position  of  the 
plane  of  the  orbit  as  determined  by  the  first  and  fourth  observations. 
Thus,  by  means  of  the  equations  (37)  and  (38),  we  obtain 

log  p  =  0.0256953,  log  p'"  =  0.4492542. 

With  these  values  of  p  and  />'",  the  following  heliocentric  places  are 
obtained : 

I  =  7*^  16' 5r'.54,  log  tan  6  =8.4289064,  logr  =0.3083732, 
r  =  91   37  40.96,        log  tan  6'"  =  8.8638549,,      logr"' =  0.3172678. 

Then  from 

tan  i  sin  (^  (r  +  0  —  ft)  =  i  (tan  V"  +  tan  b)  sec  J  (r  —  /), 
tan t  co8(i  (r  +  0  —  ft)  =  i  (tan  6"'  —  tan  b)  cosec^  (r  —  I), 

we  get 

ft  =  206**  42'  45".23,  i  =  4°  36'  49".76. 

For  the  arguments  of  the  latitude  the  results  are 

u  =  160°  30'  35".99,  m"'  =  244°  59'  12".53. 
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The  equations 


tan  V  ■=■  tan  i  sin  {t  —  JJ  ), 
tan  V  =  tan  i  sin  (/"  —  ft  ), 


give 


log  tan  6' =  8.1827129., 


log  tan  V  =  8.6342104., 


and  the  comparison  of  these  results  with  those  derived  directly  froi*^ 
//  and  //'  exhibits  a  difference  of  +  1".04  in  6',  and  of  —  0'\o6  »^ 
6".     Hence,  the  position  of  the  plane  of  the  orbit  as  determined  fro« 
the  extreme  places  verj'  nearly  satisfies  the  interniediato  latitudes. 
If  we  compute  the  remaining  elements  by  means  of  these  val 
of  r,  r'"y  and  m,  it'",  the  separate  results  are : 


log  tan  G^  =  8.0522282., 
logV  =  0.2917731, 
log;>=r:  0.3712405, 
log  (a  cos  if)  =  0.8796884, 

w  =  197°  37'  47".72, 

V>  =    11    15  52  .46, 

loga  =  0.3881365, 

i:=329°  ir  47".24, 

J/ =334    55  40  .46, 

M^=     1    29  40  .36, 

Hence,  the  elements  are  as  follows : 


log  ?/io  =  9.7179026, 
log  a-o  =  8.9608397, 
\  {E"  —  E)  =  17°  35'  42'M2^ 
log  cos  sr  =  9.9915521, 
log  e  •-=  9.2907906, 
log  cos  if  =  9:9915520, 
log/x  =  2.9678019, 
£"'  =  39°  34'  35".70, 
3/'"  =  32    26  45  .49, 
3/,  =    1    29  40  .37. 


Ecliptic  and  Mean 
Equinox  1864.0. 


Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
3/-=      1°  29'  40".36 
-  =    44    20  32  .1)5 
ft  =  206    42  45  .23 
i  z=     4    36  49  .76 
sr=^    11    15  52  .46 
log«=^  0.3HSl.m") 
/x  =..  92M".5427. 

It  aj)pear?i,  therefore,  that  the  princij>al  efflvt  of  neglecting  th^ 
extreme  hititudcs  in  the  determination  of  an  orbit  from  four  <il»^T — 
vations  is  on  the  inclination  of  tlie  orbit  and  cm  the  longitude  of  th^ 
a.sTnding  node,  the  other  elements  being  ver\'  slightly  chango<l.     Thc-i= 
elements  thus  (]i*rivei.l  represent  the  extreme  plactv  exactly,  and  it 
we  <N)inpute  the  si^eond  and  third  places  directly  from  these  element'^^ 
we  obtain 


3/'  ^  lir^ry^  ;53'  4;r'.s8, 

E'  -  :554    L>i»  12  .\):\ 
v'    =  353    16  59  .07, 


M''  =  9°  44'  53".73. 
E"  3-- 12  5  34  .81, 
v"    =^14    42  45  .96, 
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log/ =  0.2942366, 

u'  =  190*^  64'  46".79, 
r  =  37  35  27  .75, 
6'  =  —  0  52  21  .25, 
A'=  10  14  17  .35, 
i9'  =  —     1    15  47  .67, 

log/>'  =  0.1334634, 


log/' =  0.2960828, 

tt"=  212°  20' 33".68, 
r'=  58  58  16  .50, 
V'  =  —  2  27  59  .06, 
k"=  29  53  21  .99, 
/?"  =  —     2    29  57  .62, 

log /t)"  =  0.2899122. 


enoe,  the  residuals  for  the  second  and  third  places  of  the  planet 


Comp.  —  Obs. 
aA'  =  —  0".22,  A/9'  =  +  1".53, 

aA"  =      0  .00,  A/5"  =  —  0  .06 ; 

nd  the  elements  very  nearly  represent  the  four  normal  places.     Since 

he  interval  between  the  extreme  places  is  223  days,  these  elements 

ust  represent,  within  the  limits  of  the  errors  of  observation,  the 

^sntire  series  of  observations  on  which  the  normals  are  based.     It 

be  observed,  also,  that  the  successive  approximations,  in  the 

of  intervals  which  are  very  large,  do  not  converge  with  the 

^same  d^ee  of  rapidity  as  when  the  intervals  are  small,  and  that  in 

^uch  cases  the  numerical  calculation  is  very  much  abbreviated  by  the 

determination,  in  the  first  instance,  of  the  assumed  values  of  P',  P", 

^,  and  §"  by  means  of  approximate  elements  already  known.     For 

'•he  first  determination  of  an  unknown  orbit,  the  intervals  will  gene- 

:arally  be  so  small  that  the  first  assumed  values  of  these  quantities,  as 

determined  by  the  equations 

P'=^(l-J^3^'),  «'=^/', 


will  not  diflFer  much  from  the  correct  values,  and  two  or  three 
hypotheses,  or  even  less,  will  be  sufficient.  But  when  the  intervals 
are  large,  and  especially  if  the  eccentricity  is  also  considerable,  several 
hypotheses  may  be  required,  the  last  of  which  will  be  facilitated  by 
using  the  equations  (82)4. 

The  application  of  the  formulae  for  the  determination  of  an  orbit 
from  four  observations,  is  not  confined  to  orbits  whose  inclination  to 
the  ecliptic  is  very  small,  corresponding  to  the  cases  in  which  the 
method  of  finding  the  elements  by  means  of  three  observations  fails, 
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or  at  lesLst  becomes  very  uncertain.  On  the  contrary,  these  formnls 
apply  equally  well  in  the  case  of  orbits  of  any  inclination  whatever, 
and  since  the  labor  of  computing  an  orbit  from  four  observatiuos 
does  not  much  exceed  that  required  when  only  three  obser\'ed  places 
arc  used,  while  the  results  must  evidently  be  more  approximate,  it 
will  be  expedient,  in  very  many  cases,  to  use  the  formulse  given  io 
this  chapter  both  for  the  first  approximation  to  an  unknown  orbit 
and  for  the  subsequent  determination  from  more  complete  data. 
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CHAPTER  VI. 

IKYESTIQATION  OF  VABI0U8  FORBITJIJE  FOR  THE  CORRECTION  OF  THE  APPROXIMATE 

ELEMENTS  OF  THE  ORBIT  OF  A  HEAVENLY  BODY. 

103.  In  the  case  of  the  discovery  of  a  planet,  it  is  often  conve- 
nient, before  sufficient  data  have  been  obtained  for  the  determination 
of  elliptic  elements,  to  compute  a  system  of  circular  elements,  an 
ephemeris  computed  from  these  being  sufficient  to  follow  the  planet 
for  a  brief  period,  and  to  identify  the  comparison  stars  used  in  dif- 
ferential observations.  For  this  purpose,  only  two  observed  places 
are  required,  there  being  but  four  elements  to  be  determined,  namely, 
Qf  i,  a,  and,  for  any  instant,  the  longitude  in  the  orbit.  As  soon  as 
a  has  been  found,  the  geocentric  distances  of  the  planet  for  the 
instants  of  observation  may  be  obtained  by  means  of  the  formulae 

J  =  J?  008  4  +  V^a'— JK'sin'^, 
J"  =  jR"  cos  4"  +  l/a»  — jR^'sin'^", 

the  values  of  ^1/  and  -vl/"  being  computed  from  the  equations  (42)3  and 
(43)3.  For  convenient  logarithmic  calculation,  we  may  first  find  z 
and  2"  from 

i?8in4                   .     ,,      iT'sinV'  ,o^ 

sm  2  = 1  sm  /  = ,  (2) 

a  a 

since  the  formulae  will  generally  be  required  for  cases  such  that  these 
angles  may  be  obtained  with  sufficient  accuracy  by  means  of  their 
sines.     Then  we  have 

^  = ^i^. ^^^  '^'  ^   = «:n  .'^        ^^^  ^^      (^) 

sm  z  sm  z 

from  which  to  find  p  and  jo".     These  having  been  foun^,  we  have 

tan(/-0)^-q"(-^--Q> 

.    ,       pt&njS  ^*^ 

sm  b  = , 

a 

for  the  determination  of  /  and  6,  and  similarly  for  l'^  and  b'\     The 
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I'licliDation  of  the  orbit  and  the  longitude  of  the  ascending  n 
then  found  by  means  of  the  formulie  {75)a,  and  the  ailments  of  tbi 
latitude  by  means  of  {77)j.  Sinoe  n"  —  «  is  the  distance  on  the 
tial  spliere  between  two  poinU  of  which  the  Iieliocentric  spheiiait 
co-ordioates  are  /,  b,  and  /",  b",  wc  have,  also,  the  equations 

sin  (tt"  ^  It)  sin  B  ^^  cos  b"  sin  (i"  —  /), 

sin  (u"  —  u)  cos  B  =  cos  6  sin  b"  ^  sin  6  cos  b"  coe  (J'  —  f)> 

coa(ti"  —  «)  =8in  6«n6"-j-  cos  6  cos  6"  cos  (f — f), 

for  the  determination  of  w" —  w,  the  angle  opposite  the  side  90°— 4" 
of  the  spherical  triangle  being  denoted  bv  B.  Tho  solution  of  tkoe 
equations  is  &icilit«ted  by  the  introduction  of  auxiliary  angles,  m 
already  illustrated  for  similar  cases. 

In  a  circular  orbit,  the  eccentricity  being  equal  to  zero,  u"— ■ 
expresses  the  mean  motiou  of  the  planet  during  the  inter%'al  l"—% 
and  we  must  also  have 


-(«' 


"), 


(S) 


the  value  of  i  being  expressed  iuseeondsof  arc,  or  log  £  =  3.6600066, 

These  formulie  will  be  applied  only  when  the  interx'al  f"— Hi 

small,  and  for  the  case  of  the  asteroid  planet?  we  amy  first  a^niBi 

a  =  2.7, 

which  is  about  the  average  mean  distance  of  the  group.     Witl)  (Ih 
we  compute  p  and  p"  by  means  of  tlie  equations  (2)  and  (3),  and  thf 
corresponding  heliocentric  places  by  means  of  (4),    If  the  inclinatiao 
is  small,  m"  —  m  will  differ  very  little  from  t"  —  /,     Therefore,  in  tlw 
tirst  approximation,  when  the  heliocentric  longitudes  have  been  found, 
the  corresponding  value  of  /"—  (  may  be  obtained  from  o^imtinn  (5), 
writing  ("  —  I  in  place  of  m"  — w.     If  this  comes  out  lews  tfaan  the 
ot^tnal  interval  between  the  times  of  observation,  we  infer  that  tb* 
a-ssiiined  value  of  a  is  loo  small;   but  if  it  comee  out  grmter,  tb0 
assumed  value  of  a  is  too  large.   The  value  to  be  nsed  in  a  repiFtitioi* 
of  the  calculation  may  be  computed  from  the  exprcsuon 


a  =  i(log(r-0  +  logi-log(u"- 


«)). 


the  difl'erence  u"— u  being  expressed  in  Bcoondfl  of  wc.     Vttk 
we  recompute  p,  p",  I,  and  /",  and  find  also  b,  b",  Q-,  t,  m,  and  V^ 
Then,  if  the  value  of  a  computcil  from  the  last  ratilt  for  «"— ■ 
diffen  ftx>ni  the  lost  aseumed  value,  a  farther  reneUtion  of  the  mhw- 


i 
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lation  becomes  necessary.  Bnt  when  three  successive  approximate 
values  of  a  have  been  found,  the  correct  value  may  be  readily  inter- 
polated according  to  the  process  already  illustrated  for  similar  cases. 

As  soon  as  the  value  of  a  has  been  obtained  which  completely 
satisfies  equation  (5),  this  result  and  the  corresponding  values  of  S2> 
t;  and  the  argument  of  the  latitude  for  a  fixed  epoch,  complete  the 
system  of  circular  elements  which  will  exactly  satisfy  the  two  observed 
places.  If  we  denote  by  u^  the  argument  of  the  latitude  for  the  epoch 
T^  we  shall  have,  for  any  instant  ty 

fA  being  the  mean  or  actual  daily  motion  computed  from 

k 

The  value  of  u  thus  found,  and  r^^a,  substituted  in  the  formulae  for 
computing  the  places  of  a  heavenly  body,  will  furnish  the  approxi- 
mate ephemeris  required. 

The  corrections  for  parallax  and  aberration  are  neglected  in  the 
first  determination  of  circular  elements;  but  as  soon  as  these  approxi- 
mate elements  have  been  derived,  the  geocentric  distances  may  be 
computed  to  a  d^ree  of  accuracy  sufficient  for  applying  these  cor- 
rections directly  to  the  observed  places,  preparatory  to  the  determi- 
nation of  elliptic  elements.  The  assumption  of  r'  ^  a  w^ill  also  be 
sufficient  to  take  into  account  the  term  of  the  second  order  in  the  first 
assumed  value  of  P,  according  to  the  first  of  equations  (98)^. 

104.  When  approximate  elements  of  the  orbit  of  a  heavenly  body 
have  been  determined,  and  it  is  desired  to  correct  them  so  as  to  satisfy 
as  nearly  as  possible  a  series  of  observations  including  a  much  longer 
interval  of  time  than  in  the  case  of  the  observations  used  in  finding 
these  approximate  elements,  a  variety  of  methods  may  be  applied. 
For  a  very  long  series  of  observations,  the  approximate  elements 
being  such  that  the  squares  of  the  corrections  which  must  be  applied 
to  them  may  be  neglected,  the  most  complete  method  is  to  form  the 
equations  for  the  variations  of  any  two  spherical  co-ordinates  which 
fix  the  place  of  the  body  in  terms  of  the  variations  of  the  six  ele- 
ments of  the  orbit;  and  the  difierenoes  between  the  computed  places 
for  different  dates  and  the  corresponding  observed  places  thus  furnish 
equations  of  condition,  the  sohition  of  which  gives  the  corrections  to 
be  applied  to  the  elements.     But  when  the  observations  do  not  in- 


elude  a  verj-  loug  Intorval  of  time,  instead  of  forming  the  (qoaliiM 
for  the  variations  of  the  geoeentrie  places  in  terms  of  the  variaiiow 
of  the  elements  of  the  orbit,  it  will  be  more  convenient  to  form  the 
equations  for  these  variations  in  terms  of  quantities,  less  in  nomW, 
from  which  the  elements  tliemselvea  are  readily  ohtained.  If  noi^ 
sumption  is  made  in  regard  to  the  form  of  the  orbit,  the  qaantilia 
which  present  the  least  ditBcultles  In  the  numerical  calculation  an 
the  geocentric  distances  of  the  body  for  the  dates  of  the  vxtivnt 
observations,  or  at  least  for  the  dates  of  those  which  are  best  ad^Mcd 
to  the  determination  of  the  elements.  As  soon  as  these  distanc«saR 
accurately  known,  the  two  corresponding  complete  obecr^-atious  tic 
sufficient  to  determine  all  the  elements  of  the  orbit. 

The  approximate  elements  enable  us  to  assnnie,  for  the  dates  tnj 
t",  the  values  of  J  and  J";  and  the  elements  computed  fncmtlMn 
by  means  of  the  data  furnished  by  observation,  will  exactly  irpmM 
the  two  observ'c<l  places  employed.  Further,  the  elements  nuj  bi 
supposed  to  be  already  known  to  such  a  degree  of  approximatioo  tht 
the  squares  and  products  of  the  corrections  to  be  applied  to  Ik 
assumed  values  of  J  and  J"  may  be  neglected,  so  that  we  ahall  htn, 
for  any  date, 

(D 


dJ 

4J  + 

COS 

'jr 

h.r 

ds 

da 

dJ 

iJ  + 

ds 

4  J' 

If,  therefore,  we  compare  the  elements  computed  from  J  and  J''lBll 
any  number  of  additional  or  intermediate  ob9or\-ed  places,  cadi  >b* 
ser\'e<l  spherical  co-ortlinate  will  furnish  an  equation  of  coodHiopfr 
the  correction  of  the  assumed  dLstanoes.  But  in  order  that  tlw  e^** 
tious  (6)  may  be  applied,  the  numerical  values  of  the  partinl  dift*- 
tial  coefficients  of  a  and  &  with  respect  to  J  and  J"  must  be  ftaai 
Ordinarily,  the  best  method  of  effecting  the  del«rmination  of  tJuKil 
to  compute  three  systems  of  elements,  the  first  from  J  and  J",  til 
second  from  J  +  D  and  J",  and  the  thinl  from  J  and  J"  +  J)"i  0 
and  D"  Ijciug  small  increments  aligned  Ui  J  and  J"  nw[«*iw|f' 
If  now,  for  any  date  t',  w«  compute  a'  and  X'  froiii  each  sy4^  rf 
elements  thus  obtained,  we  may  find  the  values  of  the  diflfnaliil 
coefficients  sought.  Thus,  let  the  spherical  co-ordinates  for  the  ti«» 
('  oomputctl  from  the  first  sj-stem  be  dcnotwl  by  o'  and  5*;  th* 
computed  from  the  second  »>-stem  of  dements,  by  o'+ naecJ*!* 
9'  +  d :  an<l  those  from  the  third  system,  by  a'4-  a"  sec  f  and  I'-f  f- 
Then  we  shall  have  
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^  da!        a  d^       d 

^^    dr~  U"  (fJ"""2>"' 

and  tlie  equations  (6)  give 

C08»'Ao'  =  -gAj+^A  A", 
A3'  =  JaJ+|;aJ". 


(7) 


(8) 


In  the  same  manner,  computing  the  places  for  various  dates,  for 
which  observed  places  are  given,  by  means  of  each  of  the  three  systems 
of  elements,  the  equations  for  the  correction  of  J  and  J",  as  deter- 
mined by  each  of  the  additional  observations  employed,  may  be 
formed. 

105.  For  the  purpose  of  illustrating  the  application  of  this  method, 
let  us  suppose  that  three  observed  places  are  given,  referred  to  the 
ecliptic  as  the  fundamental  plane,  and  that  the  corrections  for  parallax, 
aberration,  precession,  and  nutation  have  all  been  duly  applied.  By 
means  of  the  approximate  elements  already  known,  we  compute  the 
values  of  J  and  J"  for  the  extreme  places,  and  from  these  the  helio- 
centric places  are  obtained  by  means  of  the  equations  (Tl),  and  (72)^ 
writing  J  cos  ^  and  J"  cos  /S"  in  place  of  p  and  /t>".  The  values  of 
ft,  t,  u,  and  u'^  will  be  obtained  by  means  of  the  formulae  (76)3  and 
(77)j ;  and  from  r,  r"  and  u''  —  u  the  remaining  elements-  of  the 
orbit  are  determined  as  already  illustrated.  The  first  system  of  ele- 
ments is  thus  obtained.  Then  we  assign  an  increment  to  J,  which 
we  denote  by  i),  and  with  the  geocentric  distances  J  +  i)  and  J" 
we  compute  in  precisely  the  same  manner  a  second  system  of  ele- 
ments. Next,  we  assign  to  d''  an  increment  D^',  and  from  J  and 
A"  +  D"  a  third  system  of  elements  is  derived.  Let  the  geocentric 
longitude  and  latitude  for  the  date  of  the  middle  observation  com- 
puted from  the  first  system  of  elements  be  designated,  respectively, 
by  >l/  and  ^^' ;  from  the  second  system  of  elements,  by  ^'  and  ^^  l 
and  from  the  third  system,  by  }^^  and  ^3^     Then  from 

a  =(V-V)co8/V,  d  =/9;-/5/,  ,^, 

we  compute  a,  a"j  d,  and  d'',  and  by  means  of  these  and  the  values 
of  D  and  D"  we  form  the  equations 


for  the  determiDBtioii  of  the  uirrections  to  be  applied  to  ihe  finl 
aBsumed  values  of  J  and  J",  by  means  of  the  ditferoncea  betina 
observation  and  coniputntkoo.  The  observed  longitude  and  IstiOidr 
being  denoted  by  k'  and  ^',  respectively,  we  shall  have 


COS  ^  ai'  =  {X  —  ^,')  cos  ^, 


fll) 


for  finding  the  values  of  the  second  members  of  the  equatioM  liO), 
and  then  by  cliininntion  we  obtain  the  values  of  tlie  comrtioDiAJ 
and   aJ"  to  be  applied   to  the   assumed   values  of  tiie  divtanoi- 
Finally,  we  compute  a  fourth  system  of  elements  (.■orrespoiidinj  W 
tlie  geocentric  distances  J  +  a  J  and  J"  +  aJ"  either  directly  fitu 
these  values,  or  by  interpolation  from  the  three  systems  of  elonentf 
already  obtained ;  and,  if  tlie  first  assumption  is  not  considenlilT  In 
error,  these  elements  will  exactly  represent  the  middle   place.    I* 
should  be  observed,  however,  that  if  the  second  system  of  clenwot* 
represents  the  middle  place  better  than  the  first  system,  ^'  ud  ^' 
should  be  used  instentl  of  ji,'  and  ,3/  in  the  equations  (11),  aoil,ii> 
this  case,  the  final  system  of  elements  must  be  comptitwl  wiili  ll^ 
distances  J  -f  -O  -)-  aJ  and    d"  +  aJ".     Similarly,   if  the 
place  is  best  rcpresenteil  by  the  third  system  of  elements, 
rectiona  will  be  obtained  for  tlie  distances   used  in  the  thi 
pothesis. 

If  the  computation  of  the  middle  place  by  means  of  the 
ments  still  exhibits  residuals,  on  account  of  the  neglM-ted  ti 
the  second  order,  a  repetition  of  the  calculation  of  Uie  ooi 
aJ  and   aJ",  using  th^e  residuals  for  tlie  values  of  the 
members  of  the  equations  (10),  will  furnish  the  values  of  I 
tanoes  for  the  extreme  places  with  ail  the  precision  desired., 
incremetits  D  and  D"  to  be  assigneil  successively  to  ihc  firet 
values  of  J  and  J"  may,  without  diftieully,  be  so  tnkea 
true  elemtints  sliall  dill'er  but  little  from  one  of  the  three 
computed ;  and  in  all  tlie  forniulfe  it  will  be  ranvenieal  to 
stead  of  tlie  geocentric  distances  themselves,  the  logarithms  of  J 
distonn's,  nod  to  express  the  variations  of  these  quantitie* 
of  the  htst  decimal  place  of  the  logarithms. 

These  Ibrmula  will  generally   be  applied  for  the 
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approximate  ekracnts  by  means  of  several  observed  places,  which 
may  be  either  single  observations  or  normal  places,  each  derived  from 
several  observations,  and  the  two  places  selected  for  the  computation 
of  the  elements  from  J  and  A''  should  not  only  be  the  most  accurate 
possible,  but  they  should  also  be  such  that  the  resulting  elements  are 
not  too  much  affected  by  small  errors  in  these  geocentric  places. 
They  should  moreover  be  as  distant  from  each  other  as  possible,  the 
other  considerations  not  being  overlooked.  When  the  three  systems 
of  elements  have  been  computed,  each  of  the  remaining  observed 
places  will  furnish  two  equations  of  condition,  according  to  equations 
(10),  for  the  determination  of  the  corrections  to  be  applied  to  the 
assumed  values  of  the  geocentric  distances ;  and,  since  the  number 
of  equations  will  thus  exceed  the  number  of  unknown  quantities, 
the  entire  group  must  be  combined  according  to  the  method  of  least 
squares.  Thus,  we  multiply  each  equation  by  the  coefficient  of  a  J 
in  that  equation,  taken  with  its  proper  algebraic  sign,  and  the  sum 
of  all  the  equations  thus  formed  gives  one  of  the  final  equations 
required.  Then  we  multiply  each  equation  by  the  coefficient  of  aJ" 
in  that  equation,  taken  also  with  its  proper  algebraic  sign,  and  the 
sum  of  all  these  gives  the  second  equation  required.  From  these 
two  final  equations,  by  elimination,  the  most  probable  values  of  a  J 
and  A  J"  will  be  obtained ;  and  a  system  of  elements  computed  with 
the  distances  thus  corrected  will  exactly  represent  the  two  funda- 
mental places  selected,  while  the  sum  of  the  squares  of  the  residuals 
for  the  other  places  will  be  a  minimum.  The  observations  are  thus 
supposed  to  be  equally  good;  but  if  certain  observed  places  are 
entitled  to  greater  influence  than  the  others,  the  relative  precision 
Df  these  places  must  be  taken  into  account  in  the  combination  of  the 
equations  of  condition,  the  process  for  which  will  be  fully  explained 
in  the  next  chapter. 

When  a  number  of  observed  places  are  to  be  used  for  the  correction 
af  the  approximate  elements  of  the  orbit  of  a  planet  or  comet,  it  will 
be  most  convenient  to  adopt  the  equator  as  the  fundamental  plane. 
In  this  case  the  heliocentric  places  will  l)e  computed  from  the  assumed 
values  of  J  and  J",  and  the  corresponding  geocentric  right  ascensions 
md  declinations  by  means  of  the  formulfie  (lOG),  and  (107)3;  ^^^  ^h<^ 
position  of  the  plane  of  the  orbit  as  determined  from  these  by  means 
of  the  equations  (76)3  will  be  referred  to  the  equator  as  the  funda- 
mental plane.  The  formation  of  the  equations  of  condition  for  the 
corrections  aJ  and  aJ"  to  be  applied  to  the  assumed  values  of  the 
distauces  will  then  be  effected  precisely  as  in  the  case  of  k  and  ^9,  the 


necessary  changes  being  made  in  the  Dotation.  In  a  ^milar  miam, 
the  calculatitin  may  be  effet^ted  for  any  other  fundamental  planr  wliii'ti 
may  be  adopted. 

It  should  be  observed,  further,  that  when  the  ecliptic  is  taken  m 
the  fundamental  plane,  the  geocentric  latitudes  should  be  conwttd 
by  means  of  the  equation  (6)^  in  order  that  the  latitudes  of  tlie  nm 
shall  vanish,  otherwise,  fi>r  strict  accuracy,  the  heliocentric  pUm 
must  be  determined  from  J  and  J"  in  accordance  with  the  etjiuitiau 


106.  The  partial  differential  coefficients  of  the  two  sphcrind  to- 
ordinates  with  ro3j>ect  to  J  and  J"  may  be  computed  directly  by 
mcan.s  of  differential  formulte;  but,  except  for  special  raais,  tbe 
numerical  calculation  is  less  expeditious  than  in  the  i^ase  of  the  indi- 
reet  method,  while  the  liability  of  error  is  much  greater.  If  wt 
adopt  the  plane  of  the  orbit  sis  determined  by  the  approximate  tJoh 
of  J  and  J"  as  the  fundamental  plane,  and  introduce  ][  as  one  of  tb* 
elements  of  the  orbit,  a^  in  the  equations  {72)„  the  variation  of  t be 
geocentric  longitude  d  measured  in  this  plane,  neglecting  terms  of  tbe 
second  order,  depends  on  only  four  elements;  and  in  this  cue  tht 
differential  formulw  may  bo  applied  with  facility.  Thus,  if  wtn- 
prcs9  r  and  t-  in  terms  of  the  elements  if,  Jfg,  and  /i,  we  aball  fa 

_  dr    df       Jir     dM,   ,dr^^ 
"  rfj-  ■  dJ  "^  dA^  ■  "dJ   "^  d^  ■  SIP 
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the  value  of  A"  remaining  unchanged,  r"  and  t?"  + 1  are  not  changed, 
and  hence 

To  find  Tj  and  — -r^ — »  from  the  equations 

J  cos  ly  cos  ^  =  a;  +  X, 
J  cos  1?  sin  ^  =  y  +  F, 

in  which  fj  is  the  geocentric  latitude  in  reference  to  the  plane  of  the 
orbit  computed  from  J  and  J"  as  the  fundamental  plane,  and  Xy  Y 
the  geocentric  co-ordinates  of  the  sun  referred  to  the  same  plane,  we 
get 

(^  ==  cos  ly  COS  d  d  J, 

dy  =  cos  1)  sin  d  d J, 

or,  substituting  for  dx  and  dy  their  values  given  by  (73),, 

cos  r)  cos  0  d^  =  cos  udr  —  r  sin  w  d  (v  +  /), 
cos  rj«i\iO  dA  =  sin  M  dr  +  r  cost*  d{y-\-  /). 

lEliminating,  successively,  d(t7  +  x)  ^°^  ^^>  ^^  8®* 


Therefore,  we  shall  have 


,  .  =  cos  ri  cos  (^  —  li), 
^   ==  -  cosiy  sm  (^  —  u). 


(12) 


dr    ,     dv     dip    .     dv      dMo    .     dv      d/i       1  .    ,.        v 

dr     d0    ,     dr      d3t    ,     dr      d/i  ,^        ^ 

T7  +  :7Xr  •  -jt/  +  -:t-  •  :j-r  =  C08i?  C08(^  —  ti), 


d^     dJ        difj,      dJ     '     dA*     d^  ,^^n 

dJ  +  d?^  'dJ  "*"dJifo  '  dJ   '^   dfi   '  dJ  "~   ' 

d/^    d^       dr^    dM^.dr^    *i  — 0- 
df  '  dJ  "^  d3f,  *  dJ   +   dA£   *  dJ  ""    ' 

and  if  we  compute  the  numerical  values  of  the  differential  coefficients 
of  r,  r"j  r,  and  v"  with  respect  to  the  elements  ^,  Jf^,  and  /i,  these 
equations  will  furnish,  by  elimination,  the  values  of  the  four  un- 

known  quantities  §.  %,  ^.  and  ^. 

In  precisely  the  same  manner  we  derive  the  following  equations 


320  THEOBEnCAL  ASTROKOMY. 

for  the  detormination  of  the  partial  differential  ooefficientB  of  thoe 
elements  with  respect  to  d" : — 

dx     ,    dv     df     .     dv     diff   ,    dv      dn  . 

dJ"  "^  d^  ■  d J^  "^  5i^ '  dJ^  "^  rf/T '  rfJ^  ~   ' 

dr     d<p         dr     dM^   i    ^^      *^''  n 

d^ ■  rfJ"  "•■  rfi^  ■  rfJ"  "^  d^ ■  dJ"  ~   '  ,.,. 

dx     .  d»"     df     ,    dv"     dM,   .dtf'     dti         1  „   .    f^       .: 

dJ''  +  d?-dJ''+55^-dJ''  +  *r-dJ''=7^~»'  «n(»"-.). 

dr"     df     ,    di"     dM,    ,  dr"     dn  „       ,^,       ,,. 

Since  the  geocentric  latitude  r^  is  afieeted  chiefly  by  a  change  of  tbe 
))osition  of  the  plane  of  the  orbit,  while  the  variation  of  the  longitude 
6  is  independent  of  fi  and  t  when  the  squares  and  products  of  the 
variations  of  the  elements  are  n^Iected,  if  we  determine  the  elementt 
which  exactly  represent  the  places  to  which  J  and  J"  belong,  as  well 
as  the  longitudes  for  two  additional  places,  or,  if  we  determine  time 
which  satisfy  the  two  fundamental  places  and  the  longitudes  for  any 
number  of  additional  observed  places,  so  that  the  sum  of  the  squares 
of  their  residuals  shall  be  a  minimum,  the  results  thus  obtained  will 
ver\'  nearlv  satisfy  the  several  latitudes. 

•  a  • 

Let  tf '  denote  the  geocentric  longitude  of  the  body,  referred  to  tke 
plane  of  the  orbit  computet!  from  J  and  S'  as  the  fundamental  phoe, 
for  the  date  V  of  any  one  of  the  observed  places  to  be  used  forco^ 
recting  the^o  assuraoil  distances.  Then,  to  find  the  partial  ditferentitl 
coofticients  of  6*  with  respiH?t  to  J  and  J",  we  have 

.  d-y  ,dff    dx    ,       ,'^'•    dc   ,        ,  di^    dyu 

,  def      d'l 

,  de^    d\[. 


.  dtf'  .dt^'     dx  .d^     dc  ,  det 


dS' 


,  de^     d'l 


and  by  nu'ruis  of  the  results  ihu>  dorivtxl,  we  form  the  equation 

OvXji  r'  a/  =:  Ox>S  r'  A  J  —  CO?  r'  A  J'  .  L 

A  fourth  olv^*r\\\l  plaiv  will  iurni>h.  in  the  same  manner,  the  ad 
tioual  iX)ua(ion  n\|uin\l  for  finding  a  J  and  a  J".     If  morv  than  t 


I 
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observations  are  used  in  addition  to  the  fundamental  places  on  which 
the  assumed  elements  as  derived  from  J  and  A"  are  based,  the  several 
longitudes  will  furnish  each  an  equation  of  condition,  and  the  most 
probable  values  of  a  J  and  ^A''  will  be  obtained  by  combining  the 
entire  group  of  equations  of  condition  according  to  the  method  of 
least  squares. 

107.  In  the  actual  application  of  these  formulse  to  the  correction 
of  the  approximate  elements,  after  all  the  preliminary  corrections 
have  been  applied  to  the  data,  we  select  the  proper  observed  places 
for  determining  the  elements  from  the  corresponding  assumed  dis- 
tances A  and  J"y  according  to  the  conditions  which  have  already  been 
stated,  and  from  these  we  derive  the  six  elements  of  the  orbit.  Since 
the  data  furnished  directly  by  observation  are  the  right  ascensions 
and  the  declinations  of  the  body,  the  elements  will  be  derived  in 
reference  to  the  equator  as  the  plane  to  which  the  inclination  and  the 
longitude  of  the  ascending  node  belong.  These  elements  will  exactly 
represent  the  two  fundamental  places,  and,  if  the  assumed  distances 
A  and  J"  are  not  much  in  error,  they  will  also  very  nearly  satisfy 
the  remaining  places. 

We  now  adopt  as  the  fundamental  plane  the  plane  of  the  approxi- 
mate orbit  thus  determined,  and  by  means  of  the  equations  (SS),  and 
(85)j,  or  by  means  of  (S?)^,  writing  a,  d,  JJ',  and  V  in  place  of  ^,  ^, 
a,  and  f,  respectively,  we  compute  the  values  of  0, 37,  and  y  for  the 
dates  of  the  several  places  to  be  employed.  Then  the  residuals  for 
each  of  the  observed  places  are  found  from  the  formulse 

cos 7j  ^0  =  sin  y  ^i  -\-  cos/'  cos  ^  Aa, 

^Tj  =  cos/'  Ac?  —  sin y  cos  d  Aa,  ^     ^ 

the  values  of  Aa  and  a5  for  each  place  being  found  by  subtracting 
from  the  observed  right  ascension  and  declination,  respectively,  the 
right  ascension  and  declination  computed  by  means  of  the  elements 
derived  from  A  and  J".  The  values  of  d,  7],  and  y  being  required 
only  for  finding  cos  r^  ^0,  Ajy,  and  the  differential  coefficients  of  d  and 
5,  with  respect  to  the  elements  of  the  orbit,  need  not  be  determined 

with  great  accuracy. 

dv  d (v  t '  z ^ 

Next,  we  compute  ^  and  — -Tj —  from  equations  (12),  and  from 

(16V.  the  values  of  -;-,  -;—>  -;-,  -r-,  -r^^>  &c.,  by  means  of  which, 
'  Of    d^     d<p    d(p    dm^ 

using  the  value  of  u  in  reference  to  the  equator,  we  form  the  equa- 
tions (13).     The  accent  is  added  to  ;(  to  indicate  that  it  refers  to  the 

21 
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equator  as  the  plane  for  defining  the  elements.  Thus  we  obtain  four 
equations,  fix>m  which,  by  elimination,  the  values  of  the  difierentiil 
coefficients  of  jf',  ^,  31^,  and  //  with  respect  to  J  may  be  obtained. 
In  the  numerical  solution,  by  subtracting  the  third  equation  from 

the  first,  the  unknown  quantity  -rr  is  immediately  eliminated,  so  that 

we  have  three  equations  to  find  the  three  unknown  quantities  -p 

-Tj»  and  -TT-    These  having  been  found,  -q  may  be  obtained  from 

the  first  or  from  the  third  equation. 

In  the  same  manner  we  form  the  equations  (14),  and  thence  derive 

the  values  of  -ry,^  -Tj7>»  -Tj7r»  and  jy,-    Then,  by  means  of  the  for- 

mulae  (76)2,  ('^^)2>  ^"d  ('^9)2>  ^^  compute  for  the  date  of  each  plia 
to  be  employed  in  correcting  the  assumed  distances  the  values  of 

cosw'  -j-,t  cmr/  -r—,,  &c.,  and  hence  from  (15)  the  values  of  oosjjVi 

^X     dff    ^^  .  .    7 

and  cos  ?;'  jy,-    The  results  thus  obtained,  together  with  the  rcsidotb 

computed  by  means  of  the  equations  (17),  enable  us  to  form,  aooord- 
ing  to  (16),  the  equations  of  condition  for  finding  the  values  of  the 
corrections  a  J  and  ^J^'.  The  solution  of  all  the  equations  tbos 
formed,  accortling  to  the  method  of  least  squares,  will  give  the  most 
probable  values  of  these  quantities,  and  the  system  of  elements  which 
corresponds^  to  the  distances  thus  corrected  will  verj-  nearly  satfefy 
the  entire  series  of  observations.  Since  the  values  of  cosij'  aA'  are 
expressed  in  seconds  of  arc,  the  re??ulting  values  of  a  J  and  aJ"  will 
also  be  exprcj^sed  in  seconds  of  arc  in  a  circle  whose  radius  is  cqiuJ 
to  the  mean  distance  of  the  earth  from  the  sun.  To  express  them  in 
parts  of  the  unit  of  spac*e,  we  must  divide  their  values  in  seconds  ot 
arc  bv  206264.8. 

The  corrections  to  be  applied  to  the  elements  computed  from  J  awl 
J",  in  order  to  satisfy  the  corrected  values  J  +  a  J  and  J"  -^  ^J"» 
may  be  conipute<l  by  mcims  of  the  jwrtial  difierential  coefficient* 
already  derive<l.     Thus,  in  the  case  of  jr',  we  have 

from  which  to  find  A;f' ;  and  in  a  similar  manner  Ay",  a.V^„  and  ^ 

mav  l)e  obtaineil.     If,  from  the  values  of t; —  and  — ri'f'^* 

'  aJ  (/J 

we  (impute 
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and  apply  these  corrections  to  the  values  of  v  and  v"  found  from  J 
and  J'^^  we  obtain  the  true  anomalies  corresponding  to  the  distances 
4  +  aJ  and  J''  +  a  J".  The  corrections  to  be  applied  to  the  values 
of  r  and  r''  derived  fix)m  J  and  J"  are  given  by 

Ar  =  -     A  J.  Ar"  = A  J" 

If  A  J  and  A  J"  are  expressed  in  seconds  of  arc,  the  corresponding 
values  of  Ar  and  Ar"  must  be  divided  by  206264.8.  The  corrected 
results  thus  obtained  should  agree  with  the  values  of  r  and  r"  com- 
puted directly  from  the  corrected  values  of  v,  v",  p,  and  e  by  means 
of  the  polar  equation  of  the  conic  section.     Finally,  we  have 

dz  =  sin  r)  d^, 
and  similarly  for  dz" ;  and  the  last  of  equations  (73)2  gives 


rsinuAt'  —  rcoswsint' AjJ'        =8iniyAJ, 
r"  sin  u"  Ai'  —  /'  cos  w"  sin  t'  a  JJ'  =  sin  V  a  J", 


(18) 


from  which  to  find  At^  and  ^Q^,u  and  u"  being  the  arguments  of 
the  latitude  in  reference  to  the  equator.  We  have  also,  according  to 
(72)^ 

Aw'  =  a/  —  cost'  A JJ', 
A7r'  =  A/  +  2sin«^t'AjJ', 

from  which  to  find  the  corrections  to  be  applied  to  ft>'  and  ;r'.  The 
elements  which  refer  to  the  equator  may  then  be  converted  into  those 
for  the  ecliptic  by  means  of  the  formulae  which  may  be  derived  from 
(109)|  by  interchanging  Q  and  JJ'  and  180°  —  i'  and  t. 

The  final  residuals  of  the  longitudes  may  be  obtained  by  substi- 
tuting the  adopted  values  of  a  J  and  a  J"  in  the  several  equations  of 
condition,  or,  which  affords  a  complete  proof  of  the  accuracy  of  the 
entire  calculation,  by  direct  calculation  from  the  corrected  elements ; 
and  the  determination  of  the  remaining  errors  in  the  values  of  tj  will 
show  how  nearly  the  position  of  the  plane  of  the  orbit  corresponding 
to  the  corrected  distances  satisfies  the  intermediate  latitudes. 

Instead  of  <p,  M^,  and  //,  we  may  introduce  any  other  elements 
which  determine  the  form  and  magnitude  of  the  orbit,  the  necessary 


clianges  l>eing  made  iu  the  formulfe.  Thus,  if  wc  use  tlie  elemeDb 
T,  q,  and  e,  these  must  be  written  in  place  of  jV„,  p,  and  c,  rcspwi- 
ively,  in  the  equations  (13),  (14),  and  (15),  and  the  ]>artial  dlffercniiil 
coefficients  of  r,  r",  v,  and  v"  with  respect  to  these  elements  miwt  \jt 
computed  by  means  of  the  various  differential  formula  which  liavt 
already  been  investigated.  Further,  in  all  these  cases,  the  homo- 
geneity of  the  formulffi  must  be  carefully  attended  to. 

108.  The  approximate  elements  of  the  orbit  of  a  hesvenir  ^loij 
may  also  be  corrected  by  varj'ing  the  elements  winch  fix  the  poaitHa 
of  the  plane  of  the  orbit.  Thus,  if  the  obsen,'ed  longitude  and  bli- 
tude  and  the  values  of  $J  and  i  are  given,  the  three  equations  191^ 
will  contain  only  three  uukno^-n  quantities,  namely,  J,  r,  and  u,  ud 
the  values  of  these  may  be  found  by  climiDatiou.  When  tl»e  obnml 
latitude;)  is  corrected  by  means  of  the  formuk  (6)„  the  latSwdcsrf 
the  sun  disap]>oar  from  thcise  equations,  and  if  we  multiply  th«  tnt 
by  sin  (O  —  JJ)  sin/?,  the  second  (using  only  the  upptT  sign)  by 
—  eo3(0  —  SJ)sin;J,  and  the  third  by  —  sin(^  —  0)co6^,  aiiJ«U 
the  products,  we  get 

.„„..  8inj?8in(0  — n) 


cos » sin  ^  cos  (O  —  ())  —  sin  i  cos ^ sin (i  —  0) 


I.19J 


from  which  «  may  be  found.  If  we  multiply  the  second  of  thw< 
equations  by  sinjS,  and  the  third  by  —  cos  ^  sin  (A—  Q),  and  adJli* 
products,  we  find 

^  ^ ■fl8in(0  — O) ^  ,jp 

sin  u  (sin  t  cot i^  ain (i  —  Q)  —  coe  i) 

The  expression  for  r  in  terms  of  tlie  known  quantitiea  nu^almh 
found  by  combining  the  first  and  second,  or  by  combining  tke  (* 
and  third,  of  equations  (91),.     If  we  put 

ncoajr=8iu(9«)8(0  —  R), 
w  ain  JT^  COS  |S  rin  (i  —  ©). 

the  formula  tor  u  becomes 

The  last  of  equations  (91)i  shows  that  sin  «  and  sin  ^  must  h««  ^ 
same  sign,  and  thus  the  quadrant  in  which  u  must  be  taken  is'to^ 
mined.     Putting,  also, 
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we  have 

cos  if       JgsinCG  — a)  ,^^. 

COS  (if +i)  Binu 

When  any  other  plane  is  taken  as  the  fundamental  plane,  the 
latitude  of  the  sun  (which  will  then  refer  to  this  plane)  will  be  re- 
tained in  the  equations  (91)^  and  in  the  resulting  expressions  for  u 
and  r. 

The  value  of  u  may  also  be  obtained  by  first  computing  w  and  i^ 
by  means  of  the  equations  {4t2)^  and  then,  if  z  denotes  the  angle  at 
the  planet  or  comet  between  the  earth  and  sun,  the  values  of  u  and 
z,  as  may  be  readily  seen,  will  be  determined  by  means  of  the  rela- 
tions of  the  parts  of  a  spherical  triangle  of  which  the  sides  are 
180°  —  (2  +  4')>  180°  +  O  —  0>  and  u,  the  angle  opposite  to  the 
side  u  being  that  which  we  designate  by  w,  and  the  side  180°  +  O  —  Ji 
being  included  by  this  and  the  inclination  i.  Let  5^=  180°  —  (z  + 1//), 
and,  according  to  Napier's  analogies,  this  spherical  triangle  gives 


(23) 


tanj(/S+ti)='''^!!'^''?cot^(a-0), 

'  cos  ^  (l  -f-  t«)         '  ^ 

.      tan  ^  (/S— ti)  =    .    ]).  , — ^  coti  (a  —  O), 
-*  sm  i  (t  +  w)        ^ 

from  which  S  and  u  are  readily  found.     Then  we  have 

e==180°  — 4'— «, 

R  sin  4  (24) 

r  =  — -. 1 

smz 

to  find  r. 

If  we  assume  approximate  values  of  JJ  and  t,  as  given  by  a  system 
of  elements  already  known,  the  equations  here  given  enable  us  to  find 
r,  t*,  »•",  and  w"  from  X,  ^  and  X",  ^",  corresponding  to  the  dates  t 
and  i"  of  the  fundamental  places  selected,  and  from  these  results  for 
two  radii-vectores  and  arguments  of  the  latitude,  the  remaining 
elements  may  be  derived.  From  these  the  geocentric  place  of  the 
body  may  be  found  for  the  date  V  of  any  intermediate  or  additional 
observed  place,  and  the  difference  between  the  computed  and  the 
observed  place  will  indicate  the  degree  of  precision  of  the  assumed 
values  of  {2  and  i.  Then  we  assign  to  ft  the  increment  <JJJ,  « 
remaining  unchanged,  and  compute  a  second  system  of  elements,  and 
from  these  the  geocentric  place  for  the  time  V,  We  also  compute  a 
third  system  from  ft  and  i  +  di,  and  by  a  process  entirely  analogous 
to  that  already  indicated  in  the  case  of  the  variation  of  two  geocentric 


distances,  we  oblaiu  the  uunierical  values  of  the  differenlial  c 
cientB  of  i'  and  j3'  with  respect  to  Si  and  i.    Thus  the  equations 


^coay?" 


da 


4n+oo«?^a 


'  <ia 


40  + 


(» 


ir 


for  finding  the  corrections  &Si  and  &i  to  be  applied  tu  the  a£Mim«ii 
values  of  these  elements,  will  be  formed;  And  each  additioaal  obser- 
vation or  normal  plaec  will  furnish  two  equations  of  condidon  fiir 
the  determination  of  these  corrections. 

If  the  observed  right  as«ensions  and  declinations  aro  used  dinrtlT 
instead  of  the  longitudes  and  latitudes,  the  elements  Q  andimiat 
be  referred  to  the  equator  as  the  fundamental  plane,  and  th«  decline 
tioiis  of  the  sun  will  appear  in  the  formulic  for  u  and  r  obtained  fiMI 
the  equations  (91),,  thus  rendering  them  more  complex.  Tfadrdeti- 
vation  offers  no  difficulty,  being  similar  in  all  respects  to  thil  uf  tk 
equations  (19)  and  (20),  and  since  they  will  be  rarely,  if  ever,* 
qiiired,  it  is  not  necessary  to  give  the  process  here  in  detail.  Ib 
general,  the  equations  (*23)  and  (2-1}  will  be  most  convenieol  fcf 
finding  )■  and  u  from  the  geocentric  spherical  co-ordinates  and  ihe 
elements  Si  and  i,  since  to,  -i^,  w",  and  i|i"  remain  uncbanged  fbrtbe 
three  hypotheses. 

When  the  equator  ia  taken  as  the  fundamental  plane,  ^  !«  ll» 
distance  between  two  jtoints  on  the  celestial  sphere  for  which  tli* 
geocentric  spherical  co-ordinates  are  ^I,  D  and  a,  H,  tho«c  of  thefW 
being  denoteil  by  A  and  D.     Hence  vie  shall  have 

sin  i,f\aB=^  cob  i  sin  (a  —  A), 

sin  +  cos  B  =  cos  D  sin  S  —  sin  i>  cos  3  cos  (a  —  A),  tw 

COB  +  ^  sin  />  sin  J  -j-  cos  i>  cos  ^  cos  («  —  A), 

from  which  to  find  ^  and  B,  the  angle  opposite  to  the  side  90°  "* 
of  the  epherictti  triangle  being  denoted  by  B.     Let  A'  denote   ~* 
right  ascension  of  tlie  ascending  node  on  the  eciuator  of  a  great  caX* 
passing  through  tlic  places  of  the  sun  and  oomet  or  plau«t  for    ^^ 
time  /,  and  let  w„  denote  its  inclination  to  the  equator ;  then  we  sS**^ 
have 

sinncosU-iir)=e„«B. 

sin  UP,  Bin(^  -K)  =  sin  B  sin  D.  (  '^" 

cos  IT,  =BinBcoB/>. 


from  which  to  find  to.  and  K.    In  a  similar 


matmer,  we  majr  a 
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pute  the  values  of  u'* — w,  JJ,  and  i  from  the  heliocentric  spherical 
co-ordinates  /,  6  and  V\  6". 
From  the  equations 

,  .       smj(i— «?o)      ,w^f       Tr\ 

tanj(/S^  — u)=  .    ;..,  ■ — ^cot^Ji  —  ^> 

the  accents  being  added  to  distinguish  the  elements  in  reference  to 
the  equator  from  those  with  respect  to  the  ecliptic,  the  values  of  SJ, 
and  u  (in  reference  to  the  equator)  may  be  found.  Let  «o  denote  the 
angular  distance  between  the  place  of  the  sun  and  that  point  of  the 
equator  for  which  the  right  ascension  is  Kj  and  the  equation 

cot  «o  =  cos  w^  cot  {K  —  -4)  (29) 

gives  the  value  of  «o,  the  quadrant  in  which  it  is  situated  being  deter- 
mined by  the  condition  that  cos  ^^  and  cos(J5r — A)  shall  have  the 
same  sign.     Then  we  have  S=^8^  —  «q,  and 

2  =  180°  — 4'— /8L  +  «o, 

i?8in;^  (30) 

T  = ; , 

%vclz 
from  which  to  find  r. 

109.  In  both  the  method  of  the  variation  of  two  geocentric  dis- 
tances and  that  of  the  variation  of  Q,  and  i,  instead  of  using  the 
geocentric  spherical  co-ordinates  given  by  an  intermediate  observa- 
tion,  in  forming  the  equations  for  the  corrections  to  be  applied  to  the 
assumed  quantities,  we  may  use  any  other  two  quantities  which  may 
be  readily  found  from  the  data  furnished  by  observation.  Thus,  if 
we  compute  r'  and  v/  for  the  date  of  a  third  observation  directly 
fix»m  each  of  the  three  systems  of  elements,  the  differences  between 
the  successive  results  will  furnish  the  numerical  values  of  the  partial 
differential  coefficients  of  r'  and  u'  with  respect  to  J  and  J",  or  with 
respect  to  ft  and  i,  as  the  case  may  be.  Then,  computing  the  values 
of  r'  and  u'  from  the  observed  geocentric  spherical  co-ordinates  by 
means  of  the  values  of  ft  and  i  for  the  system  of  elements  to  be 
corrected,  the  differences  between  the  results  thus  derived  and  those 
obtained  directly  from' the  elements  enable  us  to  form  the  equations 

dvl     .   ,    du*       .,,  , 


or  the  corresponding  expressions  in  the  case  of  the  variation  a 
and  i,  by  meana  of  wliich  the  corrections  to  be  applied  to  the  u- 
sumed  values  will  be  determined.  In  tlie  nnmerieal  appliotionof 
these  equations,  au'  being  espre^ised  in  seconds  of  arc,  Ar'  sliould  aifo 
be  expressed  in  seconds,  and  the  resulting  values  of  iJ  and  a  J"  will 
be  converted  into  those  expressed  in  parts  of  the  unit  of  sjuce  (it 
dividing  them  by  206264.8. 

W'licn  only  three  obaer\'ed  places  ttre  to  be  used  for  cnrre«ning;  a 
approximate  orbit,  from  the  values  of  r,  r',  r"  and  «,  m',  u"  obtained 
by  means  of  the  formula;  which  have  been  given,  we  may  find  f)  sdJ 

«  or the  latter  in  the  case  of  very  eccentric  orbits — from  the  fird 

and  second  places,  and  also  from  the  first  and  third  places.  If  llm 
results  agree,  the  elements  do  not  require  any  correction;  botift 
difference  is  found  to  exist,  by  computing  the  diScrcnocs,  in  tbooM 
of  each  of  these  two  elements,  for  three  hypotheses  in  regard  W  J 
and  J"  or  in  regard  to  JJ  and  /,  the  equations  may  l>c  fnrmwl  I7 
menus  of  ifhich  -the  corrections  to  be  applied  to  the  assumed  vrJim 
of  the  two  geocentric  distances,  or  to  those  of  {J  and  i,  will  be 
obtained. 

1 10,  The  formula;  which  have  thus  far  been  given  for  the  cortw- 
tion  of  an  approximate   orbit  by  varying  the  geocentric  dieianco, 
dcj»cnd  on  two  of  these  distances  when  no  assumption  is  made  i" 
regard  to  the  form  of  the  orbit,  and  these  fomiulie  apply  witb  «l*" 
facility  whether  three  or  more  than  tlirce  observed  places  are  a**" 
But  when  a  scries  of  places  can  be  made  available,  the  problem  ^^T 
be  successfully  treated  in  a  manner  snch  that  it  will  only  be  iietu*^*^ 
to  vary  one  geocentric  distance.     Tims,  let  x,  y,  zbe  the  rectang*^* 
heliocentric  co-ordinates,  and  r  the  radius-vector  of  the  body  at         ^ 
time  (,  and  let  X,  K,  /  be  the  geocentric  co-ordinates  of  the  sm^^*" 
the  same  instant.     I^et  the  geocentric  co-ordinates  of  the  limly    "^ 
designated  by  s-„,  _v„,  :„,  and  let  llie  plane  of  the  etjualor  be  takoc^:^'' 
the  fundamental  plane,  the  positive  axis  of  x  being  direftod  to 
vernal  equinox.     Further,  let  p  denote  the  projection  of  tiie  nwll  ^^  " 
vector  of  the  body  on  the  plane  of  the  equator,  or  the  curtate  S-^ 
tancc  with  respect  to  the  equator;  then  wc  ahall  havo 

r,  =  ^co8ii,  y, ^^sina,  tf^^ptoni.  (^^    - 

If  we  ropreeent  the  right  ascension  of  the  sun  by  A,  and  it«  dwl 
tion  by  J),  we  also  have 
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X=RcobDcobA,  Y=RcosDBUkA,  Z^RsmD.    (33) 

The  fundamental  equations  for  the  undisturbed  motion  of  the  planet 
or  comet,  n^Iecting  its  mass  in  comparison  with  that  of  the  sun,  are 

^+H-  =  o.         ^  +  9^  =  0.         ^  +  1^  =  0; 

but  since 

and^  Delecting  also  the  mass  of  the  earth, 

these  become 


d^ 


Substituting  for  x^y  y^,  and  z^  their  values  in  terms  of  a  and  dy  and 
patting 

*'^(5'4)=^'    ^'^(i-^)^'"    ^i^-?h''  («^) 


'vre  get 

^•  +  ^8in«  +  ,  =  0,  (36) 

Differentiating  the  equations  (32)  with  respect  to  ty  we  find 

dx^  dp  .       rfa 

|-  =  »n.*  +  ,c».J,  (3„ 
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Differentiating  again  with  respect  to  t,  and  substituting  iu  the  equih 
tions  (36)  the  values  thus  found,  the  results  are 

(k'p.d'p  da'\  I     d'a  dp    da\   .         ,    .        - 

[V  +  W-'dFn''-Vdt'+^dt-dtn'  +  ^  =  ^' 

(^^  +  ^f)tan.  +  2secMf.^^  +  2.secMtan.f+.sec«.^^:=0. 

If  we  multiply  the  first  of  these  equations  by  sin  a,  and  the  second 
by  —  cos  a,  and  add  the  products,  we  obtain 

ijPa 

^^^    gsina-iycosa-^- 

(f  <  "~  ^  da 

dt 

Now,  from  (35)  we  get 

$  sin  o  — 17  cos  a  =  P I  -7=  —  —  I  i?  cos  Z>  sin  (a  —  A), 


and  the  preceding  equation  becomes 


_,^(^~M^^^^''^®*^*~^^"'^^ 


dp 

dt 


(39) 


The  value  of  -rr  thus  found  is  independent  of  the  differential  co- 
efficients of  8  with  respect  to  t.     To  find  another  value  of  -J-3  using 

dt 

all  three  of  equations  (38),  we  multiply  the  first  of  these  equations 
by  sin  A  tan  0,  the  second  by  —  cos  A  tan  8,  and  the  third  by 
—  sin  (a  —  A).  Then,  adding  the  products,  since  f  sin  -4  =  3;  cos  ^, 
the  result  is 

from  which  we  get 

*L'_cot(a-^)^  +  8ecM(2^  +  cota^)*+^cota 

dp ,     d(* \lt^     ' \     dt*    ' d(^  f    ^    p  ,^x 

cot  (a  —  A)- cot  o  sec'  0  —- 

at  at 
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!i  as  the  fundamental  plane,  the  last  term 
iirr  second  member  of  this  equation  vanishes, 
i»e  written 


' '  being  independent  of  p. 


(41) 


dp 


i*  ii  the  value  of  p  is  given,  that  of  -^r  will  be  determined 

of  the  data  furnished  directly  by  observation  and  of  the 

niial  coefficients  of  a  and  <J  with  respect  to  t  from  equation 

.  '.ir  from  (40),  the  latter  being  preferred  when  the  motion  of  the 

1  >•  in  right  ascension  is  very  slow.     The  value  of  -it  having  b^n 

nd,    we  may  compute  the  velocities  of  the  body  in  directions 
allel  to  the  co-ordinate  axes.     Thus,  since 


eq^uations  (37)  give 

dx  _ 
di" 
dy__ 

dt  " 

dz  __ 


yo  =  y+Y, 


2o  =  2  +  Z, 


dp  .        da 

cos  a  -J-  —  iO  sm  a  j7 

dt  dt 

dp    .  da 

dp  di 

tan*T-  4-/»sec'o  jT 
dt  at 


dX 
dt' 
dY 
'di' 
dZ 
Tt' 


of  which  -^.  -J^.  and  -^  may  be  determined. 
-o  find  the  values  of  -^,  -^>  and  --^>  the  equations 


(42) 


^>  l>y  differentiation. 


X=JKcosO, 
F=i?8in0  cose, 
Z  =  jR  sin  O  sin  e, 


dX  ^dR      r>  .    ^  do 

_  =  eosO^-iJsmO-^, 

dY       .    ^         dR  ,    ^       ^         do 
-3T-  =  8mO  cose-j-  +i?cosO  cose-j-, 
at  at  at 

-,-  =  sm  O  sm  ^-JT  +  R  c<>8  ^^^^^~di' 


(43) 
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Now,  according  to  equation  (52),,  we  have 


do  _ kV\l-€*)a  +  m;) 

m„  denoting  the  mass  of  the  earth,  and  e^  the  eccentricity  of  its  orbit 
The  polar  equation  of  the  conic  section  gives 

dr r^e  sin  v    dv 

dt  p       '  'ST 

Let  r  denote  the  longitude  of  the  sun's  perigee,  and  this  equation 
gives 

-dt= — r=:^:? — w-  i/niTi  '•'"'^®"'^^-  (^5) 


If  we  neglect  the  square  of  the  eccentricity  of  the  earth's  orbit,  w( 
have  simply 


The  values  of  --vr  and  -^  having  been  found  by  means  of  th 

formulae,  the  equations  (43)  give  the  required  results  for  -— -,  -— -. 

dZ  dt     dt 

-7-,  and  hence,  by  means  of  (42),  we  obtain  the  velocities  of  tilr^c 

comet  or  planet  in  directions  parallel  to  the  co-ordinate  axes. 

112.  The  values  of  Xy  y,  and  z  may  be  derived  by  means  of  tJtxe 
equations 

a;  =  J  cos  d  cos  a  —  Xy 

y  =  J  cos  ^  sin  a  —  F, 
2  =  J  sin  d  —  Z, 

and  from  these,  in  connection  with  the  corresponding  velocities,  tlie 
elements  of  the  orbit  may  be  found.     The  equations  (32),  give    i™- 
mediately  the  values  of  the  inclination,  the  semi-parameter,  and  *  1^ 
right  ascension  of  the  ascending  node  on  the  equator.     Then,  *^^® 
position  of  the  plane  of  the  orbit  being  known,  we  may  compute  '* 
and  u  directly  from  the  geocentric  right  ascension  and  declination     % 
means  of  the  equations  (28)  and  (30).     But  if  we  use  the  values     of 
the  heliocentric  co-ordinates  directly,  multiplying  the  first  of  eq«-**" 
tions  (93),  by  cos  JJ,  and  the  second  by  sin  ft,  and  adding  the  p 
ducts,  we  have 
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r  sin  I*  =  2  cosec  i, 

rco8ti  =  a:co8  JX  +  ysin  JJ,  ^     ^ 

from  which  r  and  u  may  be  founds  the  argument  of  the  latitude  u 
being  referred  to  the  plane  of  xy  as  the  fundamental  plane.     The 

equation 

r»  =  «»  +  y*  +  2* 

gives 

dr __x    dz      y    dy      z    dz  .. 

di-r'di'^V'di'^f'dt'  ^^^' 

dr T^eBiav   dv  dv k  Vp 

di "~      p        di*  di"^    r^   ' 

vp    dr 


and,  since 


we  shall  have 


P       i 
ccosv  =  -  —  1, 

r 


(49) 


from  which  to  find  e  and  v.    Then  the  distance  between  the  peri- 
helion and  the  ascending  node  is  given  by 

The  semi-transverse  axis  is  obtained  from  p  and  e  by  means  of  the 
relation 

.     P 


a 


l-e» 


Finally,  from  the  value  of  v  the  eccentric  anomaly  and  thence  the 
mean  anomaly  may  be  found,  and  the  latter  may  then  be  referred  to 
any  epoch  by  means  of  the  mean  motion  determined  from  a. 

In  the  case  of  very  eccentric  orbits,  the  perihelion  distance  will  be 
given  by 

P 

lEUid  the  time  of  perihelion  passage  may  be  found  fix>m  v  and  e  by 
means  of  Table  IX.  or  Table  X.,  as  already  illustrated. 

The  equation  (21)i  gives,  if  we  substitute  for  /  its  value  in  terms 
of  Pj  denote  by  V  the  linear  velocity  of  the  planet  or  comet,  and  neg- 
lect the  mass, 

Let  ^4^  denote  the  angle  which  the  tangent  to  the  orbit  at  the  ex- 
tremity of  the  radius-vector  makes  with  the  prolongation  of  this 
radius-vector,  and  we  shall  have 
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80  that  the  preceding  equation  gives 

ki>  =  F  V  sin*  V 
Hence  we  derive  the  equations 

Vr  sin  ^0  =  hVpy 

Tr  dx    ,      dy    ,      dz 

from  which  Vr  and  -^'o  ^^y  be  found.     Then,  since 


(50) 


we  shall  have 


i  =  — —  F*i  (51) 

a        r 


by  means  of  which  a  may  be  determined,  and  then  e  may  be  foood 
by  means  of  this  and  the  value  of  p. 
The  equations  (49)  and  (50)  give 


V* 
F* 

k 

and,  since 


e  sin  (i4  —  w)  =  -j3-  r  sin  -^^  cos  4i» 
c  cos  (u  —  uf)  =  -jj-r  sin'  -^^  —  1, 


kr       r       a 

these  arc  easily  transformed  into 

2ac  sin  (u  —  w)  =  (2a  —  r)  sin  2'4'^, 

2ae  cos  (i^  —  at)  =  —  (2a  —  r)  coe  2-^^  —  r. 

If  we  multiply  the  first  of  those  equations  by  —  cos  u  and  the  secowl 
by  sin  u,  and  add  the  products;  then  multiply  the  first  by  sin  u  and 
the  second  by  cos  u,  and  add,  we  obtain 

2ac  sin  ce#  ^  —  (2a  —  r)  sin  (2-^^  +  «)  —  r  sin  u,  ■  t^\ 

2a6  cos  w  =  —  (2a  —  r)  cos  (24„  +  m)  —  r  cos ii, 

These  cfjuations  give  the  values  of  a>  and  e. 

1 13.  Wc  have  thus  derived  all  the  formula)  necessary  for  findinf^ 
the  elements  of  the  orbit  of  a  heavenly  l)ody  from  one  geocentric 
distance,  provided  that  the  first  and  second  differential  coefficients  of 
a  and  8  with  res|>ect  to  the  time  are  accurately  known.     It  remains. 
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therefore,  to  devise  the  means  by  which  these  differential  coefficients 
may  be  determined  with  accuracy  from  the  data  furnished  by  obser- 
vation. The  approximate  elements  derived  from  three  or  from  a 
small  number  of  observations  will  enable  us  to  correct  the  entire 
series  of  observations  for  parallax  and  aberration,  and  to  form  the 
normal  places  which  shall  represent  the  series  of  observed  places. 
We  may  now  assume  that  the  deviation  of  the  spherical  co-ordinates 
computed  by  means  of  the  approximate  elements  from  those  which 
would  be  obtained  if  the  true  elements  were  used,  may  be  exactly 
represented  by  the  formula 

£ie  =  A  +  Bh+  Ch\  (53) 

h  denoting  the  interval  between  the  time  at  which  the  deviation  is 
expressed  by  A  and  the  time  for  which  this  difference  is  ^0,  The 
differences  between  the  normal  places  and  those  computed  with  the 
approximate  elements  to  be  corrected,  will  then  suffice  to  form  equa- 
tions of  condition  by  means  of  which  the  values  of  the  coefficients 
Aj  By  and  Cmay  be  determined.  The  epoch  for  which  A  =P  may 
be  chosen  arbitrarily,  but  it  will  generally  be  advantageous  to  fix  it 
at  or  near  the  date  of  the  middle  observed  place.  If  three  observed 
places  are  given,  the  difference  between  the  observed  and  the  com- 
puted value  of  each  right  ascension  will  give  an  equation  of  condition, 
according  to  (53),  and  the  three  equations  thus  formed  will  furnish 
the  numerical  values  of  -4,  B,  and  C,  These  having  been  deter- 
mined, the  equation  (53)  will  give  the  correction  to  be  applied  to  the 
computed  right  ascension  for  any  date  within  the  limits  of  the 
extreme  observations  of  the  series.  When  more  than  tliree  normal 
places  are  determined,  the  resulting  equations  of  condition  may  be 
reduced  by  the  method  of  least  squares  to  three  final  equations,  from 
which,  by  elimination,  the  most  probable  values  of  A,  By  and  C  will 
be  derived.  In  like  manner,  the  corrections  to  be  applied  to  the 
computed  latitudes  may  be  determined.  These  corrections  being 
applied,  the  ephemeris  thus  obtained  may  be  assumed  to  represent 
the  apparent  path  of  the  body  with  great  precision,  and  may  be  em- 
ployed as  an  auxiliary  in  determining  the  values  of  the  differential 
coefficients  of  a  and  d  with  respect  to  L 

Let  /(a)  denote  the  right  ascension  of  the  body  at  the  middle 
epoch  or  that  for  which  A  =  0,  and  let /(a  di  ruw)  denote  the  value  of 
a  for  any  other  date  separated  by  the  interval  ruo,  in  which  w  is  the 
interval  between  the  successive  dates  of  the  ephemeris.  Then,  if  we 
pat  n  successively  equ^l  to  1,  2,  3,  &c.,  we  shall  have 
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Function.         I.  Difil  n.  Diff.  III.  Diff.         IV.  Difil         V.DiC 


The  series  of  functions  and  differences  may  be  extended  in  the  ame 
manner  in  either  direction.  If  we  expand  /(a  +  nw)  into  a  series, 
the  result  is 

/(a  -f  n«i)  ^  a  +  -g^ruci  +  J  j^-nW  +  \-^n^^  +  2^  5^»*«^  +  «-. 

or,  putting  for  brevity  A  =  -77 a),  B  =  ^^ a^,  &c., 

/(tt  +  nw)  =  a  +  An  +  Bn*  +  Oi»  +  2)n*  +  Ac 

If  we  now  put  n  successively  equal  to  — 4,  — 3,  — 2,  — 1,  —0,  +1| 

Ac.,  we  obtain  the  values  of /(a  —  4a;), /(a  —  3a>), /(o  +  '^) 

in  terms  of  Ay  Bj  Cy  &c.     Then,  taking  the  successive  ordm  of 

differences  and  symbolizing  them  as  indicated  above,  we  obtuo  a 

series  of  equations  by  means  of  which  -4,  JB,  C,  &c.  will  be  dcte^ 

mined  in  terms  of  the  successive  orders  of  differences.     Finallv,  re- 

placing  Aj  By  C,  &c.  by  the  quantities  which  they  represent,  uA 

putting 

1/'  (a  _  la,)  +  -i/'  (a  +  la,)     =/'  (a), 

hr  (« -  »  +  ir  (« + W  =/'"  («),  Ac, 

we  obtain 

5/  =  :?r  (/"(«)  -  t'j/"(«)  +  ,'o/"(a)  -  ,4o/""(a)  +  Ac). 


W 


W  =  ^  (/'"(«)  -  i/'(«)  +  TiD/'"(«)  -  Ac), 

S^  =  i  t/'"(a)  -  Ac).  J;  =  ^  (/-(a)  -  Ac). 
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by  means  of  which  the  successive  differential  coefficients  of  a  with 
respect  to  t  may  be  determined.  The  derivation  of  these  coefficients 
in  the  case  of  d  is  entirely  analogous  to  the  process  here  indicated  for 
a.  Since  the  successive  differences  will  be  expressed  in  seconds  of 
arc,  the  resulting  values  of  the  differential  coefficients  of  a  and  d  with 
respect  to  t  will  also  be  expressed  in  seconds,  and  must  be  divided  by 
206264.8  in  order  to  express  them  abstractly. 

We  may  adopt  directly  the  values  of  yrt  ^»  tti  and  ^  determined 

by  means  of  the  corrected  ephemeris,  or,  if  the  observed  places  do 
not  include  a  very  long  interval,  we  may  determine  only  the  values 

»f  ^  £•  *-  ^  »»■»  »'  «■•  epl-eri^  ".I  «.»  "  Ir  ^  % 
directly  from  the  normal  places  or  observations.  Thus,  let  a,  a',  a" 
be  three  observed  right  ascensions  corresponding  to  the  times  ^,  i'^  V'j 
and  we  shall  have 

•=»-¥(''-0+i^(«'-0'-jS^«'-0*+A^'«'-0'-&c., 


dt  ^     '  '  "  de  ^      '     «  de  ^     '  '  ■**  dt^ 

^(«"-o+j^'(«"-o'+i^V-o'+A^ 

which  give 


."=  .'+  ^(f'-o^- J  ^  (f'-fy+i^cf'-ny+ih  ^(.f-fy+&c., 


These  equations,  being  solved  numerically,  will  give  the  values  of  -jr 

and  -^>  and  we  may  thus  by  triple  combinations  of  the  observed 

places,  using  always  the  same  middle  place,  form  equations  of  con- 
dition for  the  determination  of  the  most  probable  values  of  these 
differential  coefficients  by  the  solution  of  the  equations  according  to 
the  method  of  least  squares. 

In  a  similar  manner  the  values  of  ^  and  -^  may  be  derived. 

114.  In  applying  these  formulae  to  the  calculation  of  an  orbit, 
afker  the  normal  places  have  been  derived,  an  ephemeris  should  be 
computed  at  intervals  of  four  or  eight  days,  arranging  it  so  that  one 
of  the  dates  shall  correspond  to  that  of  the  middle  obser\^ation  or 
normal  place.     This  ephemeris  should  be  computed  with  the  utmost 

22 
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care,  since  It  is  to  be  employed  as  au  auxiliary  in  detcrminiDg  i)aB 
tities  on  wbicb  depends  the  accuracy  of  the  final  resalU,     The  aw 
parison  of  the  ephemcria  witli  the  observed  places  will  funiish, 
moans  of  equations  of  the  form 


A'  +  B'A+  C'h'^ 


-.0.^, 


h  being  the  interval  between  the  middle  date  V  and  that  of  the  pie 
used,  the  values  of  A,  B,   C,  A',  &c.;  and  the  oomctions  to 
applied  to  the  ephenieris  will  be  determined  hy 

A  -\-  Bnur  +  Oi'o-'  =  a«, 
A'  -f  B'm"'  +  C'n'"'  =  A*. 

The  unit  of  h  may  be  ten  days,  or  any  other  convenient  inl 
obeerving,  however,  that  ««» in  the  last  equations  must  be  expi 
in  parts  of  the  same  unit.     AVith  the  ephcmcri«  thuB  corrected, » 

compute  the  values  of  -jr.  -j:j.  ^,  and  -7^  as  alrendy  explained.  The 
differential  coefficients  should  be  determined  with  great  care,  since 
is  on  their  accuracy  that  the  subsequent  calculation  priuripally  d 

pcnds.     We  compute,  also,  the  velocities  4-.  -^.  and  -^  bv  mm 

do  dR  "  "      ' 

of  the  formnlie  (43),  -rj-  and   -^  being  compute«l  from  (46),    Tl 

quantities  thus  far  derived  remain  unchanged  in  the  two  h; 
with  regard  to  J. 

Then  we  assume  an  approximate  value  of  J,  Rod  compuU; 


/f  =:  J  COS  ^ ; 
8  of  the  equation  (40)  or  (39 


■ompute  the  value  ol 


and  by  t 

T--     It  will  be  observed  that  if  we  put  the  equation  (40)  in  tlie  fiimi^ 

p 
the  coefficient  7^  remains  the  same  in  the  two  hypothewL     The  tkret 

V  if 

equations  (38)  maybe  so  combined  that  the  resulting  valocof  x- 
will  not  contain  -j-^-  This  transformation  is  easily  cflbclud,  and  aaj 
be  advantageous  id  special  cases  for  which  the  value  of  -^  is  vtrj 
ODcertain. 

The  heliocentric  ^herical  o(M>rdiiiates  will  be  obtained  fiwB  lb 
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assamed  value  of  J  by  means  of  the  equations  (106)3,  and  the  rec- 
tangular co-ordinates  from 

x  =  r  cos  b  cos  /, 
y  =  r  cos  b  sin  /, 
a  ==  r  sin  6. 

The  velocities  -77,  -^v  ^^^  "Jf  ^^^  ^  given  by  (42),  and  from  these 

and  the  co-ordinates  a?,  y,  z  the  elements  of  the  orbit  will  be  com- 
puted by  means  of  the  equations  (32)i,  (47),  (49),  &c.  With  the 
elements  thus  derived  we  compute  the  geocentric  places  for  the  dates 
of  the  normals,  and  find  the  differences  between  computation  and 
observation.  Then  a  second  system  of  elements  is  computed  from 
d  +  dAy  and  compared  with  the  observed  places.  Let  the  difference 
between  computation  and  observation  for  either  of  the  two  spherical 
co-ordinates  be  denoted  by  n  for  the  first  system  of  elements,  and  by 
w'  for  the  second  system.  The  final  correction  to  be  applied  to  J,  in 
order  that  the  observed  place  may  be  exactly  represented,  will  be 
determined  by 

Each  observed  right  ascension  and  each  observed  declination  will 
thus  furnish  an  equation  of  condition  for  the  determination  of  a  J, 
observing  that  the  residuals  in  right  ascension  should  in  each  case  be 
multiplied  by  cos  8.  Finally,  <he  elements  which  correspond  to  the 
geocentric  distance  J  +  a  J  will  be  determined  either  directly  or  by 
interpolation,  and  these  must  represent  the  entire  series  of  observed 
places. 

115.  The  equations  (52)3  enable  us  to  find  two  radii-vectores  when 

the  ratio  of  the  corresponding  curtate  distances  is  known,  provided 

that  an  additional  equation  involving  r,  r^^,  x,  and  known  quantities 

is  given.     For  the  special  case  of  parabolic  motion,  this  additional 

equation  involves  only  the  interval  of  time,  the  two  radii-vectores, 

and  the  chord  joining  their  extremities.     The  corresponding  equation 

for  the  general  conic  section  involves  also  the  semi-transverse  axis 

of  the  orbit,  and  hence,  if  the  ratio  M  of  the  curtate  distances  is 

known,  this  equation  will,  in  connection  with  the  equations  (62)3, 

Enable  us  to  find  the  values  of  r  and  r''  corresponding  to  a  given 

W'alue  of  a.    To  derive  this  expression,  let  us  resume  the  equations 
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4  =  -E"  —  £  —  2e  sin  -J  (£"  —  £)  cos  ^  (£"  +  £),       ,,_. 

r +  /'  =  2o  —  2a«  cos  ^  (£"—£)  cos  J  (-B"  + -E). 
For  the  chord  x  we  have 

x»  =  (r  +  /')•  —  4r/'  COS"  ^  (ti"  —  ii), 
which,  by  means  of  (68)4,  gives 

—  4a«  (oo8«  i  (-E^'— -E:)-2e  cos  i  {E^'—E)  cos  i  (^'^+^)+e«  cos*  \  {W^-{-E)) ; 

and,  substituting  for  r  +  r"  its  value  given  by  the  last  of  equations 
(67),  we  get 

x«  =  4a«  8in«  J  (^"  —  £)  (1  —  e*  co8*K-E"  +  E)).  (58) 

Let  us  now  introduce  an  auxiliary  angle  A,  such  that 

cos  A  =  e  cosK-E?"  +  E\ 
the  condition  being  imposed  that  h  shall  be  less  than  180^,  and  put 

i7  =  K^"-£); 

then  the  equations  (67)  and  (68)  become 


-—  =  2^  —  2  sin  ^  cos  A, 

a* 

r  + 1^'  =  2a  (1  —  cos  ^  cos  A), 

X  =  2a  sin  ^  sin  h. 
Further,  let  us  put 

and  the  last  two  of  equations  (59)  give 

r  +  ^'  +  *<  =  4a  sin"  Je, 
r  -\-i^'  —  X  =  4a  sin*  ^^. 

Introducing  d  and  e  into  the  first  of  equations  (69),  it  becomes 


(59) 


(60) 


^  =  (e  —  sin  0  —  (^  —  sin  d).  (61) 

a* 

The  formulae  (60)  enable  us  to  determine  e  and  d  from  r  +  r",  X, 
and  o,  and  then  the  time  z^  =  Jc  (<"  —  <)  may  be  determined  from 
(61).     Since,  according  to  (68)4, 


Vrr^'  cos  i  (u"  —  u)  =  a  (coBg  —  cos  A)  =  2  sin  ^c  sin  |^, 


i 
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and  since  sin  }«  is  necessarily  positive^  it  appears  that  when  u"  —  u 
exceeds  180^,  the  value  of  sin  \b  must  be  n^ative,  and  when 
1*"  —  li  =  180°,  we  have  ^  =  0 ;  and  thus  the  quadrant  in  which 
b  must  be  taken  is  determined.  It  will  be  observed  that  the  value 
of  }€,  as  given  by  the  first  of  equations  (60),  may  be  either  in  the 
first  or  the  second  quadrant ;  but,  in  the  actual  application  of  the 
formulse,  the  ambiguity  is  easily  removed  by  means  of  the  known 
circumstances  in  r^ard  to  the  motion  of  the  body  during  the  in- 
terval e"  —  i. 

In  the  application  of  the  equations  (62)^  by  means  of  an  approxi- 
mate value  of  X  we  compute  d,  and  thence  r  and  r^'.  Then  we  com- 
pute e  and  d  corresponding  to  the  given  value  of  a,  and  from  (61) 
we  derive  the  value  of 

If  this  agrees  with  the  observed  interval  V  —  f,  the  assumed  value 
of  X  is  correct;  but  if  a  difference  exists,  by  varying  x  we  may 
readily  find,  by  a  few  trials,  the  value  which  will  exactly  satisfy  the 
equations.  The  formulae  (TO),  will  then  enable  us  to  determine  the 
curtate  distances  p  and  />'',  and  from  these  and  the  observed  spherical 
co-ordinates  the  elements  of  the  orbit  may  be  found. 

As  soon  as  the  values  of  u  and  u**  have  been  computed,  since 
c  —  i  =  E* —  Ey  we  have,  according  to  equation  (86)^, 


asmiCe  —  o) 


which  may  be  used  to  determine  if  when  the  orbit  is  very  eccentric. 
To  find  j>  and  g,  we  have 

p  =  a  cos'  f ,  q  =  2a  sin'  (45®  —  ^^) ; 

and  the  value  of  a>  may  be  found  by  means  of  the  equations  (87)^  or 
(88),. 

116.  The  process  here  indicated  will  be  applied  chiefly  in  the  de- 
termination of  the  orbits  of  comets,  and  generally  for  cases  in  which 
a  is  large.  In  such  cases  the  angles  e  and  8  will  be  small,  so  that 
the  slightest  errors  will  have  considerable  influence  in  vitiating  the 
value  of  i"  —  ^  as  determined  by  equation  (61);  but  if  we  transform 

this  equation  so  as  to  eliminate  the  divisor  a^  in  the  first  member,  the 
uncertainty  of  the  solution  may  be  overcome.    The  difference  e— sine 
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may  be  expressed  by  a  series  which  converges  rapidly  when  e  is  smalL 
Thus^  let  us  put 


and  we  have 

e  — 

sine      ysin'^e,                x      sin'je, 

dy 

tU 

2  cosec  ^e  —  |y  cot  ^e, 

de 

dx 

—  4  cosec  -^e. 

Therefore 

dy 

dx 

8— 6yco8^e      4  — 3y(l  — 2a?) 
sin'  -Je                 2a;  (1  —  «)     ' 

If  we  suppose  y  to  be  expanded  into  a  series  of  the  form 

y  =  a  +  i^a;  +  ?'^  +  ^^  +  &c., 
we  get,  by  differentiation, 

dy 


dx 


=  fi  +  2rx  +  Sdx*  +  &c., 


dv 
and  substituting  for  -^  th*e  value  already  obtained,  the  result  is 

2fix  +  (4^  —  2fi)si^+  (6d  —  4r)  «» +  Ac.  =  4  —  3ft  +  (6a  —  Sfi)  x 

+  (6iS  -^^r)^+  (fy  —  3^)  a*  +  Ac. 
Therefore  we  have 

4  — 3a  =  0,  6a -^3/9=  2/5, 

6/9  —  3r  =  4r  —  2  A  6r  —  3^  =  6<J  —  4^, 

from  which  we  get 

^      4.6  4.6.8         ,      4.6.8.10. 

*  =  ^'        ^  =  STl'        ^  =  37577'        ^=  3.5.7.9'*^- 

Hence  we  obtain 
—  sinc==^sin»^e(l+?sin*^e+g-^sin*ie+-g^-^8m*ie4.^^      (62) 

and,  in  like  manner, 
^-8ina=^in»J^(l+S8in«i^+|^8in*i^+|:^8in*i^+&c.^^ 

which,  for  brevity,  may  be  written 

e  —  sin  e  =  I  §  sin*  ^e,  ,g^v 

^  — sin<J  =  4§'8in4^,  ^ 


e 


i 
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Combining  these  expressions  with  (61)^  and  substituting  for  sin  ^  and 
sin  yt  their  values  given  by  the  equations  (60)^  there  results 

6T'=§(r  +  /'  +  x)*=F  Q'(r4.r"-x)*,  (65) 

the  upper  sign  being  used  when  the  heliocentric  motion  of  the  body 
is  less  than  180°,  and  the  lower  sign  when  it  is  greater  than  180°. 
The  coefficients  Q  and  Q'  represent,  respectively,  the  series  of  terms 
enclosed  in  the  parentheses  in  the  second  members  of  the  equations 
(62)  and  (63),  and  it  is  evident  that  their  values  may  be  tabulated 
with  the  argument  £  or  d,  as  the  case  may  be.  It  will  be  observed, 
however,  that  the  first  two  terms  of  the  value  of  Q  are  identical  with 

the  first  two  terms  of  the  expansion  of  (cosje)"'^  into  a  series  of 
ascending  powers  of  sin  {s,  while  the  difierence  is  very  small  between 
the  coefficient  of  the  third  terms.     Thus,  we  have 

(cos  ic)-  V  =  (1  —  Bin*  ^e)-*  =  1  4- 1  sin*  {e  +     '       sin*  ^e 

B  .  11  .  16  .  - ,     ,   J, 

+  6. 10.  15"*^  ^^  +  ^"-' 
and  if  we  put 

Q=,    ^\y  (66) 

we  shall  have 

^0  =  1  +  ih  sin*  ie  +  j'^Vs  sin*  ^e  +  Ac.  (67) 

In  a  similar  manner,  if  we  put 

y=,    '^•'  V>  (68) 

(cosi^)5 

we  find 

A'  =  1  +  ih  sin*  i^  +  2W5  sin*  1^  +  Ac.  (69) 

Table  XV.  gives  the  values  of  Bq  or  B^/  corresponding  to  e  or  ^  from 
D°  to  60°. 

For  the  case  of  parabolic  motion  we  have 

§  =  1,  Qr  =  h 

2nd  the  equation  (66)  becomes  identical  with  (56),. 

In  the  application  of  these  formulae,  we  first  compute  e  and  8  by 
means  of  the  equations  (60),  and  then,  having  found  B^  and  B^^  by 
means  of  Table  XV.,  we  compute  the  values  of  Q  and  Q'  from  (66) 
and  (68).  Finally,  the  time  T^=k  (<"  —  t)  will  be  obtained  from  (65), 
and  the  difierence  between  this  result  and  the  observed  interval  will 
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indicate  whether  the  assumed  value  of  x  must  be  increased  or  di- 
minished.   A  few  trials  will  give  the  correct  result. 

117.  Since  the  interval  of  time  tf' — t  cannot  be  determined  with 
sufficient  accuracy  from  (66)  when  the  chord  x  is  very  small,  it 
becomes  necessary  to  effect  a  further  transformation  of  this  eqiiatioo. 
Thus^  let  us  put 

Q  —  Q'  =  6P,  x  =  sm'ie,  «'  =  ain'^a, 

and  we  shall  have 

P=i(a:~rc')(l  +  ^(a:  +  ^)  +  ^Q-(^+«^  +  «^)  +  4c.). 

Now,  when  x  is  very  small,  we  may  put 

cos  je  =  cos  j^y 


and  hence 


X  —  z  =  sm'  jc  —  sm'  4a  = y z-j — —, 

*  *  4  cos'  \€ 


which,  by  means  of  equations  (60),  becomes 

8a  cos'  {• 
Therefore  we  have,  when  x  is  very  small, 

P= 


^  (1  +  V  sin'  je  +  -I f  sin*  le  +  ifec.)  (7^^ 


40a  cos 
If  we  put 


the  equation  (65)  becomes,  using  only  the  upper  sign, 

(r  +  /'  +  x)i  -  (r  +  /'  -  k)§  =  6r;,  (7iC 

which  is  of  the  same  form  as  (56)j.     Hence,  according  to  the  equa-^ 
tions  (63)j  and  (66),,  we  shall  have 

*  =  ,/^-r.'^  (73) 

the  value  of  fi  being  found  from  Table  XI.  with  the  argument 

9  =  ^"- 1-  (74) 
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It  remainSy  therefore,  simply  to  find  a  convenient  expression  for  z^'^ 
and  the  determination  of  x  is  effected  by  a  process  precisely  the  same 
as  in  the  special  case  of  parabolic  motion. 
Let  us  now  put 

Q"~40a'co8*ie' 
and  we  shall  have 

or,  substituting  for  Q  its  value  in  terms  of  sin  ^, 

JV^=l+Asin«ie  +  ifyV8i^*^+M'%8m*}e  +  &c.         (75) 
Therefore,  if  we  put 

^V  =  7^  •  -^  (X  +  /'-  jc)»,  (76) 

•       40a   cos^  je  ^ 

the  expression  for  r^'  becomes 

<  =  %-  "<■  (77) 

Table  XV.  gives  the  value  of  log  N  corresponding  to  values  of  « 
from  £  =  0  to  €  =  60''. 

If  the  chord  x  is  given,  and  the  interval  of  time  i" —  i  is  required, 
we  compute  Ar/  by  means  of  (76),  and,  having  found  r^'  from 


as  in  the  case  of  parabolic  motion,  we  have 

k 

It  should  be  observed  that  although  equation  (76)  is  derived  for  the 
case  of  a  small  value  of  x,  yet  it  is  applicable  whenever  the  differ- 
ence e  —  i  is  very  small,  whatever  may  be  the  value  of  x.  For 
orbits  which  differ  but  little  from  the  parabolic  form,  it  will  in  all 
cases  be  sufficient  to  use  this  expression  for  ^Tq)  and  for  cases  in 
which  the  difference  between  e  and  d  is  such  that  the  assumption  of 
cos  Je  =  cos  Ji,  a:  +  ip'  =  2a:,  &c.,  made  in  deriving  equation  (70),  does 


346  THEORETICAL  ASTRONOMY. 

not  afford  the  required  aocuracy^  we  may  compute  both  Q  and  Q' 
directly^  and  then  we  have 


AV=:j(l-.^)(r  +  /'-)c)K 


(78) 


The  values  of  the  factor  J  1 1  — ^  i  may  be  tabulated  directly  with 
—T—  as  the  vertical  argument  and  -j-  as  the  horizontal  argnmeiit; 

but  for  the  few  cases  in  which  the  value  of  N  given  by  the  equatiott 
(75)  is  not  sufficiently  accurate^  it  will  be  easy  to  compute  Q  and  Q' 
by  means  of  the  formulae  (66)  and  (68)^  and  then  find  Ar/  from  (78). 
Further,  when  there  is  any  doubt  as  to  the  accuracy  of  the  resolt 
given  by  (76),  for  the  final  trial  in  finding  x  from  r  +  r^'  and  r,  by 
means  of  the  equations  (73)  and  (74),  it  will  be  advisable  to  compote 
ATo'  from  (78). 

It  appears,  therefore,  that  for  nearly  all  the  cases  which  actotllj 
occur  the  determination  of  the  value  of  x,  corresponding  to  giveo 

values  of  a  and  Jtf'=  — ,  is  reduced  by  means  of  the  equation  (72)  to 

the  method  which  is  adopted  in  the  case  of  parabolic  orbits. 

The  calculation  of  the  numerical  values  of  r  +  ^'+  x  and  r + r"— < 
will  be  most  conveniently  effi>ctod  by  the  aid  of  addition  and  «l>- 
traction  logarithms.  If  the  tables  of  common  logarithms  are  used, 
we  may  first  compute 

and  then  we  have 

r  +  /'  +  X  =  2  (r  +  r")  sin'  (45°  +  i/\ 
r-fr"_x  =  2(r  +  r")  cos' (45°  +  ^Z). 

m 

118.  In  the  case  of  hyperbolic  motion,  the  semi-transverse  axi^  • 
negative,  and  the  values  of  sin  Je  and  sin  J5  given  by  the  equati*^ 
(60)  become  imaginar}',  so  that  it  is  no  longer  possible  to  comp^^ 
the  interval  of  time  from  r  +  r"  and  x  by  means  of  the  auxili^^ 
angles  e  and  3.     Let  us,  therefore,  put 

sin'  jc  =  —  m',  sin'  i*^  =  —  n' ; 

then,  when  a  is  negative,  m  and  n  will  be  real.     Now  we  have 

^c  =  sin  ~*  \/—  m',  ^d  =  sin  "  *  V  —  n\ 

and 

^e  l/m  =  log,  (cos  l€  +  i/^  sin  ie). 
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Hence  we  derive 

e  ==  2  sin  "'  l/'IT^  =  --J=  log,  (Vl  +  m«  +  m), 

^  =  2  sin  "*  l/^=^  =  — L=  log,  (l/l  +  w*  +  n). 

V^— 1 

Substituting  these  values  in  the  equation  (61),  and  writing  — a  in- 
stead of  a,  since 

sin  e  =  2m  V  —  1  •  V^l  +  m*, 
we  shall  have 

-7  =  2m  i/i  +  m'-  2  log,  (i/njr:;;?+  ^)  ^^g^ 

T  (2n V^r+l?  —  2 log. (l/r+T*  +  n)), 

the  upper  sign  being  used  when  the  heliocentric  motion  is  less  than 
180°,  and  the  lower  sign  when  it  is  greater  than  180°.  Therefore, 
if  we  compute  m  and  n  from 

r^arding  the  hyperbolic  semi-transverse  axis  a  as  positive,  the  for- 
mula (79)  will  determine  the  interval  of  time  z'  =  h  {V  —  Q. 

The  first  two  terms  of  the  second  member  of  equation  (79)  may 
be  expressed  in  a  series  of  ascending  powers  of  m,  and  the  last  two 
terms  in  a  series  of  ascending  powers  of  n.     Thus,  if  we  put 

log,  (k^l  -(-  m*  +  m)  =  om  +  /^wi'  +  /w*  +  ^^*  +  ^^^t 
we  get,  by  differentiation, 

1 


Vl  +  m* 


=  a  +  2/3m  +  3/m»  +  Urn*  +  5m*  +  Ac; 


and  since 


=L=  =  l-lm'  +  ll|m«-l;|;|m«  +  &c., 


we  have 

Henoe  we  obtain 

2  log.  ( l/l  +  m'  +  »»)  =  2m  —  im*  +  i  •  |ot'  —  4  |l|  m'  +  Ac. 
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We  have,  also, 

2ml/l+m»  =  2m  +  m»  — :lm»  +  ^m»  — Ac 
Therefore, 

2?n  l/l  +  m'  —  2  log,  (V^l  +  m«  +  m)  = 

and  similarly 

2n  Vl+1?  —  2  log,  (l/r+n*  +  n)  = 

Substituting  these  values  in  the  equation  (79),  and  denoting  the 
series  of  terms  enclosed  in  the  parentheses  by  Q  and  Q'y  respectivelTi 
we  get 

which  is  identical  with  equation  (66).  If  we  replace  m*  by  —  ain^Jt 
and  n^  by  —  sin*  ^8  in  the  expressions  for  Q  and  Q',  as  given  by  (81) 
and  (82),  we  shall  have  the  expressions  for  these  quantities  in  tenu 
of  sin  Je  and  sin  J^,  respectively,  instead  of  sin  \6  and  sin  {i  u  given 
by  the  equations  (62)  and  (63),  namely, 


6=1  +  1-3  sin'^e  +  I  ^8in*^e  +  |_^8in«^e  +  Ac, 
Q^  =  l  +  i'i  8in«  ij  +  ?  Ll|  sinS:^  +  j  ^f? '  ^  sin^i^  +  Ac. 


vW) 


For  the  case  of  an  elliptic  orbit  it  is  most  convenient  to  use  the 
equations  (66)  and  (68)  in  finding  Q  and  Q' ;  but,  sinoc  the  case?  of 
hyi)erl)olic  motion  are  rare,  while  for  those  which  do  occur  the  ecreo- 
tricity  is  verj'  little  greater  than  that  of  the  paralK)la,  it  will  be  fuf* 
ficient  to  tabulate  Q  directly  with  the  argument  m.  The  same  taW^ 
using  n  as  the  argument,  will  give  the  value  of  Q\  Tal)le  XVI. 
gives  the  values  of  Q  corresponding  to  values  of  m  from  m  =  0  to 
m  :=  0.2. 

When  the  values  of  r  +  r",  r',  and  a  arc  given,  and  the  chord* 
is  re<iuire<l,  we  may  compute  aTq'  from  (78),  r^'  from  (77),  and  finally 
X  from  (73). 

It  may  be  remarked,  also,  that  the  formula?  for  the  relation  hetwert 
r',  r-\-  r",  x,  and  a  suffice  to  find  hv  trial  the  value  of  a  when  r-^' 
and  X  are  given.     Hence,  in  the  computation  of  an  orbit  from  assumcu 


RELATION  BETWEEN  TWO  PLACES  IN  THE  ORBIT.  349 

values  of  J  and  J'',  the  value  of  x  may  be  computed  from  r,  r'',  and 
u"  —  u,  and  then  a  may  be  found  in  the  manner  here  indicated.  . 

If  we  substitute  in  the  equations  (84)  the  values  of  sin^e  and  sin}^ 
in  terms  of  r  +  r^^^  x,  and  a,  and  then  substitute  the  resulting  values 
of  Q  and  Q'  in  the  equation  (66)^  we  obtain 


1  ,  7  (85) 

Cv 


the  lower  sign  being  used  when  u^'  —  u  exceeds  180°.  When  the 
eccentricity  is  very  nearly  equal  to  unity,  this  series  converges  with 
great  rapidity.  In  the  case  of  hyperbolic  motion,  the  sign  of  a  must 
be  changed. 

119.  The  formulae  thus  derived  for  the  determination  of  the  chord  x 
for  the  cases  of  elliptic  and  hyperbolic  orbits,  enable  us  to  correct  an 
approximate  orbit  by  varying  the  semi-transverse  axis  a  and  the 
ratio  M  of  two  curtate  distances.  But  since  the  formulae  will  gene- 
rally be  applied  for  the  correction  of  approxii^ate  parabolic  elements, 

or  those  which  are  nearly  parabolic,  it  will  be  expedient  to  use  -  and 

Jf  as  the  quantities  to  be  determined. 
In  the  first  place,  we  compute  a  system  of  elements  from  M  and 

/=-;  and,  for  the  determination  of  the  auxiliary  quantities  pre- 
liminary to  the  calculation  of  the  values  of  r,  r",  and  x,  the  equa- 
tions (41)5,  (50)3,  and  (51)j  will  be  employed  when  the  ecliptic  is  the 
fundamental  plane.  But  when  the  equator  is  taken  as  the  funda- 
mental plane,  we  must  first  compute  g,  Ky  and  O  by  means  of  the 
equations  (96)3.  Then,  by  a  process  entirely  analogous  to  that  by 
which  the  equations  (47),  and  (50),  were  derived,  we  obtain 

h  cos  C  cos  (JET —  a")  =  JHf  —  cos  (a"  —  ft), 

A  cos  :  sin  (JET—  a")  =  sin  (a"  —  a),  (86) 

.  A  sin  C  =  if  tan  ^'  —  tan  ^, 

from  which  to  find  Hy  ^,  and  h  ;  and  also 

cos  ^  =  cos  C  cos  iTcos  (G  —  JT)  +  sin  C  sin  Ky  (87) 

from  which  to  find  ^.  In  this  case,  ^  and  H  will  be  referred  to  the 
equator  as  the  fundamental  plane.  The  angles  4"  ^"^^  '4^'^  ^i^^  he 
obtained  from  the  equations  (102)^,  or  from  equations  of  the  form 
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of  (26),  and  finally  the  anxiliarj-  quantities  A,  B,  B",  Ac,  will  fc 
obtained  from  (51)j,  writing  d  and  3"  in  place  of  ^  and  ^',  nspco- 
ively. 

As  soon  aa  these  auxiliary  quantities  have  been  deterrobed,by 
means  of  (52),  the  value  of  x  must  be  found  which  will  uxi); 
satisfy  equation  (66),     To  effect  this,  we  first  compute  e  from 


sin  Je  ^  \/i/(r  +  T"  +  x). 
and,  if  it  be  required,  we  also  find  d  from 


Bin  iJ  =  V^i/Cr  +  Z'-K), 

nsing  approximate  values  of  r  +  r"  and  x.  Then  we  find  Q  fr 
(66),  aud  ar/  from  (76)  or  from  (78),  the  logarithms  of  the  a 
quantities  B„  and  N  being  found  by  means  of  Tabic  XV.  with  tl 
argument  t.  The  value  of  r^'  having  been  found  Irom  (77),  tl 
equations  (73)  and  (74),  in  connection  with  Table  XI.,  rabble 
obtain  a  closer  approximation  to  the  correct  value  of  x.  With  tl 
we  compute  new  values  of  r  and  r",  and  rejwat  the  deteni 
of  X.  A  few  trials  will  generally  give  the  correct  result,  and  t 
trials  may  be  facilitated  by  the  use  of  the  formula  (67),.  It  wiU  lie 
observed,  also,  that  Q  and  Ar^'  are  vert'  slightly  changed  by  a 
change  in  the  values  of  r  -f-  r"  and  x,  so  that  a  repetition  of  the!"" 
calculation  of  these  quantities  only  becomes  necessary  for  ihc  fiiEL^K. 
trial  in  finding  the  value  of  x  which  completely  sntusfies  the  «)«■  ■■ 
tious  (52)j  aud  (65).  When  the  value  of  a  is  suoh  that  the  \-«Iiih«»- 
of  Q  and  iV exceed  the  limits  of  Table  XV.,  the  eqimtion  (fll)  im^*- 
be  employed,  aud,  in  the  case  of  hyperbolic  motion,  whvn  ^  ami  ^fi^^ 
exceed  the  limits  of  Table  XVI,,  we  may  employ  the  complete  be— 
preseion  for  the  time  r'  in  terms  of  m  and  n  as  given  by  (79). 

The  values  of  r,  r",  and  x  liaving  thus  been  found,  the  equatiiai* 


p"  =  Mf. 


will  determine  the  curtate  distances  />  and  f>". 
the  fundamental  plane,  we  have 

P  ^  J  cos  3,  p"  =  J"  CO*  f. 

From  p,  p",  and  the  corresponding  geocentric  spherical  co-oediii^**^*' 
tlie  radii- vectores  and  (he  helioi'cntric  sphcricnl  otMinlinslos^^^*  * 
aJid  b"  will  be  obtained,  and  thence  Q,  i,  u,  u",  sad  the  r 
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elements  of  the  orbit,  as  already  illustrated.  In  the  case  of  elliptic 
motion,  if  we  compute  the  auxib'ary  quantities  e  and  8  by  means  of 
the  equations  (60),  we  shall  have 

^  2asm^(e  —  d) 

e  cos  i  (£"  +E)  =  cosi{e  +  d), 

from  which  e  and  1{E''+JS)  may  be  found,  and  hence,  since 
J(-B"—  E)  =  i{e  —  8),  we  derive  E  and  E^\  The  values  of  q  and 
V  may  then  be  found  directly  from  these  and  quantities  already 
obtained.     Thus,  the  last  of  equations  (43)|  gives 

cos  ^v cos  IE  cos  ji/' cos^Jg^^ 

Vq   ""    Vr  Vq     ""     W' 

Multiplying  the  first  of  these  expressions  by  sin  \v"j  and  the  second 
by  —  sin  ^,  adding  the  products,  and  reducing,  we  obtain 

sin  i  (t/^  —  yjsin  jv  _  cos  j  (i/^  —  v)  cos  j Jg      cosj^^^ 

Vq  ""  Vt  VV' 

Therefore,  we  shall  have 

1     .    ,   _  cos  \E coejJg^' 

VI  ^"^  ^"^  "*  V^  tan  i  (ti"-  u)      l/7'8in {  (u"- 1*)'  ,_. 

1         ,         cosi^  ^^^^ 

— --  cos  AV  = 7?=— , 

Vg  l/r 

from  which  q  and  t?  may  be  found  as  soon  as  cos  }£  and  cos  \E"  are 
known.  In  the  case  of  parabolic  motion  the  eccentric  anomaly  is 
equal  to  zero,  and  these  equations  become  identical  with  (92)3.  The 
angular  distance  of  the  perihelion  from  the  ascending  node  will  be 
obtidned  from 

Since  r^^a  —  ae  cos jF,  and  q  =  a(l  —  e),  we  have 

1-:        r-i 

C09£  =  — ?  =  1-? — , 


and  hence 


a  q 


^'  _  J  (89) 


cos'iJE"  =  l  — i-2 


t-\ 


*r^» 


:::~4j  <  :4«4 


11  imir;  -im  lauK  i^  -r  cms 

t  Tr*nir,,  Zz  ^oi*  iiuniiiL  iitftr  sniainsmii^  imiL  :&ac  iBfti  Ea  oom- 
vihna  '^^  >^  imi  x^xZ"'.  i.  rawiiiia  ic  'iie  ffiiimfmam  wiS  give 
-ti#*  inrrprr  .T*«un. 

.ispr*.  ir«'   nar  "nmnnm  :xie  nnmsaBBu.  -TauHS  -iff  ^s■f  t£  sni  ooi&|£" 

ir\m  ii*r  -fiiianniiir  ti}^*  3^!SKrnii^  t  JB  Jig^Miimi^  ami  ?air  rcsotlis  will 
1^  t««»ft  'ir  -m^  *ftrr<»^Q#miiiii^  nuozims  in  i^  ol  :ai^  <fHK|Hiiat]oa 
\f  I  \n»i  '  'i>r  111*  a'^»ffn«iui*  rnic 

>s*-ir.  v*  *'ininnn»  x  ^*!?-iinL.  ^--"titni  ir  jfenitflm^  Jint  M  ami /--iff 
nut  t  -uini  *f-rt*aL  dniiL  Jf  —  i  JT  jni£^"i  -A"* ami  ?Jf  damadng  tbe 
ir^jnnir'  iifr»nieiE&  jtstriML  u  f  ami  JT  c-^BM&re&r.  Tlie  com- 
3iiri«ria  ;r  "oiht^^  ins^s,  ^r^asssi^  \l  -Miwnffing  wiciL  aafisB?B^  observed 
^usr^j»  ;c  rnj»  *r«rxiH>:.  -r^  -qmniV  tb-  13  iicrzL  ^^  fl^msanK  of  coodhioii 
jkr  111*:  ttHvm  narriTtt  -it  '^  ju  jx  pncaoik  ^s^ins  ^t*  die  correctMHis 
iJiT  fcv:  i.'  V.  -.#t  xaciiei  33  Jf  ami  -*?«aH!«brriT.  Tbe^  ftmation  rf 
^n«>^^  -»f.  lacj'.cLt^  i»^  •*2S!t;fieti  f3.  ^r^fSseJT  ^aif  suie  TwtgTifr  ss  in  tbe  esse 
<.^  *Ji«%  Turadi'.a  •:/  ^ni!:  gcewTKry  'EsscBms^  ^rolT  fi  an!  >«  and  it  does 
ATii:  *■»;;  rl7»  aa-r  fxriinsr  iIjii§CE3caMi.  Tbe  AbsI  I'b' !■»■>«  will  be  ob- 
tjo&Hi  fSr^ci  M  —  iJSt  aaii  r  —  -ir.  -ffAgr  insttlT-  cr  br  imerpolatioii. 
W-t  r.^arr  T«r."jkr£.  firiLri^r.  laas  n  tt-III  be  -KHiv^iiait  to  use  log  Jf  as 
tt^.  /^j  ^^i-.-.i-T  v^  vt  ^>rT»cKiL  aisi  &>  cxpnaa?  thie  v^untioits  of  log  Jf 
Ir*  r*r.>--  of  :£>:  li»*  -i^ijiaMkl  pi*:e  <i  tb^  i-^e: 


Wf^^^Ti  tr*^:  '>rr>:t  difPer^  v^ry  IhiLe  nv«i  tbe  pormbolic  form,  it  will 
\^,  :u'^z  ^,x:^i'.zl'.'^j-  :»>  make  nro  hypxbeses  in  regard  to  Jf,  patting 

if  J  <:JV;h  '^ra.'Mf:  -  -  *'}.  and  oalj  compare  ellipdo  or  hyperbolic  elements 

ifi  f.h<:  *hiH  hypr^tbf?^i«,  for  whirfi  we  use  J/ and  /=4f.  '^^^  ^'^ 
Afj'J  v:<3^/n^l  ^;»>t^rm.'5  of  elements  will  thus  be  pskrabolic 

)'JfK  lu'tftsA  of  J/ and  -  we  mav  use  J  and  -  as  the  quantities  to 

\it'.  *'/trrt'<:^ii\.  In  this  case  we  assume  an  approximate  value  of  J  by 
menu*,  of  <:l('jfU:nVi  already  known,  and  by  means  of  (OG),,  (98)j,  (102)5, 
and  nO'J;*,  we  compute  the  auxiliary  quantities  C,  J5,  -B",  &c.,  re- 
qijin;^!  in  the  ft/^Iiition  of  the  equations  (KM),.  We  assume,  also,  an 
ft|i|iroxiifiat<i  value  of  J''  and  compute  the  corresponding  value  of  r", 
th<j  valu<;  rjf  r  having  l^een  already  found  from  the  assumed  value  of 
J.     'jIh.ii,  by  trial,  we  find  the  value  of  x  which,  in  connection  with 


i 
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the  assumed  value  of  -i  will  satisfy  the  equations  (104)3  ^^^  (^^)  ^^ 
(61).     The  corresponding  value  of  d"  is  given  by 

When  A"  has  thus  been  determined^  the  heliocentric  places  will  be 
obtained  by  means  of  the  equations  (106),  and  (107)^,  and^  finally, 
the  corresponding  elements  of  the  orbit  will  be  computed.  If  the 
ecliptic  is  taken  as  the  fundamental  plane^  we  put  D  =  0,  -4.  =  O, 
and  write  X  and  ^  in  place  of  a  and  d  respectively. 

If  we  now  compute  a  second  system  of  elements  from  J  +  SJ  and 

/=-,  and  a  third  system  from  J  and/+  8fy  the  comparibon  of  the 

three  systems  of  elements  with  additional  observed  places  will  furnish 
the  equations  of  condition  for  the  determination  of  the  corrections 

A  J  and  a/  to  be  applied  to  J  and  -  respectively. 

When  the  eccentricity  is  very  nearly  equal  to  unity,  we  may  as- 
sume/=0  for  the  first  and  second  hypotheses,  and  only  compute 
elliptic  or  hyperbolic  elements  for  the  third  hypothesis. 

121.  The  comparison  of  the  several  observed  places  of  a  heavenly 
body  with  one  of  the  three  systems  of  elements  obtained  by  varying 
the  two  quantities  selected  for  correction,  or,  when  the  required  dif- 
ferential coefficients  are  known,  with  any  other  system  of  elements 
such  that  the  squares  and  products  of  the  corrections  may  be  neg- 
lected, gives  a  series  of  equations  of  the  form 

mx  -\-  ny  =Pf 
w!x  +  n'y  =y,  &Q.\ 

in  which  x  and  y  denote  the  final  corrections  to  be  applied  to  the  two 
assumed  quantities  respectively.  The  combination  of  these  equations 
which  gives  the  most  probable  values  of  the  unknown  quantities,  is 
effected  according  to  the  method  of  least  squares.  Thus,  we  multiply 
each  equation  by  the  coefficient  of  x  in  that  equation,  and  the  sum 
of  all  the  equations  thus  formed  gives  the  first  normal  equation. 
Then  we  multiply  each  equation  of  condition  by  the  coefficient  of  y 
in  that  equation,  and  the  sum  of  all  the  products  gives  the  second 
normal  equation.     Let  these  equations  be  expressed  thus : — 

[rtm]  X  +  [win]  y  =  [tnp], 

\mn\  X  +  [nn\  y  =  [np], 
38 
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in  which  [m77i]=m*+m'*+m"'+&c.,  [mn]=mn+mV+m"n"+iSx5., 
and  similarly  for  the  other  terms.  These  two  final  equations  give, 
by  elimination,  the  most  probable  values  of  x  and  y,  namely,  those 
for  which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 
It  is,  however,  often  convenient  to  determine  x  in  terms  of  y,  or  y 
in  terms  of  x,  so  that  we  may  find  the  influence  of  a  variation  of  one 
of  the  unknown  quantities  on  the  differences  between  computation 
and  observation  when  the  most  probable  value  of  the  other  unknown 
quantity  is  used.  Thus,  if  it  be  desired  to  find  x  in  terms  of  y,  the 
most  probable  value  of  x  will  be 

[mpl        [rnn] 

^  =  r      1  —  T — ^  y« 
[mm  J        [mm J  "^ 

If  we  substitute  this  value  of  x  in  the  original  equations  of  condition, 
the  remaining  differences  between  computation  and  observation  will 
be  expressed  in  terms  of  the  unknown  quantity  y,  or  in  the  form 

A^  =  mo  +  rioy.  (90) 

Then,  by  assigning  different  values  to  y,  we  may  find  the  correspond- 
ing residuals,  and  thus  determine  to  what  extent  the  correction  y  may 
be  varied  without  causing  these  residuals  to  surpass  the  limits  of  the 
probable  errors  of  observation. 

In  the  determination  of  the  orbit  of  a  comet  there  must  be  more 
or  less  uncertainty  in  the  value  of  a,  and  if  y  denotes  the  correction 

to  be  applied  to  the  assumed  value  of  -,  we  may  thus  determine  the 

probable  limits  within  which  the  true  value  of  the  periodic  time 
must  be  found.  In  the  case  of  a  comet  which  is  identified,  by  the 
similarity  of  elements,  with  one  which  has  previously  appeared,  if 
we  compute  the  system  of  elements  which  will  best  satisfy  the  series 
of  observations,  the  supposition  being  made  that  the  comet  has  per- 
formed but  one  revolution  around  the  sun  during  the  intervening 
interval,  it  will  be  easy  to  determine  whether  the  observations  are 
better  satisfied  by  assuming  that  two  or  more  revolutions  have  been 
completed  during  this  interval.  Thus,  let  T  denote  the  periodic 
time  assumed,  and  the  relation  between  T  and  a  is  expressed  by 

in  which  Jt  denotes  the  semi-circumference  of  a  circle  whose  radius 


i 
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is  nnitj.    Let  the  periodic  time  corresponding  to  -  +  y  be  denoted 

rp  a 

by  —  ;  then  we  shall  have 

1    a        1 


^       a  a 

and  the  equations  for  the  residuals  are  transformed  into  the  form 

£i0  =  (mo  —  n J)  +  njzi.  (91) 

If  we  now  assign  to  Zy  successively,  the  values  1,  2,  3,  &C.9  the  re- 
siduals thus  obtained  will  indicate  the  value  of  z  which  best  satisfies 
the  series  of  observations^  and  hence  how  many  revolutions  of  the 
comet  have  taken  place  during  the  interval  denoted  by  T. 

122.  In  the  determination  of  the  orbit  of  a  comet  from  three  ob- 
served places^  a  hypothesis  in  regard  to  the  semi-transverse  axis  may 
with  £icility  be  introduced  simultaneously  with  the  computation  of 
the  parabolic  elements.  The  numerical  calculation  as  far  as  the  form- 
ation of  the  equations  (52),  will  be  precisely  the  same  for  both  the 
parabolic  and  the  elliptic  or  hyperbolic  elements.  Then  in  the  one 
case  we  find  the  values  of  r,  r",  and  x  which  will  satisfy  equation 
(56)3,  and  in  the  other  case  we  find  those  which  will  satisfy  the  equa- 
tion (65),  as  already  explained.     From  the  results  thus  obtained,  the 

two  systems  of  elements  will  be  computed.     Let  /=  -» then  in  the 

case  of  the  system  of  parabolic  elements  we  have/=0,  and  the  com- 
parison of  the  middle  place  with  these  and  also  with  the  elliptic  or 
hyperbolic  elements  will  give  the  value  of 

de     0^  —  e^ 


in  which  Oi  denotes  the  geocentric  spherical  co-ordinate  computed 
from  the  parabolic  elements,  and  0^  that  computed  from  the  other 
system  of  elements.  Further,  let  ^d  denote  the  difference  between 
computation  and  observation  for  the  middle  place,  and  the  correction 
to  be  applied  to  /,  in  order  that  the  computed  and  the  observed 
values  of  0  may  agree,  will  be  given  by 

Hence,  the  two  observed  spherical  co-ordinates  for  the  middle  place 
will  give  two  equations  of  condition  from  which  a/  may  be  found, 
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coirespondiug  elemeiita 
observations,  iiasumiug  the  adi 


Kill  be  those  which  best  repreunt 
pted  value  of  JU"  to  be  correct 


and 
the 

123.  The  first  dGtermiDDtioQ  of  the  approximate  elements  of  the 
orbit  of  a  comet  is  moat  readily  effected  by  adopting  the  ecliptic  »» 
the  fundamental  plane.     In  the  subsequent  correction  of  thwc  ele- 
ments, by  varying  -  and  Jlf  or  J,  it  will  often  be  convenient  to   use 
the  equator  as  the  fundamental  plane,  and  the  first  assumption    >^ 
regard  to  M  will  be  made  by  means  of  the  values  of  the  diaiaoo** 
given  by  the  ajiproximatc  elements  already  known.     But  if  it     l** 
desired  to  compute  M  directly  from  three  observed  places  in  nimf^* 
to  the  equator,  without  converting  the  right  ascensions  and  dwJi  r*^"" 
tions  into  longitudes  and   latitudes,  the  requisite  formula)  mny     »** 
derived  by  a  process  entirely  ajialogous  to  that  employed  when  t*** 
curtate  distances  refer  to  the  ecliptic.     The  case  may  occur  in  mhi^^^** 
only  the  right  ascension  for  the  middle  place  is  given,  so  that  C  *** 
corresponding  longitude  cannot  be  found.     It  will  then  be  neceaai.-*^  J' 
to  adopt  the  equator  as  the   fundamental  plane  in  dctermloing         ^ 
system  of  parabolic  elements  by  means  of  two  complete  obBcrvxtio^C^^ 
and  this  incomplete  middle  place.     If  we  snbstitnte  the  exprasioa 
for  the  heliocentric  co-ordinates  in  reference  to  the  equator  in  tt 
equations  (4),  and  (5)„  we  shall  have 

0  =  n(>co8a  —  Jico8J>eos.i)  —  (f'  cos  a'—  if  cos  i/  cos  A') 

■{•  n"  (p"  tin  o."— treat  IT  oobA".^ 

0  =  »(/.sin<i  — BcosDsin.^)  — (jB'Bin.'— Jfcos/>'8in^')  (ST^  ^ 

+  n"  (/>"  ain  o" —  A"  oM  i/*  nn  A'^ 

0  =  n(j>uaii  —  ltaaD)  —  (/umaf~B'»isil/) 

+  »"  0"  tan  «"  —  fl"  sin  in^= 

in  which  p,  p',  p"  denote  the  cortate  distances  with  respect  to  tbtf 
equator.  A,  A',  A"  the  right  ascensions  of  the  sun,  and  D,  I/,  Z*" 
its  declinations.     These  equations  correspond  to  (6)^,  and  may  b^ 
tnotcd  in  a  ^milor  manner. 

From  tlie  Gnt  and  second  of  equations  (92)  we  get 

0  =  a  U  sin  (»'-^i) — iJ  «w  Z>  sia  (•'— J ))  +  if  CM // rin  (.'— ^^ 

—  n"  (/•■'  sin  (•"—•')  +  fi"  CM-O"  «in(.*—  A')), 
and  hence 

jf^^'=A.  "':'"•?,  m 

»«  xa  Dim  (•'— J)— A' cosC  liii  (.'— il')-H>'£' CO  ir  ■lii(.'— J") 
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This  formala,  being  independent  of  the  declination  8'j  may  be  used 
to  compute  If  when  only  the  right  ascension  for  the  middle  place  is 
given.  For  the  first  assumption  in  the  case  of  an  unknown  orbit^ 
we  take 

i'—<      Sin(a'— a) 


M= 


/\» 


H'-t  'sin  (a"  — a') 


andy  by  means  of  the  results  obtained  from  this  hypothesis^  the  com- 
plete expression  (93)  may  be  computed.  By  a  process  identical  with 
that  employed  in  deriving  the  equation  (36),,  we  derive,  from  (93), 
the  expression 

„  _     n     8in(tt^— tt)  . 

n     sm  (tt  —  a  ) 

i""/^   .  ^f\i^         1  \iyco82y8in(a'  — ilO 
*t"^^"^^^\/»      ir»/         8in(tt"  — tt')         ' 
and,  putting 

-- n      8in(o^ —  tt) 

^"""^i^*  sin  (a"— a')' 

•  n    t"  ^     *      ^        8m(o'  — a)  p  \i^*     R*l 

we  have 

M=  ^'  =  M^.  (95) 

The  calculation  of  the  auxiliary  quantities  in  the  equations  (52), 
will  be  effected  by  means  of  the  formulse  (96),,  (86),  (87),  (102),,  and 
(51)3.  The  heliocentric  places  for  the  times  t  and  <"  will  be  given 
by  (106)5  and  (107)3,  and  from  these  the  elements  of  the  orbit  will 
be  found  according  to  the  process  already  illustrated. 

124.  The  methods  already  given  for  the  correction  of  the  approxi- 
mate elements  of  the  orbit  of  a  heavenly  body  by  means  of  additional 
observations  or  normal  places,  are  those  which  will  generally  be 
applied.  There  are,  however,  modifications  of  these  which  may  be 
advantageous  in  rare  and  special  cases,  and  which  will  readily  suggest 
themselves.  Thus,  if  it  be  desired  to  correct  approximate  elements 
by  varying  two  radii-vectores  r  and  r",  we  may  assume  an  approxi- 
mate value  of  each  of  these,  and  the  three  equations  (88)^  will  con- 
tain only  the  three  unknown  quantities  J,  6,  and  /.  By  elimination, 
these  unknown  quantities  may  be  found,  and  in  like  manner  the 


sm 


»-:t:'  i^x'jwM! 


T&IiKE  of  J".  b*\  szm3  r\     Ii  wiD  be  moa  convenient  v>  compote 
liie  sxigi»  V  *^  V  ?  *^  ^^^^^^  ^^^  *  '■^  ^"  firsa 

Eiiii  = smi  = = — - 


AT.  pnnmg  2r  =  r^  —  £^  snr v»  «n^  -r*''  =  r***  —  JB''*sin*v"f  fro™ 


,  tmnx  = = — 


The  ccnaxe  disanoe  will  be  given  bv  tbe  equations  (3\  mod  the 
helkwKitTic  spherical  oo-oidixmes  bv  meuis  of  iA\  writii^  r  in  place 
of  a.  From  these  v" —  «  mav  be  £»Dd.  and  bv  means  of  the  values 
of  r,  r"y  and  «"  —  m  the  detennination  of  the  elements  of  the  orbit 
mav  be  oomplened.  Tben«  asdgnu^  to  r  an  incranent  dr,  we  com- 
pote a  second  svstem  c^  elements^  and  from  r  and  r^'  -4-  dr^'  a  third 
system.  The  comparison  of  these  three  systems  of  elements  with  an 
i^iditional  or  intermediate  observed  place  will  fiinush  the  equations 
for  the  determination  of  the  correcti<His  at  and  at^'  to  be  applied  to 
r  and  r'^  respectively.  The  comparison  of  the  middle  place  may  be 
made  with  the  observed  geocentric  spherical  co-oidinates  directly,  or 
with  the  radius-vector  and  argum^it  of  the  latitude  computed  directly 
from  the  observed  co-ordinates :  and  in  the  same  manner  anv  number 

m 

of  additional  observed  places  may  be  employed  in  forming  the  equa- 
tions of  condition  for  the  determination  of  at  and  Ar". 

Instead  of  r  and  r'',  we  may  take  the  projections  of  these  radii- 
vectores  on  the  plane  of  the  ecliptic  as  the  quantities  to  be  corrected. 
Let  these  projected  distances  of  the  body  from  the  sun  be  denoted 
by  r^  and  r^",  respectively ;  then,  by  means  of  the  equations  (88)1, 
we  obtain 

.m^l-i)  =  ^'^"-^\  (96) 

from  which  /  may  be  found ;  and  in  a  similar  manner  we  may  find 

f".     If  we  put 

x^'  =  r.'  —  R'sm\X—Q), 
we  have 

tan(/-;)  =  -^^^^-^-Q>.  (97) 

Ijet  S  denote  the  angle  at  the  sun  between  the  earth  and  the  place 
of  the  planet  or  comet  projected  on  the  plane  of  the  ecliptic ;  then 
we  shall  have 
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/S=180^  +  O— /, 

Rsmd—Q)  (98) 


and 


U^i^^P^li,  (99) 


n 


by  means  of  which  the  heliocentric  latitudes  6  and  b''  may  be  found. 
The  calculation  of  the  elements  and  the  correction  of  r^  and  Tq"  are 
then  effected  as  in  the  case  of  the  variation  of  r  and  r". 

In  the  case  of  parabolic  motion,  the  eccentricity  being  known,  we 
may  take  q  and  T  as  the  quantities  to  be  corrected.  If  we  assume 
approximate  values  of  these  elements,  r,  r',  r",  and  v,  i?',  t?"  will  be 
given  immediately.  Then  from  r,  r',  r"  and  the  observed  spherical 
co-ordinates  of  the  body  we  may  compute  the  values  of  ti"  —  w'  and 
u'  —  u.  In  the  same  manner,  by  means  of  the  observed  places,  we 
compute  the  angles  w" — w'  and  w' — u  corresponding  to  q-\-8q  and  T, 
and  to  q  and  jP+  5r,  dq  and  JT  denoting  the  arbitrary  increments 
assigned  to  q  and  T,  respectively.  The  comparison  of  the  helio- 
centric motion,  during  the  intervals  t''  —  t'  and  t'  —  <,  thus  obtained, 
in  the  case  of  each  of  the  three  systems  of  elements,  from  the  ob- 
served geocentric  places  with  the  corresponding  results  given  by 

tt"  —  w'  ^  t/'  —  v',  u'  —  w  =  t/  —  V, 

enables  us  to  form  the  equations  by  which  we  may  find  the  cor- 
rections Aq  and  a  T  to  be  applied  to  the  assumed  values  of  q  and  T, 
respectively,  in  order  that  the  values  of  ti"  —  u'  and  w'  —  u  computed 
by  means  of  the  observed  places  shall  agree  with  those  given  by  the 
true  anomalies  computed  directly  from  q  and  T. 


125.  When  theelernentsof  the  orbit  of  a  heavenly  body  are  knimi 
to  sucrh  a  degree  of  approximation  that  the  squares  and  prtxlDrteoT 
the  corrections  which  should  he  applied  to  them  may  be  negUdti 
by  computing  the  partial  differential  coefficients  of  these  elouM 
with  respect  to  each  of  the  observed  spherical  co-ordiDatee,  we  saj 
form,  by  means  of  the  differences  between  computation  aud  obeera- 
tion,  the  equations  fov  the  determination  of  these  corrections,    Thw 
complete  obser\-atious  will  furnish  the  sis  equations  required  for  ^ 
determination  of  the  corrections  to  be  applied  to  the  six  eleiucnuoT 
the  orbit ;  but,  if  more  than  three  complete  places  arc  given,  tbe 
number  of  equatious  will  exceed  the  number  of  unknown  quaiititiot 
and  the  problem  will  be  more  than  determinate.     If  the  obs«TW 
places  were  absolutely  exact,  the  combination  of  the  «quatiaia  ™ 
condition  in  any  niauner  whatever  would  furnish  the  valacs  of  tb^^ 
correctious,  such  tJiat  each  of  these  equations  woald  be  eomplet*^^ 
satisfied.     The  conditions,  however,  which  present  themseU-es  ut  *** 
actual  correction  of  the  elements  of  the  orbit  of  a  hcavculy  body  t*? 
means  of  given  observed  places,  are  entirely  difllTent.     Wbwi  t**^ 
observations  have  been  corrected  for  all  known  instrumental  c 
and  when  all  other  known  corrections  liave  been  duly  applitid,  t 
still  remain  those  accidental  errors  which  arbe  frum  varioux  t 
such  as  the  abnormal  condition  of  the  atmosphere,  the  iraperfiwiia^^ 
of  vision,  and  the  imperfections  in  the  performancv  of  the  in 
employed.    These  accidental  and  irr^ular  errors  of  ob«rrvntion  a 
be  eliminated  from  the  observed  data,  and  the  equations  of  imoc 
for  tlic  determination  of  the  corrections  to  be  applied  to  the  det 
of  an  approximate  orbit  caanut  be  completely  satisfied  by  aitr  • 
of  Ml  lues  a^iigned  to  the  unknown  quantities  onleBstlieii 
e<iualions  is  iIk^  same  as  the  number  of  these  nnknown  t 
It  bceomos  an  i»i{<orIaiU  problem,  therefore,  to  delmnino  tiie  | 
licular  combination  of  these  equationa  of  oonditioD,  by  n 
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the  resalting  values  of  the  unknown  quantities  will  be  those  which^ 
while  they  do  not  completely  satisfy  the  several  equations,  will  afford 
the  highest  degree  of  probability  in  favor  of  their  accuracy.  It  w^ill 
be  of  interest  also  to  determine,  as  far  as  it  may  be  possible,  the 
d^ree  of  accuracy  which  may  be  attributed  to  the  separate  results. 
But,  in  order  to  simplify  the  more  general  problem,  in  which  the 
quantities  sought  are  determined  indirectly  by  observation,  it  will  be 
expedient  to  consider  first  the  simpler  case,  in  which  a  single  quantity 
is  obtained  directly  by  observation. 

126.  If  the  accidental  errors  of  observation  could  be  obviated,  the 
different  determinations  of  a  magnitude  directly  by  observation  would 
be  identical ;  but  since  this  is  impossible  when  an  extreme  limit  of 
precision  is  sought,  we  adopt  a  mean  or  average  value  to  be  derived 
from  the  separate  results  obtained.  The  adopted  value  may  or  may 
not  agree  with  any  individual  result,  since  it  is  only  necessary  that 
the  residuals  obtained  by  comparing  the  adopted  value  with  the 
observed  values  shall  be  such  as  to  make  this  adopted  value  the  most 
probable  value.  It  is  evident,  from  the  very  nature  of  the  case,  that 
we  approach  here  the  confines  of  the  unknown,  and,  before  we  pro- 
ceed further,  something  additional  must  be  assumed. 

However  irr^ular  and  uncertain  the  law  of  the  accidental  errors 
of  observation  may  be,  we  may  at  least  assume  that  small  errors  are 
more  probable  than  large  errors,  and  that  errors  surpassing  a  certain 
limit  will  not  occur.  We  may  also  assume  that  in  the  case  of  a  large 
number  of  observations,  errors  in  excess  will  occur  as  frequently  as 
errors  in  defect,  so  that,  in  general,  positive  and  negative  residuals 
of  equal  absolute  value  are  equally  probable.  It  appears,  therefore, 
that  the  relative  frequency  of  the  occurrence  of  an  accidental  error  J 
in  the  observed  value  will  depend  on  the  magnitude  of  this  error, 
and  may  be  expressed  by  <p  (J).  This  function  will  also  express  the 
probability  of  an  error  J  in  an  observed  value.  At  the  limit  beyond 
which  an  error  of  the  magnitude  J  can  never  occur,  we  must  have 
f{J)  =  0:  when  J  =  0,  the  value  of  <p  (J)  must  be  a  maximum,  and 
for  equal  positive  and  negative  values  of  J  the  values  of  <p  (J)  must 
be  the  same.  Hence,  in  a  given  series  of  observations,  the  number  m 
of  observations  being  supposed  to  be  large,  the  number  of  times  in 
which  the  error  J  occurs  will  be  expressed  by  rmp  (J),  and  the  number 
of  times  in  which  the  error  J'  occurs  will  be  expressed  by  m<p  (J'),  so 
that  we  shall  have 

m=im^  (J)  +  wif  (J')  +  mf  (J'O  +  Ac., 
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or 

The  sum  S  most  be  taken  betweoi  the  limits  fi>r  wludi  the  aoddental 
errors  of  observation  are  ocmsidered  possible ;  bat  since  the  assignm^it 
of  these  limits  is,  in  a  certain  sense,  arlHtnuy,  we  most  evidently 
have 

^9  (4)  =  1,  (1) 

the  value  of  ip  (J)  being  absolntelj  zero  for  the  limits  +  oo  and  —  oo. 
Within  any  given  limits  there  are  an  infinite  number  of  values, 
any  one  of  which  may  possibly  be  the  true  value  of  J,  and  hence 
the  number  of  the  fnnctions  expressed  by  f{J)  must  be  infinite. 
The  probability  of  an  error  J  is  expressed  by  f  (J),  and  will  be  the 
same  as  the  probability  that  the  error  is  contained  within  the  limits  J 
and  J  +  dJ.  The  latter  is  expressed  by  the  sum  of  all  the  functions 
^  (J)  between  the  limits  J  and  J  +  dJ,  or  by 

9>  (ii)  dJ. 

We  conclude,  therefore,  that  the  probability  that  an  error  fidls  between 
the  limits  a  and  6  is  expressed  by  the  int^;ral 

and  this  integral,  taken  so  as  to  include  all  possible  accidental  errors 
of  observation,  is,  according  to  equation  (1), 

/^(j)ciJ  =  l.  (2) 

—  00 

According  to  the  theory  of  probabilities,  the  probability  that  the 
errors  J,  J',  &c.  occur  simultaneously  is  equal  to  the  continued  pro- 
duct of  tlie  probabilities  of  the  occurrence  of  these  errors  separately. 
Let  P  denote  the  probability  that  these  errors  occur  at  the  same  time 
in  the  given  series  of  observed  values,  and  we  have 

P=^(J).^(J').s^(J") (3) 

The  most  probable  value  of  the  quantity  sought,  which  we  will  de- 
note by  a?,  must  evidently  be  that  which  makes  P  a  maximum.    If 
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we  take  the  logarithms  of  both  members  of  equation  (3)^  and  differ- 
entiate^ the  condition  of  a  maximum  gives 

d  logy  (J)    dJ   .  dlogy(JO    dJ' 

Let  n,  n',  n",  &c.  be  the  observed  values  of  a:,  and  m  the  number  of 
observations ;  then  we  have 

J  =  n  —  X,  A'=zn'  —  X,  J"  =  n"  —  re,  &c., 

and  hence 

da;        da;        da;  

Therefore  the  equation  (4)  becomes 

This  equation  will  serve  to  determine  the  value  of  a;  as  soon  as  the 
form  of  the  function  symbolized  by  ^  is  known.  It  becomes  neces- 
sary^ therefore,  to  make  some  further  assumption  in  regard  to  the 
errors  J,  J',  J",  &c.,  in  order  that  the  form  of  this  function  may  be 
determined;  and,  although  the  hypothesis  which  presents  itself  gives 
directly  the  most  probable  value  of  x^  since  the  function  <p{J)i8  sup- 
posed to  be  general,  we  may  thus,  by  the  special  case,  determine  the 
form  of  this  function ;  and  the  result  will  be  applicable  when,  instead 
of  the  value  of  a  single  quantity,  it  is  required  to  find  the  most  pro- 
bable values  of  several  unknown  quantities  determined  indirectly  by 
observation. 

127.  The  principle  may  be  received  as  an  axiom,  that  when  a 
series  of  observed  values  of  a  quantity  is  given,  if  the  circumstances 
under  which  the  separate  observations  were  made  are  similar,  so  that 
there  is  no  reason  for  preferring  one  result  to  another,  the  most  pro- 
bable value  of  the  quantity  sought  is  the  ariihmeUoai  mean  of  the 
several  results.    Hence  we  have 

n  +  n'  +  n"+.... 
x  = , 

m 

m  being  the  number  of  observed  values.    This  expression  gives 

0  =  (n  — a;)  +  (n'  —  a;)  +  (W'  —  x)  +  &c.,  (6) 

from  which  it  appears  that  the  algebraic  sum  of  the  residuals  is  equal 
to  zero.    The  equation  (5)  may  be  written 
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and  the  comparison  of  this  with  (6)  shows  that 

d\ogtp(n—'X)    _     dlog^Cn'  —  x)  __ ,  .^ 

(n-a?)  d(n  — a;)  ""  (n' —  x)  d (n!  —  x)  '^  ^'^ 

k  being  a  constant  quantity.    Hence  we  derive 

d  log.  9  (J)  =  U  d  J, 

the  integration  of  which  gives 

log,  c  being  the  constant  of  integration.     From  this  equation  thcR 

results 

^  (J)  =  ee"^*,  (») 

in  which  e  is  the  base  of  Naperian  logarithms.  Since  f  (J)  dimini^ 
as  J  increases,  the  quantity  k  must  be  essentially  negative,  and  if  «t 
put  JA  =  —  A^,  we  shall  have 

^(J)  =  ce"**^*.  (») 

If  we  substitute  this  value  of  <p  (J)  in  the  equation  (2),  we  have 

c  I  e         d  J  =  1, 

—  00 

or,  putting  also  t  =  hJ, 

^Je~'*rff  =  l.  (10) 


This  equation  will  give  the  value  of  the  constant  c,  provided  that  the 
value  of  the  integral 


.00 


is  known.  Since  the  definite  integral  is  independent  of  the  variable, 
let  us  multiply  it  by  a  similar  one,  in  which  y  is  the  variable;  » 
that  we  liave 

in  which  the  order  of  integration  is  indifferent.     If  we  pat  ]/  =  % 
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we  have^  since  t  is  regarded  as  constant  in  the  integration  with  respect 

toy, 

dy=^tdz; 

and  hence 

( /,'«""  ^y =s'^'S, «""  ■^'^''  *^ 

Then,  since  we  have,  in  general, 


/."""*  *^  =  4' 


the  preceding  equation  gives 

in  which  ;r  denotes  the  semi-circumference  of  a  circle  whose  radius  is 
unity.    Therefore  we  have 

J'e-''*  =  Jl/F,  (11) 

and  the  equation  (10)  gives 

c  =  4=.  (12) 

Hence,  the  expression  for  (p  (J)  becomes 

^  ( J)  =  A  e''^\  (13) 

|/;r 

The  constant  A,  according  to  the  relation  A*  =  —  \hy  must  depend  on 
the  nature  of  the  observations,  and  will  be  the  same  in  the  case  of 
systems  of  observations  in  which  the  probability  of  an  error  J  is  the 

flame.  Since  h?^  must  necessarily  be  an  abstract  number,  J  and  t 
must  be  homogeneous. 

128.  In  a  given  series  of  observations,  the  probability  that  for  any 
observation  the  error  will  be  within  the  limits  —  9  and  +  d  will  be 
expressed  by 

Aje-^-^-dJ;  (14) 

—  o 

vA  in  another  series  of  observations,  more  or  less  precise,  the  pro- 
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bability  that  the  error  of  an  observation  is  within  the  limits  —Vid 
+  3'  will  be 

4  fe-'^UA.  (15) 

i/;r*/ 


Since 


— y 

+  >  +M 

k 


it  appears  that  the  integrals  (14)  and  (15)  are  equal  when  h8  =  h'f. 
Hence,  if  we  put  A'  =  2A,  these  integrals  will  be  equal  when  ^=2^*, 
and  an  error  of  a  given  magnitude  in  the  first  series  will  have  the 
same  probability  as  an  error  of  half  that  magnitude  in  the  seooul 
series.  The  second  series  of  observations  will  therefore  be  twice  u 
accurate  as  the  first  series^^and  the  constant  h  may  be  called  tbe 
measure  of  precision  of  the  observations.  The  greater  the  degree  rf 
precision  of  the  observations,  the  greater  will  be  the  value  of  A. 

The  relative  accuracy  of  two  series  of  observations  may  ak)  be 
determined  by  a  comparison  of  the  errors  which  are  committed  iritk 
equal  facility  in  each  series.     If  we  arrange  the  errors  of  the  scvenJ 
observations  in  each  series  in  the  order  of  their  absolute  magnitude 
without  reference  to  the  algebraic  sign,  the  errors  which  occupy  the 
same  position  in  reference  to  the  extremes  in  each  case  Mrill  serve  to 
determine  the  relation  sought.     We  select  that,  however,  which  occtt" 
pies  the  middle  place  in  the  scries  of  errors  thus  arrangeil,  ami  Mn<* 
the  number  of  errors  which  exceed  this  is  the  same  as  the  numb*^^ 
of  errors  less  than  this,  if  we  designate  the  error  which  occupies  t^* 
middle  place  by  r,  the  probability  that  an  error  is  within  the  lim*'' 
—  r  and  +  r  will  be  equal  to  J.     The  probability  of  an  error  greaC' 
than  r  being  the  same  as  the  probability  of  an  error  less  than  r,  i 
error  r  is  called  the  probable  error. 

The  relation  between  r  and  h  is  easily  determined.     Thus,  we  ha' 


f. 


h 

—  r 

-k«A« 

dJ-4. 

At 

c 

0 

'dt- 

4 

—  0.44311. 

or,  putting  A  J  =  <, 

At 


If  we  expand  c  **  into  a  series  of  ascending  powers  of  /,  multiply 
di^  and  int^rate  between  the  limits  0  and  T,  we  get 


/. 
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T 

e-'-*  =  r-i2»  +  ij^-4j-|^  +  ij-^-&c.,    (17) 


^hich  converges  rapidly  when  T  is  small.     To  find  the  value  of  T 

"which  corresponds  to  the  value  0.44311  assigned  to  the  integral,  we 

compute  the  value  of  the  series  (17)  for  the  values  0.45,  0.47,  and 

0.49  assigned  to  T,  successively,  and  from  the  results  thus  obtained 

it  is  easily  seen  that  when  the  sum  of  the  terms  of  the  series  is 

©.44311,  we  have 

!r=Ar  =  0.47694, 
or 

r  =  ^-:^.  (18) 

isrhich  determines  the  relation  between  the  probable  error  and  the 
measure  of  precision. 

The  probability  that  the  error  of  an  observation,  without  regard  to 
sign,  does  not  exceed  nvy  is  expressed  by 

4»  f  e-'^dt,  (19) 

and  this  int^ral,  therefore,  indicates  the  ratio  of  the  number  of  obser- 
vations affected  with  an  error  which  does  not  exceed  nr  to  the  whole 
number  of  observations.  Hence,  if  we  assign  different  values  to  n, 
the  int^ral  (19)  computed  for  the  several  assumed  values  of 

nhr  =  0.47694n 

''^ll  give  the  relative  number  of  errors  of  a  given  magnitude.    Thus, 
^  'W'e  put  n  =  J,  we  obtain 

O.S885 

A   re-*de  =  0.264, 

which  it  appears  that  in  a  series  of  1000  observations  there 

tt  to  be  264  observations  in  which  the  error  does  not  exceed  Jr. 

-^^    I^as  been  found,  in  this  manner,  that  in  the  case  of  an  extended 

®^^i«s  of  observations  the  number  of  errors  of  a  given  magnitude 

*®^igned  by  theory  agrees  very  closely  with  that  actually  given  by 

**^^  series  of  observations;  and  hence  we  conclude  that  the  error  com- 

**^it;tcd  in  extending  the  limits  of  the  summation  in  the  expression  (1) 

^  " —  00  and  +  00,  instead  of  the  finite  limits  which  it  is  presumed 

^^*^ti  the  actual  errors  cannot  exceed,  is  very  slight,  so  that  the  form 
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of  the  function  <p{J)  which  has  been  derived  may  be  regarded  as  tint 
which  best  satisfies  all  the  conditions  of  the  problem. 

129.  The  relative  accuracy  of  different  series  of  observations  maj 
also  be  indicated  by  means  of  what  are  called  the  mean  error  and  the 
mean  of  the  errors  for  each  series,  the  former  being  the  error  whose 
square  is  equal  to  the  mean  of  the  squares  of  all  the  errors  of  the 
series,  and  the  latter  the  mean  of  these  errors  without  referoioe  to 
their  algebraic  sign. 

Let  e  denote  the  mean  error ;  then,  since  the  number  of  observi- 
tions  having  the  error  J  is  mip  (J),  we  shall  have,  according  to  the 
definition, 

^,  ^  J»my  (J)  +  ^'"rn^  C^O  +  ^'  ^I  jy  (J) 

m  T\  J' 

But  the  number  of  possible  errors  being  infinite,  the  probability  of 
an  error  J  is  expressed  by  <p  (J)  dJy  and  we  have 


e» 


=  f  JV  (^)  dA  =  -KJ  e-^  ^da. 


which  gives 

Hence,  by  means  of  (18),  we  have 

e  =  —  -  =  1.4826r, 
hV2 

r  =  0.67449e, 

which  determine  the  relation  between  e  and  r. 

Let  3;  denote  the  mean  of  the  errors,  and  we  shall  have 

which  gives 

1 

17  =  rr. 

Therefore,  we  have 

71  =  1.1829r, 

r  =  0.84o3i7, 
for  the  relation  between  r  and  r^. 


(2^: 
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130.  Let  us  denote  by  t;,  v\  r",  &c.  the  differences  between  any 
assumed  value  of  x  and  the  observed  values  for  a  given  series  of 
observations,  the  number  of  observations  being  denoted  by  m;  then, 

if  we  put 

[w]  =  t;«  + 1/*  + 1/'«  +  Ac.,  (24) 

and  similarly  in  the  case  of  the  sum  of  any  other  series  of  similar 
terms,  we  shall  have  for  the  probability  of  the  value  x,y 

P=-^e-*'^-^  (25) 

and  this  probability  will  be  a  maximum  when  [rt;]  is  a  minimum. 
Now  we  have 

v  =  n  —  x„  i/  =  n!  —  x„  t/'  =  n"  —  x„  &c., 

n,  nfy  n",  &c.  being  the  observed  values  of  a?,  and  hence 

[tw]  =  [nn]  —  2  [n]  x,  +  mx,* 

-inn-]-  —  +  m\^x,-—j. 

It  appears,  therefore,  that'[tw]  will  be  a  minimum  when 

x,  =  ^^.  (26) 

and  this  is  a  necessary  consequence  of  the  assumption  that  the  arith- 
metical mean  of  the  observations  gives  the  most  probable  value  of  x, 
according  to  which  the  form  of  the  function  <p  (J)  was  derived.  But 
although  the  arithmetical  mean  is  the  most  probable  value,  yet  we 
cannot  affirm  that  this  is  the  exact  value,  so  long  as  the  number  of 
observations  is  finite.  It  becomes  important,  therefore,  to  determine 
the  degree  of  precision  of  the  arithmetical  mean. 

Let  Xq  denote  the  most  probable  value  of  x,  for  which  the  residuals 
mre  r,  r',  r",  &c.,  and  let  Xq  +  d  he  any  other  value  of  x.  Then,  since 
"^e  may  put 

[v]  =  t;  +  v'+t/'  +  ....  =  0, 

mnd 

[vv]  =  nu\ 

'the  probability  of  the  value  Xq  +  d  will  be 

24 
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"^r  «ct»cMU)iIitv  that  the  error  of  the  arithmeaaL  OLeiiL  is  asm  m  isr- 

•.uu  'Ve  have 

P'  =  Pe 

III  :he  oase  of  a  single  observation,  if  P  denoces  the  pcobabilitv  of 
:inf  error  zero,  and  P'  the  probability  of  the  error  i^  we  have 

Ueuce  it  appears  that  if  h^  denotes  the  measoie  of  prec^oa  of  the 
arithmetical  mean  of  m  ol)servations,  the  relation  between  A,  and  A, 
the  measure  of  precision  of  an  observation,  is  given  bj 

V  =  wiA*;  (27) 

and  if  r^  is  the  probable  error  of  the  arithmetical  mean,  and  Sg  its 
mean  error,  we  have,  according  to  the  equations  (18)  and  ( fiO), 

r 


These  expressions  determine  the  probable  and  the  mean  error  of  the 
arithmetical  mean  of  a  number  of  observations  when  these  errors  in 
the  case  of  a  single  obscr\'ation  are  known. 

131.  The  expressions  for  the  relation  between  the  mean  and  pro- 
bable errors  have  been  derived  for  the  case  of  a  very  large  number 
of  ol)Scrvations,  a  numl^r  so  great  that  the  error  of  the  arithmetical 
mean  becomes  ef|ual  to  zero.  In  the  case  of  a  limited  number  of 
observe^l  values  of  x,  the  residuals  given  by  comparing  the  arith- 
metical mean  with  the  several  observations  will  not,  in  general,  give 
the  true  errors  of  the  observations ;  but  the  greater  the  number  of 
observations,  the  nearer  will  these  residuals  approach  the  absolute 
errors.  If  J,  J',  J",  &c.  arc  the  actual  errors  of  the  observations, 
and  t?,  t?',  t?",  &c.  those  which  result  from  the  most  probable  value  of 
X,  we  shall  have,  denoting  the  arithmetical  mean  by  x^,  and  the  true 
value  by  Xq  +  dy 

A  =  v--S,  J'  =  t/  — a,  J"  =  v"  — a,  Ac.; 
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and  henoe 

m^  =  [/I  A]  =  [w]  +  m^.  (29) 

This  equation  will  enable  us  to  determine  the  mean  error  of  an  ob- 
servation when  d  is  given ;  but,  since  this  is  necessarily  unknown^ 
some  assumption  in  regard  to  its  value  must  be  made.  If  we  assume 
it  to  be  equal  to  the  mean  error  of  the  arithmetical  mean,  the  re- 
maining error  will  be  wholly  insensible,  and  hence  the  equation  (29) 
becomes 

me'  =  [yv]  +  w**t'  =  [w]  +  «'• 


Therefore,  we  shall  have 
and,  according  to  (21)^ 


^m  —  1 


«0 


r  =  0.6745  ^^J^.  (31) 

These  equations  give  the  values  of  the  mean  and  probable  errors  of 
a  single  observation  in  terms  of  the  actual  residuals  found  by  com- 
paring the  arithmetical  mean  with  the  several  observed  values. 

The  probable  and  the  mean  error  of  the  arithmetical  mean  will  be 
given  by  

''^^^-E (32) 

When  the  number  of  observations  is  very  large,  the  probable  error 
of  an  observation  and  also  that  of  the  arithmetical  mean  may  be  de- 
termined by  means  of  the  mean  of  the  errors.  If  we  suppose  the 
number  of  positive  errors  to  be  the  same  as  the  number  of  negative 
errors,  the  mean  of  the  errors  without  reference  to  the  algebraic  sign 
gives 

and  hence  we  have,  according  to  (23), 

r  =  0.8453  ^  (33) 

m 

For  the  mean  error  of  an  observation  we  have 


f  =  ^V^  =  1.2533 1^.  (34) 


132.  Tlie  relative  accuracy  of  two  or  more  observed  valucB  of  i 
quantity  may  be  expressed  by  nieflns  of  what  are  called  their  wigiit. 
If  the  observations  are  made  under  precisely  similar  circumstenM, 
so  that  there  is  do  reason  for  preferring  one  to  the  other,  they  are  Mid 
to  have  the  same  weight.  Tlie  weight  must  therefore  depetiil  on  die 
measure  of  precision  of  the  observations,  and  henco  on  their  pmUible 
erroi-s.  The  unit  of  the  weight  is  entirely  arbitrary,  since  only  tSx 
relative  weights  are  required,  and  if  we  denote  the  weight  by  p,  lie 
value  of  p  indicates  the  number  of  obeervations  of  equal  vxaiKj 
which  must  be  combined  in  order  that  their  arithmetical  mean  m^ 
have  tlie  same  decree  of  precision  as  the  observation  whose  woighl  ii 
p.  Hence,  if  the  weight  of  a  single  observation  is  1,  the  ariiiicnelial 
mean  of  m  such  observations  will  have  the  weight  m.  Let  ih*  pn> 
bable  error  of  an  observation  of  the  weight  unity  be  denotut  br ', 
and  the  probable  error  of  that  whose  weight  is  p'  by  r';  then,  K" 
cording  to  the  first  of  equations  (28),  we  shall  have 


■•7 


For  the  case  of  an  observation  wliose  weight  is  p"  and  wl 
bable  error  is  r",  we  have 

from  which  it  appears  that  Vie  weigkU  of  two  c 
other  mveraeli/  as  the  squares  of  Ihdr  probabU  or  « 
according  U>  (IS),  directli/  as  the  nqwirfs  of  their  nuxuura  o^p 

Let  us  now  consider  two  values  of  x,  which  may  be  dnugial^lV 
I*  and  x",  the  mean  errors  of  these  values  being,  respectively,  r"  ii» 
c";  then,  if  we  put 

and  suppose  that  both  x'  and  x"  have  been  derived  from  m  bip  onv 
ber  m  of  observations  (and  the  same  number  in  ench  cue),  M  llat  1^ 
residuals  v„  «,',  r"',  &c  in  the  case  of  x'  and  the  rcsidtuda  r„  •■,',  »"i 
&c.  in  the  case  of  x"  may  be  n^orded  as  the  ftcUuU  uioii  of  ol 
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'vation,  the  errors  of  the  value  of  ^  as  determined  from  the  several 
cbeervations^  will  be 

v±:v,f  t/  ±  v/,  t/'  ±  v",  Ac. 

Let  the  mean  error  of  X  be  denoted  by  E;  then  we  have 

m£'  =:I(y±  v,y  =[yv]±2  [yv,]  +  lv,v,'] ; 

and  since  the  number  of  observed  values  is  supposed  to  be  so  great 
that  the  frequency  of  negative  products  w,  is  the  same  as  that  of  the 
dmilar  positive  products,  so  that  [trvj  =  0,  this  equation  gives 

Combining  X  with  a  third  value  a:"'  whose  mean  error  is  e'",  the 
mean  error  of  a?'  ±  x"  d:  7f"  will  be  found  in  the  same  manner  to  be 
equal  to  e'^  +  e"*  +  e'"*;  and  hence  we  have,  for  the  algebraic  sum 
of  anj  number  of  separate  values, 

E = i/e«  +  e'»  +  e"«  +  Ac,  (35) 

and,  according  to  the  last  of  equations  (21), 

R  =  i/r»  + /« +  r^'*  +  iSkc.,  (36) 

fi  being  the  probable  error  of  the  algebraic  sum.  If  the  probable 
errors  of  the  several  values  are  the  same,  we  have 

r  =:  1^  z=  1^'  =  Ac. 
ind  the  probable  error  of  the  sum  of  m  values  will  be  given  by 

jB  =  rl/m. 

Sence  the  probable  error  of  the  arithmetical  mean  of  m  observed 

(values  will  be 

R         r 


m 


Vm 


Brhich  agrees  with  the  first  of  equations  (28). 

Let  P  denote  the  weight  of  the  sum  X,  p'  the  weight  of  x',  and  p" 
that  of  a?";  then  we  shall  have 
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from  which  we  get 

^-p'+p"  ^ 

Since  the  unit  of  weight  is  arbitrary,  we  may  take 

and  henoe  we  have,  for  the  weight  of  the  algebraic  sum  of 
number  of  values, 

or,  whatever  may  be  the  unit  of  weight  adopted, 

P  =  T T"^ •  (3») 

In  the  case  of  a  series  of  observed  values  of  a  quantity,  if  we 
designate  by  r'  the  probable  error  of  a  residual  found  by  comparing 
the  arithmetical  mean  with  an  observed  value,  by  r  the  probable 
error  of  the  observation,  by  Xq  the  arithmetical  mean,  and  bj  n  toy 
observed  value,  the  probable  error  of 

according  to  (36),  will  be 

r»  =  ro'  +  r'»=:^  +  r'«, 

m 

Vq  being  the  probable  error  of  the  arithmetical  mean.    Hence  we  derive 

^m  —  1 
and  if  we  adopt  the  value 


/  =  0.8453  E!3, 
m 

the  expression  for  the  probable  error  of  an  observation  becomes 

r  =  0.8453  — -^J^'3 _  (40  ■ 

V  m  (w  —  1) 

in  wliich  [r]  denotes  the  sum  of  the  residuals  regarded  as  positive, 
and  m  the  number  of  obser\'ations. 

133.  Let  )j,  7i',  ?i",  &c.  denote  the  observeil  values  of  j*,  and  Ict/», 
jo',  j>",  <ic.  be  their  resjKJctive  weights;  then,  according  to  the  J<*fi" 
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nition  of  the  weight,  the  value  n  may  be  regarded  as  the  arithmetical 
mean  of  p  observations  whose  weight  is  unity,  and  the  same  is  true 
in  the  case  of  n',  n",  &c.  We  thus  resolve  the  given  values  into 
1>  +  i>'  +  2>''  +  . . . .  observations  of  the  weight  unity,  and  the  arith- 
metical mean  of  all  these  gives,  for  the  most  probable  value  of  a;, 

pn  +  p'n!  +  p"rt!'  +  Ac.  _  [j>n]  . 

'^     i>+i>'  +  i>"+&c.      -[!>]•  ^''^^ 

The  unit  of  weight  being  entirely  arbitrary,  it  is  evident  that  the 
relation  given  by  this  equation  is  correct  as  well  when  the  quantities 
jj,  jd',  p",  &c.  are  fractional  as  when  they  are  whole  numbers.  The 
weight  of  x^  as  determined  by  (41)  is  expressed  by  the  sum 

and  the  probable  error  of  x^  is  given  by 

r  =  ^*  =     ^*  (42) 

when  T,  denotes  the  probable  error  of  an  observation  whose  weight 
is  unity.  The  value  of  r,  must  be  found  by  means  of  the  observa- 
tions themselves.  Thus,  there  will  be  p  residuals  expressed  by 
n  —  x^y  p'  residuals  expressed  by  n'  —  x^^  and  similarly  in  the  case  of 
n",  n'",  &c.     Hence,  according  to  equation  (31),  we  shall  have 

r,  =  0.fe745VB.  (43) 

in  which  m  denotes  the  number  of  values  to  be  combined,  or  the 
number  of  quantities  n,  n',  n",  &c.  For  the  mean  error  of  a?^,  we 
have  the  equations 

^m—l 

/ f T (^^ 

Vlp^      ^(m^l)lpy 

If  different  determinations  of  the  quantity  x  are  given,  for  which 
the  probable  errors  are  r,  r',  r",  &c.,  the  reciprocals  of  the  squares 
of  these  probable  errors  may  be  taken  as  the  weights  of  the  respective 
values  n,  n',  n'^,  &c.,  and  we  shall  have 

*o  =  1 — T — i '  ^'^^ 

fS'i    fJt'T  JTTi  +  •  •  •  • 
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willi  the  probable  error 


V?+^+^+- 


The  mean  errors  may  be  used  in  these  equations  instead  of  iJie  pn- 
bable  errors. 

134.  The  results  thus  obtained  for  the  case  of  the  direct  nlsmi- 
tiou  of  the  quantity  sought,  are  applicable  to  the  deterniiiutiua  iif 
the  conditions  for  finding-  the  most  probable  values  of  several  uo- 
kuown  quantities  when  only  a  certain  function  of  these  qiiaotitin  a 
directly  observed.  In  the  actual  application  of  the  formuW  it  vili 
always  be  possible  to  reduce  the  problem  to  the  case  in  wliicli  the 
quantity  observed  is  a  linear  function  of  the  quantitira  sought.  Tbiu, 
let  V  be  the  quantit)'  observed,  and  c,  ^,  ^,  <&c.  the  unkaown  q 
titles  to  be  determined,  so  that  we  liave 

K=/«,,,C,....). 

Let  f,,  7]„  Zot  ^-  be  approximate  values  of  these  quantities  si 
to  be  already  known  by  means  of  previous  calculation,  and  1< 
J,  <lfec.  denote,  respectively,  the  corrections  whicb  must  be  app 
these  approximate  values  in  order  to  obtain  their  true  valuta.  TkB| 
if  we  suppose  that  the  previous  approximation  is  so  close  that  tbt 
squares  and  products  of  the  several  corrections  may  be  n^lectal,  «• 
have 

^     ^      dV    ^dV    ^dV   ^ 


"rfl" 


-dn" 


dZ 


and  thus  the  equation  is  reduced  to  a  linear  form.  Hence,  in  gtscnl) 
if  wc  denote  by  n  the  difference  between  the  computed  and  theob- 
se^^-ed  value  of  the  function,  and  similarly  in  the  case  of  «Bt^k  AaS- 
vation  employed,  the  equations  to  be  solved  are  of  the  ftdknriif 
form ; — 

ax    +6y   +M    +du   +no    +/*    +n  =0, 

a'x  +  6"y  +i(s  +  iftt  +  /w  +/'(  -j-  «'  =  0, 

o"*  +  *">  +  «"•  -t-  <f'«  +  «"w  +/'(  +  ••"=0, 

Ac.  Ac. 

which  may  be  extended  so  as  to  include  any  namber  of  unkl 
quantities.     If  the  number  of  equations  is  the  same  as  the  nn 
of  unknown  quantities,  the  resulting  values  of  those  will 
satisfy  the  sevenil  equations;  but  if  the  number  ofcqaatioiu  euunJi 
tlie  number  of  unknown  quantities,  there  will  not  be  UT  inlHirf 
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values  for  these  which  will  reduce  the  second  members  absolutely  to 
lero,  and  we  can  only  determine  the  values  for  which  the  errors  for 
the  several  equations,  which  may  be  denoted  by  v,  v',  t>",  &c.,  will  be 
those  which  we  may  regard  as  belonging  to  the  most  probable  values 
of  the  unknown  quantities. 

Let  Jy  A'y  J"y  &c.  be  the  actual  errors  of  the  observed  quantities; 
then  the  probability  that  these  occur  in  the  case  of  the  observations 
used  in  forming  the  equations  of  condition^  will  be  expressed  by 

p=v,(j).v,(j').v>(J'0...., 

and  the  most  probable  values  of  the  unknown  quantities  will  be  those 
which  make  P  a  maximum.  The  form  of  the  function  (p  {J)  has 
been  already  found  to  be 


and  hence  we  shall  have 


,    .V  h        .A«A« 


m  being  the  number  of  observations  or  equations  of  condition.  In 
order  that  P  may  be  a  maximum,  the  value  of 

A»  J«  +  A'«  J'»  +  A"«  J"»  +  &c. 

must  be  a  minimum.  If  the  observations  are  equally  good,  the  ex- 
pression for  P  becomes 

^*       —  h*(^*  +  A**  +  A*^  +  Ac.) 

/ —  ^  > 

and  the  condition  of  a  maximum  probability  requires  that 

shall  be  a  minimum.  Hence  it  appears  that  when  the  observations  are 
equally  precise,  the  most  probable  values  of  the  unknown  quantities 
are  those  which  render  the  sum  of  the  squares  of  the  residuals  a 
minimum,  and  that,  in  general,  if  each  error  is  multiplied  by  its 
measure  of  precision,  the  sum  of  the  squares  of  the  products  thus 
formed  must  be  a  minimum. 

If  we  denote  the  actual  residuals  by  t?,  t>',  v",  &c.,  and  regard  the 
observations  as  having  the  same  measure  of  precision,  the  condition 
that  the  sum  of  their  squares  shall  be  a  minimum  gives 
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or 

dv    ,    jdv'        „dt/'   ,  ^ 

dv    .    jdv'        „dt/'    .  ^ 

&c.  &c. 

If  we  difibrentiate  the  equations 

<*^   +  %  -\-  cz   -{-  du   -{-  ew   -{-ft   +  n  ==  V, 
a'x  +  h'y  +  c'z  +  d'u  +  e'w  +ft  +  n'  =  v',  (49) 

«"«  +  V'y  +  c"«  +  d'u  +  e"u;  +/"<  +  n"  =  i/', 
&c.  &c. 

with  respect  to  o;^  y,  z^  &o.,  successively,  we  obtain 


(50) 


dv  drf         ,  dfi*        f,  J, 

5^  =  "'  rfJ  =  '''  dF  =  "'**- 

&c.  &c.  Ac. 

Introducing  these  values  into  the  equations  (48),  and  substituting 
Vy  v',  r",  &c.  their  values  given  by  (49),  we  get 

{aa\x  +  [ahly  +  [ac\z  +  [arf]  ii  +  [ac]  if  +  [af\i  +  [an]  =  0, 
[ahiT  +  [66] y  +  [6c]  z  +  [6</]  «  +  [6e]  u?  +  [6/]«  +  [bn']  =  0, 
[ac]  X  +  [6c]  y  +  [cc]  z  +  [c<i]  u  +  [cc]  if  +  [c/]  f  +  [c/i]  =  0. 
[a(f]  X  -f-  [bd]  y  +  [erf]  2  +  Idd]  u  +  [rfe^]  w  +  [<//]  <  4-  [d/»]  =  0. '  ^^ 
[a€]  X  +  [6e]  y  +  [cc]  z  +  [c/e]  m  +  [e^?]  w  +  [c/]  f  +  [cw]  =  0, 


in  which 


[aa]  =aa  -\-  aa  -{-a  a"  -j-  •  •  •  • 
[a6]  =  a6  +  a'6'  +  a"6"  +  . . . . 


ac]=ac-|-ac+«<'+---» 
[66]  =  66  +  6'6'  +  6"6"  +  . . . . 

&c.  &c. 

The  equations  of  condition  are  thus  reduced  to  the  same  number  as 
the  numlHT  of  the  unknown  quantities,  and  the  solution  of  these 
will  jrive  the  values  for  which  the  sum  of  the  squares  of  the  residuals 
will  Ik'  a  minimum.  Those  final  et] nations  are  called  normal  equations. 
When  the  observations  art»  not  t*<]ually  precise,  in  accordance  with 
the  condition  that  hrr  -p  /i'"r'-  -r  A"'r"*  -r  &c.  shall  be  a  minimum, 
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ich  equation  of  condition  must  be  multiplied  by  the  measure  of 
precision  of  the  observation;  or,  since  the  weight  is  proportional  to 
±.lie  sqaare  of  the  measure  of  precision,  each  equation  of  condition 
xnust  be  multiplied  by  the  square  root  of  the  weight  of  the  observa- 
-tioii,  and  the  several  equations  of  condition,  being  thus  reduced  to 
the  same  unit  of  weight,  must  be  combined  as  indicated  by  the  equa- 
tions (51). 

135.  It  will  be  observed  that  the  formation  of  the  first  normal 
equation  is  efiected  by  multiplying  each  equation  of  condition  by 
the  coefficient  of  x  in  that  equation  and  then  taking  the  sum  of  all 
the  equations  thus  formed.     The  second  normal  equation  is  obtained 
in  the  same  manner  by  multiplying  by  the  coefficient  of  y;  and  thus 
by  multiplying  by  the  coefficient  of  each  of  the  unknown  quantities 
the  several  normal  equations  are  formed.    These  equations  will  gene- 
rally give,  by  elimination,  a  system  of  determinate  values  of  the 
unknown  quantities  x,  y,  z,  &c.    But  if  one  of  the  normal  equations 
may  be  derived  from  one  of  the  others  by  multiplying  it  by  a  con- 
stant, or  if  one  of  the  equations  may  be  derived  by  a  combination  of 
two  or  more  of  the  remaining  equations,  the  number  of  distinct  rela- 
tions will  be  less  than  the  number  of  unknown  quantities,  and  the 
problem  will  thus  become  indeterminate.     In  this  case  an  unknown 
quantity  may  be  expressed  in  the  form  of  a  linear  function  of  one  or 
more  of  the  other  unknown  quantities.     Thus,  if  the  number  of 
mdcpendent  equations  is  one  less  than  the  number  of  unknown 
quantities,  the  final  expressions  for  all  of  these  quantities  except  one, 
will  be  of  the  form 

X  =  a  +  pt,  y  =  a'-hA  2  =  a''  +  ^%&c.        (53) 

The  coefficients  a,  ^,  a',  j9',  &c.  depend  on  the  known  terms  and  co- 
efficients in  the  normal  equations,  and  if  by  any  means  t  can  be  de- 
termined independently,  the  values  of  x,  y,  z,  &c.  become  determinate. 
It  is  evident,  further,  that  when  two  of  the  normal  equations  may  be 
rendered  nearly  identical  by  the  introduction  of  a  constant  factor,  the 
problem  becomes  so  nearly  indeterminate  that  in  the  numerical  appli- 
cation the  resulting  values  of  the  unknown  quantities  will  be  very 
uncertain,  so  that  it  will  be  necessary  to  express  them  as  in  the  equa- 
tions (53). 

The  indetermination  in  the  case  of  the  normal  equations  results 
necessarily  from  a  similarity  in  the  original  equations  of  condition, 
and  when  the  problem  becomes  nearly  indeterminate,  the  identity  of 
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the  equations  will  be  closer  in  the  normal  equations  than  in  theeq 
tions  of  condition  from  which  they  are  derived.    It  should  be 
also,  that  when  we  express  Xy  y,  Zj  &c.  in  terms  of  ^  as  in  (53), 
normal  equation  in  tj  which  is  the  one  formed  by  multiplying  by 
coefficient  of  t  in  each  of  the  equations  of  condition,  is  not 


136.  The  elimination  in  the  solution  of  the  equations  (51)  is 
conveniently  effected  by  the  method  of  substitution.     Thus,  the 
of  these  equations  gives 

laa]  ^      [aa]  laa]         [cm]  laa]         [aa]' 

and  if  we  substitute  this  for  x  in  each  of  the  remaining  normal  eqi 
tions,  and  put 


[ee]  -  [^^j  [«e]  =  [«.l].  [cf]  -  [^  [«/]  =  [rf.l] ; 

Idd]  -  [^  [ad]  =  [rfrf.l],  [rf.]  _  EhS  [a«]  =  [*.l]. 


(551 


( 


Un  -  [;{]  [«/]  =  [#1] ; 


(57 


[6»,]  -  [?*1  [an]  =  [6n.l],  [«,]  -  ^£^  [an]  =  [«..!], 


we  obtain 


Un}  -  [^J^j  [an]  =  [/«.l]. 
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[66.1]  y  +  [6c.l]  z  +  [6d.l]  u  +  [6e.l]  w  +  [6/.1]  t  +  [6n.l]  =  0, 
[6c.l]  y  +  [cc.1]  2  +  [cAl]  ii  +  [cc.l]  w  +  [c/.l]  t  +  [cn.l]  =  0, 
[6(f.l]  y  +  [af.l]  2  +  [dd.\]  u  +  [de.l]  w^  +  [((f.l] « +  [rfn.l]  =  0,     (59) 
[6e.l]  y  +  [cc.l]  «  +  [rfe.1]  t*  +  [c^.l]  w  +  [e/.l]  « -|^  [en.l]  =  0, 
[6/.1]  y  +  [c/.l]  2  +  [d/.l]  u  +  [e/.l]  t,  +  QflTl]  «  +  Q/h.l]  =  0. 

These  equations  are  symmetrical,  and  of  the  same  form  as  the  normal 
equations,  the  coefficients  being  distinguished  by  writing  the  numeral 
1  within  the  brackets. 

The  unknown  quantity  «  is  thus  eliminated,  and  by  a  similar  pro- 
cess  y  may  be  eliminated  from  the  equations  (59),  the  resulting  equa- 
tions being  rendered  symmetrical  in  form  by  the  introduction  of  the 
numeral  2  within  the  brackets.     Thus,  we  put 

[ccl]  -  [^  [6c.l]  =  [«.2],         [cd.1]  -  [||11  [W.1]  =  M.2], 
[ce.l]  -  [||11  [ie,l]  =  [«.23,         [«/.!]  -  ^  [6/1]  =  [6/2] ; 

[dd.1]  -  ^^  [M.1]  =  [dd.2],        [(fo.1]  -  [^^  [6e.l]  =  [d«.2], 

[«.l]  -  [^  [6«.l]  =  [«-2].         t^.1]  -  ^  [i/1]  =  [«/.2] 

rj/'n  '  (62) 

[cn.l]  -  E^  [6».l]  =  [cn.2],        [dn.l]  -  ^  [6n.l]  =  [dn.2], 
[en.1]  -  [ll^  [6n.l]  =  [6».2],        [/n.l]  -  [|^  [6n.l]  =  [/n.2]. 

and  the  equations  become 

[cc.2]  z  +  [(^.2]  ti  +  [c«.2]  w  +  [c/.2]  <  +  [cn.2]  =  0, 
[c^.2]  z  +  [d(f.2]  ii  +  [dc.2]  w  +  [rf/.2]  <  +  [dn.2]  =  0, 
[cc.2]  z  +  [rfc.2]  n  +  [cc.2]  w  +  [cjr.2]  <  +  [cn.2]  =  0,         ^^^^ 
[c/.2]  z  +  [rf/.2]  ti  +  [«/.2]  u^  +  [#2]  <  +  L/n.2]  =  0. 

To  eliminate  z  from  these  equations,  we  put 

[<«.2]  -  ^  [cd.2]  =  [dd.3],  [de.2]  -  g^  [ce.21  =  [A>.3]. 

[rf/.2]-^[c/.2]  =  [d/.3]; 
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iee.2]  -  [^  [ce.2]  =  [ee.S].  [e/.2]  -  ^  [cf.2]  ==  [e/.3], 

[#•2]  -  [1^1  [cr.2]  =  [#.3] ; 

[d».2]  -^[c».2]=[dn.3],  [«i.2]-^[m.2]  =  [«..3], 

[/n.2]  -  g|-  [m.2]  =  [/n.3], 

and  we  have 

[dd.3]  ti  +  [(f«.3]  w  +  [d/.3]  <  -|^  [dn.3]  =  a, 

[d«.3]  tt  +  [e«.3]  w  +  [c/.3]  t  +  [en.3]  =  0,  (68) 

[rf/.3]  ti  +  [e/.3]  w  +  [ijr.3]  <  +  [/n.3]  =  0, 

Again  wc  put^  in  a  similar  manner, 

[ce.3]  -  [^^^^  [d,.3]  =  [ee.4],        [^/.s]  _  ^^  [rfp]  =  lef.i], 

[ir.3]  -  [^-J^j  [d/.3]  =  [#4],        [en.3]  -  ^^  [dn.8] = [«i.4],    (69) 

[/n.3]  -  [g^  [dn.3]  =  [/».4] ; 

and  the  equations  are 

[«.4]w  +  [e/.4]<  +  [en.4]  =  0, 

[<'/.4]  w  +  Uf.i]  t  +  [/n.4]  =  0.  ^^"^ 

Finally,  to  eliminate  to,  we  put 

[jOf.4]  -  [M.  [e/.4]  =  [j!if.5],        [/„.4]  -  g^  [c„.4]  =  [/„.5].     (71) 

and  the  resulting  equation  is 

[#5]  <  +  [/".5]  =  0,  (72) 

wliich  gives 

t  -  -  f^"-^^  f 73^ 

The  vahie  of  t  thus  found  enables  us  to  derive  that  of  to  by  means 
of  the  first  of  equations  (70).  The  value  of  w  being  found,  that  of 
u  will  1h^  obtainwl  from  the  first  of  equations  (68).  In  like  manner, 
the  remaining  unknown  quantities  will  be  determined  by  means  of 
the  equations  (64),  (59),  and  (51).  The  determination  of  the  unknown 
quantities  is  thus  reduced  to  the  solution  of  the  following  system  of 
iH|uations : 


(74) 
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lad] '   '  laa]       '  [aa]         '   [oo]         '   [ad}  [ad] 

y + t6U]*+ pi] "+ p6i]'"+ iin]'+ p3]  -  •*' 

[cd.2]         [ce.2]         [C/.2]         [cn.23_ 
'^  [CC.2]  "  +  [CC.2]  *"  +  [cc.2]  '  +  [CC.2]  ""' 

"  ^  [dd.3]  *"  +  [dd.3] '  +  [dd.3]  -  "' 
^  I   [<»/4]  .  ,  [gw-4]  _  ^ 

[/n.5]  _ 
+  [#5]~  ' 

the  coefficients  of  which  will  have  been  found  in  the  process  of  de- 
termining the  several  auxiliary  quantities.  It  will  be  observed, 
fiirther,  that  both  in  the  normal  equations  and  in  those  which  result 
after  each  successive  eliminatipn,  the  coefficients  which  appear  in  a 
horizontal  line,  with  the  exception  of  the  coefficient  involving  the 
absolute  terms  of  the  equations  of  condition,  are  found  also  in  the 
corresponding  vertical  line.  The  form  of  the  notation  [66.1],  [6c.l], 
&C.  may  be  symbolized  thus : 

[A^-A*]  -  [^  [ar-M]  =  [A-,  (m  + 1)],  (75) 

in  which  a,  ^,  7*,  denote  any  three  letters,  and  /i  any  numeral. 

The  equations  (74)  are  derived  for  the  case  of  six  unknown  quan- 
tities, which  is  the  number  usually  to  be  determined  in  the  correction 
of  the  elements  of  the  orbit  of  a  heavenly  body;  but  there  will  be 
no  difficulty  in  extending  the  process  indicated  to  the  case  of  a  greater 
number  of  unknown  quantities,  except  that  the  number  of  auxiliaries 
symbolized  generally  by  (75)  increases  very  rapidly  when  the  number 
of  unknown  quantities  is  increased. 

137.  In  the  numerical  application  of  the  formulae,  when  so  many 
quantities  are  to  be  computed,  it  becomes  important  to  be  able  to 
check  the  accuracy  of  the  calculation  in  its  successive  stages.  First, 
then,  to  prove  the  calculation  of  the  coefficients  in  the  normal  equa- 
tions, we  put 

If  we  multiply  each  of  the  sums  thus  formed  by  the  corresponding 
absolute  term  n,  and  take  the  sum  of  all  the  products,  we  have 
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[an]  +  [6n]  +  [en]  +  [rfn]  +  [<?»]  +  [/w]  =  Im].  (76) 

In  a  similar  manner,  multiplying  by  each  of  the  coefficients  in  the 
original  equations  of  condition,  we  find 

[aa]  +  [a6]  +  [ae]  +  [a^fj  +  [ae]  +  [a/]  =  las], 
[«ft]  +  Ibb]  +  [6c]  +  Ibd]  +  [be]  +  [6/]  =  [bsl 
lac]  +  [6c]  +  Ice]  +  lcd]  +  [c€]  +  [c/]  =  [c«], 
lad]  +  Ibd]  +  [ccf]  +  Idd]  +  Ide]  +  Idf]  =  Ids], 
lae]  +  Ibe]  +  Ice]  +  Ide]  +  lee]  +  [e/]  =  [«], 

[«/]  +  [y]  +  w]  +  Idf]  +  [e/]  +  un= [>]. 


(77) 


Hence  it  appears  that  if  we  compute  the  sums  «,  y,  y,  «'",  &c.,  and 
form  [a«],  [6^],  les],  &c.  simultaneously  with  the  calculation  of  the 
coefficients  in  the  normal  equations,  the  equation  (76)  must  be  satis- 
fied when  the  absolute  terms  of  the  normal  equations  are  correct; 
and  the  equations  (77)  must  be  satisfied  when  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations  are  correct. 

The  accuracy  of  the  calculation  of  the  auxiliary  quantities  sym- 
bolized by  the  equation  (75)  may  be  proved  in  a  similar  manner. 
Thus,  we  have 

[6».l]  =  [6,]  _  ^  [«], 
which,  by  means  of  the  first  and  second  of  equations  (77),  becomes 

[i..i]  =  m  -  gl  M  +  Cfc]  -  ^  M  +  M  -  g}  [«q 

or 

Ibs.l]  =  [66.1]  +  [6c.l]  +  Ibd.l]  +  [6c.l]  +  [6/.1] ;  (78) 

and  similarly  we  derive  the  expressions  for  [c«.l],  [<fe.l],  &c.  It  is 
obvious,  therefore,  that  the  calculation  of  the  coefficients  in  the  equa- 
tions (59),  (64),  (68),  and  (70)  will  be  checked  as  in  the  case  of  the 
coefficients  in  the  normal  equations,  the  auxiliaries  depending  on  s 
being  determined  as  if  «,  «',  «",  &c.  were  the  coefficients  of  an  addi- 
tional unknown  quantity  in  the  several  equations  of  condition.  Hence 
we  must  have,  finally, 

1/8.5]  =  Uf.d],  lsn.d]  =  [/w.5].  (79) 

If  we  multiply  each  of  the  equations  (49)  by  its  r,  and  take  the 
sum  of  the  several  products,  we  get 

[av]  X  +  [6v]  y  +  lev]  z  +  [rfr]  u  +  [cv]  %o  +  [/v]  i  -|-  \yn\  =  [w]. 
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But,  according  to  the  equations  (48)  and  (50),  we  have,  for  the  most 
probable  values  of  the  unknown  quantities, 

[av]  =  0,  Ibv]  =  0,  [ev]  =  0,  Ac. ; 

and  hence  * 

[wi]  =  [yv].  (80) 

If  we  multiply  each  of  the  equations  (49)  by  its  n,  and  take  the  sum 
of  all  the  products  thus  formed,  substituting  [vv]  for  [tm],  there  re- 
sults 

[an]  X  -f  [pn]  y  +  [en]  z  +  [d»]  t«  +  [«n]  w  +  [/»]  t  +  [nn]  =  [yv]. 

Substituting  in  this  the  value  of  x  given  by  the  first  normal  equa- 
tion, it  becomes 

[6n.l]  y  -f  [cn.l]  z  +  [dn.l]  u  +  [en.l]  w  +  [y»».l]  t  +  [nn.l]  =  [w], 

in  which 

[«n.l]  =  [nn]  -  ^  [an].  (81) 

Substituting,  further,  for  y  its  value  given  by  the  first  of  equations 
(59),  and  continuing  the  process  as  in  the  elimination  of  the  unknown 
quantities  by  successive  substitution,  we  obtain  the  follovring  equa- 
tions: 

[m.2]  z  +  [rfn.2]  u  +  [en.2]  w  +  [/n.2]  t  +  [nn.2]  =  [w], 
[dn.3]  u  -f  [en.3]  w  +  [/n.3]  t  +  [nn.3]  =  [tw], 

[en.4]  w  +  Q/n.4]  i  +  [nn.4]  =  [w],      (82) 
[/n.5]  t  +  [nn.5]  =  [w], 
[nn.6]  =  [yv]. 

The  expressions  for  the  auxiliaries  [nn.2],  [nn.3],  &c.  are 

[nn.2]  =  [nn.l]  -  M  [ftn.l],  [nn.3]  =  [nn.2]  -  g^  [cn.2], 

[nn.4]  =  [nn.3]  -  [^]  [dn.3],  [nn.5]  =  [nn.4]  -  ^^  [en.4], 

[nn.6]  =  [nn.5]  -  ^  [/n.5].  (83) 

The  process  here  indicated  may  be  readily  extended  to  the  case  of  a 
greater  number  of  unknown  quantities,  and  we  have,  in  general,  when 
fi  denotes  the  number  of  unknown  quantities, 

[w]  =  [nn.ju].  (84) 

25 
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This  equation  affords  a  complete  verification  of  the  entire  numerial 
calculation  involved  in  the  determination  of  the  anknown  quantities 
from  the  original  equations  of  condition.  Thus,  after  the  eliroinatioo 
has  been  completed,  we  substitute  the  resulting  values  of  x,  y,  :,  Ac. 
in  the  equations  of  condition,  and  derive  the  corresponding  values 
of  the  residuals  v,  v\  u",  &c.  Then,  taking  the  sum  of  the  squares 
of  these,  the  equation  (84)  must  be  satisfied  within  the  limits  of  the 
unavoidable  errors  of  calculation  with  the  logarithmic  tables  em- 
ployed. If  this  condition  is  satisfied,  it  may  be  inferred  that  the 
entire  calculation  of  the  values  of  the  unknown  quantities  from  the 
given  equations  of  condition  is  correct. 

138.  If  the  values  of  Xy  y,  s,  &c.  thus  found  were  the  abssolntoly 
exact  values,  the  residuals  r,  r',  r",  &q.  would  be  the  actual  errors 
of  observation.  But  since  the  results  obtained  only  furniish  the  most 
probable  values  of  the  unknown  quantities,  the  final  residuals  may 
differ  slightly  from  the  accidental  errors  of  observation.  Farther, 
it  is  evident  that  the  degree  of  precision  with  which  the  sevml 
unknown  quantities  may  be  determined  by  means  of  the  data  of  the 
problem  may  be  very  different,  so  that  it  is  desirable  to  be  able  to 
determine  the  relative  weights  of  the  different  results. 

It  will  be  observed  that  the  expressions  for  either  of  the  unknown 
quantities  resulting  from  the  elimination  of  the  others  is  a  linear 
function  of  w,  7i',  7i",  <tc.,  so  that  we  have 

xJro.n  +  a!n'  +  a!'n"  +  a'"/i'"  +  ....  =  0,  ( «; 

in  which  the  coefficients  a,  a',  a",  &c.  arc  functions  of  the  «?\eral 
coofficionts  of  the  unknown  quantities  in  the  equations  of  «)mlitioD. 
If  we  now  sup|)ose  the  equations  of  condition  to  be  reduced  to  the 
same  unit  of  weijjht,  the  mean  error  of  the  several  absolute  term?  <>f 
the  cfjuations  will  be  the  same,  and  will  Ixj  the  mean  error  of  an 
observation  whose  weight  is  unity.  Thus,  if  e  denotes  the  mean 
error  of  an  ol)servation  of  the  weight  unity,  the  mean  error  of  <** 
will  be  as,  that  ota'n'  will  Ixj  a'c',  and  similarly  for  the  other  terms 
of  (85);  and,  according  to  the  equation  (35),  the  mean  error  ot  x 
will  be 

Hence  the  weight  of  x  will  be  expressed  by 
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Let  X,  denote  the  true  value  of  x,  namely,  that  which  would  be 
obtained  if  the  true  values  of  v,  t?',  v",  &c.  were  retained  in  the 
second  members  of  the  equations  of  condition  instead  of  putting 
them  equal  to  zero ;  then  it  is  evident  that  the  expression  for  x,  must 
be  that  which  would  result  by  substituting  n  —  t?  in  place  of  n  in  the 
formulfe  for  the  most  probable  value  as  determined  from  the  actual 
data.     Hence  we  have 

x,-\-a(n  —  v)  -{-  a(n/  —  t/)  + =  0, 

and  comparing  this  with  the  expression  (85),  we  obtain 

x,  =  x  -\-  lav]. 

Substituting  in  this  the  values  of  t?,  t?',  v",  &c.  given  by  the  equations 
(49),  there  results 

^/  =  «  +  [»a]  «/  +  [»^]  y,  +  [»C]  z,  +  lad]  U,  +  [ac]  w,  +  [a/]  t,  +  [a7l], 

and  since,  according  to  (85),  x  +  [an]  =  0,  in  order  to  satisfy  this 
expression  for  a?„  we  must  evidently  have 

[aa]  =  l,    [tt6]  =  0,     [ttc]  =  0,     [tter|  =  0,    [ae]  =  0,     [of]  =  0.(88) 

Since  the  values  of  the  unknown  quantities  as  determined  by  the 
normal  equations  must  be  the  same  by  whatever  mode  the  elimination 
may  have  been  performed,  let  us  suppose  the  method  of  indeterminate 
multipliers  to  be  applied  for  the  determination  of  Xy  and  let  these 
multipliers  be  designated  by  5,  5',  </",  &c. ;  then,  the  values  of  these 
&etors  are  determined  by  the  condition  that  the  coefficient  of  x  in 
the  final  equation  shall  be  unity,  and  that  the  coefficients  of  the  other 
unknown  quantities  shall  be  zero.     Hence  we  shall  have 

laa]q  +  lab](i  ^lac]ij['  +lad]q"'  +  , . .  .  =  \, 
lab]  q  +  Ibb]  i  +  [6c]  ^'  4-  \hd]  (?'"  +....  =  0,  (89) 

la^]q  +  lbc]i  +  [cc]9"  +  Icd^i"  +  ....  =  0, 
&c.  &c. 

and  also,  retaining  the  residuals  v^  t?',  t?",  &c.  in  the  formation  of  the 
normal  equations, 

«,+  [a'i]g  +  [H9'  +  M!?"  +  ---  =  M<?+[H<?'+[ct;]9"+...(90) 

Therefore,  since 

and  since  the  first  member  of  this  equation  must  be  identical  ^vith 
the  first  member  of  (90),  we  have 

[av]  q  +  \bv]  ^  +  [^'j  9"  +  •  •  •  =  «v  +  *V  +  a' V  +  . . . , 
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which  gives,  by  expanding  the  several  sums, 
„,   +4,'   +e,"   +d/"   -I-... 
«'•;  +  »¥  +  '!<!'  +  iff  +  ■  ■  ■ 


i 


wla 


Multiplying  each  of  these  equations  \>y  its  a,  and  adding  the 
(lutte,  the  result  is 

[oa]  5  +  [»6]  5'  +  [-.]  5"  +  [» rf]  ^"  +  . . . .  =  [^], 

which,  by  means  of  the  expiations  (88),  reduces  to 

1 

HeiR'c  it  appears  that  the  eliminating  factor  q  is  the  reciprocal  of  lb 
weight  of  X,  and,  since  the  coefficients  of  q,  (f,  q",  «fec,  in  the  «qB»- 
tions  (8i))  are  the  same  as  those  of  2,  y,  z,  &a.  m  the  nomial  «iui- 
tions,  that  if  we  put  \_<m\  =  —  1,  [in]  =  0,  [tm]  ^  0,  &c,  in  lb 
normal  equations,  the  resulting  value  of  a;  will  l»c  the  rocipixwJ  rf 
the  weight  of  the  most  prolxible  of  this  quantitv". 

The  equation  (90)  sho^vs  that  if,  in  the  general  etiminatioD,  I? 
whatc\-er  method  it  may  have  been  effected,  we  write  [<7r],  \hv\  h. 
instead  of  zero  in  the  second  membere  of  tlie  normal  equatiniu  rr- 
Bpectively,  the  coefBeient  of  [nc]  is  the  reciprocal  of  the  weight  of  ^ 
It  is  obvious  that  it  will  not  be  necessary  to  know  the  nunerial 
values  of  \nv\,  [6i'],  &c.,  since  ouly  the  coefficient  q  i«  rcqiiiml.  Tin 
most  probable  value  of  x  is  found  from  (90)  by  the  condiUoa  rf* 
minimum  of  tlie  squares  of  the  residuals,  uam«ly,  that 


[o^]-0,        [*.']- 0.        [«]-0. 


Ac 


The  process  here  indicated  for  the  determination  of  thr  \ 
the  Bnal  value  of  x  is  general,  and  applies  to  the  easf  of  aBjrlj 
unknown  quantity  provided  (hat  the  necessary  changes  are  nHl 
the  notation.  Thus,  the  reciprocal  of  the  weight  of  y  is  dHwrninrf 
by  writing,  in  the  normal  equations,  —  1  in  place  of  [bnj,  sod  pauia{ 
[all],  [en],  £'c.  equal  to  xeru,  and  completing  the  eHniiMtioa.  " 
is  also  the  coefficient  of  [Ar]  in  the  value  of  y  whvn  tlw  c 
is  effected  with  tlie  symbols  [nr],  [6r],  t&c.  rctKiDod  in  tbe  « 
members  of  the  normal  equations. 

KiD.  It  may  l>e  easily  shown  that  when  the  climinatioo  bcfl 
b>-  the  method  of  sueceasive  aubstitatioo,  as  alreaily  \ 
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ooefBcient  of  the  unknown  quantity  which  is  made  the  last  in  the 
elimination,  in  the  final  equation  for  its  determination,  is  equal  to  the 
weight  of  the  resulting  value  of  that  quantity.  Thus,  in  the  case  of 
the  equations  for  six  unknown  quantities,  since  the  reciprocal  of  the 
weight  of  the  most  probable  value  of  t  is  the  value  of  t  obtained 
from  the  normal  equations  by  putting /r  =  —  1,  and  an,  bn,  en,  &c. 
equal  to  zero,  the  equations  (63),  (67),  (69),  and  (71)  show  that  we 
have 

[/n]  =  [/n.1]  =  [/n.2]  =  |>.3]  =  |>.4]  =  [/n.5]  =  - 1, 

and  hence,  according  to  (72),  for  the  reciprocal  of  the  weight  of  t, 

Qjf.5]L-l  =  0, 

which  gives 

i>.=  [ir.5].  (93) 

The  weight  of  t  is  therefore  equal  to  its  coefficient  in  the  final  equa- 
tion which  results  from  the  elimination  of  the  other  unknown  quan- 
tities by  successive  substitution.  Hence,  by  repeating  the  elimination, 
successively  changing  the  order  of  the  quantities,  so  that  each  of  the 
unknown  quantities  may  have  the  last  place,  the  weights  will  be 
determined  independently,  and  the  agreement  of  the  several  sets  of 
values  for  the  unknown  quantities  will  be  a  proof  of  the  accuracy  of 
the  calculation.  It  is  not  necessary,  however,  to  make  so  many 
repetitions  of  the  elimination,  since,  in  each  case,  the  weights  of  two 
of  the  unknown  quantities  will  be  given  by  means  of  the  auxiliaries 
used  in  the  elimination.  Thus,  the  reciprocal  of  the  weight  of  w  is 
obtained  by  putting  en  =  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero,  and  finding  the  corresponding  value 
of  IT.     This  operation  gives 

[en.4]  =  - 1,        [/«.4]  =  0,        [/«.5]  =  g^. 

Hence  the  equation  (73)  becomes 

,  _  [e/4]      . 

and  substituting  this  value  of  t  in  the  last  of  equations  (70),  wc  get 

P.      [jfir.5]  [ee.4] 
or 

l'.  =  ^C««-4].  (94) 


J[»M]. 
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which  gives  the  weight  of  w  in  terms  of  the  auxiliaiy 
refjuired  in  the  determination  of  its  most  probable  value. 

If  the  order  of  eliniinatiou  is  now  completely  reversed,  so  that 
is  made  the  last  in  the  elimination,  the  weights  of  x  And  y  will  I 
determined  by  the  equations 

ft=[™.6], 

<•■    [m.4: 

A  third  elimination,  in  wliich  z  and  u  are  the  unkQoi\~n  qunnl 
first  determined,  will  give  the  weights  of  these  delerminatioiM.  I^ 
ap{M?ar$,  therefore,  that  when  only  four  unknown  quantities  an-  ro  b^ 
found,  a  single  repetition  of  the  elimination,  the  order  of  the  quD — 
tities  being  completely  reversed,  will  furnish  at  once  the  weights**^ 
the  several  results,  and  chock  the  accuracy  of  tJie  calculation.  WIhtk 
there  are  only  two  unknown  quantities,  the  elimination  gives  dinrtly 
the  values  of  these  quantities  and  also  of  their  weights. 

140.  In  the  case  of  three  or  more  unknown  quantities,  the  weigbt« 
of  all  the  results  may  be  iletcrminetl  without  repeating  the  vlimiui- 
tion  when  certain  additional  auxiliary  quantities  have  been  Gmixl. 
The  weights  of  the  two  which  are  first  determined  are  given  in  term* 
of  the  auxiliaries  re<)uired  in  the  elimination,  that  of  the  qimnlitf 
which  is  next  found  will  require  the  value  of  an  additional  auxiliuf 
quantity,  the  sureeeding  one  will  require  two  additional  nnxilianA 
and  so  on.  The  equations  (74)  show  that  when  the  subtoitutiaai) 
effected  analytically  the  final  value  of  r  will  have  the  dcuomioitor 

V  =  foe]  [W.l]  t«.2]  [</J.3]  [«.4]  [ir.5]. 
aud  this  denominator,  being  the  determinant  formed  from  all  ll* 
coefficients  in  the  normal  equations,  must  evidently  have  the  W» 
value  whatever  may  be  the  order  in  which  the  unknown  qiumtiii'* 
arc  eliminated.  Let  us  now  »Hpi>o»e  that  eneli  of  the  nnknu"" 
quantities  is,  in  succession,  made  the  last  in  the  nliminnlion.  boi)  It* 
the  auxiliaries  in  each  elimination  be  distinguished  from  tboK  whm 
t  is  last  eliminated  by  annexing  the  letter  which  is  the  coeffiduo* 
the  quantity  6rst  determined ;  then  we  shall  hav 
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It  will  be  observed,  however,  that  when  the  order  of  elimination  is 
changed,  only  those  auxiliaries  which  involve  the  coefficient  of  the 
quantity  which  is  made  the  last  in  the  changed  order  will  be  changed. 
Hence,  if  we  add  the  distinguishing  letter  only  to  those  auxiliaries 
which  have  a  different  value  in  the  new  order,  we  have 

D  =  iaal  [66.1]  tcc.2]  [rfd.3]  {eeA']  [jfif.S] 
=  iaa-]  [66.1]  [cc.2]  [rfd.3]  \JfA'\  [ee.5] 
=  [aa]  [66.1]  [cc.2]  [ee.3]  \JfA\  [cid.6] 
=  [aa]  [66.1]  [rfrf.2]  [ee.3],  [JS-^X  C^c-S] 
=  [oa]  [cc.l]  [dd,2\  [ec.3],  UfA\  [66.5] 
=  [66]  [CC.1].  idd,2\  [ce.3],  [//.4],  [aa.5], 

and  from  these  equations  we  obtain 


r     K-.  [jO^'-S]       [e«-4]      [dd.3]  r     „ 


(96) 


[//•4].      [ee.3].      Cdd.2] 
„  _  rfifc  51  _   [//-S]       [eg-4]      [rfrf-3]       [ce.2] 

^'  - 1**-^^  -  LPT  ■  TiiJiT  •  [55:2]:  •  -[^^  [**-i^' 

„  _  r^  51  _  [#-^]      [^^-4]       [5rf.3]      [cc.2]      [66.1] 

by  means  of  which  the  weights  of  the  six  unknown  quantities  may 
be  determined.  The  process  here  indicated  may  be  readily  extended 
to  the  case  of  a  greater  number  of  unknown  quantities.  The  equa- 
tion for  ip^  is  identical  with  (94),  the  expression  for  p^  introduces  the 
new  auxiliary  quantity  [,jfjf.4]^,  and  that  for  jp,  introduces  two  new 
auxiliaries. 

The  expressions  for  the  new  auxiliaries  [j(y.4]j,  [j(jf.4]^,  [ec.3]^,  &c. 
are  easily  formed  by  observing  that  all  the  auxiliaries  as  far  as  those 
which  are  designated  by  the  numeral  4  are  not  affected  by  putting  e 
or/ last,  that,  as  far  as  those  which  contain  the  numeral  3,  it  makes 
no  difference  whether  rf,  e,  or/  is  placed  last,  that  those  distinguished 
by  the  numerals  1  and  2  are  not  affected  by  making  c,  d,  e,  or /the 
last,  and  that  those  designated  by  the  numeral  1  are  unchanged 
unless  a  is  made  the  last.     Thus,  we  obtain 

[#4],  =  [ir.3]  -  M  |;,/.3],  (97) 
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and,  alao, 

y,{'n—  „.  _  . 

[</d.2] '■•'•"        '-"-''      ■••"  -■      [drf.2] 


[e/.3].  =  [«/.2]  -  g^,  [d/.2],        [#3].  =  [#2]  -  E^  [^.2], 


[«e.3].  =  [ec.2]  -  [-j^^^  [de.2],        [#.4].  =  [#3].  -  M.  [«/.3]^. 

In  like  manner  we  may  derive  the  expressions  for  the  new  aaxiliaries 
introduced  into  the  equations  for  p^  and  j>^.  It  will  be  expedient^ 
however,  in  the  actual  application  of  the  formnlse,  to  eliminate  first 
in  the  order  a?,  y,  z,  tt,  tr,  t,  and  the  weights  of  the  results  for  u,  tr, 
and  t  will  be  obtained  by  means  of  the  first  three  of  equations  (96), 
the  single  additional  auxiliary  required  being  found  by  means  of 
(97).  Then  the  elimination  should  be  performed  in  the  order  f,  tr,  u, 
z,  yy  Xy  and  we  shall  have 

P.=  [a«.5],  p.    =  [^^  •  [f^  ["'•SL        ^^^ 

by  means  of  which  the  weights  of  a?,  y,  and  z  will  be  determined. 
The  agreement  of  the  two  sets  of  values  of  the  unknown  quantities 
will  prove  the  accuracy  of  the  numerical  calculation  in  the  process 
of  elimination. 

141.  The  weights  of  the  most  probable  values  of  the  unknown 
quantities  may  also  be  computed  separately  when  certain  auxiliary 
factors  have  been  found,  and  these  factors  are  those  which  are  intro- 
duced when  the  equations  (74)  are  solved  by  the  method  of  inde- 
terminate multipliers  instead  of  by  successive  substitution.  Thus, 
in  order  to  find  x,  let  the  first  of  these  equations  be  multiplied  by  1, 
the  second  by  A%  the  third  by  ^1",  the  fourth  by  -4'",  and  so  on, 
and  let  the  sum  of  all  these  products  be  taken ;  then  the  equations 
of  condition  for  the  determination  of  the  several  eliminating  factors 
will  be 

0  =  ['"'']  +  A'. 
[oaj 

laa]       [oo.lj  [cc-2j 

ft  _  [oe]    ,   [6e.l]    .,      [ce.2]  „      [tfe.3]     ,„         „ 

"  ~~  laa]  "•"  Ihb.l  j  ^  "^  [cc.2]  "^  [rfrf.3]  ^    "•"  '^  ' 

ft  _  C«/]    ,  [6/1]    .,  ,   [C/.2]  .„  ,  idf.B]             [6/4]       , 
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To  determine  y  from  the  last  five  of  equations  (74),  let  the  eliminating 
factors  be  denoted  by  -B",  -B'",  JB*^,  and  JB^,  and  we  shall  have 

[66.1]       [cc.2]  ,      . 

_  [6e.l]       [ce.2]  [de.3]  '•'"''' 

"-[Ml] +[^^^+[55:3']^  +'^' 

[66.1]       [w.z]  [aa.3]  [ee.4] 

In  a  similar  manner,  we  obtain  the  following  equations  for  the  de- 
termination of  the  eliminating  factors  necessary  for  finding  the  values 
of  the  remaining  unknown  quantities : 

"-[;^  +  ^  ' 

_  [ce.2]       [rfe.3]  ^,„       -,„ 
"-[^^  +  [rfrfJ]^    +^  ' 

[oc.2j       [aa.Bj  [c«.4j  . 

(102) 

The  expressions  for  the  values  of  the  unknown  quantities  will  there- 
fore become 

_ _  _ [a»]  ,  [ft»-l]  i»  ,  [c»2]  j»  ,  [<^»-3]  .,„  ,  [gn.4]  .,      [/n.5]  ., 
[oa]  "^  [66.1]      "^  [«;.2]      "^  [dd.3]       "*■  [ee.4]       "^  [#5]      ' 

_„  —  Cft»11  ,  [gw-2]  „,  ,  [rf»t^]  „„  ,  [eft.4]  n,  I  l>-5]  n, 
*  — [66.1]  "^  [cc.2]  ^   "^[ad.3]       "^[ee.4]       "*"  [#.6]      ' 

-  [CC.2J  "^"  [rfrf.3]  "-    +  [w.4]  ^    "^-  [#.5]  ''  • 

_  „  _  [^:?]  4.  [??-4]  n..  ■  Un.3  j.,  ^^"^"^^ 

"  -  [drf.3]  "^  [e<r.4]  "^   "^  [#.5]  ""  ' 

"  -  [«c.4]  ^  Ufdl       ' 
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The  first  of  these  equations  will  give  the  reciprocal  of  the  weight  of 
T,  when  we  put  [o/j]  =  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to  zero;  the  second  will  give  the  reciprocal 
of  the  weight  of  y  by  putting  [5«j]  =  —  1,  and  the  other  aksolate 
terms  of  the  normal  equations  equal  to  zero ;  and,  continuing  the 
process,  finally  the  last  equation  will  give  the  reciprocal  of  the  weight 
of  t  when  we  put  fn  =  —  1,  and  [a«],  [ft«],  [^«J,  &<^  equal  to  xero. 
It  remains,  thereforo,  to  determine  the  particolar  values  erf  [61UI3, 
[c»*.2],  <tc.,  and  the  expressions  for  the  weights  will  be  complete. 
If  we  multiply  the  first  of  equations  (100)  by  [a«3>  i^  becomes 

[^«.l]  =  [an]  A'  -r  [*«].  104) 

Multiplying  the  second  of  equations  (KH))  by  [<f7i],  and  the  first  <rf 
( 101 )  by  [fr^]^  adding  the  products,  and  introducing  the  value  of 
[frw.lj  just  found,  we  get 

[«0  -  [«i.l]  ^  £^  [6n,l]  ^  [an]  A-  +  [6»i]  IT'  =  0. 

which  reduces  to 

•     [an] A' -r  [6n] BT' ^  [«•]  =  [ni.2].  V&o) 

Multiplying  the  third  of  equations  (100)  by  [aw],  the  second  of  (101) 
by  [6«].  and  the  first  of  (102^  by  [cii].  adding  the  pnidQcts,  and  le- 

dui'ing  by  means  of  \  lU4 «  and  1 1C»0',  we  obtain 

0  =  [.i/.]  -  [rf«.l]  -  [J^"^^  [*«.!] 

which,  by  means  of  the  expressions  for  the  auxiliaries,  is  further  re- 
duced to 

[<in]  -1"  -^  [611]  R"  -►  [r«]  C  -  [rfn]  =  [dn.Z].  \i^ 

In  a  similar  manner  we  find,  from  the  remaining  equations  of  1W\ 
1 101 '.  and  \  102  •.  the  following  expresc^ions : 

[uii]  A'  ^  [t/0  F*-  [r'O  C-"  -  [^/i]  r>*~  [01]  =  [^n.4], 

[aw]  J'  -  [*!.]  ^  ~  [r/il  C"  -  [</>0  />'  -^  r^n]  £'  -r  L'**]  =  D«-5]-    ^*' ' ' 

The  equations  =104',  105',  '1<>3  ,  and  lOT-.  enable  us  to  find  the 
particular  values  of  [6«.l],  [ow.2].  Arc.  required  in  the  ejcpresidoos  for 
the  reciprocals  of  the  weights.     Thus,  tor  the  weight  of  j-,  we  have 

[ail]  =  —  1,  [6f.]  =  [«»]  =  [</ii]  =  [f«]  =  [.»»]  =  0 : 
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and  these  equations  give 

[hnA]  =  —  A',  [c/j.2]  =  —  A'\  [dn.S]  =  —  4'", 

[en  A']  =  —  A'\  [/n.5]  =  —  A\ 

For  the  case  of  the  weight  of  y,  we  have 

[6/i]  =  —  1,  [aw]  =  [en]  =:  [dri]  =  [en]  =  [/n]  =  0, 

and  the  same  equations  give 

[6n.l]  =  —  1,  [cn.2]  =  —  J5",  [dn.3]  =  —  B"\ 

[en.4]  ==  —  R\  [/n.5]  =  —  ^. 

We  have,  also,  for  the  weight  of  2, 

[cn.2]  -=  —1,         [rfn.3]  =  —  C",         [en.4]  = — C»',         [/n.5]  =  —  (7* ; 

for  the  weight  of  u, 

[(ii.3]  =  —  1,  [<w.4]  =  —  ZH%  [/n.5]  =  —  i)^ 

for  the  weight  of  w, 

[en.4]=     -1,  [/ri.5]  =  -^^ 

and  finally,  for  the  weight  of  <, 

[/n.5]---l. 

Introducing  these  particular  values  into  the  equations  (103),  the  cor- 
responding values  of  the  unknown  quantities  are  the  reciprocals  of 
the  weights  of  their  most  probable  values,  respectively;  and  hence 
we  derive 

1  _  J__      AA^     A'A';_     A'"A"'      a';;a^      jj^a^ 

K ""  M     t^^i]     [^^"^J      [^«?-'^]     r^^-'^]     [#5] ' 


FT» 


p^      Ibb.l]   '  [cc.2]    '    [rfd.3]    '   [e«.4]    '   Cjfjf.o] 

I  _  _i v"  c^    c"c^     C'cr 

II  />"//'     Z)^D;;^ 

K-irfrf.3]+[ee.4]+i//.5]' 
1  1       ,   E'E' 


(108) 


1  _     1_ 

The  equations  (103)  and  (108)  will  serve  to  determine  separately 
the  value  of  each  unknown  quantity  and  also  that  of  its  weight,  the 


% 

r 
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auxiliary  factors  A',  -4",  -B",  &c.  having  been  found  from  the  equa- 
tions (100),  (101),  and  (102).  If  we  reverse  the  operation  and  re- 
compose  the  equations  (74)  by  means  of  the  expressions  for  the  un- 
known quantities  given  by  (103),  the  conditions  which  immediately 
follow  furnish  another  series  of  equations  for  the  determination  of  the 
auxiliary'  factors.  The  equations  thus  derived  will  give  first  the  values 
of  A',  5",  C",  D^  and  E^)  then,  those  of  A",  -B'",  C^  D^;  and  so 
on.  They  are  equally  as  convenient  as  those  already  given,  provided 
that  the  values  of  all  the  unknown  quantities  are  required  as  well  as 
their  respective  weights. 

142.  The  formuise  already  given  for  the  relations  between  the  data 
of  the  problem  and  the  weights  of  the  most  probable  values  of  the 
unknown  quantities,  are  those  which  are  of  the  greatest  practical 
value.  It  will  be  apparent  from  what  has  been  derived  that  there 
must  be  a  variety  of  methods  which  may  be  applied,  but  that  all  of 
these  methods  involve  essentially  the  same  numerical  operations. 
The  peculiar  symmetry  of  the  normal  equations  affords  also  a  variety 
of  expressions  applicable  to  the  different  phases  under  which  the 
problem  presents  itself. 

According  to  the  general  theory  of  elimination,  the  expression  for 
any  unknown  quantity,  as  determined  from  the  normal  equations, 
may  be  put  in  the  form 

A  A'  -4" 

x  =  —  —  [ari]  —  —  \hti\  —  -jj  [cri\  —  &c.,  (109) 

in  which  D  is  the  determinant  formed  from  all  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations,  and  in  which  A^  A\  J.", 
&c.  are  the  partial  determinants  required  in  the  elimination.  Thus, 
A  is  the  determinant  formed  from  the  coefficients  of  all  the  unknown 
quantities  except  a:,  in  all  the  equations  except  the  first;  ^"  is  the 
determinant  formed  from  the  coefficients  of  y,  s,  &c.  in  all  the  equa- 
tions except  the  second ;  and  the  values  of  -4",  ^'",  &c.  are  formed 
in  a  similar  manner.  Now,  since  the  value  of  x  which  results  when 
we  put  [an]  =  —  1,  and  the  other  absolute  terms  of  the  normal 
e([uations  equal  to  zero,  is  the  reciprocal  of  the  weight  of  the  most 
probable  value  of  this  unknown  quantity  as  given  by  (109),  we  have 

P,  =  f •  (110) 

In  like  manner,  the  expression  for  the  most  probable  value  of  y  \vill  be 
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S  Iff  S" 

y  =  —  -^  [an]  —  ~  [6n]  —  -^  [«i]  —  Ac,  (111) 

B,  B',  B",  &c.  being  the  partial  determinants  formed  when  the  co- 
efficients of  y  are  omitted ;  and  for  its  weight  we  have 

P,  =  §•  (112) 

The  formulfie  for  the  most  probable  value  of  z  and  for  its  weight  are 
entirely  analogous  to  those  for  x  and  y^  so  that  the  process  here  indi- 
cated may  be  extended  to  the  case  of  any  number  of  unknown  quan- 
tities. It  appears,  therefore,  that  the  weight  of  the  most  probable 
value  of  any  unknown  quantity  is  found  by  dividing  the  complete 
determinant  of  all  the  coefficients  by  the  partial  determinant  formed 
when  we  omit  the  normal  equation  corresponding  particularly  to  this 
unknown  quantity,  and  when  we  omit  also  the  coefficients  of  this 
quantity  in  the  remaining  normal  equations. 

The  peculiar  arrangement  of  the  coefficients  in  the  normal  equa-: 
tions  abbreviates  somewhat  the  expressions  for  the  several  determi- 
nants.    Thus,  in  the  case  of  three  unknown  quantities,  we  have 

A  =  [66]  [cc]  —  [6c]*,  B  =  [aa]  [cc-]  —  [ac]«,  C"  =  [oa]  [66]  —  [a6]^ 
D  =  [oa]  [66]  [cc]  +  2[a6]  [6c]  [oc]  -  [aa]  [6c]»-  [66]  lacy--  Ice]  [aA]«, 

which  are  all  the  quantities  required  for  finding  simply  the  weights 

of  the  most  probable  values  of  a?,  y,  and  z.    The  expression  for  the 

weight  of  2  is 

D 

When  there  are  but  two  unknown  quantities,  we  have 

A  =  [66],  B  =  laal  D  =  [oa]  [66]  -  [a6]^ 

and  hence 

•       ^  _  [gg]  [66]  -  [a6]'  ^  _  [gg]  [66]  -  [g6]' 

^•""  [66]  '  ^'""  [gg] 

When  the  number  of  unknown  quantities  is  increased,  the  expressions 
for  the  determinants  necessarily  become  much  mor^  complicated,  and 
lience  the  convenience  of  other  auxiliary  quantities  is  manifest.    , 

143.  The  case  has  been  already  alluded  to  in  which  the  determina- 
tion of  the  values  of  the  unknown  quantities  is  rendered  uncertain 
l)y  the  similarity  of  the  signs  and  coefficients  in  the  normal  equations. 
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and  in  wliich  the  problem  becomes  nearly  indeterminate.     Soraetii 
it  will  be  possible  to  overcome  the  difficulty  thus  encountered  by 
suitable  change  of  the  elements  to  be  determined;  but,  generally,  P 
a  complete  and  satisfactory  solution,  additional  data  will  be  requii 
It  often  happens,  however,  that  several  of  the  unknown  quautitii 
may  be  accurately  determined  from  the  given  equations  when  tl 
values  of  the  others  are  known,  but  that  the  certainty  of  the  detet— - 
mination  of  the  same  quantities  is  very  greatly  impaired  when  slII 
the  unknown  quantities  are  derived  simultaneously  from  the  saiao 
ecjuations.     Let  us  suppose  that  one  of  the  unknown  quantities  is*, 
from  the  very  nature  of  the  problem,  not  susceptible  of  an  accurate 
determination   from   the  data  employed.     The  equations  will  then 
present  themselves  in  a  form  approaching  that  in  which  the  nnmber 
of  independent  relations  is  one  less  than  the  number  of  unkoown 
quantities,  so  that  it  will  be  necessar}'  to  determine  the  other  unknown 
quantities  in  terms  of  that  whose  value  is  necessarily  uncertain.    In 
this  case  the  elimination  should  be  so  arranged  that  the  quantity 
which  is  regarded  as  uncertain  is  that  whose  value  would  be  fiwt 
determined.     Then,  if  its   coefficient   in  the  final   equation,  corre- 
8j>onding  to  (72),  is  very  small,  a  circumstance  which  indicates  at 
once  the  existence  of  the  uncertainty  when  it  is  not  otherwise  5i»- 
pectetl,  the  process  of  elimination  should  not  be  completed,  and  the 
auxiliary  quantities  should  he  determined  only  as  fiir  as  those  re- 
quired in  the  formation  of  the  e<piation  which  corresponds  to  the  fiN 
of  (70).     Thus,  let  t  be  the  uncertain  quantity,  and  we  have 

-       [CC-.4]         [e^.4]  • 

which  must  Iw  substitutoil  for  w  in  the  first  of  ecpiations  (*)8K  ^^'" 
thus  (»l)tain  ir,  Uy  c,  v,  and  x  as  functions  of  ^  If  the  solution  i" 
etlln'tiHl  by  moiins  of  the  e<juations  (103),  let  x,,,  y^,  r^,  Ac.  dt'ootethe 
vahies  of  these  unknown  quantities  when  we  put  /  =0;  and  then 
we  shall  have 


-To 


.^0 


f«=  — 


[an]  _  [6/i.l]     ,  _  [r;*.2]    .„  _  [(fw.3]     „,  _  [rM.4]  .„ 
[aa]        [bbA]  [^v.l>J  '^         [ildM]  ^  [tKA]      ' 

[/>/>.!]       [<r.2]  [</./.:^]  [^^.4]        ' 

[en:!-]  _[dn,^      ..,  _[enA-] 
trf.2]        [</-/.:;]  [,Y.|]        ' 
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ti?. 


0 


[en.4] 


(113) 


hence 

oon  as  Hs  determined  by  some  independent  condition  or  relation, 
3  equations  will  give  the  corresponding  valued  of  x,  y,  z,  &c.  The 
1  errors  of  x^,  y^,  z^,  &c.  having  been  determined  by  neglecting  t 
•ely,  if  we  denote  the  mean  error  of  the  final  adopted  value  of  t 
„  the  mean  errors  of  the  corresponding  values  of  the  other 
ibles  will  be  given  by 

hich  (ej,  (gj^),  &c.  denote  the  mean  errors  of  x^,  y^,  &c.  These 
ulae  show,  also,  that  when  one  of  the  variables  is  neglected,  the 
tions  assign  too  great  a  degree  of  precision  to  the  results  thus 
ned. 

hen  there  are  two  or  more  unknown  quantities  which  cannot  be 
mined  jfrom  the  data  with  sufficient  certainty,  the  problem  must 
eated  in  a  manner  entirely  analogous  to  that  here  indicated;  but, 
cases  of  this  kind  will  rarely,  if  ever,  occur,  it  is  not  necessary 
rsue  the  subject  further. 

4.  The  weights  which  are  obtained  for  the  most  probable  values 
e  unknown  quantities  enable  us  to  find  the  mean  and  probable 
3  of  these  values.  Let  e  denote  the  mean  error  of  an  observa- 
ivhose  weight  is  unity;  then  the  mean  error  of  x  will  be 

e,  =  -i=,  (116) 

in  like  manner,  the  expressions  for  the  mean  errors  of  y,  z,  u, 
ril\  be 

remains,  therefore,  to  determine  the  value  of  e  by  means  of  the 
residuals  obtained  by  comparing  the  observed  values  of  the 
ion  with  those  given  by  the  most  probable  values  of  the  va- 
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riables.     If  these  residuals  were  the  actual  fortuitous  errors  of  ohser- 
vatiou,  the  mean  error  of  an  observation  would  be 

^    m 

m  being  the  number  of  equations  of  condition.  This  value  is  evi- 
dently an  approximation  to  the  correct  result;  but  since  by  supposing 
the  residuals  v,  v',  v'\  &c.  to  be  the  actual  errors  of  the  several  ob- 
served values  of  the  function,  we  assign  too  high  a  d^ree  of  pre- 
cision to  the  several  results,  the  true  value  of  e  must  necessarily  be 
greater  than  that  given  by  this  equation.  Let  the  true  values  of  tbe 
unknown  quantities  be  a:  +  ax,  y  +  Ay,  z  +  az,  Ac,  the  snbstitatioo 
of  which  in  the  several  equations  of  condition  would  give  the 
residuals  J,  J',  J'',  &c. ;  then  we  shall  have 

at^x  +  ^^y  +  cAz  +  rfAt*  ....  -f-  V  =  J, 

a'Ax  +  6' Ay  +  c'A2  +  (f  Au +  t/  =  J',  ^"^ 

&c.  &c. 

If  we  multiply  each  of  these  equations  by  its  J,  and  take  the  sou^ 
of  all  the  products,  we  get 

[a J]  Aa;  +  [6 J]  Ay  +  [cJ]  Az  +  [rfJ]  au  +  . . . .  +  [r J]  =  [J J]. 

But  if  we  multiply  each  of  the  same  equations  by  its  v,  take  the  sui 
of  the  proilucts,  and  reiluce  by  means  of  (48)  and  (50),  we  obtain 

.   .  [tT]  =  [rJ]; 

and  hence  we  derive 

[J  J]  =  [rr]  +  [a  J]  Ax  +  [6J]  Ay  +  [cJ]  Az  +  [ef  J]  Au  +  ....» 119 

If  we  form  the  normal  equations  from  (118),  it  will  be  observinl  thai 
thev  are  of  the  same  form  iis  the  normal  equations  formed  from  the 
original  etiuations  of  t*ondition,  provided  that  we  write  —J  in  pi 
of  n;  and  hence,  accortling  to  (85),  we  have 


AX  =  ei  J  -f-  a  J'  +  a   J"  + 

We  have,  also, 

[a  J]  =  a  J  +  a  J'  +  a"-^"  + , 

and  the  pnxluot  of  these  et^uations  gives 

[rt  J]  AX  =^  aa J'  ^  a'a'J'«  +  a V J"»  +  . . . . 
—  aa  J  J  -p  aa  JJ    -»-.... 

The  mean  value  of  the  terms  containing  AS^  JJ"i  <5ic.  is  lero,  tnJ 
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for  the  mean  values  of  J^,  J'*,  J''*,  &c.  we  must^  in  each  case,  write 
€*.     Hence  the  mean  value  of  the  product  [a  J]  Aa?  will  be 

[aa]e«, 

and  this,  by  means  of  the  first  of  equations  (88),  is  further  reduced  to 

In  a  similar  manner,  we  obtain  the  value  ^  for  the  mean  value  of 
each  of  the  products  [bJ]  Ay,  [cJ]  A2,  &<;.  Now,  the  terms  added  to 
[rr]  in  the  second  member  of  the  equation  (119)  are  necessarily  very 
small,  and,  although  their  exact  value  cannot  be  determined,  we  may 
without  sensible  error  adopt  the  mean  values  of  the  several  terms  as 
here  determined,  so  that  the  equation  becomes 

[J  J]  =  M  +  f^\  (120) 

a  being  the  number  of  unknown  quantities.  Therefore,  since 
[J J]  =  me^,  we  shall  have 

,=jh:=je^  (121) 

by  means  of  which  the  mean  error  of  an  observation  whose  weight 
is  unity  may  be  determined.  When  //  =  1,  this  equation  becomes 
identical  with  (30). 

For  the  determination  of  the  probable  errors  of  the  final  values  of 
the  unknown  quantities,  if  r  denotes  the  probable  error  of  an  obser- 
vation of  the  weight  unity,  we  have  the  following  equations: — 


r  =  0.67449  J  '^'^^ 

^  1 


(122) 
r.  =  "7=,  r  =  ~y^,  &c. 

145.  The  formulflB  which  result  from  the  theory  of  errors  according 
to  which  the  method  of  least  squares  is  derived,  enable  us  to  combine 
the  data  furnished  by  observation  so  as  to  overcome,  in  the  greatest 
degree  possible,  the  effect  of  those  accidental  errors  which  no  refine- 
ment of  theory  can  successfully  eliminate.  The  problem  of  the  cor- 
rection of  the  approximate  elements  of  the  orbit  of  a  heavenly  body 
by  means  of  a  series  of  observed  places,  requires  the  application  of 
nearly  all  the  distinct  results  which  have  been  derived.  The  first 
approximate  elements  of  the  orbit  of  the  body  will  be  determined 
from  three  or  four  observed  places  according  to  the  methods  which 

26 


have  been  already  explained.  Id  the  case  of  a  planet,  if  the  im 
tioii  is' not  very  small,  the  mclhotl  of  three  geocentric  plaoes  mar  he 
employai,  but  it  will,  iu  general,  afford  greaU'r  accuracy  and  nt^ain 
but  little  additional  labor  to  ba;^  the  first  determination  on  four 
observed  places,  according  to  the  process  already  illustrated.  In  ibe 
case  of  a  comet,  the  first  assumption  made  is  that  tlie  oi^ii  a  t 
pambola,  and  the  elements  derived  in  accordance  with  this  hypotliai) 
may  be  successively  corrected,  until'  it  is  ap|>ai'ent  whether  it  i«  ne- 
cessary to  make  any  further  assumption  in  regard  to  the  value  of  the 
eccentricity.  In  all  ca.ses,  the  approximate  elements  derive<l  fram* 
few  places  should  be  further  corrected  by  means  of  more  i-xtto))(d 
data  before  any  attempt  is  made  to  obtain  a  more  eomplote  ilrtmni' 
nation  of  the  elements.  The  varioos  methods  Ijy  which  thi*  pre- 
liminary correction  may  be  effected  have  been  already  aufficicntW  ile- 
veloped. 

The  fundamental  places  adopted  as  the  basis  of  the  correcJion  wtf 
be  single  observed  places  separated  by  considerable  intervals  of  txat} 
but  it  will  be  preferable  to  use  places  which  may  be  rcgnnled  e  lb 
average  of  a  number  of  observations  made  on  the  same  day  or  during 
a  few  days  before  and  after  the  date  of  the  average  or  normal  pIiA 
The  ephemcris  computed  from  the  approximate  elements  known  mj 
be  assumed  to  represent  the  actual  path  so  closely  that,  for  an  intm'J 
of  a  few  days,  the  difference  between  computation  and  ob»erv»fioD 
may  be  rt^rded  aa  being  constant,  or  at  least  as  varying  pmportiim- 
ally  to  the  time,  Let  n,  n',  n",  &c.  be  the  differenivs  between  ana- 
putation  and  observation,  in  the  cnse  of  cither  spherical  co-ordiiuMi 
for  the  dates  (,  (',  t",  &c.,  respectively;  then,  if  the  intcr\-al  l)Ot»ffl 
the  extreme  obser\-ations  to  Iw  combined  in  Ihe  formation  tif  iJ* 
nonnal  place  is  not  too  great,  and  if  we  reganl  the  olMrr\'&liai<' ■* 
equally  precise,  the  normal  differeuoe  n^  l>etwcen  computatiuo  tad 
observation  will  be  found  by  taking  tJie  arithmetical  mean  of  th* 
several  values  of  >i,  and  this  being  applied  with  the  pit^»r  sign » 
the  computed  spherical  co-ordinate  for  the  date  /„  which  is  the  nW 
of  t,  t',  t",  &c.,  will  give  the  corresponding  normal  place.  But  w Iw 
different  weights  p,  /)',  p",  &c.  are  assigned  to  the  obeorvslimii.  ^ 
value  of  n„  must  be  found  from 

„  „»■?  +  ">'  +  ">"+■•■■ 

'  f+p'  +  i>"  + ' 

nd  the  weight  of  this  value  will  be  equal  to  the  SOm 
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The  date  of  the  normal  place  will  be  determined  by 

If  the  error  of  the  ephemcris  can  be  considered  as  nearly  constant^ 
it  is  not  necessary  to  determine  t^  with  great  precision,  since  any  date 
not  differing  much  from  the  average  of  all  may  be  adopted  with  suf- 
ficient accuracy.  It  should  be  observed  further  that,  in  order  to 
obtain  the  greatest  accuracy  practicable,  the  spherical  co-ordinates  of 
the  body  for  the  date  t^  should  be  computed  directly  from  the  elements, 
so  that  the  resulting  normal  place  may  be  as  free  as  possible  from  the 
eflect  of  neglected  differences  in  the  interpolation  of  the  ephemeris. 

When  the  differences  between  the  computed  and  the  observed 
places  to  be  combined  for  the  formation  of  a  normal  place  cannot  be 
considered  as  varying  proportionally  to  the  time,  we  may  derive  the 
error  of  the  ephemeris  from  an  equation  of  the  form  of  (53)^,  namely, 

the  coefficients  A,  B,  and  C  being  found  from  equations  of  condition 
formed  bv  means  of  the  several  known  values  of  a(?  in  the  case  of 
each  of  the  spherical  co-ordinates. 

146.  In  this  way  we  obtain  normal  places  at  convenient  intervals 
throughout  the  entire  period  during  which  the  body  was  observed. 
From  three  or  more  of  these  normal  places,  a  new  system  of  elements 
should  be  computed  by  means  of  some  one  of  the  methods  which 
have  already  been  given;  and  these  fundamental  places  being  judi- 
ciously selected,  the  resulting  elements  will  furnish  a  pretty  close 
approximation  to  the  truth,  so  that  the  residuals  which  are  found  by 
comparing  them  with  all  the  directly  observed  places  may  be  regarded 
as  indicating  very  nearly  the  actual  errors  of  those  places.  We  may 
then  proceed  to  investigate  the  character  of  the  observations  more 
fully.  But  since  the  observations  will  have  been  made  at  many  dif- 
ferent places,  by  different  observers,  with  instruments  of  different 
sizes,  and  under  a  variety  of  dissimilar  attendant  circumstances,  it 
may  be  easily  understood  that  the  investigation  will  involve  much 
that  is  vague  and  uncertain.  In  the  theory  of  errors  which  has  been 
developed  in  this  chapter,  it  has  been  assumed  that  all  constant 
errors  have  been  duly  eliminated,  and  that  the  only  errors  which 
remain  are  those  accidental  errors  which  must  ever  continue  in  a 
greater  or  less  degree  undetermined.     The  greater  the  number  and 


perfwtion  of  tbe  observations  employed,  the  more  nearly  wUl  t 
errors  be  determined,  and  the  more  nearly  will  the  law  of  tbtanli}- 
tribution  conform  to  that  which  has  l>eeii  assumed  as  the  buss  of 
the  method  of  least  squares. 

When  all  known  errora  have  been  eliminated,  there  may  yet  n 
i;onstant  errors,  and  alao  other  errors  wh(»e  law  of  distrihuttt 
peculiar,  such  as  may  arise  from  tbe  idiosyncrasies  of  the  diScnat 
observers,  from  the  aystcmatic  errors  of  the  adopted  star-plarci  ia 
the  case  of  diflei-ontial  observations,  and  from  a  variety  of  oiha 
sources;  and  since  the  observations  themselves  furnish  thconlymKiu 
of  arriving  at  a  knowledge  of  these  errors,  it  becomes  tmporlniii  l" 
discuss  them  in  such  a  manner  that  nil  errors  which  may  be  n^^anled, 
in  a  sense  more  or  le^  extended,  as  Tegular  may  be  vlimiitl 
Wheu  this  lias  been  accomplished,  the  residuals  wliicb  still  i 
will  enable  us  to  form  an  estimate  of  the  degree  of  aocuraey  i 
may  l>e  attributed  to  the  different  series  of  observations,  in  ord(7|| 
they  may  not  only  be  combined  in  the  most  advantageous  mu 
but  that  also  no  refinements  of  calculation  may  be  introduced  « 
are  not  warranted  by  the  qimlity  of  the  material  to  bo  employrd,  J 

The  necessity  of  a  preliminary  calculation  in  whieh  a  high  • 
of  accuracy  is  already  obtained,  is  indicated  by  the  fact  that,  \wt\ 
cousciejilious  the  observer  may  be,  hie  judgment  is  unconsi-ia 
wari»d  by  an  inherent  desire  to  produce  results  harmonising  4 
amoug  themselves,  so  that  a  limited  scries  of  places  outy  > 
such  an  extent  that  the  probable  error  oi'  an  ol^servatiuu  ■ 
from  the  relative  discordances  would  assign  a  weight  \-nst]7  in  e 
of  \\»  true  \'alue.  The  combination,  however,  of  a  large  nuinbl 
independent  data,  by  exhibiting  at  least  an  approiiouttion  t 
absolute  errors  of  the  observatioas,  will  indicate  nearly  whi 
measure  of  precision  should  I>e.  As  soon,  therefore,  as  | 
elements  whicli  nearly  represent  (he  entire  series  of  obscrvatioitf  H 
l)ei-n  found,  an  attempt  should  l>e  mode  to  eliminate  all  c 
may  be  accurately  or  approximately  determined.  Tbe  pUaa  of  v 
comparison-stars  used  in  the  observations  should  be  dctenniiicd  *i'' 
care  from  the  data  available,  am)  should  be  roduccd,  b)'  mauM  of  tlx 
pro[ier  systematic  corrections,  to  some  stniidurd  systvm.  Tbe  rtdo^ 
tioM  of  the  mcou  places  of  tlie  stars  to  apjiarent  placra  abould  ■!•)  ^ 
made  by  means  of  uniform  conslanta  of  reduction.  Tbe  obaemlM** 
will  thus  be  unitbrmly  reduced.  Then  the  perturtntioos  artsiny  fioB 
the  action  of  the  pUnels  should  be  computed  by  nouts  of  fixuml* 
which  will  be  iuvestigated   iu  the  next  diapler,  aod  Iha  ^bMnl 
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places  should  be  freed  from  these  perturbations  so  as  to  give  the 
places  for  a  system  of  osculating  elements  for  a  given  date. 

147.  The  next  step  in  the  process  will  be  to  compare  the  pro- 
visional elements  with  the  entire  series  of  observed  places  thus  cor- 
rected; and  in  the  calculation  of  the  ephemeris  it  will  be  advan- 
tageous to  correct  the  places  of  the  sun  given  by  the  tables  whenever 
observations  are  available  for  that  purpose.  Then,  selecting  one  or 
more  epochs  as  the  origin,  if  we  compute  the  coefficients  A,  -B,  C  in 

the  equation 

^0  =  A  +  Bt+  Ct\  (125) 

in  the  case  of  each  of  the  spherical  co-ordinates,  by  means  of  equa- 
tions of  condition  formed  from  all  the  obser\'ations,  the  standard 
ephemeris  may  be  corrected  so  that  it  may  be  regarded  as  representing 
the  actual  path  of  the  body  during  the  period  included  by  the  obser- 
vations. When  the  number  of  observations  is  considerable,  it  will  be 
more  convenient  to  divide  the  observations  into  groups,  and  use  the 
differences  between  computation  and  observation  for  provisional 
normal  places  in  the  formation  of  the  equations  of  condition  for  the 
determination  of  A,  B,  and  C.  It  thus  appears  that  the  corrected 
ephemeris  which  is  so  essential  to  a  determination  of  the  constant 
errors  peculiar  to  each  series  of  observations,  is  obtained  without  first 
having  determined  the  most  probable  system  of  elements.  The  cor- 
rections computed  by  means  of  the  equation  (125)  being  applied  to 
the  several  residuals  of  each  series,  we  obtain  what  may  be  regarded 
as  the  actual  errors  of  these  observations.  The  arithmetical  or  pro- 
l)able  mean  of  the  corrected  residuals  for  the  series  of  observations 
made  by  each  observer  may  be  regarded  as  the  average  error  of  obser- 
vation for  that  series.  The  mean  of  the  average  errors  of  the  several 
series  may  be  regarded  as  the  actual  constant  error  pertaining  to  all 
the  observations,  and  the  comparison  of  this  final  mean  with  the 
means  found  for  the  different  scries,  respectively,  furnishes  the  pro- 
bable value  of  the  constant  errors  due  to  the  peculiarities  of  the 
observers;  and  the  constant  correction  thus  found  for  each  observer 
should  be  applied  to  the  corresponding  residuals  already  obtained. 

In  this  investigation,  if  the  number  of  comparisons  or  the  number 
of  wires  taken  is  known,  relative  weights  proportional  to  the  number 
of  comparisons  may  be  adopted  for  the  combination  of  the  residuals 
for  each  series.  In  this  manner,  observations  which,  on  account  of 
the  peculiarities  of  the  observers,  are  in  a  certain  sense  heterogeneous, 
may  be  rendered  homogeneous,  being  reduced  to  a  standard  which 
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approaches  the  absolute  in  proportion  as  the  number  and  perfection 
of  the  distinct  series  combined  are  increased.  Whatever  constant 
error  remains  will  be  very  small,  and,  besides,  will  affect  all  places 
alike. 

The  residuals  which  now  remain  must  be  regarded  as  consisting 
of  the  actual  errors  of  observation  and  of  the  error  of  the  adopted 
place  of  the  comparison-star.  Hence  they  will  not  give  the  probable 
error  of  observation,  and  will  not  serve  directly  for  assigning  the 
measures  of  precision  of  the  series  of  observations  by  each  observer. 
Let  us,  therefore,  denote  by  e,  the  mean  error  of  the  place  of  the 
comparison-star,  by  e,  the  mean  error  of  a  single  comparison;  then 

will  —T=^  be  the  mean  error  of  m  comparisons,  and  the  mean  error  of 

Vm 

the  resulting  place  of  the  body  will,  according  to  equation  (35),  be 
given  by 

eo'=~  +  C.  (126) 

The  value  of  c^,  in  the  case  of  each  series,  will  be  found  by  means  of 
the  residuals  finally  corrected  for  the  constant  errors,  and  the  value 
of  e,  18  supposed  to  be  determined  in  the  formation  of  the  catalogue 
of  star-places  adopted.  Hence  the  actual  mean  eiTor  of  an  observa- 
tion consisting  of  a  single  comparison  will  be 

e,  =  l/m  (T.^^TeT).  (127) 

The  value  of  e,  for  each  observer  having  been  found  in  accordance 
with  this  equation,  the  mean  error  of  an  observation  consisting  of  m 
comparisons  will  be 

Vm 

The  mean  error  of  an  observation  whose  weight  is  unity  being  de- 
noted by  £,  the  weigiit  of  an  observation  based  on  m  comparisons  will 
be 

P  =  -r-  (128) 

Tim  value  of  £  may  be  arbitrarily  assigned,  and  we  may  adopt  for  it 
:.♦:  10"  or  any  other  number  of  seconds  for  which  the  resulting  values 
of  p  will  be  convenient  numbers. 

When  all  the  observations  are  differential  observations,  and  the  stars 
of  (!ompurison  are  included  in  the  fundamental  list,  if  we  do  not  take 
into  account  the  number  of  comparisons  on  which  each  observed 
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place  depends,  it  will  not  be  necessary  to  consider  e^,  and  we  may 
then  derive  9,  directly  from  the  residuals  corrected  for  constant  errors. 
Further,  in  the  case  of  meridian  observations,  the  error  which  corre- 
sponds to  €,  will  be  extremely  small,  and  hence  it  is  only  when  these 
are  combined  with  equatorial  observations,  or  when  equatorial  obser- 
vations based  on  different  numbers  of  comparisons  are  combined,  that 
the  separation  of  the  errors  into  the  two  component  parts  becomes 
necessary  for  a  proper  determination  of  the  relative  weights. 

According  to  the  complete  method  here  indicated,  after  having 
eliminated  as  far  as  possible  all  constant  errors,  including  the  correc- 
tions assigned  by  equation  (125)  to  be  applied  to  the  provisional 
ephemeris,  we  find  the  value  of  e,  given  by  the  equation 

ne*  =  [mvv]  —  [m]  e/,  (129) 

in  which  n  denotes  the  number  of  observations;  m,  m',  m'',  &c.  the 
number  of  comparisons  for  the  respective  observations;  and  v,  v',  v"y 
&c.  the  corresponding  residuals.  Then,  by  means  of  equation  (128), 
assuming  a  convenient  number  for  e,  we  compute  the  weight  of  each 
observation.  Thus,  for  example,  let  the  residuals  and  corresponding 
values  of  wi  be  as  follows : — 


A0 

m 

6B 

m 

+  2".0 

5. 

— 1".0 

7, 

1  .8 

5, 

+  1  .5 

5. 

0.4 

10, 

+  4.1 

8. 

—  5.6 

5, 

0.0 

5. 

Let  the  mean  error  of  the  place  of  a  comparison-star  be 

e.=  ±2".0; 

then  we  have  n  =  8,  and,  according  to  (129), 

8e,«=  341.78  — 200.0, 
which  gives 

e,  =  ±  4".2. 

Let  us  now  adopt  as  the  unit  of  weight  that  ibv  which  the  mean  erroi  is 

€  =  ±3".0; 

then  we  obtain  by  means  of  equation  (128),  for  the  weights  of  the 
observations, 

2.5,        2.5,        5.1,        2.5,        3.6,        2.5,        4.1,        2.5, 

pectively. 


In  this  manner  the  weights  of  the  observations  in  the  s 
by  each  observer  must  be  determined,  using  throughoat  t\it  ■ 
value  of  £■  Then  the  differences  between  the  plnces  computed  ft 
the  provisional  elements  to  be  corrected  and  the  oljscrvwi  plaen  c<l^ 
reeled  for  the  constant  error  of  the  observer,  must  be  iH>ntbinnl  «- 
cording  to  the  equations  (12,3)  and  {125),  the  adopt«I  vniuesof  ^iif/, 
p",  &c.  being  those  found  from  (128).  Thus  will  be  obUunedthe 
fiual  residuals  for  the  formation  of  the  equations  of  condition  fna 
which  to  derive  the  roost  probable  value  of  the  corrections  to  ht 
applied  to  the  elements.  The  relative  weights  of  these  normalB  "ill 
be  indicated  by  the  sums  formed  by  adding  together  the  wi-i^littof 
the  observations  combined  iu  the  formation  of  each  normal,  ami  ttu 
unit  of  weight  will  depend  on  the  adopttJ  value  of  t.  If  it  be  de- 
sired to  adopt  n  different  unit  of  weight  in  the  case  of  the  vnlutiiui 
of  the  equations  of  condition,  such,  for  example,  tlint  the  wci;^:  d 
an  equation  of  average  precision  shall  be  unity,  we  niny  itimplr^liTidc 
the  weights  of  the  normals  by  any  number  p^  which  will  wvtisfy  tb 
condition  imposeti.  The  mean  error  of  an  obaervatiou  whoaewt^lil 
is  unity  will  then  be  given  by 


the  value  of  e  being  that  used  in  the  determination  of  the  wcigbli^, 
p',  (fee. 

148.  The  observations  of  comets  are  liable  to  be  aScctrd  br  otlw 
errors  in  addition  to  thasc  which  ore  common  to  tliC!*o  lun)  to  plm* 
ary  observations.  Differeat  obser^-ers  will  fix  upon  difli-n^nl  poiPO 
as  the  proper  point  to  be  observed,  and  all  of  tliedc  may  diflfer  fiw 
the  actual  position  of  the  centre  of  gravity  of  the  ixtmct;  and  bt- 
ther,  on  account  of  clianges  in  the  physical  appearance  of  tlic  oMntf< 
llie  same  observer  may  on  different  nights  select  different  poioE*- 
Thuse  circumstances  concur  to  vitiate  the  normal  places,  inasmacli » 
the  resulting  errors,  although  in  a  certain  sense  fortoitona,  «*  «* 
such  that  the  law  of  their  distribution  is  evidently  diSenmt  &»* 
that  whicii  is  adopted  as  the  basis  of  IJie  mcth<xl  of  IbuI  i>quii^ 
The  impo^ibility  of  assigning  tho  actual  limits  and  the  lair  of  ■li*' 
tributlon  of  many  errors  of  this  class,  renders  it  neoeaaarj-  lo  idof* 
empirieul  methods,  the  su<MXisa  of  which  will  depend  oa  lb«  diacti*^ 
nation  of  the  computer. 

Jl'  (g  denotes  the  mean  error  of  an  observatum  bMed  «■  hmM- 
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parisons,  and  e^  the  mean  errop  to  be  feared  on  acoount  of  the  pecu- 
liarities of  the  physical  appearance  of  the  comet, 

V  +  e/ 

will  express  the  mean  error  of  the  residuals;  and  if  n  of  these 
residuals  are  combined  in  the  formation  of  a  normal  place,  the  mean 
error  of  the  normal  will  be  given  by 

*.'  =  ^  +  O-  (130) 


•  n 


The  value  of  e/  may  be  determined  approximately  from  the  data 
furnished  by  the  observations.  Thus,  if  the  mean  error  of  a  single 
comparison,  for  the  different  observer,  has  been  determined  by  means 
of  the  differences  between  single  comparisons  and  the  arithmetical 
mean  of  a  considerable  number  of  comparisons,  and  if  the  mean  error 
of  the  place  of  a  comparison-star  has  also  been  determined,  the 
equation  (126)  will  give  the  corresponding  value  of  e^;  then  the 
actual  differences  between  computation  and  observation  obtained  by 
eliminating  the  error  of  the  ephemeris  and  such  constant  errors  as 
may  be  determined,  will  furnish  an  approximate  value  of  e^  by  means 
of  the  formula 

in  which  n  denotes  the  number  of  observations  combined. 

Sometimes,  also,  in  the  case  of  comets,  in  order  to  detect  the  opera- 
tion of  any  abnormal  force  or  circumstance  producing  different  effects 
in  different  parts  of  the  orbit,  it  may  be  expedient  to  divide  the 
observations  into  two  distinct  groups,  the  first  including  the  observa- 
tions made  before  the  time  of  perihelion  passage,  and  the  other 
including  those  subsequent  to  that  epoch. 

149.  The  circumstances  of  the  problem  will  often  suggest  appro- 
priate modifications  of  the  complete  process  of  determining  the  rela- 
tive weights  of  the  observations  to  be  combined,  or  indeed  a  relaxa- 
tion from  the  requirements  of  the  more  rigorous  method.  Thus,  if 
on  account  of  the  number  or  quality  of  the  data  it  is  not  considered 
necessary  to  compute  the  relative  weights  with  the  greatest  precision 
attainable,  it  will  suffice,  when  the  discussion  of  the  observations  has 
been  carried  to  an  extent  sufficient  to  make  an  approximate  estimate 
of  the  relative  weights,  to  assume,  without  considering  the  number 
of  comparisons,  a  weight  1  for  the  observations  at  one  observatory,  a 


weight  ]  for  unotlier  cIh^  of  obsorvations,  I  for  a  tliird  dass,  odN 
on.  It  should  be  observed,  also,  that  when  there  are  bat  few  o\Ka- 
vatiouG  to  be  combined,  the  applicatioD  of  the  formal^  for  the  mtu 
or  probable  errorfi  may  be  in  a  degree  fallacious,  the  resulting  vaiaia 
of  these  errors  being  little  more  than  rude  approximations;  still  llw 
mean  or  probable  errors  as  thus  determined  furnish  the  mo£t  reUalile 
means  of  estimating  the  relative  wdghts  of  the  observntioiu  oijJ^ 
by  diiferent  obsorvcra,  since  otherwise  the  s«ile  of  weight^:  would 
depend  on  the  arbitrary  discretion  of  the  computer.  Further,  in  a 
complete  investigation,  even  when  the  very  greatest  care  has  bwn 
taken  in  the  theoretical  discuasion,  on  account  of  independent  knoxn 
circutnatances  connected  with  some  particular  obsen-ation,  it  nuf  Ix 
expedient  to  change  arbitrarily  the  weight  assigned  br  thraiy  B 
certain  of  the  normal  places.  It  may  also  bi-  advisable  to  njtf 
entirely  those  observations  whose  weight  b  less  than  a  certain  TinA 
which  may  be  regarded  as  the  standard  of  excullence  belovc  vUefc 
the  observations  should  be  rejected;  and  it  nnll  tte  proper  tor^ 
observations  which  do  not  afford  the  data  rc<]nisite  for  a  homofimtMl 
eombln.ition  with  the  others  according  to  the  principles  >IrmI^ 
explained.  But  in  all  eases  the  rejection  of  apparently  duoMid 
observations  should  uot  be  (»rried  to  any  considerable  exl4Wt  bbIm 
a  very  large  number  of  good  observations  are  available.  The  net 
apparent  discrepancy  between  any  residual  and  the  others  of  a  Mrio^ 
is  not  in  ilself  sufficient  to  warrant  its  rejection  unlns  SuSt  «• 
known  which  would  iudepeudeutly  assign  to  it  a  low  degree  uf  pt- 
cision. 

A  doubtful  observation  will  have  the  greatest  influence  in  Titiici>( 
the  resulting  normal  place  when  but  a  small  number  of  nhaerrri 
places  arc  combined ;  and  hence,  since  we  cannot  aaaume  tliat  tlx  I** 
of  the  distribution  of  errors,  acconling  to  which  the  methcNl  of  W 
squares  is  derived,  will  be  complied  with  in  the  case  of  only*  fr* 
observations,  it  will  not  in  general  be  safe  to  reject  an  obsen-atiun  ft"- 
vided  that  it  surpasses  a  limit  which  is  fixed  by  the  ntloptnl  dimT 
of  errors.  If  the  number  of  observations  is  so  large  ihat  thcJ"" 
tribution  of  the  errors  may  be  assumed  to  conform  to  the  ihr<fj 
adopted,  it  will  be  possible  to  assign  a  limit  such  that  a  n^'"' 
which  surjtasscs  it  may  be  rejected.  Thus,  in  a  seriea  «f  u  oWf" 
tions,  according  to  the  expression  (19),  the  nnmbcr  of  on^J 
than  nr  will  be 
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and  when  n  has  a  value  such  that  the  value  of  this  expression  is  less 
than  0.5,  the  error  nr  will  have  a  greater  probability  against  it  than 
for  it,  and  hence  it  may  be  rejected.  The  expression  for  finding  the 
limiting  value  of  n  therefore  becomes 


v/« 


nJkr 


(131) 


By  means  of  this  equation  we  derive  for  given  values  of  m  the  cor- 
responding values  of  nhr  =  0.47694h,  and  hence  the  values  of  n. 
For  convenient  application,  it  will  be  preferable  to  use  e  instead  of  r, 
and  if  we  put  n'  =  0.67449yi,  the  limiting  error  will  be  n'e,  and  the 
values  of  n'  corresponding  to  given  values  of  m  will  be  as  exhibited 
in  the  following  table. 

TABLE. 


m 

n' 

m 

»' 

m 

«' 

m 

»' 

6 

1.732 

20 

2.241 

55 

2.608 

90 

2.773 

8 

1.863 

25 

2.326 

60 

2.638 

95 

2.791 

10 

1.960 

30 

2.394 

65 

2.665 

100 

2.807 

12 

2.037 

35 

2.450 

70 

2.690 

200 

3.020 

14 

2.100 

40 

2.498 

75 

2.713 

300 

3.143 

16 

2.154 

45 

2.539 

80 

2.734 

400 

3.224 

18 

2.200 

50 

2.576 

85 

2.754 

500 

3.289 

According  to  this  method,  we  first  find  \he  mean  error  of  an  obser- 
vation by  means  of  all  the  residuals.  Then,  with  the  value  of  r/i  as 
the  argument,  we  take  from  the  table  the  corresponding  value  of  n\ 
and  if  one  of  the  residuals  exceeds  the  value  n'e  it  must  be  rejected. 
Again,  finding  a  new  value  of  e  from  the  remaining  m  —  1  residuals, 
and  repeating  the  operation,  it  will  be  seen  whether  another  observa- 
tion should  be  rejected;  and  the  process  may  be  continued  until  a 
limit  is  reached  which  does  not  require  the  further  rejection  of  ob- 
servations. Thus,  for  example,  in  the  case  of  50  observations  in 
which  the  residuals  — 11".5  and  +7''.8  occur,  let  the  Bum  of  the 
squares  of  the  residuals  be 

[in;]  =  320.4. 

Then,  according  to  equation  (30),  we  shall  have 

e  =  ±  2".56. 


Corresponding  to  the  valne  m  =  50,  the  table  gives  n'  ^=  2.571 
the  limiting  value  of  tbe  error  becomes 


and  hence  the  residuals — 11". 5  and  -t-7".8  are  r^octed.     Rwnn- 
puting  the  mean  error  oi'  an  observation,  we  have 


320,4  — 1&3.09 

^ ^47 


=  ±  1".65. 


I 


id  00  u* 
pire  bBB-       I 


In  the  Formation  of  a  normal  place,  when  the  mean  en 
observation  has  been  inferred  from  only  a  small  number  of 
tions,  ttocording  to  what  has  \>eea  statnl,  it  will  not  be  safe 
upon  the  equation  (131)  tor  the  necessity  of  the  rejection  of  a  iluobt- 
ful  observation.  But  if  any  abnormal  influence  is  euspeclcd.  or  if 
any  antecedent  discussion  of  observations  by  the  same  observer,  nai 
under  similar  circumstances,  seems  to  indicate  tliat  an  error  of  a  ^vm 
magnitude  is  highly  irapr&bable,  the  application  of  this  fomiata  *ill 
serve  to  confirm  or  remove  the  doubt  already  created.  Munh*ill 
therefore  depend  on  the  discrimination  of  the  computer,  and  on  hi 
knowledge  of  the  various  sources  of  error  which  may  ooospire  M- 
tinuously  or  discontinuously  in  the  production  of  large 
errors.  It  b  the  business  of  the  observer  to  indicate  llic 
stances  peculiar  to  the  phenomenon  observed,  the  instrami 
ployed,  and  the  methods  of  observation ;  and  the  discussion  rf  4» 
data  thus  furnished  by  different  observers,  as  far  as  possible  in  » 
cordanw  with  the  strict  requirements  of  the  adopted  thcon'ofercM 
will  furnish  results  which  must  bo  regarded  as  tiio  best  which  <sd  ^ 
derived  Irom  the  evidence  oontnbutc-d  by  all  the  obficrvxtions. 

150.  When  the  final  normal  places  have  been  derived,  thedifc" 
cnces  between  these  and  the  corresponding  places  computed  from  the 
provisional  elements  to  be  correcteil,  taken  tn  the  sense  computittM 
minus  observation,  give  the  values  of  n,  n',  ri",  Ar.  which  are  tli' 
absolute  terms  of  the  equations  of  condition.  By  menn*  nf  dx* 
elements  we  compute  also  (he  values  of  the  diSerenlial  (MX'lSHflitx'f 
each  of  the  spherical  oo-ordinates  with  renjKxrt  to  codi  uftlte  elenwii* 
to  be  corrected.  These  ditTcrcntiaJ  coefficients  give  the  valiu»  rf  l^ 
coefficients  a,  b,  c,  a',  b',  &c.  in  the  equations  of  oooditioa.  T^ 
mode  of  calculating  these  coefficients,  for  different  sjBtnns  of  fl*^^ 
dinates,  and  the  mode  of  forming  the  equations  of  ooncHtafln,  b** 
been  fully  developed  in  the  second  ehaptrr.     It  is  of  g 
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ance  that  the  numerical  values  of  these  coefficients  should  be  care- 
fully checked  by  direct  calculation,  assigning  variations  to  the  ele- 
ments, or  by  means  of  differences  when  this  test  can  be  successfully 
applied.  In  assigning  increments  to  the  elements  in  order  to  check 
the  formation  of  the  equations,  they  should  not  be  so  large  that  the 
neglected  terms  of  the  second  order  become  sensible,  nor  so  small  that 
they  do  not  afford  the  required  certainty  by  means  of  the  agreement 
of  the  corresponding  variations  of  the  spherical  co-ordinates  as 
obtained  by  substitution  and  by  direct  calculation. 

As  soon  as  the  equations  of  condition  have  been  thus  formed,  we 
multiply  each  of  them  by  the  square  root  of  its  weight  as  given  by 
the  adopted  relative  weights  of  the  normal  places;  and  these  equa- 
tions will  thus  be  reduced  to  the  same  weight.  In  general,  the 
numerical  values  of  the  coefficients  will  be  such  that  it  w^ill  be  con- 
venient, although  not  essential,  to  adopt  as  the  unit  of  weight  that 
which  is  the  average  of  the  weights  of  the  normals,  so  that  the 
numbers  by  which  most  of  the  equations  will  be  multiplied  will  not 
differ  much  from  unity.  The  reduction  of  the  equations  to  a  uniform 
measure  of  precision  having  been  effected,  it  remains  to  combine  them 
according  to  the  method  of  least  squares  in  order  to  derive  the  most 
probable  values  of  the  unknown  quantities,  together  with  the  relative 
weights  of  these  values.  It  should  be  observed,  however,  that  the 
numerical  calculation  in  the  combination  and  solution  of  these  equa- 
tions, and  especially  the  required  agreement  of  some  of  the  checks  of 
the  calculation,  will  be  fiicilitated  by  having  the  numerical  values  of 
the  several  coefficients  not  very  unequal.  If,  therefore,  the  coefficient 
a  of  any  unknown  quantity  x  is  in  each  of  the  equations  numerically 
much  greater  or  much  less  than  in  the  case  of  the  other  unknown 
quantities,  we  may  adopt  as  the  corresponding  unknown  quantity  to 
be  determined,  not  x  but  vx,  v  being  any  entire  or  fractional  number 

such  that  the  new  coefficients  -,  — ,  &c.  shall  be  made  to  agree  in 

magnitude  with  the  other  coefficients.  The  unknown  quantity  whose 
value  will  then  be  derived  by  the  solution  of  the  equations  will  be 
uXy  and  the  corresponding  weight  will  be  that  of  ux.  To  find  the 
weight  of  X  from  that  of  uxj  we  have  the  equation 

?.-=>•?«.  (132) 

In  the  same  manner,  the  coefficient  of  any  other  unknown  quantity 
may  be  changed,  and  the  coefficients  of  all  the  unknown  quantities 
may  thus  be  made  to  agree  in  magnitude  within  moderate  limits,  the 


414  THEORETICAL   ASTROXOMY. 

advantage  of  which,  in  the  nnmerical  solnrion  of  the  equations,  wUl 
be  apparent  bv  a  consideration  of  the  mode  of  provii^  the  calcula- 
tion of  the  coefficients  in  the  normal  equations.  It  will  be  expedient, 
alj90,  to  take  for  ^  some  integral  power  of  10,  or,  when  a  fractional 
vainc  is  required,  the  corresponding  decimal.  It  mav  be  remarked, 
further,  that  the  introduction  of  >  is  generally  required  onlv  when 
the  coefficient  of  one  of  the  unknown  quantities  is  very  large,  as 
frequently  happens  in  the  case  of  the  variation  of  the  mean  daily 
motion  /i. 

When  the  coefficients  of  some  of  the  unknown  quantities  are 
extremely  small  in  all  the  equations  of  condition  to  be  combined,  an 
approximate  solution,  and  often  one  which  is  sufficiently  accurate  for 
the  purposes  required,  may  be  obtained  by  first  neglecting  these 
quantities  entirely,  and  afterwards  determining  them  separately.  In 
general,  however,  this  can  only  be  done  when  it  is  certainly  known 
that  the  influence  of  the  neglected  terms  is  not  of  sensible  magnitude, 
or  when  at  least  approximate  values  of  these  terms  are  already  given. 
When  we  adopt  the  approximate  plane  of  the  orbit  as  the  fiinda- 
mental  plane,  the  equatioas  for  the  longitude  involve  only  four  ele- 
ments, and  the  coefficients  of  the  variations  of  these  elements  in  the 
ec|uations  for  the  latitudes  are  always  very  small.  Hence,  for  an 
approximate  solution,. we  may  first  solve  the  equations  involving  four 
unknown  quantities  as  furnished  by  the  longitudes,  and  then,  substi- 
tuting the  resulting  values  in  the  equations  for  the  latitudes,  they 
will  contain  but  two  unknown  quantities,  namely,  those  which  give 
the  corrections  to  be  applied  to  Q  and  i. 

151.  When  the  number  of  equations  of  condition  is  large,  the 
computation  of  the  numerical  values  of  the  coefficients  in  the  normal 
equations  will  entail  considerable  labor;  and  hence  it  is  desirable  to 
arrange  the  calculation  in  a  convenient  form,  applying  also  the  checks 
which  have  been  indicated.  The  most  convenient  arrangement  will 
be  to  write  the  logarithms  of  the  absolute  terms  n,  n',  7i",  &c.  in  a 
horizontal  line,  directly  under  these  the  logarithms  of  the  coefficients 
a,  a',  a",  &c.,  then  the  logarithms  of  6,  6',  6",  &c.,  and  so  on.  Then 
writing,  in  a  corresponding  form,  the  values  of  logn,  logn',  <fec.  on  a 
slip  of  pa|>er,  by  bringing  this  successively  over  each  line,  the  sums 
[?ni],  [a?i],  [6n],  &c.  will  be  readily  formed.  Again,  writing  on 
another  slip  of  paper  the  logarithms  of  a,  a',  a",  &c.,  and  placing 
this  slip  successively  over  the  lines  containing  the  coefficients,  we 
derive  the  values  [ad],  [oA],  [oc],  &c.     The  multiplication  by  6,  c,  d, 
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&c,  suocessively  is  effected  in  a  similar  manner;  and  thus  will  be 
derived  [66],  [6c],  [6cf],  Ac.,  and  finally  [jQT]  in  the  case  of  six  un- 
known quantities.  In  forming  these  sums,  in  the  cases  of  sums  of 
positive  and  negative  quantities,  it  is  convenient  as  well  as  conducive 
to  accuracy  to  write  the  positive  values  in  one  vertical  column  and 
the  negative  values  in  a  separate  column,  and  take  the  difference  of 
the  sums  of  the  numbers  in  the  respective  columns.  The  proof  of 
the  calculation  of  the  coefficients  of  the  normal  equations  is  effected 
by  introducing  «,  «',  «",  &c.,  the  algebraic  sums  of  all  the  coefficients 
in  the  respective  equations  of  condition,  and  treating  these  as  the 
coefficients  of  an  additional  unknown  quantity,  thus  forming  directly 
the  sums  [«yi],  [cw],  [6«],  [cs],  &c.  Then,  according  to  the  equations 
(76)  and  (77),  the  values  thus  found  should  agree  with  those  obtained 
by  taking  the  corresponding  sums  of  the  coefficients  in  the  normal 
equations. 

The  normal  equations  being  thus  derived,  the  next  step  in  the 
process  is  the  determination  of  the  values  of  the  auxiliary  quantities 
necessary  for  the  formation  of  the  equations  (74).  An  examination 
of  the  equations  (64),  (55),  &c.,  by  means  of  which  these  auxiliaries 
are  determined,  will  indicate  at  once  a  convenient  and  systematic 
arrangement  of  the  numerical  calculation.  Thus,  we  first  write  in  a 
horizontal  line  the  values  of  [aa]y  [a6],  [ac], . . .  [cw],  [ari],  and  di- 
rectly under  them  the  corresponding  logarithms.  Next,  we  write 
under  these,  commencing  with  [a6],  the  values  of  [66],  r6c],  [6cr|, 

•  •  [^*]>  L^'*]  5  then,  adding  the  logarithm  of  the  factor  ^-^  to  the 
logarithms  of  [a6],  \_ac]j  &c.  successively,  we  write  the  value  of 
f — =r  [a6]  under  [66],  that  of  ^ — =-  [oc]  under  [6c],  and  so  on.  Sub- 
tracting the  numbers  in  this  line  from  those  in  the  line  above,  the 
differences  give  the  values  of  [66.1],  [6c.l], . . .  [6«.l],  [6/1.1],  to  be 
written  in  the  next  line,  and  the  logarithms  of  these  we  write  directly 
under  them.  Then  we  write  in  a  horizontal  line  the  values  of  [cc]^ 
[cd]j  •  •  [^])  [^>  placing  [cc]  under  [6c.l],  and,  having  added  the 

logarithm  of  ^ — =-  to  the  logarithms  of  [oc],  [ad],  &c.  in  succession, 

we  derive,  according  to  the  equations  (55)  and  (58),  the  values  of 
[oc.l],  [cc/.l], . .  [c«.l],  [cH.l],  which  are  to  be  placed  under  the  cor- 
responding quantities  [cc],  [cd],  &c.  Next,  we  subtract  from  these, 
respectively,  the  products 

[6c.l]  r,    n  [^^'•IJrJLJn         [^^-1]  rjL    n  [^<^-l]  riL     n 


and  thus  derive  the  values  of  [cc.2],  [ct/.2], . .  [p«.2],  [tn.2'], ' 
are  to  be  written  in  the  next  horizontal  line  and  uod«r  tJiem  thor 
logarithms.  Then  we  introduce,  in  a  similar  manner,  the  coeffictcott 
[dd],  [(/f], . .  [dii],  writing  [dd]  under  [c(/.2] ;  and  from  cath  of  tboi 
iu  succession  wc  subtract  tikc  products 


[ad]  [«rf] 


J  [ad]        '^-^  [at]  ^^^=-^  [an\ 


thus  finding  the  values  of  [((J.l],  [rfe.l], . .  [dn  .  1].     From  th««l 
subtract  the  products 


[6U]'-™'J'        tixrjL' 


t^iln 


respectively,  which  operation  gives  the  values  of  [*H,2],  [(f«.2], .. 
[(fft.2].     From  tliese  results  we  subtract  the  products 


t=..21. 


2),... 


and  derive  [(W.3],  [tfc,3], . .  [rfjt.S]  under  which  we  write  the  («• 
responding  logarithms.     Then  we  Introduce  [w],  [r/],  [«],  and  [f«J, 

writing  [w]  under  [rfe.3].     First,  subtracting  ^"^-^  [oc],  ~  [o;'], .  ■ 


[a„]L' 


K.1],  C-:/".!],  [m.I],  aud  [en.Ij;  then  subtncling 


from  these  the  products 


wc  obtain  the  values  of  [«.2],  [e/'.2],  [<v.2j,  and    [fii.2].    A|;ai8. 
subtracting 

wc  have  the  voluea  of  [«.3],  [c/.3],  [«.3],  [en.3];  nd  iball;,| 
tnicting  from  these  the  products 

t*.3]  [ifc.3]  [J<,3] 

[TwTjt'''-']'       [a3T]t*']'--iai3]tJ».»]. 

we  derive  the  results  for[w.4],  [f/".4],  [«.4],  andfoi.4];  noderwU^ 
the  corresptmding  lognrithms  are  to  be  written. 

If  there  are  six  unknown  quantities  to  be  dcUrmiavd,  we  »■* 
further  write  in  a  horizontal  line  the  values  of  [jfiT,  r/>l  ud  f 


4 

I 
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placing  [jQf]  under  [e/'.4],  and  by  means  of  five  successive  subtrac- 
tions entirely  analogous  to  what  precedes,  and  as  indicated  by  the 
remaining  equations  for  the  auxiliaries,  we  obtain  the  values  of  [j^jT.d], 
[/«.5],  and  [/n.6]. 

The  values  of  [6«.l],  [cs.l],  [<».2],  &c.  serve  to  check  the  calcula- 
tion of  the  successive  auxiliary  coefficients.     Thus  we  must  have 

[66.1]  +  [6c.l]  +  [6(^.1]  +  [fte.l]  +  [6/1]  =  [6«.l] 
[6c.l]  +  [cc.l]  +  Icd.l']  +  [ce.l]  +  [c/.l]  =  [c«.l],  Ac, 
[cc.2]  +  [cd.2]  +  [ee.2]  +  [cjr.2]  =  [c».2], 
lcd.2']  +  ldd.2]  +  [rfe.2]  +  [d/.2]  =  [(fo.2],  Ac. 

Hence  it  appears  that  when  the  numerical  calculation  is  arranged  as 
above  suggested,  the  auxiliary  containing  8  must,  in  each  line,  be 
equal  to  the  sum  of  all  the  terms  to  the  left  of  it  in  the  same  line 
and  of  those  terms  containing  the  same  distinguishing  numeral  found 
in  a  vertical  column  over  the  last  quantity  at  the  left  of  this  line. 

There  will  yet  remain  only  the  auxiliaries  which  are  derived  from 
[«n]  and  [nw]  to  be  determined.  These  additional  auxiliaries  will 
be  found  by  means  of  the  formula 

[«».!]  =  [«»]    -[^M.  [«n.2]  =  [«».l]  -  M  [6,.l], 

[«i.3]  =  [«n.2]  —  £^  [c».2],  [«».4]  =  [w.3]  -  ^^  [<fo.3],  (133) 
[*n.5]  =  [*n.4]  -  [j^  [e».4],        [«n.6]  =  [«i.5]  -  ^  |>.5], 

and  the  equations  (81)  and  (83).  The  arrangement  of  the  numerical 
process  should  be  similar  to  that  already  explained. 

The  values  of  [«n.l],  [«n.2],  &c.  check  the  accuracy  of  the  results 
for  [frn.l],  [en.l],  [cn.2],  [dn.3],  &c.  by  means  of  the  equations 

lbn.11  +  [cn.l]  +  [dnA'\  +  [en.l]  +  [/w.l]  =  [«ii.l], 
[cn.2]  +  [dn.2]  +  [eii.2]  +  [/n.2]  =  [«w.2], 

[d/i.3]  +  [en.3]  +  [/».3]  =  [«h.3],       (134; 
[en.4]  +  [/n.4]  =  [snAl 
[//i.5]  =  [«n.5]. 

It  appears  further,  that,  in  the  case  of  six  unknown  quantities,  since 
[/«.5]  =  [jgr.5],  we  have  [«7i.6]  =  0. 

Having  thus  determined  the  numerical  values  of  the  auxiliaries 
required,  we  are  prepared  to  form  at  once  the  equations  (74),  by  means 
of  which  the  values  of  the  unknown  quantities  will  be  determined 

21 


by  succefssive  aabstitutioii,  first  finding  t  from  the  last  of  tl 

I,  thea  Bubstituting  tli!s  I'caiilt  in  the  eqiration  next  to  t 
and  thua  deriving  the  value  of  w,  and  so  on  until  nil  the  util 
quantities  have  been  determined.  It  will  be  observed  that  thr  Ini;^ 
ritliros  of  tile  coefficients  of  the  unknown  quantities  in  thesi-  dilu- 
tions will  have  been  already  found  in  the  oomputation  of  the  »m- 
iliaries. 

If  we  add  together  the  several  equations  of  {74),  first  clearing  them 
of  fractions,  we  get  

0  =  tao]i  +  ([06]  +  [M.l])s  +  (M  +  itc.lt  +  [«e.2]).  H 

+  ([«i]  +  [M.l]  +  [»i.2]  +  [Ai.3])u  T^ 

+  (M  -f  [4«.l]  +  [„.2]  +  [*,3]  +  [«,<])«.  (lia 

+  (M  +  W-l]  +  W^]  +  [*3]  +  [</.4]  +  UfSi)' 

+  [«»] + :i»..i]  +  [o«.2]  +  [i,,.3: + [.«.<] + [>ji]r 

and  this  equation  must  lie  satisfied  by  the  valuea  of  x,  y,  :,  Ac  (oaiA 
from  (74). 

152.  Example. — The  arrangement  of  the  calculation  in  theowi 
of  any  other  number  of  unlinown  quantities  is  precisely  nmilar;  ai 
to  illustrate  the  entire  process  let  us  take  the  following  e^tiatim 
each  of  which  is  already  multiplied  by  the  square  root  of  ita  weigbli— 

0.707*  +  2.052y  —  2.372*  —  0.221u  +  6".»8  =  0, 
0.471f  +  1.347y  —  1.715i  —  0.085u  +  1  .63  =  0, 
0.260X  +  0.77(^  —  0.356*  +  0-483«  —  4  .40  =  0, 
0.092r  4.  0.343y  +  0.23.'5i  +  0.469u  — 10  .21  =  0, 
0.414j;  +  1.204;)  —  1.o06j  —  0.20.5«  +  8  .99  =  0, 
0.040r  +  QMOy  +  O.Uiii  +  0.206«  —   4  .S4  =  0. 

First,  wo  derive 

[nn]  =  204.31S, 
[an]  =  +   4.816,  [oo]  =  +  0.971, 
[6n]=+I2.MI,  iab]~  +  ZS2l,  [H]  =  -f8.208, 
[m]  =  -  25.687,  [«]  =  -  3.175.  [be]  =  —  9.168,  [ee]  = 
(rfa]  =  -l0.218,  [a(ri  =  -0,104,  [6<n  =  — 0.251,  [oi]: 
[m]  =  -18.139,  [oi]  =  +  0.513,  [ii]  =+l.fllO.  [«]  = 


+  11.018. 

+  0.9S8,  [40  = 

:-oxn,  Idi}^ 


The  ™lucs  of  [*n],  [as],  {be],  [w],  and  [rf«],  found  hy  taking  <h* 
sums  of  the  normal  coefficients,  agree  exaetly  with  th«  valOH  <sB* 
puled  directly,  thus  proving  the  calculation  of 
The  nonoal  equatioos  are,  therefore, 
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0«71a?  +  2.821y  —  3.1752  —  0.104w  +  4.816  =  0, 
,  i.821aj  +  8.208y  —  9.168«  —  0.251%  +  12.961  =  0, 
'.—  3.175a;  —  9.168y  +-11.028z  +  0.938u  —  25.697  =  0, 
—  0.104c  —  0.251y  +    0.938?  +  0.594ti  — 10.218  =  0. 

It  will  be  observed  that  the  coefficients  in  these  equations  are  nu- 
merically greater  than  in  the  equations  of  condition;  and  this  will 
generally  be  the  case.  Hence,  if  we  use  logarithms  of  five  decimals 
in  forming  the  normal  equations,  it  will  be  expedient  to  use  tables 
of  six  or  seven  decimals  in  the  solution  of  these  equations. 

Arranging  the  process  of  elimination  in  the  most  convenient  form, 
the  successive  results  are  as  follows : — 

[».l]  =-+ 0^123,       [6cl]  =  +  0.(»«2,       [W.l]  =  + 0.0511,       [6*.l]  «  + 0.1196,  [6n.l]=—  1.0278, 

[cc.l]  =  +  0.6id3,        [od.1]  =  +  0.5979,        [ci.l]  ^  + 1.3004,  [cn.l]  =  —   9.9528, 

[oc.2]  =1  +  0-3895,       lcd.2]  =  -f  0.3644,       [c».2]  =  -f  0.7639,  [cn.2]  =  —  5.2667, 

[<M.l]  =»  +  0.6829,       [d».l]  =  + 15319,  [dn.l]  =  —  9.7023, 

[dd.2]  =  +  0.3706,       [d».2]  =>  +  0.7360,  [dnJ2]  =  —  6.4323, 

[<W.3J  =  -f  0.0297,       [d«.3]  =  +  0.0297  [dnJSi]  =  —  0.6143, 

[nn.l]  =  180.436,  [<n.l]  =  —  20.6828, 

[nn.2]=   W.652,  [«nJ2]  =  — 10.6889, 

[nn.3]=i   23.608,  [«n.3]=._  0.6143, 

[nn.4]=>   14.698,  [<tU]  =  0. 

The  several  checks  agree  completely,  and  only  the  value  of  [nn.4] 
remains  to  be  proved.     The  equations  (74)  therefore  give 

X  +  2.9052y  —  3.2698?  —  0.1071t4  +   4.9588  =  0, 

y  +  4.56912  +  4.1545U  —  83.5610  =  0, 

z  +  0.9356U  —  13.4960  =  0, 

u  — 17.3165  =  0, 

and  from  these  we  get 

tt  =  -I-  17".316,       z  =  —  2".705,      y  =  +  23".977,      x  =  —  81".608. 

Then  the  equation  (135)  becomes 

0  =  +  0.9710a;  +  2.8333y  —  2.7293^  +  0.3412t4  — 1.9838, 

which  is  satisfied  by  the  preceding  values  of  the  unknown  quantities. 
If  we  substitute  these  values  of  x,  y,  2,  and  u  in  the  equations  of 
condition  already  reduced  to  the  same  weight  by  multiplication  by 
the  square  roots  of  their  weights,  we  obtain  the  residuals 

+  0".67,  — 1".34,  +  2'M7,  —  2".01,  —  0".40,  —  0".72, 
The  sum  of  the  squares  of  these  gives 

[w]  =  [wn.4]  =  11.672, 
and  the  difference  between  this  result  and  the  value  14.698  already 
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found  is  due  to  the  decimals  neglected  in  the  computation  of  the 
numerical  values  of  the  several  auxiliaries.  The  sum  of  all  the 
equations  of  condition  gives  generally 

[a]a:  +  [6]y  +  [c]z  +  [<|w  +....  +  [n]  =  W,  (m) 

which  may  be  used  to  check  the  substitution  of  the  numerical  values 
in  the  determination  of  t;,  v\  &c.  Thus,  we  have,  for  the  value 
here  given, 

1.984a;  +  5.866y  —  5.610z  +  0.647u  —  6.75  =  [v]  =  —  l."63. 

It  remains  yet  to  determine  the  relative  weights  of  the  resulting 
values  of  the  unknown  quantities.  For  this  purpose  we  may  apply 
any  of  the  various  methods  already  given.  The  weights  of  u  and : 
may  be  found  directly  from  the  auxiliaries  whose  values  have  lieen 
computed.     Thus,  we  have 

p^  =  [dd.3]  =  0.0297,  p,  =  [-^^-|3  [cc.2]  =  0.0312. 

If  we  now  completely  reverse  the  order  of  elimination  from  the 
normal  equations,  and  determine  x  first,  we  obtain  the  values 

[66.2]  =  +  0.0425,  [aa.2]  =  +  0.0033, 

[a«.3]  =  +  0.00056,  [ww.4]  =  14.665, 

and  also 

x:=  —  82/750,       y  =  +  24/'305,       z  =  —  2."699,       m  =- -  +  17."2:2. 

The  small  diftercnces  betw(H}n  these  results  and  those  obtainetl  bv  the 
first  elimination  arise  fn)m  the  decimals  neglected.  This  soixmJ 
elimination  furnishes  at  once  the  weights  of  x  and  y,  namely, 

y>  :=  [aa.3]  =^  0.00056,  w  =  Y'^-}.  [66.2]  =  0.0072. 

'  '       [a(i.2J 

We  may  also  compute  the  weights  by  means  of  the  equations  |96*. 
Thus,  to  find  the  weight  of  ?/,  we  have 

[dd.2\  ^  [<W.l]  -  ^^^'^  [rrf.l]  =  +  0.02977, 
and  hence 

The  is|iiations  ( 10:>^  and  ( lOS^I  are  convenient  for  the  determination 
of  the  values  and  weights  of  the  unknown   quantities  depontelv- 
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Thus,  by  means  of  the  values  of  the  auxiliaries  obtained  in  the  first 
elimination^  we  find  from  the  equations  (100)^  0-^^f  ^^^  0-^^)} 

A'  =  —  2.9052,  A"  =  +  16.5442,  ^'"  =  —  3.3012, 

-B"  =  — 4.5691,  £"'=+    0.1202,  C'"  =  — 0.9356, 

and  then  the  equations  (103)  and  (108)  give 

z  =  —  81".609,      y  =  +  23".977,       z  =  —  2".705,      w  =  +  17".316, 
p^  =  0.00057,         p^  =  0.0074,  p,  =  0.031 2,        p^  =  0.0297, 

agreeing  with  the  results  obtained  by  means  of  the  other  methods. 
The  weights  are  so  small  that  it  may  be  inferred  at  once  that  the 
values  of  x,  y,  z,  and  u  are  very  uncertain^  although  they  are  those 
which  best  satisfy  the  given  equations.  It  will  be  observed  that  if 
we  multiply  the  first  normal  equation  by  2.9,  the  resulting  equation 
will  differ  very  little  from  the  second  normal  equation^  and  hence  we 
have  nearly  the  case  presented  in  which  the  number  of  independent 
relations  is  one  less  than  the  number  of  unknown  quantities. 

The  uncertainty  of  the  solution  will  be  further  indicated  by  deter- 
mining the  probable  errore  of  the  results,  although  on  account  of  the 
small  number  of  equations  the  probable  or  mean  errors  obtained  may 
be  little  more  than  rude  approximations.  Thus,  adopting  the  value 
of  [yv]  obtained  by  direct  substitution,  we  have 

e  =  V =  \-a J  =  2.416, 

and  hence 

r=±  1".629, 

which  is  the  probable  error  of  the  absolute  term  of  an  equation  of 
condition  whose  weight  is  unity.     Then  the  equations 

T  T  T 

l/p^  Vp^  Vp^ 

give 

r,=  ±.  68'^25,         ^,  =  ±:  18".94,        r,  =  ±  9".22,         r^  =  ±  9".45. 

It  thus  appears  that  the  probable  error  of  2  exceeds  the  value  obtained 
for  the  quantity  itself,  and  that  although  the  sum  of  the  squares  of 
the  residuals  is  reduced  from  204.31  to  11.67,  the  results  are  still 
quite  uncertain. 

153.  The  certainty  of  the  solution  will  be  greatest  when  the  coef- 
fidents  in  the  equations  of  condition  and  also  in  the  normal  equations 


^^^^^  whic 


differ  very  considerably  botli  in  oiagnitudc  and  la  sign.  In  tbe 
rection  of  the  elemonLs  of  the  orbit  of  a  planet  wlica  the  otwirva- 
lions  extend  only  over  a  short  interval  of  time,  the  cocfficicmts 
generally  eliange  value  bo  slowly  that  the  equations  for  the  dirvn 
determination  of  the  corrections  to  be  applied  to  the  eiements  will 
not  afford  a  satisfactory  solution.  In  auch  cases  it  will  be  exptdirat 
to  form  the  equations  for  the  determination  of  a  lew  number  of 
quantities  from  which  the  corrected  elements  may  be  snbsequi-nlly 
derived.  Thus  we  may  determine  the  corrections  to  be  applicil  to 
two  assumed  geocentric  distances  or  to  any  other  quantities  wliiri 
afford  the  required  convenience  in  the  sotniion  of  the  probl*™, 
various  formulas  for  which  have  l>een  given  in  the  preceding  ckujner. 
The  qnantities  8electc<J  for  Cfjrrection  shoukl  be  known  AinctimiK  "f 
the  elements,  and  such  that  tbe  equations  to  Iw  salved,  in  order  tu 
combine  all  the  observed  places,  shall  not  be  subjett  tfl  any  UiKW- 
tainty  in  the  solution.  But  when  the  observations  uxtcnd  over  ■  louf 
period,  the  most  com)iIete  determination  of  the  correction*  to  U 
applied  to  the  provisional  elements  will  be  obtained  by  forminet^ 
equations  for  these  variations  directly,  and  combining  them  as  alnsd; 
explained.  A  complete  proof  of  the  accuracy  of  the  entire  islcol*- 
tion  will  be  ohtatnet]  by  computing  the  normal  plates  directly 
the  elements  as  finally  corrected,  and  comparing  tlie  residuals 
derived  with  those  given  by  the  sultslitution  of  the  adopted 
of  the  unknown  quantities  in  the  original  equations  of  condttiuit.' 

If  the  elements  to  be  corrected  differ  so  much  from  tJio  true  ^-alutf 
that  the  sqiiai-es  and  products  of  the  corrections  arc  of  Hea^iblv  nag- 
uitudc,  so  that  the  assumption  of  a  linear  form  for  the  cquatiniu  iloa 
not  afford  the  required  accuracy,  it  will  l>c  aaxestry  to  eolrc  tbr 
equations  fii^t  provisionally,  and,  having  appliud  thr  ratiilting  ror- 
rections  to  the  elements,  we  compute  the  places  of  the  l>otlT  dirwtly 
from  the  corrected  etemeiit»>,  and  the  differtuciea  betnct-n  ibcar  Qt«l 
the  obser\'cd  places  furnish  new  values  of  ti,  n',  n",  &c.,  to  be  vmi 
in  a  repetition  of  the  solution.  The  corrections  which  nwiU  6oa 
the  second  solution  will  be  small,  and,  being  applied  lo  tlie  deniaU 
as  corrected  by  the  first  solution,  will  furnish  satisftctoty  rcsolta.  1b 
this  new  solution  it  will  not  in  general  be  nccrsMry  to  rcoanipaie  tht 
ooeBicients  of  the  unknown  quantities  in  the  cquatjoiM  of  contUtioa, 
since  the  variations  of  the  elements  will  not  l»c  large  enough  tit  oftpt 
sensihty  the  valnea  of  their  differential  coeflicicnLi  with  nwjicrt  Ui 
the  observed  spherical  co-ordinates.  Cases  Ukay  occur,  bomn-tr,  ia 
which  it  may  become  necessary  to  reoompute  the 


ilcolv 

an.  I 
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or  more  of  the  unknown  quantities^  but  only  when  these  coefficients 
are  very  considerably  changed  by  a  small  variation  in  the  adopted 
values  of  the  elements  employed  in  the  calculation.  In  such  cases 
the  residuals  obtained  by  substitution  in  the  equations  of  condition 
will  not  agree  with  those  obtained  by  direct  calculation  unless  the 
corrections  applied  to  the  corresponding  elements  are  very  small.  It 
may  also  be  remarked  that  often,  and  especially  in  a  repetition  of  the 
solution  so  as  to  include  terms  of  the  second  order,  it  will  be  suffi- 
ciently accurate  to  relax  a  little  the  rigorous  requirements  of  a  com- 
plete solution,  and  use,  instead  of  the  actual  coefficients,  equivalent 
numbers  which  are  more  convenient  in  the  numerical  operations  re- 
quired. Although  the  greatest  confidence  should  be  placed  in  the 
accuracy  of  the  results  obtained  as  far  as  possible  in  strict  accordance 
with  the  requirements  of  the  theory,  yet  the  uncertainty  of  the  deter- 
mination of  the  relative  weights  in  tlie  combination  of  a  series  of 
observations,  as  well  as  the  effect  of  uneliminated  constant  errors, 
may  at  least  warrant  a  little  latitude  in  the  numerical  application^ 
provided  that  the  weights  of  the  results  are  not  thereby  much  affected. 
A  constant  error  may  in  fact  be  regarded  as  an  unknown  quantity  to 
be  determined,  and  since  the  effect  of  the  omission  of  one  of  the 
unknown  quantities  is  to  diminish  the  probable  errors  of  the  resulting 
values  of  the  others,  it  is  evident  that,  on  account  of  the  existence  of 
constant  errors  not  determined,  the  values  of  the  variables  obtained 
by  the  method  of  least  squares  from  different  corresponding  series  of 
obser\'^ations  may  differ  beyond  the  limits  which  the  probable  errors 
of  the  different  determinations  have  assigned.  Further,  it  should  be 
observed  that,  on  account  of  the  unavoidable  uncertainty  in  the  esti- 
mation of  the  weights  of  the  observations  in  the  preliminary  combi- 
nation, the  probable  error  of  an  observed  place  whose  weight  is 
unity  as  determined  by  the  final  residuals  given  by  the  equations  of 
condition,  may  not  agree  exactly  with  that  indicated  by  the  prior 
discussion  of  the  observations. 

154.  In  the  case  of  very  eccentric  orbits  in  which  the  corrections 
to  be  applied  to  certain  elements  are  not  indicated  with  certainty  by 
the  observations,  it  will  often  become  necessary  to  make  that  whose 
weight  is  very  small  the  last  in  the  elimination,  and  determine  the 
other  corrections  as  functions  of  this  one;  and  whenever  the  coeffi- 
cients of  two  of  the  unknown  quantities  are  nearly  equal  or  have 
nearly  the  same  ratio  to  each  other  in  all  the  different  equations  of 
condition,  this  method  is  indispensable  unless  the  difficulty  is  reme- 
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died  by  other  means^  such  as  the  introduction  of  different  elements  or 
different  combinations  of  the  same  elements.     The  equations  (113) 
furnish  the  values  of  the  unknown  quantities  when  we  n^lect  thil 
which  is  to  be  determined  independently;   and  then  the  equation 
(114)  give  the  required  expressions  for  the  complete  values  of  these 
quantities.     Thus^  when  a  comet  has  been  observed  only  during  ^ 
brief  period,  the  ellipticity  of  the  orbit,  however,  being  plainly  indl — 
cated  by  the  observations,  the  determination  of  the  correction  to 
applied  to  the  mean  daily  motion  as  given  by  the  provisional  el 
ments,  in  connection  with  the  corrections  of  the  other  elements,  wil 
necessarily  be  quite  uncertain,  and  this  uncertainty  may  very  greath 
affect  all  the  results.    Hence  the  elimination  will  be  so  arranged  tha        t 

A//  shall  be  the  last,  and  the  other  corrections  will  be  determined  a s 

functions  of  this  quantity.     The  substitution  of  the   results  thi 
derived  in  the  equations  of  condition  will  give  for  each  residual 
expression  of  the  following  form : — 

Therefore  we  shall  have 

[H  =  [vo]  +  2  [I'oT]  A/*  +  [rr]  AM*,  (13 

which  may  be  applied  more  conveniently  in  the  equivalent  form 

M  =  Kt'.]  -  ^^j  [v]  +  Dr]  ( AM  +  t^J )'.         (1? 

The  most  probable  value  of  A/i  will  be  that  which  renders  [rr]  * 

minimum,  or 

A/i  =  —     -       I  \  lo5*    ^^ 

and   the   correspondiug   value  of  the   sum  of  the   squares  of  th^  ^^ 
residuals  is 


The  correction  given  by  equation  (139)  having  been  applictl  to  /i, 
the  result  may  be  regarded  as  the  most  probable  value  of  that  el< 
mont,  and  the  corresponding  values  of  the  corrections  of  the  othoi 
elements  as  dctermineil  by  the  ef[iiations  (114)  having  lKH?n  also  duly 
applienl,  we  obtain  the  most  probable  system  of  elements.  Thtt*e, 
however,  may  still  be  expressed  in  the  form 

SI  +  A^Sfi,  I  +  J5oA/i,  t:  +  Qa/i,  Ac. 


.«. 
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the  coefficients  -4^,  B^y  C^y  &c.  being  those  given  by  the  equations 
(114),  and  thus  the  elements  may  be  derived  which  correspond  to  any 
assumed  value  of  /jt  differing  from  its  most  probable  value.  The 
unknown  quantity  a/£  will  also  be  retained  in  the  values  of  the 
residuals.  Hence,  if  we  assign  small  increments  to  fi,  it  may  easily 
be  seen  how  much  this  element  may  differ  from  its  most  probable 
value  without  giving  results  for  the  residuals  which  are  incompatible 
with  the  evidence  furnished  by  the  observations. 

If  the  dimensions  of  the  orbit  are  expressed  by  means  of  the  ele- 
ments q  and  6,  it  may  occur  that  the  latter  will  not  be  determined 
with  certainty  by  the  observations,  and  hence  it  should  be  treated  as 
suggested  in  the  case  of  fi;  and  we  proceed  in  a  similar  manner  when 
the  correction  to  be  applied  to  a  given  value  of  the  semi-transverse 
ixis  a  is  one  of  the  unknown  quantities  to  be  determined. 
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CHAPTER  VIII. 

IKVESnOATION  OF  VABIOUB  FORMUUE  FOR  THE  DETERMIXATIOX  OF  THE  SPECIAL 

PERTURBATIONS  OF  A  HEAVENLY  BODY. 

155.  We  have  thus  far  considered  the  circumstances  of  the  uixli*- 
turbed  motion  of  the  heavenly  bodies  in  their  orbits ;  but  a  complete 
determination  of  the  elements  of  the  orbit  of  any  body  revolving 
around  the  sun^  requires  tliat  we  should  determine  the  alterations  in 
its  motion  due  to  the  action  of  the  other  bodies  of  the  system.  For 
this  purpose^  we  shall  resume  the  general  equations  (18)|,  namely, 

^ +*•(!+ m)  J  =  *•(!+ w)  g, 

J~  +  A'(l  +  '»)^  =  **(1 +»»)—, 

which  determine  the  motion  of  a  heavenly  body  relative  to  the  «aa 
when  subject  to  the  action  of  the  other  bodies  of  the  system.  We 
have,  further, 

_     ?/i'     / 1       XX  +  yy  +  Z2\  ni'     i  1^       xx"-\-  yy"+  zz'  \  .   .  , 

^ - 1  +-^\;;  r"         /  ^  \^^x\p  T-^         r^'^ 

which  is  c*allcd  the  pert  urbiiifj  fund  ion ,  of  which  the  partial  differen- 
tial coefficients,  with  resi>ect  to  the  co-ordinates,  are 


r/G_     m'     Ix'-x  ^  \    ,      m"    lx"-x       x"  \ 

dx~l~m\     /  r'l    '    l  +  w\     (t/'"         r"'  /    '   "^    ' 

dQ  _    m     iy  —y  y_\         ^'l_l!f  ^I _  y_\       irr       •> 

(ly  "  l-rm\     />'  r'  I  "^  1  +  m  \     />''  r"»  /  "^        '      ' 


dz 


and  in  which  m\  m",  etc.  denote  the  ratios  of  the  niassos  of  tho 
several  disturbinjj  planets  to  the  mass  of  the  sun,  and  m  the  ratio  ot 
the  mass  of  the  disturlxxl  planet  to  that  of  the  sun.     Tlu'so  jiartiAl 
differential  coefficients,  when    multiplied  by  /r(l  -f-  m),  expa-ss  tin? 
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sura  of  the  components  of  the  disturbing  force  resolved  in  directions 
parallel  to  the  three  rectangular  axes  respectively. 

When  we  neglect  the  consideration  of  the  perturbations,  the  general 
equations  of  motion  become 

^. +  *.(!+.)  A  =  0. 

^/  +  '<^(l+m)^  =  0,  (3) 


+  P(l  +  m)-i-  =  0, 


d^     '       ^      '      ^  r 


0 


the  complete  integration  of  which  furnishes  as  arbitrary  constants  of 
integration  the  six  elements  which  determine  the  orbitual  motion  of  a 
heavenly  body.  But  if  we  regard  these  elements  as  representing  the 
actual  orbit  of  the  body  for  a  given  instant  of  time  (,  and  conceive 
of  the  effect  of  the  disturbing  forces  due  to  the  action  of  the  other 
bodies  of  the  system,  it  is  evident  that,  on  account  of  the  change 
arising  from  the  force  thus  introduced,  the  body  at  another  instant 
different  from  the  first  will  be  moving  in  an  orbit  for  which  the 
elements  are  in  some  degree  different  from  those  which  satisfy  the 
original  equations.  Although  the  action  of  the  disturbing  force  is 
continuous,  we  may  yet  regard  the  elements  as  unchanged  during  the 
element  of  time  eft,  and  as  varying  only  after  each  interval  dt.  Let 
us  now  designate  by  t^  the  epoch  to  which  the  elements  of  the  orbit 
belong,  and  let  these  elements  be  designated  by  Mf^,  jt^,  Sioj  *o)  ^o>  ^"^ 
a^;  then  will  the  equations  (3)  be  exactly  satisfied  by  means  of  the 
expressions  for  the  co-ordinates  in  terms  of  these  rigorously-constant 
elements.  These  elements  will  express  the  motion  of  the  body  sub- 
ject to  the  action  of  the  disturbing  forces  only  during  the  infinitesimal 
interval  eft,  and  at  the  time  1^  +  dt  it  will  commence  to  describe  a 
new  orbit  of  which  the  elements  will  differ  from  these  constant  ele- 
ments by  increments  which  are  called  the  perturbationa. 

According  to  the  principle  of  the  variation  of  parameters,  or  of 
the  constants  of  integration,  the  differential  equations  (1)  will  be 
satisfied  by  integrals  of  the  same  form  as  those  obtained  when  the 
second  members  are  put  equal  to  zero,  provided  only  that  the  arbitrary 
constants  of  the  latter  integration  are  no  longer  regarded  as  pure 
constants  but  as  subject  to  variation.  Consequently,  if  we  denote  the 
variable  elements  by  M,  tt,  Ji,  i,  e,  and  a,  they  will  be  connected 
with  the  constant  elements,  or  those  which  determine  the  orbit  at  the 
instant  i^  by  the  equations 


ill  wlikh  —,-ri    „ ,  &c.  denote  the  difU'rentlal  coefficients  of  tlie  d^ 

lit  dl 
nieiits  depending  on  the  disturbing  forces.  When  these  difTcnotiil 
coefficients  are  known,  we  may  determine,  by  oiinplt'  qundtsture,  tb 
perturbations  3M,  dz,  &c.  to  be  added  to  the  constant  elecnimU  in 
order  to  obtain  those  corresponding  to  any  instunt  for  whitb  the 
place  of  the  body  is  required.  These  difTerential  coefficients,  however, 
are  functions  of  the  partial  differential  coefficients  of  J?  with  raptA 
to  the  elements,  and  before  tlie  int^ratiou  can  be  perfomKol  ift 
becomes  neoes(«ary  to  find  tlie  ex])res&ions  for  these  jiartial  diflerrotiiA 
coefficients.  For  this  purpose  we  ex|)and  the  function  S  into  a  con- 
verging series  and  then  differentiate  each  term  of  thia  series  rehuivd^ 
to  the  elements.  Tliis  function  ie  usnalty  developed  into  a  oan\'«|^ 
ing  series  arranged  in  reference  to  the  ascending  powers  of  the  O30»— 
tricities  and  inclinations,  and  so  as  to  include  an  indefinite  numb^ 
of  revolutions;  and  the  final  integration  will  then  give  what  uc 
called  the  absolute  or  gener<d  pertitrbatioiu.  When  the  ecxsntrifllii* 
and  inclinations  are  very  great,  as  in  the  case  of  tlie  eoniet&,  thi* 
development  and  analytical  integration,  or  quadrature,  becoua  am 
longer  possible,  and  even  when  it  is  possible  it  may,  on  aocouDl  of 
the  magnitude  of  the  ecce<Dtricity  or  inclination,  become  >o  diffinilc 
that  we  are  obligetl  to  determine,  instead  of  the  absolute  piTturi»ti<Mii» 
what  are  called  the  gptdai  perlurbatiimg,  by  methods  of  appnuuim- 
tiun  known  as  meeJianieal  ^uadratureg,  according  In  which  we  doer* 
mine  the  variations  of  the  elements  from  one  epoch  1^  to  aiwl^ 
epoch  (.  This  method  is  applicable  to  any  case,  and  may  be  advan- 
tageously employed  even  when  thg  <letermi nation  of  the  aliBlii» 
perturlmtions  is  possible,  and  especially  when  a  fvrios  of  otiMnitiaM 
extcn<Iing  through  a  period  of  many  yean>  ix  s^-ailablv  and  it  i* 
de^iretl  to  determine,  for  any  instant  f„  a  sysu.>m  of  clemoita,  luoil^ 
called  oKtidntiitff  e!ci>u^tl«,  on  which  the  complete  tlttsory  uf  (hi;  motia 
may  be  luiwd. 

Instead  of  comjmting  the  variations  of  the  eletoenta  of  llw  imt 
directly,  we  may  liud  the  perturbations  of  any  known  (oikIub  oi* 
these  element?;  and  the  most  direct  and  simple  metiMid  i»  (a d^^ 
mine  the  variations,  due  to  the  action  of  the  distorbiiig  foitB,  tf 
any  system  of  three  co-ordinates  by  means  of  which  tfasfMiliMtf 
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the  body  or  the  elements  themselves  may  be  found.  We  shall,  tliere- 
fore,  derive  various  formulse  for  this  purpose  before  investigating  the 
formulee  for  the  direct  variation  of  the  elements. 

156.  Let  a?o,  y^,  z^  be  the  rectangular  co-ordinates  of  the  body  at 
the  time  t  computed  by  means  of  the  osculating  elements  Mq^  tt^,  (2o9 
&c.,  corresponding  to  the  epoch  Iq.  Let  x,  y,  z  be  the  actual  co-ordi- 
nates of  the  disturbed  body  at  the  time  t;  and  we  shall  have 

dx,  dyy  and  8z  being  the  perturbations  of  the  rectangular  co-ordinates 
from  the  epoch  Iq  to  the  time  L  If  we  substitute  these  values  of  a?, 
y,  and  z  in  the  equations  (1),  and  then  subtract  from  each  the  corre- 
sponding one  of  equations  (3),  we  get 


d'dx 


l.  +  eo  +  M){'-^-f:)=i^a  +  M)^. 


^+^a+»)(i±^'-§)=*-a+»)f. 

Let  us  now  put  r  =  rf^+  8r;  then  to  terms  of  the  order  dr^y  which  is 
equivalent  to  considering  only  the  first  power  of  the  disturbing  force, 
we  have 


and  hence 


^^^  Lt/i      •         ^^^      y     ^(1  +^'*) 


='-<>+»'S+^2+i=)(,;.^_,.), 


dP 


We  have  also  from 

n^lectiog  terms  of  the  second  order, 

»r  =  ''^Sx  +  y^!>y-{.'^i»,  (7) 

^0  'q  ~o 
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The  integration  of  the  equations  (6)  will  give  the  perturbations  ir, 
dy,  and  dz  to  be  applied  to  the  rectangular  co-ordinates  x^  y^  z^  com- 
puted by  means  of  the  osculating  elements,  in  order  to  find  the  actual 
co-ordinates  of  the  body  for  the  dat<;  to  which  the  integration  belong!'. 
But  since  the  second  members  contain  the  quantities  dxy  8y,  dz  whirJi 
are  sought,  the  integration  must  be  effected  indirectly  by  succetive 
approximations;  and  from  the  manner  in  which  these  are  involved 
in  the  second  members  of  the  equations,  it  will  appear  that  this  im^ 
gration  is  possible. 

If  we  consider  only  a  single  disturbing  planet,  according  to  the 
equations  (2),  we  shall  have 


^(i+„)f=wt.(i=-'-i), 


t.a+„)f=w*.(^--^), 


P 

(Hi 


and  these  forces  we  will  designate  by  X,  F,  and  Z respectively;  then, 
if  in  these  expressions  we  neglect  the  terms  of  the  order  of  the 
square  of  the  disturbing  force,  writing  Xq,  y^  Zq  in  place  of  J,  v.  v 
the  equations  (6)  become 


!.  =  X.  +  '^<l±^(zf>r-<,.). 


which  are  the  equations  for  computing  the  perturbations  of  the  m- 
tangular  co-ordinates  with  reference  only  to  the  first  power  of  th^ 
masses  or  distur))ing  forces.     We  have,  further, 

in  which,  when  terms  of  the  second  order  are  neglected,  we  a-^o  th* 
values  ;ry,  y^,  z^  for  .r,  y,  and  z  rcsiXK^tively. 

157.  From  the  values  of  Sxy  5y,  and  Sz  computeil  with  nvinl  t'> 
the  first  power  of  the  ma.sses  we  may,  by  a  rej>etition  of  i<irt  of  iho 
calculation,  tike  into  account  the  squares  and  pro<luctj?  and  even  the 
higher  powers  of  the  disturbing  forces.  The  equations  ( o »  niay  W 
written  thus: — 
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df         "    '  r, 


H('-^>-'4 


^=r+*^((.-Pf),-4     („, 


d»&^^       *>(!  + 


^'((■-^>-4 


in  which  nothing  is  neglected.  In  the  application  of  these  formulae, 
as  soon  as  Sxy  dy^  and  dz  have  been  found  for  a  few  successive  inter- 
vals, we  may  readily  derive  approximate  values  of  these  quantities 
for  the  date  next  following,  and  with  these  find 

and  hence  the  complete  values  of  the  forces  X,  F,  and  Zy  by  means 
of  the  equations  (8).     To  find  an  expression  for  the  fector 

which  will  be  convenient  in  the  numerical  calculation,  we  have 

r»  =  (a:o  +  ^a:)«  +  (yo  +  ^y)' +  (^o  +  ^«)' 
=  r,«  +  'Ix.dx  +  2yo^  +  '2,z,dz  +  d^^  +  df  +  d;?, 

and  therefore 

r.^  'To 

Let  us  now  put 

,=-j^s,+  y.±Mi,y+'!^s,,         (12) 

~0  ^0  'o 

and 

/5  =  l-^'  =  l--(l  +  2^)-*; 

then  we  shall  have 

^=i'-h+¥:l^-'2^4^+'^-)'        (13) 

and  the  values  of/  may  be  tabulated  with  the  argument  q.  The 
equations  (11)  therefore  become 


(14) 
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The  coofficionte  of  dx,  Sy,  and  5z  in  equation  (13)  may  be  fiionda 
ouce,  with  sut^oient  accuracy,  by  means  of  tlic  approsimate  nlw     ' 
of  these  quautities;  and  having  found  the  vhUig  of/oorreepaufiig 

iCAr    (/■•'»  1 

to  the  resulting  value  of  q,  the  numerical  values  of  -r^-.  -^  uA 

—jp-<  which  include  the  squares  and  products  of  the  maa^e^  will  \t 
obtained.  The  integration  of  these  will  give  more  exact  \-atueta( 
dx,  5}j,  and  3z,  and  then,  recomputing  q  and  tlic  other  i^uaotitks  whiti 
require  mrrectiou,  a  still  closer  approximation  to'the  exact  valnaof 
the  pcrturlmtious  will  retiult. 

Table  XVII.  gives  the  values  of  \oigf  for  positive  or  ueptin      i 
values  of  q  at  inUirvuls  of  0.0001  from  5  =  0  to  9  =  0.03.    Unlw      I 
the  i>erturbatioiis  are  very  large,  q  will  be  found  within  tlic  limitt  of 
this  table;  and  in  thc^e  cases  in  which  it  exoectU  the  limits  vftbe 
table,  the  value  of 

may  be  computed  directly,  using  the  value  of  r  in  tenna  of  r,  u^ 
3x,  dti,  dz. 

In  the  application  of  the  preceding  formulae,  the  poeitious  of  tbe 
disturbed  and  disturbing  1)odies  may  be  referred  to  any  system  <if 
rect.angular  co-ordinates.     It  will   be  advisable,  however,  to  sJop' 
either  the  plane  of  the  equator  or  that  of  the  ecliptic  as  the  fiinJ** 
mental  plane,  the  positive  axis  of  x  being  direc^U-d  to  tht^  vrnul 
equinox.     By  choosing  the  plane  of  the  elliptic  orbit  at  the  tiow^ 
as  the  plane  of  xy,  the  co-ordinate  z  will  be  of  the  order  \>{  iUte  yS- 
turbations,  and  the  calculation  of  tliia  part  of  the  at^tion  of  the  ili>' 
turbing  force  will  Iw  very  much  abbreviated;  but  uulc^  the  iwliiir 
tion  is  very  ki^  there  will  be  no  actual  advant^^  in  (hi*  .wlKtioo* 
sin(¥  the  computation  of  the  values  of  the  components  of  ^kt  Hf^ 
Hybing  forces  will  require  more  labor  than  when  cither  the  eqniW*' 
or  the  ecliptic  is  taken  as  the  fundamental  plane.     Thr  perturlaliaf^ 
computed  for  one  fundamental  plane  may  be  converted  into  t        ' 
referred  to  another  plane  or  to  a  different  position  of  the  axot  in  tE 
same  plane  by  means  of  the  formulie  which  give  the  tratttlbniMtia 
of  the  co-ordinates  directly. 

158.  W'c  sliall  now  investigate  the  formnla  for  tfa«  iotc^giitiaa  a 
the  linear  differential  equations  of  the  second  order  which  ezpmtt 
variation  of  tlie  c»K)rdiu8tes,  and  gpnemllr  the  formnhe  for  t 
the  intends  of  expressions  of  the  form   I  J{x) dx  aad   \\j{*id, 
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when  the  values  of /(a?)  are  computed  for  successive  values  of  x  in- 
creasing in  arithmetical  progression.  First,  therefore,  we  shall  find 
the  int^ral  of /(a?)  dx  within  given  limits. 

Within  the  limits  for  which  x  is  continuous,  we  have 

/(«)  =  a  + fix +  rx'+d3^ +63^ +....;  (15) 

and  if  we  consider  only  three  terms  of  this  series,  the  resulting  equa- 
tion 

/(a?)  =:a  +  Px  +  r^ 

is  that  of  the  common  parabola  of  which  the  abscissa  is  x  and  the 
ordinate /(a;),  and  the  integral  of /(a?)  dx  is  the  area  included  by  the 
abscissa,  two  ordinates,  and  the  included  arc  of  this  curve.  Gene- 
rally, therefore,  we  may  consider  the  more  complete  expression  for 
f(x)  as  the  equation  of  a  parabolic  curve  whose  degree  is  one  less 
than  the  number  of  terms  taken.  Hence,  if  we  take  n  terms  of  the 
series  as  the  value  of /(a;),  we  shall  derive  the  equation  for  a  parabola 
whose  degree  is  n  —  1,  and  which  has  n  points  in  common  with  the 
curve  represented  by  the  exact  value  of  f{x). 

If  we  multiply  equation  (15)  by  dx  and  integrate  between  the 
limits  0  and  x^,  we  get 

Jfix)dx  =  a^  +  ifi^'+ir^*  +  \d3^*+....  (16) 

0 

If  now  the  values  of  f{x)  for  different  values  of  x  from  0  to  a:'  are 
known,  each  of  these,  by  means  of  equation  (15),  will  furnish  an 
equation  for  the  determination  of  a,  )9,  y,  &c. ;  and  the  number  of 
terms  which  may  be  taken  will  be  equal  to  the  number  of  different 
kpown  values  of  f{x).  As  soon  as  a,  /9,  y,  &c.  have  thus  been  found, 
the  equation  (16)  will  give  the  integral  required. 

If  the  values  of  f{x)  are  computed  for  values  of  x  at  equal  inter- 
vals and  we  integrate  between  the  limits  x  =  0,  and  x  =  n^Xj  Aa; 
being  the  constant  interval  between  the  successive  values  of  a:,  and 
n  the  number  of  intervals  from  the  beginning  of  the  integration,  we 
obtain 

/(a;)  dx  =  an^x  +  ^fin^CiX*  +  jr^'Aa^  +  &c. 


/^ 


Let  us  now  suppose  a  quadratic  parabola  to  pass  through  the  points 
of  the  curve  represented  by  /(a;),  corresponding  to  a:  =  0,  a?  =  ax, 

28 
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and  X  =  2^x;  then  will  the  area  included  by  the  arc  of  this  parabola^ 
the  extreme  ordinates,  and  the  axis  of  abscissas  be 

Cfix)  dx  =  £lx  (2a  +  2/9Aa?  +  frAa^). 

0 

The  equation  of  the  curve  gives,  if  we  designate  the  ordinates  of  the 
three  successive  points  by  y^,  y^,  and  y,, 

and  hence  we  derive 

2A« 


J7(a;)  dx  =  \i^x{y^+  4y,  +  y,). 

0 


In  a  similar  manner,  the  area  included  by  the  ordinates  yj  and  y^ — 
corresponding  to  a?  =  2£kX  and  x  =  4Arr, — ^the  axis  of  abscissas,  and 
the  parabola  passing  through  the  three  points  corresponding  to  y,,  y^ 
and  y^,  is  found  to  be 

J/(a;)  dx  =  i£LX  (y,  +  4y,  +  yO; 
and  hence  we  have,  finally, 

nAx 

J/Ca;)  dx  =  l£ix  (yn-2  +  4yn-i  +  y„). 

(n  — 2)Ax 

The  sum  of  all  these  gives 

nAz 

ff(x)  dx 

%  (17) 

=  i^^((yo  +  yn)  +  4(y,  +  ya  +  y5  +  ...2/H-i)  +  2(y,  +  y4  +  ...y— 1))» 

by  means  of  which  the  approximate  value  of  the  integral  within  the 
given  limits  may  be  found. 

If  we  consider  the  curve  which  passes  through  four  points  corre- 
sponding to  yo,  yi,  ya,  and  yg,  we  have 

y  =f(x)  =  a  +  fix  +  rx'  +  da^ 

for  the  equation  of  the  curve,  and  hence,  giving  to  x  the  values  0, 
:^x,  2^x,  and  3^x,  successively,  we  easily  find 
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Gilo; 

1 
2Aa^ 

1 

Therefore  we  shall  have 

J/(rc)  <fe  =  J  Aa:  (y,  +  3yj  +  3y,  +  y,).  (18) 

0 

In  like  manner,  by  taking  successively  an  additional  term  of  the 
series,  we  may  derive 

jf{x)  dx  =  ^  (7y,  +  32y,  +  12y,  +  32y.  +  7y0, 

°  6A,  (19) 

J/(x)  *5  =  III  (19y.  +  75y,  +  50y.  +  60y.  +  75y.  +  19y.). 

0 

This  process  may  be  continued  so  as  to  include  the  extreme  values  of 
X  for  which  f{x)  is  known ;  but  in  the  calculation  of  perturbations  it 
will  be  more  convenient  to  use  the  finite  differences  of  the  function 
instead  of  the  function  itself  directly.  We  may  remark,  further, 
that  the  intervals  of  quadrature  when  the  function  itself  is  used, 
may  be  so  determined  that  the  degree  of  approximation  will  be  much 
greater  than  when  these  intervals  are  uniform. 

159.  Let  us  put  Aa:  =  a;,  and  let  the  value  of  x  for  which  n  =  0 
be  designated  by  a;  then  will  the  general  value  be 

w  being  the  constant  interval  at  which  the  values  of  f{x)  are  given. 
Hence  we  shall  have 

dx  =  todn, 
I  J{x)  dx  =  w  If  (a  +  not)  dn. 

If  we  expand  the  function  /(a  +  na>),  we  have 

/(«  +  n«)  =/(a)  +  no. -j^  +  j-2 . -^  +  j^2^ . -^  +  &c.,  (20) 
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and  hence 


C  being  the  constant  of  integration.     The  equations  (54)^  give 

"'  -d^  =^"  («)  -  tV/'^  («)  +  A/^  («)  -  j4»/^  («)  +  .... 


(21.  :i 


dd 


at*  — 


(22; 


da 


r  =/"(«)  -  «r  («) + 2i5/^(«)  -  •  •  • . 


tifi 


'"•^=/''(«)-i/'^  («)  +  •... 

ill  whioh  the  functional  symbols  in  the  second  members  denote  the 
different  orders  of  finite  differences  of  the  function.   Hence  we  obtain 

Cfia  +  na,)dn  =  C+nfia) 

+  in' if  (a)  -  J/" (a)  +  a'o/'fa)  -  t1o/'"(«)  +  •  •  •) 
+  >'{/"(")  -  t'3/"(«)  +  D'J"(a)  -  xJo/""(a)   h  . .  •) 

+  .V''(/"'(«)  -  -!/'(«)  +  T?»/'"(«>  -  •  •  •)  ,.«, 

1-  -,-i.."'(/'n«)  -  i^"(«)  +  5j5/""(«)  -  •  •  •)  ■ 

+  ,.■„»«(/'(«) -J/"'(,a)  +  ...) 
+  3  o'4-.i«'(/"<«)-i/""  («)  +  •••) 

If  WO  take  the  intcfiral  Iwtweon  the  limits  — n'  and  -fn',  the  term' 
containing  the  even  jwwers  of  n  (lisjipjHSir.  Further,  since  the  xTilu* 
of  the  fniu'tion  are  supposed  to  l)e  known  for  a  series  of  values  ot  " 
at  intervals  of  a  unit,  it  will  evidently  be  tronvcnient  to  determine 
the  integral  between  the  required  limits  by  means  of  the  sum  ot  i 

• 

series  of  integrals  whose  limits  are  successivelv  increa?4*d  bv  a  unii. 
such  that  the  difference  between  the  superior  and  the  inferior  litnii 
of  each  integral  shall  be  a  unit.  Hence  we  take  the  first  intejiral 
between  the  limits  —J  and  +J,  and  the  equation  l23)  gives,  aftor 
rinluction, 
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+  ♦ 

ffia  +  m.)  dn  =/(a)  +  ^yCa)  -  j^Jn/''^  +  58W5i>/''(«) 
*^-i  (24) 

It  is  evident  that  by  writing,  in  saocession,  a-\-  a>y  a  +  2q),  .... 
a  +  Mtf  in  place  of  a,  we  simply  add  1  to  each  limit  successively,  so 
that  we  have 

<  +  *  +* 

I  /(«  +  ^wtf)  dn=i  /((a  +  ito)  +  (^  —  0  tt*)  d(w  —  t) 

But  since 

<+*                        *                            i  <+* 

I  /(«  +  »**^)  dn=l  fia-^-n^)  dn  +  1  /(a  +  nw)  dn +  1  /(a+nto)  dn, 

if  we  give  to  i  successively  the  values  0,  1,  2,  3,  &c.  in  the  preceding 
equation,  and  add  the  results,  we  get 

Jf(a  +  na,)dn=  ^/(a  +  na,)  +  ^\  ^/"  (a  +  mo) 

""U.  ""'         n=..  (25) 

-  345(j^r  («  +  n^)  +  uA%u^/^(«  +  »»^)  -  Ac. 

Let  us  now  consider  the  functions  /(a),  f{a  +  nw),  &c.  as  being 
themselves  the  finite  differences  of  other  functions  symbolized  by  '/, 
the  first  of  which  is  entirely  arbitrary,  so  that  we  may  put,  in  accord- 
ance with  the  adopted  notation^ 

/(a)  =  '/(a  +  i^)  -  '/(a  -  -^0,), 

/(a  +  0,)  =  '/(a  +  ioi)  -  '/(a  +  ^o,), 
..  •••  ... 

f{a  +  Tuo)  =  y{a  +  (n  +  ^)u,)  —  y{a  +  (n-^i)io). 
Therefore  we  shall  have 

^/(«  +  n«)  =  '/(a  +  (t  +  i)«)  -  '/(o  -  ^«.), 

n«>0 

and  also 

Vr  (a  +  «<")  =/(a  +  (i  +  i)«.)  -/(a  -  ^o.), 

y /'»(a  +  no.)  ==/"(«  +  (t  +  i)")  -/'"  (a  -  i"),  &c. 

n»0 
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Further,  since  tlie^^quantity  'J{a  —  ^(o)  is  entirely  arbitrary,  we  miy 
assign  to  it  a  value  such  that  the  sum  of  all  the  terms  of  the  equation 
which  have  the  argument  a  —  ico  shall  be  zero,  namely, 

'/(a  -  » = -  2V/'  («-»  +  ^^BJif"  (a~i"')~iJ«WBo/'  (a-J«)TAc. 
Substituting  these  values  in  (25),  it  reduces  to 

a +  (»  +  *)-  i  +  h 

I  f{x)  dx  =  tol  /(o  +  'Wtf)  dn 

In  the  calculation  of  the  perturbations  of  a  heavenly  l)ody,  the 
dates  for  which  the  values  of  the  function  are  computed  may  be  so 
arranged  that  for  n^=  —  J,  corresponding  to  the  inferior  limit,  the 
integral  shall  be  equal  to  zero,  the  epoch  of /(a  —  Jcu)  being  that  of 
the  osculating  elements.  It  will  be  observed  that  the  equation  (26) 
expresses  this  condition,  the  constant  of*  int^ration  being  included 
in  'f(a  —  Jo).  If,  instead  of  being  equal  to  zero,  the  integral  his  a 
given  value  when  n  =  —  J,  it  is  evidently  only  necessary  to  add  this 
value  to  '/(a  —  J<ii)  as  given  by  (26). 

160.  The  interval  w  and  the  arguments  of  the  function  may  always 
be  so  taken  that  the  equation  (27)  will  furnish  the  required  int(?<rnl. 
either  directly  or  by  interpolation ;  but  it  will  often  be  convenient  i'« 
integrate  for  other  limits  directly,  thus  avoiding  a  subscfjuent  iimr- 
polation.  The  derivation  of  the  required  forraulie  of  int<^ati«>n 
mav  be  eftected  in  a  manner  entirelv  analogous  to  tliat  already  in<li- 
cateil.  Thus,  let  it  be  nxiuired  to  find  the  expression  for  the  int<^ral 
t^iken  between  the  limits  —  |  and  *. 

The  general  formula  (23)  gives 

i 
fjya  ^  no,)  dn  =  i  Aa )  -f  if  (a)  -r  ,'5/'  (a)  -  ,  ^r  (a)  -  j^,  J"  1 

and  since,  acconling  to  the  notation  adopted, 

/'  \,a)  —/•  ui  -^  A«i »     —  4/'^  v«,».  Ac., 
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this  becomes 
i 

jKa+nw)  dn=y(ia)+if  (a+ia,)-^^/"  W-^ii/'"  («+i^)        (29) 

Therefore  we  obtain 

j  fia+na,)  dn=y(a+ia,)+lf  (a+(t+  J)  ^)-jhr  («+^) 

Now  we  have 

»•  <  +  l  »•  +  * 

)/(«  +  n<tf)dn  =  J/(a  -j-noi^dn —  I /(a  +  na*)dn; 

and  if  we  substitute  the  values  already  found  for  the  terms  in  the 
second  member,  and  also 

f{a  + to,)  =    y(a+ (1  +  ^)0,)-    '/(a  +  (t-J)H 
f\a  + 10,)=   f{a+(i  +  i)a,)-^   /(a  +  (i-.J)a,),        . 
/'^  (a  +  to,)  =/'"  (a  +  (i  +  ^)  ^)  -r  (a  +  (i  ~  i)  a,),        ^^^"^ 
/^(a  +  i"*)  =  /'(a  +  (i  +  ^)'*')  -  /'(a  +  (i  -  ^)c.),  &c. 

we  get 

^.,«  •'-^  (32) 

-i\r  («+(t-^)  «*)+ lii  «r  («+(t+i)  "')+tH  jif"  («+(t-i)  ^) 
-T2W«or(«+(*+j)'-)~T5W«ijr(a+(»--i)^)+&c.{, 

which  is  the  required  integral  between  the  limits  — ^  and  i. 

161.  The  methods  of  integration  thus  far  considered  apply  to  the 
cases  in  which  but  a  single  integration  is  required,  and  when  applied 
to  the  integration  of  the  differential  equations  for  the  variations  of 
the  co-ordinates  on  account  of  the  action  of  disturbing  bodies,  they 

will  only  give  the  values  of  -^>  -jt->  and  -7t->  and  another  integration 

becomes  necessary  in  order  to  obtain  the  values  of  Sx,  dy,  and  dz. 
We  will  therefore  proceed  to  derive  formulae  for  the  determination 
of  the  double  integral  directly. 


440  THEORETICAL  ASTRONOMY. 

For  the  double  integral  jjf{x)da^  we  have,  since  dxr  =  a^dnff 

The  value  of  the  function  designated  by  /(a)  being  so  taken  that 
when  n  =  —  J, 

I  /(«  +  w"*)  dn  =  0, 
the  equation  (23)  gives 

0 

C=  ifia  +  nat)dn. 
-* 

Therefore,  the  general  equation  is 

0 

J  /(<*  +  'Wtf)  dn=  i  f(a  +  wtf )  d»  +  H/(a) 

the  values  of  a,  ^,  ^, . . .  being  given  by  the  equations  (22).  Multi- 
plying this  by  driy  and  integrating,  we  get 

0 

r|7(a  +  nw)  dn*  =C  +  nj7(a  +  nu,)dn  +  iny(a) 

-* 

C"  being  the  new  constant  of  integration.  If  we  take  the  intogral 
between  the  limits  —  ^  and  +  },  we  find 

Jj/(a  +  no>)dn*  =  CK^  +  «<^) ^^  +  2«»  +T^2ur  +  lua'sjo'  "^ *^- 
From  the  equation  (32)  we  get,  for  i  =  0, 

0 

-4 

Substituting  this  vahie,  and  also  the  values  of  a,  ^,  e,  &c., — whioh 
are  given  by  the  second  meml)er8  of  the  equations  (22), — in  the  pre- 
coiling  equation,  and  reducing,  we  get 

*-4 
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Hence 

+  lii  J'"(«  +  ^)  -  tA%«/^(«  +  ^)  +  Ac. 
and 

J[jf/(a  +  na,)dn«  =  ^'/(a  +  noi)  -  j^^J/'^^  +  ^'") 

-*  n  =  0  n=-0  (35) 

+  rJi^J^rCa  +  »<-)-  j^St^^r{a+  no,)  +  &c. 


n»0  n=30 


We  may  evidently  consider  '/(a  —  Jw),  '/(a  +  Jtt>),  &c.  as  the  diflFer- 
ences  of  ottier  fiinctions^  the  first  of  which  is  arbitrary,  so  that  we 
have 

y(a  +  0,)  =  1 '/(a  +  j^)  +  r/(a  +  i^)  =  ^'/Ca  +  2a>)  -  y"  (a), 
••  •••  ••• 

'/(a  +  »«.)  =  i'/(a  +  (»  + 1)  «<)  +  ^'/(a  +  (n  -  i)  «.) = ^"/(a  +  (n+1)  «) 
Therefore 

^ '/  (<»+n^)=y'/  («+(f+i)'")+^"/  («+w)-r/  («)-r'/  («-«»). 

^/  (a+na,)=^/  (a+(i+l)a,)+i/(a+H-4/(a)-i/(a-a>), 


»  =  o 

n  =  i 


_^/"'(a+n<»)=^/'(o+(»+l)'»)+i/'(a+«<')-i/"(«)-jr(a-«'). 


II  ='0 


y/'(a+»w.)=^/"(a+(i+l)««)+J/"(a+t«.)-i/"(a)-iAa-<»).Ac. 

Substituting  these  values  in  equation  (35),  and  observing  that 

7(«)  +  "/(«  -")  =  2"/(o  -  «)  +    '/(«  - 1"), 
/(«)  +  /(«  -  «»)  =   2/(a)  -  /'  (a  -  io,), 

r  (a)  +/'  (o  - ««)  =  2/"  (a)  -/'"  (a  -  J«.),  &c., 

y(a_^«.)  =  _  ,.,/'  («_i«,)+ , .  J,/'"  (a- ■  «,)_„V«'8T>/'  («  -  ^'")  +  •  •  • , 

and  that,  since  "/(o  —  ai)  is  arbitrary,  we  may  put 

7(a  - «-)  =  ^/(«)  -  ,13,  (2/"  («)  +/'(«- «"))  ,,«. 

+  ,i<W55(3/"(a)  +  2/'Xa  -  <»))  -  Ac.,         ^*'''-' 
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the  integral  becomes 

CffM  dx"  = ««' jT/(a  +  no,)  dn^ 

= ^M  A7(«  +  (t  + 1)  «*)  +  yy(a  +  i^)  -  A/(«  +  (» + 1)  -)   (37) 
-:i'g/(a+i^)+Ti|-Jcr(«+(^+l)«')+ilJiyr(«+t«) 

which  is  the  expression  for  the  double  int^ral  between  the  limits 
— i  and  i  +  J. 

The  value  of  "/(a  —  w)  given  by  equation  (36)  is  in  acoordance 
with  the  supposition  that  for  n  =  —  \  the  double  integral  is  equal  to 
zero^  and  this  condition  is  fulfilled  in  the  calculation  of  the  pertur- 
bations when  the  argument  a  — ^w  corresponds  to  the  date  for  whidi 
the  osculating  elements  are  given.  If,  for  n  = — ),  neither  the  single 
nor  the  double  integral  is  to  be  taken  equal  to  zero,  it  is  only  neces- 
sary to  add  the  given  value  of  the  single  int^ral  for  this  argument 
to  the  value  of  '/(a  —  ^o)  given  by  equation  (26),  and  to  add  the 
given  value  of  the  double  integral  for  the  same  argument  to  the  value 
of  ''/(a  —  ai)  given  by  (36). 

162.  In  a  similar  manner  we  may  find  the  expressions  for  tbe 
double  integral  between  other  limits.  Thus,  let  it  be  required  to 
find  the  double  integral  between  the  limits  — i  and  t. 

Between  the  limits  0  and  J  we  have 

k  0 

JJf(a  +  na,)dn*  =  iff  (a  +  na,)dn  +  if  (a)  +  -^^a 
0  -i 

which  gives 

k 

fff(a+na,)dn^=ma)+if(<^)-i\rM+jhrW^^^ 

-5T^ia/''(a)-3HWT2/Ka)+,„W'7«0r(<i)-^A^--. 
and  this  again,  by  means  of  (28),  gives 


//• 


1+1 

/(a  +  nm)  rf««=  >'/(«  +  («•  +  i)  «.)  -if  (a  +  u-)  -  ,'5/'  («  +  (i+A">  -) 
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Therefore,  since 

rr  n  *^*  *"*"* 

-»  -* 

and 

'/(«  +  (i  +  ^)«')  =  7(a  +  0'  +!;«')-  7(a  +  ^), 
we  shall  have 

•^:f-U  ~4  (39) 

which  gives  the  required  integral  between  the  limits  — \  and  i. 

163.  It  will  be  observed  that  the  coefficients  of  the  several  terms 
of  the  formulas  of  integration  converge  rapidly,  and  hence,  by  a 
proper  selection  of  the  interval  at  which  the  values  of  the  function 
are  computed,  it  will  not  be  necessary  to  consider  the  terms  which 
depend  on  the  fourth  and  higher  orders  of  differences,  and  rarely 
those  which  depend  on  the  second  and  third  differences.  The  value 
assigned  to  the  interval  ai  must  be  such  that  we  may  interpolate  with 
certainty,  by  means  of  the  values  computed  directly,  all  values  of  the 
fiinction  intermediate  to  the  extreme  limits  of  the  mtegration;  and 
hence,  if  the  fourth  and  higher  orders  of  differences  are  sensible,  it 
will  be  necessary  to  extend  the  direct  computation  of  the  values  of 
the  function  beyond  the  limits  which  would  otherwise  be  required, 
in  order  to  obtain  correct  values  of  the  differences  for  the  beginning 
and  end  of  the  integration.  It  will  be  expedient,  therefore,  to  take 
o}  so  small  that  the  fourtli  and  higher  differences  may  be  neglected, 
but  not  smaller  than  is  necessary  to  satisfy  this  condition,  since  other- 
wise an  unnecessary  amount  of  labor  would  be  expended  in  the 
direct  computation  of  the  values  of  the  function.  It  is  better,  how- 
ever, to  have  the  interval  (n  smaller  than  what  would  appear  to  be 
strictly  required,  in  order  that  there  may  be  no  uncertainty  with 
respect  to  the  accuracy  of  the  integration.  On  account  of  the  rapidity 
with  which  the  higher  orders  of  differences  decrease  as  we  diminish 
a;,  a  limit  for  the  magnitude  of  the  adopted  interval  will  speedily  be 
obtained.  The  magnitude  of  the  interval  will  therefore  be  suggested 
by  the  rapidity  of  the  change  of  value  of  the  function.    In  the  com-* 


putation  of  the  perturbations  of  the  group  of  small  planets  fa 
Mars  and  Jupiter  we  may  adopt  uniformly  an  interval  of  fortr  d^t 
but  in  tlic  determination  nf  the  perturbations  of  comets  it  will  en* 
deutly  be  neoessory  to  adopt  diSerent  intcr\'a]s  in  dif&reut  parts  rf 
the  orbit.  When  the  comet  is  in  the  neighborhood  of  its  perihelia^ 
and  also  when  it  is  near  a  disturbing  plauet,  the  interval  must  oeoti- 
sarily  be  much  smaller  than  when  it  in  in  more  remote  parts  of  iti 
orbit  or  farther  from  the  disturbing  body. 

It  will  be  observed,  fnrther,  that  sinoc  the  double  integral  coDUioi 
the  factor  a^,  if  we  multiply  the  computed  values  of  tlie  function  by 
a>',  thia  factor  will  be  included  in  all  the  diilerences  and  sums,  aad 
hence  it  will  not  appear  as  a  factor  in  the  formube  of  integnliaiL 
If,  however,  the  values  of  the  function  are  already  multiplied  1^  tf, 
and  only  the  single  iiitegral  is  sought,  the  result  obluin«tl  by  Iba 
formula  of  integration,  neglecting  the  lactor  to',  will  be  m  timen  the 
actual  integral  required,  and  it  must  be  divided  by  ai  in  order  lo 
obtain  the  final  result. 


164.  In  the  computation  of  the  perturbations  of  one  of  tlie  a 
planets  for  a  period  of  two  or  three  years  it  will  rarely  be  a 
to  take  into  account  the  eflect  of  the  terms  of  the  second  order  wilb 
respect  to  tlie  disturbing  force.  In  this  case  the  numerical  valoa  of 
the  expressions  for  the  throes  wilt  be  computed  by  using  the  valnci 
of  the  co-ordinat«s  computed  from  the  osculntinj;  clcmentit  far  lb« 
beginning  of  the  integration,  instead  of  the  actonl  dlKturUiI  vilais 
of  these  co-ordinates  as  required  by  the  formnlie  (8).  The  vitlna  of 
the  second  differential  coefficients  of  dx,  St/,  and  iz  with  n»peet  M 
the  time,  will  be  determined  by  means  of  the  equations  (9),  If  lh« 
interval  tu  is  such  that  the  higher  orders  of  differences  may  be  w^ 
lected,  the  values  of  the  forces  must  be  computed  for  the  sooeeam 
dates  separated  by  the  interval  to,  and  commeneing  with  ibe  dM 
'<i~'i"'  corresponding  to  the  argument  a  —  <o,  t,  bang  tfae  date  )• 
which  the  osculating  elements  belong.  Then,  since  the  last  taw 
...         ,     .     fPHx   tfSv        ,  (P^t  .       ,       ,      ,  ,  .       , . , 

of  the  tormtilEe  lor  -^:r'  -  tit-  and  —,-r  involve  ox,  ov,  and  at,  whiA 
rfC     at*  at*  >    jj  1 

are  the  quantities  sought,  the  sohscqucnt  determination  of  the  difliv- 
ential  coefficients  must  be  performcil  by  suoccssive  trials.  Soce  Um 
integral  must  in  each  case  l>e  equal  to  w:ro  for  the  dale  i^  it  will  U 
admissible  to  assume  first,  for  the  dates  f,  —  )&>  and  ^  +  (m  eom- 
sponding  to  the  arguments  n  ~  w  and  a,  that  ijr  =  0,  jjr  =  0,  and 
dt  =  Q,  and  hence  that  the  three  differential   ooefBcio 
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date,  are  respectively  equal  to  -X^,  F^,  and  Z^.  We  may  now  by  inte- 
gration derive  the  actual  or  the  very  approximate  values  of  tlie 
variations  of  the  co-ordinates  for  these  two  dates.  Thus,  in  the  case 
of  each  co-ordinate,  we  compute  the  value  of  y (a  —  Jco)  by  means 
of  the  equation  (26),  using  only  the  first  term,  and  the  value  of 
"/{a  —  <o)  from  (36),  using  in  this  case  also  only  the  first  term.  The 
value  of  the  next  function  symbolized  by  'y  will  be  given  by 

7(a)  =  7(a-ce,)+y(a-ice,). 

Then  the  formula  (39),  putting  first  i  =  —  1  and  then  i  =  0,  and 
Delecting  second  differences,  will  give  the  values  of  the  variations 
of  the  co-ordinates  for  the  dates  a  —  w  and  a.  These  operations  will 
be  performed  in  the  case  of  each  of  the  three  co-ordinates;  and,  by 
means  of  the  results,  the  corrected  values  of  the  differential  coefli- 
cients  will  be  obtained  from  the  equations  (9),  the  value  of  dr  being 
computed  by  means  of  (7).  With  the  corrected  values  thus  derived 
a  new  table  of  integration  will  be  commenced;  and  the  values  of 
'/{a  —  \a))  and  ''f{a  —  a))  will  also  be  recomputed.  Then  we  obtain, 
also,  by  adding  '/(a  —  lai)  to  /(a),  the  value  of  '/(a  +  i^),  and,  by 
adding  this  to  'y(a),  the  value  of  ''f(a  +  co). 

An  approximate  value  of /(a  +  w)  may  now  be  readily  estimated, 
and  two  terms  of  the  equation  (39),  putting  i  =  1,  will  give  an  ap- 
proximate value  of  the  integral.  This  having  been  obtained  for 
each  of  the  co-ordinates,  the  corresponding  complete  values  of  the 
differential  coefficients  may  be  computed,  and  these  having  been 
introduced  into  the  table  of  integration,  the  process  may,  in  a  similar 
manner,  be  carried  one  step  farther,  so  as  to  determine  first  approxi- 
mate values  of  3x,  dy^  and  dz  for  the  date  represented  by  the  argu- 
ment a  -(-  2w,  and  then  the  corresponding  values  of  the  differential 
coefficients.  We  may  thus  by  successive  partial  int^rations  deter- 
mine the  values  of  the  unknown  quantities  near  enough  for  the  cal- 
culation of  the  series  of  differential  coefficients,  even  when  the  inte- 
grals are  involved  directly  in  the  values  of  the  differential  coefficients. 
If  it  be  found  that  the  assumed  value  of  the  function  is,  in  any  case, 
much  in  error,  a  repetition  of  the  calculation  may  become  necessary ; 
but  when  a  few  values  have  been  found,  the  course  of  the  function 
will  indicate  at  once  an  approximation  sufficiently  close,  since  what- 
ever error  remains  affects  the  approximate  integral  by  only  one- 
twelfth  part  of  the  amount  of  this  error.  Further,  it  is  evident 
that,  in  cases  of  this  kind,  when  the  determination  of  the  values  of 
the  differential  coefficients  requires  a  preliminary  approximate  inte- 


gnttioD,  it  is  necessary,  ia  order  to  avoid  the  effect  of  the  nran  ■ 
the  values  of  the  higher  orders  of  differences,  that  the  intemU  « 
should  be  smaller  than  when  the  successive  vulues  of  the  fiiQction  W 
be  integrated  are  already  kno\yn.  In  the  case  of  the  siaall  planrt^ 
an  interval  of  40  duys  will  afford  the  required  facility  in  the  approi!- 
mations;  bat  in  the  case  of  the  comets  it  may  oflen  be  ueet^saty  fi 
adopt  an  interval  of  only  a  few  days.  The  necessity  i>f  a  ehanf^-  is 
the  adopted  value  of  iv  will  lie  indicated,  in  the  numerical  applica- 
tion of  the  formulaj,  by  the  manner  iu  which  the  suceessivo  aaniinp* 
tions  in  regard  to  the  value  of  the  function  are  found  to  agree  iritk 
the  corrected  results. 

The  values  of  the  differential  coefficients,  and  hence  th<»e  of  llw 
integrals,  are  conveniently  expressed  by  adopting  for  unity  the  tmit 
of  the  acveuth  decimal  place  of  their  valnes  in  terms  of  the  unit  of 
space. 

165.  Whenever  it  ia  considered  necessary  to  commence  to  take  iaio 
account  the  perturbations  due  to  the  second  and  higher  powers  of  tlu 
disturbing  force,  the  complete  equations  (14)  must  be  employed.  In 
this  case  the  fortes  X,  Y,  and  Z  should  not  be  computed  at  once  fnr 
the  entire  [leriod  during  which  the  perturbations  are  to  be  detemiiiMd. 
The  vahics  compute<l  by  means  of  the  osculating  elements  will  \t 
employed  only  so  long  as  simply  the  first  power  of  the  distntlM&g 
force  is  considered,  and  by  means  of  the  approximate  \'alur9  of  ir, 
5y,  and  dz  which  would  l>e  employed  in  computing,  for  the  next  pla«, 
the  last  terms  of  the  equations  (9),  we  must  compute  also  Uw  o»- 
rected  values  of  X,  V,  and  Z.  These  will  be  given  by  the 
members  of  (8),  using  the  values  of  x,  y,  and  t  obtained  from 

x^x^  +  dx.  y  =  y,  +  ay.  «  =  «,  -f-  fe 

We  compute  also  q  from  (12),  and  then  from  Table  XVD.  6nd 

corresponding  value  of  /.     The  corrected  values  of  —j-^.  -—^ 

—^  will  he  given  by  the  equations  (14),  and  these  being  intiodnenl, 

in  the  continuation  of  the  table  of  int^ration,  we  obtain  n«w  vmlna 
of  Sx,  5y,  and  dz  for  the  date  under  coneideration.  IT  these  diflff 
much  from  those  previously  assumed,  a  repetition  of  the  calonkdM 
will  be  neccs.sary  in  order  to  secure  extreme  aocnracy.  In  this  rap^ 
tition,  however,  it  will  not  be  necessary  to  recompute  tlic  eoeffioKOtt 
of  3x,  3y,  and  dz  in  the  formula  for  q,  their  values  betn^  Rivm  witk 
sufficient  accuracy  by  means  of  the  previons  aaeumptioti; 


a 
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rally  a  repetition  of  the  calculation  of  Xy  Y^  and  Z  will  not  be 
required. 

Next,  the  values  of  dxy  8y,  and  dz  may  be  determined  approxi- 
mately, as  already  explained,  for  the  following  date,  and  by  means 
of  these  the  corresponding  values  of  the  forces  X,  F,  and  Z  will  be 
found,  and  also  /  and  the  remaining  terms  of  (14),  after  which  the 
integration  will  be  completed  and  a  new  trial  made,  if  it  be  con- 
sidered necessary.  In  the  final  integration,  all  the  terms  of  the  for- 
mulae of  integration  which  sensibly  affect  the  result  may  be  taken 
into  account.  By  thus  performing  the  complete  calculation  of  each 
successive  place  separately,  the  determination  of  the  perturbations  in 
the  values  of  the  co-ordinates  may  be  effected  in  reference  to  all 
powers  of  the  masses,  provided  that  we  regard  the  masses  and  co-or- 
dinates of  the  disturbing  bodies  as  being  accurately  known;  and  it  is 
apparent  that  this  complete  solution  of  the  problem  requires  very 
little  more  labor  than  the  determination  of  the  perturbations  when 
only  the  first  power  of  the  disturbing  force  is  considered.  But 
although  the  places  of  the  disturbing  bodies  as  given  by  the  tables 
of  their  motion  may  be  regarded  as  accurately  known,  there  are  yet 
the  errors  of  the  adopted  osculating  elements  of  the  disturbed  body 
to  detract  from  the  absolute  accuracy  of  the  computed  perturbations; 
and  hence  the  probable  errors  of  these  elements  should  be  constantly 
kept  in  view,  to  the  end  that  no  useless  extension  of  the  calculation 
may  be  undertaken.  When  the  osculating  elements  have  been  cor- 
rected by  means  of  a  very  extended  series  of  observations,  it  will  be 
expedient  to  determine  the  perturbations  with  all  passible  rigor. 

When  there  are  several  disturbing  planets,  the  forces  for  all  of 
these  may  be  computed  simultaneously  and  united  in  a  single  sum, 
so  that  in  the  equations  (14)  we  shall  have  IXy  lY,  and  i'Z  instead 
of  X,  Yj  and  Z  respectively;  and  the  integration  of  the  expressions 

for  - 1^-»  --j^>  and  — ^  will  then  give  the  perturbations  due  to  the 

action  of  all  the  disturbing  bodies  considered.  However,  when  the 
interval  w  for  the  different  disturbing  planets  may  be  taken  differently, 
it  may  be  considered  expedient  to  compute  the  perturbations  sepa- 
rately, and  especially  if  the  adopted  values  of  the  masses  of  some  of 
the  disturbing  bodies  are  regarded  as  uncertain,  and  it  is  desired  to 
separate  their  action  in  order  to  determine  the  probable  corrections 
to  be  applied  to  the  values  of  m,  m',  &c.,  or  to  determine  the  effect 
of  any  subsequent  change  in  these  values  without  repeating  the  cal- 
culation of  the  perturbations. 


448  TUEOItETICAI-    ASTRONOMY. 

166.  Example. — To  illustrate  the  numerical  applicadtMi  < 
formitliE  for  tlie  computation  oi'  the  jierturbatioiis  of  the  rectanguUr 
co-ordinates,  let  It  be  requii-eil  to  compute  the  perturbations  of 
Eurynome  @  arising  from  the  action  of  Jupiter  from  18C4  Jan.  l.O 
Berlin  mean  time  to  1865  Jan.  15.0  Berlin  mean  time,  naanming  tbc 
osculating  elements  to  be  the  following: — 


Epoch  =  1864  JaB 

.  1.0  Berlin  mc 

an  time. 

4 

M,=     1°29' 

6".65 

I 

ir,=   44    17 

12.171 

■ 

n„  =  206    39 

5  .69  y'='"''i" 

c  and  Mean 

1 

^=     4    36 

52  ,1  j    Equinox  1860.0 

1 

!•.=   11    15 

61  .02 

1 

log  a.  =  0.3881 319 

I 

j,=  928".5574.5. 

1 

Froiu  these  clcmente  we  derive  the  following  \ 

alues: — 

a 

Berlin  Menn  Time. 

^ 

Vo 

(. 

Vt', 

1863  Dee. 

12.0 

+  1.63616 

+ 1.2.3012 

-  0.03312 

caiMoei. 

1864  Jan. 

21.0 

1.1.5097 

1.59918 

0.07369 

0.2941<37, 

Marei 

1.0 

0.69518 

1.8-033 

0.10978 

0.300«74, 

April 

10.0 

+  0.19817 

2.03141 

0.13936 

0.310864. 

May 

20.0 

-0.31012 

2.08092 

0.16134 

0.324298. 

June 

29.0 

0.80326 

2.02602 

0.175'23 

0.33«743v 

Aug. 

8.0 

1.26056 

1.87959 

0.18122 

0.35S101. 

Se,.t. 

17.0 

1.66729 

1.66711 

0.17990 

0.3-246SI 

Ocl. 

27.0 

2.01414 

1.37473 

0.17209 

0.388214. 

Dec. 

6.0 

2.29597 

1.04766 

0.15870 

0.40289*. 

1S6.5  J.n. 

1.5.0 

—  2.51077 

+  0.68978 

-0.14066 

0.416240. 

The  adopted  interval  is  ft)  ^=40  days,  and  the  eo-ordinatefl  are  i*- 
ferred  to  the  ecliptic  and  mean  equinox  of  1860.0.  The  first  date, 
it  will  be  observed,  corresponds  to  t^  —  \io,  aud  the  inl^ration  is  to 
commence  at  1864  Jan.  1.0. 

The  places  of  Jupiter  derived  from  the  tables  give  the  followfaig 
values  of  the  co-ordinates  of  that  planet,  with  which  we  write  abo 
the  distances  of  Eurynome  from  JupiUr  computed  b^  nieuis  of  the 
formula 

p'  =  C=B'-^)'-f.(y~y)'-|-(^-,)». 

3.5M84  -(-0.10.533  0.73425  OeMM^ 

3.76053  0.10152  0.733B6  OiMTl^ 

3.96803  0.09744  a73»05  OlMM 

4.14366  -t- 0.09304  0.7SSS7  < 


B«rliu  Mean  Time.  x" 

1863  Dec.     12.0  —4.09683 

1864  Jan.  21.0  3.89630 
March  1.0  3.68416 
April    10.0  —3.46098 
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Berlin  M«an 'Hme. 

«' 

/ 

t> 

logr' 

logp 

1864  May  20.0 

—3.22739 

—4.31684 

+0.08839 

0.73164 

0.84732, 

June  29.0 

2.98405 

4.47693 

0.08346 

0.73086 

0.83656, 

Aug.  8.0 

2.73162 

4.62343 

0.07827 

0.73003 

0.82428, 

Sept.  17.0 

2.47085 

4.75576 

0.07284 

0.72915 

0.81077, 

Oct.  27.0 

2.20247 

4.87345 

0.06720 

0.72823 

0.79628, 

Dec.  6.0 

1.92728 

4.97606 

0.06134 

0.72726 

0.78098, 

1865  Jan.  15.0 

—1.64600 

—6.06301 

+  0.05531 

0.72625 

0.76498. 

These  co-ordinates  are  also  referred  to  the  ecliptic  and  mean  equinox 

of  .1860.0. 

If  we  n^lect  the  mass  of  Ei(,rynome  and  adopt  for  the  mass  of 

JupUer 

1 


m  = 


1047.819' 


we  obtain,  in  units  of  the  seventh  decimal  place, 

oiWife*  =  4518.27, 
and  the  equations  (9)  become 


»' 


=  «18.27(?:=^-^)  +  M3«(35.*.-,.), 


^^=«.8.r(fcii-^)+«:f*L(s|.,-^),    (40) 


d^ 


Substituting  for  the  quantities  in  the  first  term  of  the  second  member 
of  each  of  these  equations  the  values  already  found,  we  obtain 


Argument. 
a  —  a» 
a 

a  -\-  to 
a  +  2a» 

a  +  4a» 
a  +  5» 
a+  6<» 

a  +  7<» 
a  -|-  8o» 

a  +  9<» 


Date. 

1863  Dec.  12.0 

1864  Jan.  21.0 
March  1.0 
April  10.0 
May  20.0 
June  29.0 
Aug.  8.0 
Sept.  17.0 
Oct.  27.0 
Dec.  6.0 

1865  Jan.  15.0 


+  63.00 
53.71 
54.23 
54.69 
55.23 
56.06 
57.30 
59.09 
61.55 
64.85 

+  69.09 


+  47.09 
46.31 
45.18 
43.59 
41.51 
38.96 
35.92 
32.47 
28.60 
24.34 

+ 19.78 


— 1.43, 
0.91, 

—  0.37, 

+  0.22, 
0.70, 
1.19, 
1.66, 
2.08, 
2.43, 
2.69, 

+  2.83, 


which  are  expressed  in  units  of  the  seventh  decimal  place. 

We  now,  for  a  first  approximation,  regard  the  perturbations  as 

29 
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heiog  eqaad  to  «ro  for  tbe  dites  Dee;.  1±0  and  Jsl  SLO,  wad,  in  tl» 
eaee  of  the  Tiaiaoaa  of  x,  we  coipute  fins 

y''«-i-^>  =  -A/(«  —  K=-^  53.71-53.00)  =  — 0.03, 

53-71 
24 


T«— )  =^(«;  =  +  ^^i^  =  -2L24 


«od  the  ajJUiWAiiiMrte  taUe  of  mtfgrarinn  beoomei 


/^--•)  =  -53.00y,^^^__^^7«-.)  =  ^2^4. 
/(a;  =-^-53.71-'         ^^  7C«)  =-r2^. 


Then  the  fiiriniihi  (39),  potting  fiisl  i  =  —  1,  «od  then  1  =  0,  gives 

Dee- 12-0  «r=  +  2124  +  ^^  =  +  €-6d, 

Jan .  21 .0  «r  =  +  2-21  +  ^^  =  +  6J69. 

In  a  aimnar  manner,  we  find 

Dec.  12.0  fr  =  +  ^-^5  «f  =  —  0.16, 

Jan.  21.0  fr  =  +  ^-^2  *f  =  —  0-14. 

Bj  means  of  these  resnlta  we  oompnte  the  complete  values  of  the 
second  members  of  equations  (40),  ir  being  fbnnd  finom 


9r  =  -Sz  +  ^iy-\^^dz, 
^           %           ^ 

1U3  we  obtain 

^                           ,<Wr                 ,d^                •<Wf 

l^a^               *^-3;r            *^-3^           •^-^^ 

di^                     dO                    df 

dr 

Dec  12.0        +  0.3.86        +  47.76        —  1.45 

+  8.85, 

Jan.  21.0        +  5423        +  47.25        —  0.96 

+  8.63. 

We  now  commence  anew  the  table  of  integration,  namely, 

/        y      7        /       '/       7       /       '/     "S 

+53.86  _  A  02  +  2-2^'  +'*7.76  .    a  02  +  ^•^^'  ~^-^  -0  02  -®-^' 

+54.23  ,  ;y'  1  +  2.24,  +47.25 T47'o7  +  1.99,  -0.96     aar-O-O*' 

'^'^•^^  +56.45.  ''■^^•^^  +49.26,  "^^'^^  -1.04, 

the  formation  of  which  is  made  evident  by  what  precedes. 

We  may  next  assume  for  approximate  values  of  the  differential 
coefficients,  for  the  date  March  1.0,  +54.6,  +46.7,  and  —0.5, 
respectively ;  and  these  give,  for  this  date, 
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dx  =  +  66.46  +  ~  =  +  61.00, 
9y  =  +  49.26  +  ^  =  +  63.15, 
*»  =  —   1.04  —  -^  =  —   1.08. 

By  means  of  these  approximate  values  we  obtain  the  following 
resalts: — 

1864  March  1.0     ^  =  +  65.01,    ^  =  +  63.86,     J^=_l.OO, 

cttr  at  a" 

dr  =  +  71.03. 

Introdacing  these  into  the  table  of  integration^  we  find,  for  the  corre- 
sponding values  of  the  integrals, 

dx  =  +  61.03,  ^  =  +  63.75,  ^2  =  — 1.12. 

These  results  differ  so  little  from  those  already  derived  from  the 
assumed  values  of  the  function  that  a  repetition  of  the  calculation  is 
unnecessary.    This  repetition,  however,  gives 

^  =  +  65.04.      •     ^  =  +  53.91.  ^  =  -1.00. 

Assuming,  again,  approximate  values  of  the  differential  coefficients 
for  April  10.0,  and  computing  the  corresponding  values  of  dx^  dy^ 
and  8z^  we  derive,  for  this  date, 

-*?=+«•««.  •'^=+«s-i9.  -^=-i.«- 

Introducing  these  into  the  table  of  integration,  and  thus  deriving 
approximate  values  of  dxy  5y,  and  dz  for  May  20,  we  carry  the  pro- 
cess one  step  further.  In  this  manner,  by  successive  approximations, 
we  obtain  the  folloMdng  results: — 


Date. 

^"^ 

(tt* 

dC 

dt* 

1863  Dec.     12.0 

+  53.86 

+  47.76 

— 1.45, 

1864  Jan.     21.0 

5423 

47.26 

0.96, 

March    1.0 

55.04 

53.91 

1.00, 

April    10.0 

48.06 

63.19 

1.54, 

May     20.0 

32.85 

65.40 

2.07, 

June    29.0 

16.74 

54.48 

1.75, 

Aug.      8.0 

8.62 

31.39 

—  0.36, 

Sept.    17.0        +14.20        +   2.09        +1.86, 
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Date. 

dp 

dp 

'^dP 

1864  Oct 

27.0 

+   3484 

—  26.32 

+  4.44, 

Dec. 

6.0 

68.79 

47.87 

6.86, 

1865  Jan. 

15.0 

+ 112.64 

—  68.39 

+  8.68. 

The  complete  int^ration  may  now  be  effected,  and  we  may  use  both 
equation  (37)  and  equation  (39),  the  former  giving  the  int^ral  for 
the  dates  Jan.  1.0,  Feb.  10.0,  March  21.0,  &c.,  and  the  latter  the 
integrals  for  the  dates  in  the  foregoing  table  of  values  of  the  fimction. 
The  final  results  for  the  perturbations  of  the  rectangular  co-ordinates, 
expressed  in  units  of  the  seventh  decimal  place,  are  thus  found  to  be 
the  following: — 


Berlin  Mean  Time. 

dx 

•^ 

it 

1863  Dec. 

12.0 

+  6.7 

+  6.9 

—  0.2, 

1864  Jan. 

1.0 

0.0 

0.0 

0.0, 

21.0 

+  6.8 

5.9 

0.1, 

Feb. 

10.0 

27.1 

23.5 

0.6, 

March    1.0 

61.0 

53.7 

1.1, 

21.0 

108.9 

97.4 

2.0, 

April 

10.0 

169.7 

155.7 

3.1, 

30.0 

242.7 

229.9 

4.7, 

May- 

20.0 

325.7 

320.3 

6.7, 

June 

9.0 

417.1 

427.2 

9.3, 

29.0 

514.6 

549.1 

12.3, 

July 

19.0 

616.1 

684.9 

15.7, 

Aug. 

8.0 

720.8 

831.4 

19.5. 

28.0 

827.4 

986.0 

23.4, 

Sept. 

17.0 

936.8 

1144.6 

27.0, 

Oct. 

7.0 

1049.4 

1303.8 

30.2, 

27.0 

1168.2 

1460.0 

32.6, 

Nov. 

16.0 

1295.4 

1609.4 

33.9, 

Dec. 

6.0 

1435.6 

1749.6 

33.8, 

26.0 

1592.8 

1877.6 

32.0, 

1865  Jan. 

15.0 

+  1772.6 

+  1992.3 

—  28.2. 

During  the  interval  included  by  these  perturbations,  the  terms  of 
the  secjond  order  of  the  disturbing  forces  will  have  no  sensible  effect; 
but  to  illuHtmt(;  the  application  of  the  rigorous  formulae,  let  us  com- 
nicnco  at  the  date  1864  Sept.  17.0  to  consider  the  perturbations  of 
the  He(H)nd  order. 

In  ihv.  firHt  pliiccj,  the  components  of  the  disturbing  force  must  be 
computed  by  means  of  the  equations 
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The  approximate  values  of  dx,  5y,  and  dz  for  Sept.  17.0  given  imme- 
diately by  the  table  of  integration  extended  to  this  date^  will  suffice 
to  furnish  the  required  values  of  the  disturbed  co-ordinates  by  means 
of 

and  to  find  p  =  pQ  +  dp,  we  have 

af — X          1/  —  V          /  —  z 
dp  = dx—-- ^dy dz. 

or 

r 

in  which  X^  is  the  modulus  of  the  system  of  logarithms.  Thus  we 
obtain,  for  Sept.  17.0, 

^  log /t)  =  + 0.0000084, 
ai«X=  +  59.09,  ai«  r  =  +  32.48,  w^Z  =  +  2.08, 

which  require  no  further  correction. 
Next,  we  compute  the  values  of 

M>  '^0  ^0 

which  also  will  not  require  any  further  correction,  and  thus  we  form, 
according  to  (12),  the  equation 

q  =  —  0.29996^a;  +  0.29815^  —  0.03237^2. 

The  approximate  values  of  8xy  dy,  and  dz  being  substituted  in  this 

equation,  we  obtain 

q=  +  0.0000061, 

corresponding  to  which  Table  XVII.  gives 

log/=  0.477115. 
Hence  we  derive 

-f  (fqx  -  to)  =  -  44.87,       -f  (/gy  -  «y)  =  -  30.40, 

--f  (/,z-<Jz)=_0.21, 

'0 
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and  the  equations  (14).  give 


€tf* 


-^  =  +  14.22.        «,.-^  =  +  2.08,       »^-^  =  +  1.8<. 


These  values  being  introduced  into  the  table  of  int^ration,  the 
resulting  values  of  the  integrals  are  changed  so  little  that  a  repetidoa 
of  the  calculation  is  not  required. 

We  now  derive  approximate  values  of  dxy  %,  and  dz  for  Oct  27.0, 
and  in  a  similar  manner  we  obtain  the  corrected  values  of  the  differ- 
ential coefficients  for  this  date;  and  thus  by  computing  the  forces  for 
each  place  in  succession  from  approximate  values  of  the  perturbttions, 
and  repeating  the  calculation  whenever  it  may  appear  necessary,  ve 
may  determine  the  perturbations  rigorously  for  all  powers  of  the 
masses.  The  results  in  the  case  under  consideration  are  the  follow- 
ing:— 

^^^-  ^IF  ^^  ^-5? 

1564  Sept.  17.0  +   14.22  +   2.08  +1.87, 

Oct.   27.0  34.84  —26.31  4.44, 

Dec.    6.0  68.77  47.86  6.86, 

1865  Jan.  15.0  +  112.60  —  58.39  +  8.68. 

Introducing  these  results  into  the  table  of  int^ration,  the  integnb 
for  Jan.  15.0  are  found  to  be 

5x  =  +  1772.6,        ^y  =  +  1992.3,        ^z  =  —  28.2, 

agreeing  exactly  with  those  obtained  when  terms  of  the  order  of  the 
square  of  the  disturbing  forces  are  neglected. 

If  the  perturbations  of  the  rectangular  co-ordinates  referrwl  to  the 
equator  are  required,  we  have,  whatever  may  be  the  magnitude  of  the 

perturbations, 

dXf  =  dx, 

dy,  =  COS  €  iy  —  sin  c  dz^  (41 

dz,  =  sin  e  3y  -\-  cos  e  Sz, 

^n  Vn  2/  being  the  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane.     Thus  we  obtain,  for  1865  Jan.  15.0, 

dx,  =  +  1772.6,        %,  =  +  1838.9,        dz,  =  +  767.2. 

These  values,  expressed  in  seconds  of  arc  of  a  circle  whose  rsuliu^  i? 
the  unit  of  space,  are 

dx,  =  +  36".562,        dy,  =  +  37".930,        dz,  =  +  15".825. 
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The  approximate  geocentric  place  of  the  planet  for  the  same  date  is 

a  =  183^  28',        ^  =  —  5^  39',  log  a  =  0.3229, 

and  hence,  n^lecting  terms  of  the  second  order,  we  derive,  by  means 
of  the  equations  (8)2,  for  the  perturbations  of  the  geocentric  right 
ascension  and  declination, 

Aa  =  — 17".03,  a5  =  +  5".67. 

167.  The  values  of  dxy  %,  and  &,  computed  by  means  of  the  co- 
ordinates referred  to  the  ecliptic  and  mean  equinox  of  the  date  tj  must 
be  added  to  the  co-ordinates  given  by  the  undisturbed  elements  and 
referred  to  the  same  mean  equinox.  The  co-ordinates  referred  to  the 
ecliptic  and  mean  equinox  of  i  may  be  readily  transformed  into  those 
referred  to  the  ecliptic  and  mean  equinox  of  another  date  t'.  Thus, 
let  0  denote  the  longitude  of  the  descending  node  of  the  ecliptic  of  t' 
on  that  of  ^,  measured  from  the  mean  equinox  of  ty  and  let  3;  be  the 
mutual  inclination  of  these  planes;  then,  if  we  denote  by  a;',  y',  z' 
the  co-ordinates  referred  to  the  ecliptic  of  <  as  the  fundamental  plane, 
the  positive  axis  of  a:,  however,  being  directed  to  the  point  whose 
longitude  is  0,  we  shall  have 

a^  =  a:  cos  ^  +  y  sin  0, 

y'  =  —  a;  sin  ^  -}-  y  cos  ^,  (42) 

Let  us  now  denote  by  a;",  y^',  z'^  the  co-ordinates  when  the  ecliptic 
of  f  is  the  plane  of  ocyy  the  axis  of  x  remaining  the  same  as  in  the 
system  of  a:',  y',  z'.    Then  we  shall  have 

a^'  =  7!, 

y"  =  y'  cos  Tj  —  z  sin  ij,  (43) 

2"  =  y'  sinij  -f-  ^  cosTj. 

Finally,  transforming  these  so  that  the  axis  of  z  remains  unchanged 
while  the  positive  axis  of  a;  is  directed  to  the  mean  equinox  of  ty  and 
denoting  the  new  co-ordinates  by  x,y  y„  z„  we  get 

Xf  =  a/'  cos(^  +  J>)  —  y"  sin  (0  +;>), 

y,  =  a/'  sin  (e+p)  +  f  cos  (0  +  p\  (44) 

in  which  p  denotes  the  precession  during  the  interval  V —  t.  Elimi- 
nating x'^y  y",  and  2"  from  these  equations  by  means  of  (43)  and  (42), 
observing  that,  since  tj  is  very  small,  we  may  put  cos  jy  =  1,  we  get 
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x,=^x  cosp  —  y  sinp  +  -  ^ain  (^  +P)» 

y,  =  x  Binp  +  y  cosp  —  -«coe(^  +p),  (45^ 

2,=z-lxnine  +  lyco,0, 

8  8 

in  which  a  =  206264.8^  ij  being  supposed  to  be  expressed  in  seconds 
of  are.     If  we  neglect  terms  of  the  order  p^,  these  equations  become 

a:,  =  a;  —  i^  rr  — |y  +  ?  (sin^  +  p  cofl^)  «, 

y.=y-i5'y+f*-^(cos^-p8in^)f,  (46) 

z,=z-^1xsme  +  tycos0. 

8  8 

These  formulae  give  the  co-ordinates  referred  to  the  ecliptic  and  metn 
equinox  of  one  epoch  when  those  referred  to  the  ecliptic  and  metn 
equinox  of  another  date  are  known.  For  the  values  of  p^  ij,  and  9^ 
we  have 

p  =  (50".21129  +  0".0002442966r)  (f  —  0, 

.19  =  (  0".48892  —  0".000006143t)  («'  —  e), 
d  =  351°  36'  10"  +  39".79  (t  —  1750)  —  5".21  (f  —  0, 

in  which  T  =  l{t'  —  t)  —  1750,  t  and  t'  being  expressed  in  years  (torn 
the  beginning  of  the  era.  If  we  add  the  nutation  to  the  value  of  pt 
the  co-ordinates  will  be  derived  for  the  true  equinox  of  t\ 

The  equations  (45)  and  (46)  serve  also  to  convert  tlie  values  of  or, 
%,  and  3z  belonging  to  the  co-ordinates  referred  to  the  ecliptic  and 
mean  equinox  of  t  into  those  to  be  applied  to  the  co-ordinates  re- 
ferred to  the  ecliptic  and  mean  equinox  of  t\  For  this  purpose  it 
is  only  necessary  to  write  dxy  <Jy,  and  Sz  in  place  of  x,  y,  and  :  re- 
spectively, and  similarly  for  x,j  y,y  z,. 

In  the  computation  of  the  perturbations  of  a  heavenly  body  during 
a  i>eriod  of  several  years,  it  will  be  convenient  to  adopt  a  iixal  cijoi- 
nox  and  ecliptic  throughout  the  calculation;  but  when  tlie  j)erturha- 
tions  are  to  be  applieil  to  the  co-ordinates,  in  the  calculation  of  an 
ephemeris  of  the  body  taking  into  account  the  pert url)at ions,  it  will 
be  convenient  to  compute  the  co-ordinates  directly  for  the  ecliptic 
and  mean  equinox  of  the  beginning  of  the  year  for  which  tl»e 
ephemeris  is  required,  and  the  values  of  ox,  oy,  and  Sz  must  be 
nxluceil,  by  means  of  the  equations  (45),  as  already  explained,  from 
the  ecliptic  and  mean  ctjuinox  to  which  they  belong,  to  the  ecliptic 
and  mean  equinox  adopteil  in  the  case  of  the  co-ordinates  required. 
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In  a  similar  manner  we  may  derive  formal®  for  the  transformation 
of  the  co-ordinates  or  of  their  variations  referred  to  the  mean  equinox 
and  equator  of  one  date  into  those  referred  to  the  mean  equinox 
and  equator  of  another  date;  but  a  transformation  of  this  kind  will 
rarely  be  required,  and,  whenever  required,  it  may  be  effected  by  first 
converting  the  co-ordinates  referred  to  the  equator  into  those  referred 
to  the  ecliptic,  reducing  these  to  the  equinox  of  i'  by  means  of  (45) 
or  (46),  and  finally  converting  them  into  the  values  referred  to  the 
equator  of  i'.  Since,  in  the  computation  of  an  ephemeris  for  the 
comparison  of  observations,  the  co-ordinates  are  generally  required 
in  reference  to  the  equator  as  the  fundamental  plane,  it  would  appear 
preferable  to  adopt  this  plane  as  the  plane  of  xy  in  the  computation 
of  the  perturbations,  and  in  some  cases  this  method  is  most  advan- 
tageous. But,  generally,  since  the  elements  of  the  orbit  of  the  dis- 
turbed planet  as  well  as  the  elements  of  the  orbits  of  the  disturbing 
bodies  are  referred  to  the  ecliptic,  the  calculation  of  the  perturbations 
will  be  most  conveniently  performed  by  adopting  the  ecliptic  as  the 
fundamental  plane.  The  consideration  of  the  change  of  the  position 
of  the  fundamental  plane  from  one  epoch  to  another  is  thus  also  ren- 
dered more  simple.  Whenever  an  ephemeris  giving  the  geocentric 
right  ascension  and  declination  is  required,  the  heliocentric  co-ordi- 
nates of  the  body  referred  to  the  mean  equinox  and  equator  of  the 
beginning  of  the  year  will  be  computed  by  means  of  the  osculating 
elements  corrected  for  precession  to  that  epoch,  and  the  perturbations 
of  the  co-ordinates  referred  to  the  ecliptic  and  mean  equinox  of  any 
other  date  will  be  first  corrected  according  to  the  equations  (46),  and 
then  converted  into  those  to  be  applied  to  the  co-ordinates  referred  to 
the  mean  equinox  and  equator.  If  the  perturbations  are  not  of  con- 
siderable magnitude  and  the  interval  V  —  i\&  also  not  very  large,  the 
correction  of  5a?,  %,  and  8z  on  account  of  the  change  of  the  position 
of  the  ecliptic  and  of  the  equinox  will  be  insignificant;  and  the 
conversion  of  the  values  of  these  quantities  referred  to  the  ecliptic 
into  the  corresponding  values  for  the  equator,  is  effected  with  great 
facility. 

In  the  determination  of  the  perturbations  of  comets,  ephemcrides 
being  required  only  during  the  time  of  describing  a  small  portion  of 
their  orbits,  it  will  sometimes  be  convenient  to  adopt  the  plane  of  the 
undisturbed  orbit  as  the  fundamental  plane.  In  this  case  the  posi- 
tive axis  of  X  should  be  directed  to  the  ascending  node  of  this  plane 
on  the  ecliptic,  and  the  subsequent  change  to  the  ecliptic  and  equinox, 
whenever  it  may  be  required,  will  be  readily  effected. 
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168.  The  perturbations  of  a  heavenlj  bodj  maj  thus  be  deter- 
mined rigorously  for  a  long  period  of  time,  provided  that  the  oacQ- 
lating  elements  may  be  regarded  as  accurately  known.  The  peculiar 
object,  however,  of  such  calculations  is  to  fiunlitate  the  correction  of 
the  assumed  elements  of  the  orbit  by  means  of  additional  observa- 
tions aocording  to  the  methods  which  have  already  been  explained; 
and  when  the  osculating  elements  have,  by  suooeasive  corrections, 
been  determined  with  great  precision,  a  repetition  of  the  calculation 
of  the  perturbations  may  become  necessary,  since  changes  of  the  ele- 
ments which  do  not  sensibly  affect  the  residuals  for  .the  given  differ- 
ential equations  in  the  determination  of  the  most  probable  corrections, 
may  have  a  much  greater  influence  on  the  accuracy  of  the  resulting 
values  of  the  perturbations. 

When  the  calculation  of  the  perturbations  is  carried  forward  for  a 
long  period,  using  constantly  the  same  osculating  elements, — and 
those  which  are  supposed  to  require  no  correction, — the  secular  per- 
turbations of  the  co-ordinates  arising  from  the  secular  variation  of 
the  elements,  and  the  perturbations  of  long  period,  will  constantly 
affect  the  magnitude  of  the  resulting  values,  so  that  dr,  Sy,  and  3z 
will  not  again  become  simultaneously  equal  to  zero.  Hence  it 
appears  that  even  when  the  adopted  elements  do  not  differ  modi 
from  their  mean  values,  the  numerical  amount  of  the  perturbations 
may  be  very  greatly  increased  by  the  secular  perturbations  and  by 
the  large  perturbations  of  long  period.     But  when  the  perturbations 

are  large,  the  calculation  of  the  complete  values  of  "jH"»  ~j§r^  ^ 

-^  (which  is  effected  indirectly)  cannot  be  performed  with  fecility, 

requiring  often  several  repetitions  in  order  to  obtain  the  required 
accuracy,  since  any  error  in  the  value  of  the  second  differential  coeffi- 
cient produces,  by  the  double  integration,  an  error  increasing  propor- 
tionally to  the  time  in  the  values  of  the  integral.  Errors,  therefore, 
in  the  values  of  the  second  differential  coefficients  which  for  a  mode- 
rate period  would  have  no  sensible  effect,  may  in  the  course  of  a  long 
period  produce  large  errors  in  the  values  of  the  perturbations,  and  it 
is  evident  that,  both  for  convenience  in  the  numerical  calculation  and 
for  avoiding  the  accumulation  of  error,  it  mil  be  necessary  from  time 
to  time  to  apply  the  perturbations  to  the  elements  in  order  that  the 
integrals  may,  in  the  case  of  each  of  the  co-ordinates,  be  again  equal 
to  zero.  The  calculation  will  then  be  continued  until  another  change 
of  the  elements  is  required. 
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The  transformation  from  a  system  of  osculating  elements  for  one 
epoch  to  that  for  another  epoch  is  very  easily  effected  by  means  of 
the  values  of  the  perturbations  of  the  co-ordinates  in  connection 
with  the  corresponding  values  of  the  variations  of  the  velocities 

-TT,  -^,  and  -37«  The  latter  will  be  obtained  from  the  values  of  the 
at    at  dt 

second  differential  coefficients  by  means  of  a  single  integration  ac- 
cording to  the  equations  (27)  and  (32).  Thus^  in  the  case  of  the 
example  given,  we  obtain  for  the  date  1865  Jan.  15.0,  by  means  of 
(32),  in  units  of  the  seventh  decimal  place, 

40  ^  =  +  385.9,        40  ^  =  +  214.6,        40  ^'  =  +  9.7. 
at  dt         '  dt 

The  velocities  in  the  case  of  the  disturbed  orbit  will  be  given  by  the 
formulse 

dx dx^       ddx         dy dy^       ddy         dz dz^       dSz      ..„^ 

le"  ~"  dT  +  "ST'      "Si" ""  "ST  "^  "ST'      li~~M'^'di'    ^^^ 

To  obtain  the  expressions  for  the  components  of  the  velocity 
resolved  parallel  to  the  co-ordinates,  we  have,  according,  to  the  equa- 
tions (6)2, 

-7-  =  sm  a  sm  (-4.  +  ii)  ^7  +  r  am  a  cos  (J.  +  v)  -rr, 

at  at  at 

-~==smb&in(B  +  u)-T7  +  raiab  cos  (B  +  u)  -^, 

dz  dv  dv 

-IT- =  sine  sin  ((7+  u)-='  +  r8\xxc  cos  ( (7  +  u) -jr-. 

These  equations  are  applicable  in  the  case  of  any  fundamental  plane, 
if  the  auxiliaries  sin  a,  sin  6,  sin  c.  A,  B,  and  C  are  determined  in 
reference  to  that  plane.     To  transform  them  still  further,  we  have 

dr       kVl  +  m      .    ,  n 

-TT  = 7 e  sm  (u  —  w), 

at  Yp 

r^  =  -JL. =  ___(i+ecos(ti--a,)), 

in  which  w  denotes  the  angular  distance  of  the  perihelion  from  the 
ascending  node.     Substituting  these  values,  we  obtain,  by  reduction, 
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dx       kyl-^m  gf  V        A       f    •        •     •      N  •     j\  • 

-|T-  = -7« — ((e  cos  a>  +  cos  tt)  cos  J.  —  (e  siiiiu  +  sin  ti)  sm^jsmo, 

-^  = ^ — ((ecostt*  +  cosu}coSj5  —  (esin ai  4- sin u) sin ^) gin i, 

at  Yp 

== ^ — ((e  cos  01  +  costt)cos(7  —  (esin»  +  sin  u)  sin  C)  sin  r. 

Let  us  now  put 


and  we  have 


dx 


(c  sin  01  -f  sin  u)  =  Fsin  U, 


(e  cos«  +  costi)  =  Fcoe  U, 


m 


,   =  Fsin  a  cos  (J.  +  U), 

^  =  Fsin  6  cos  (5  +  CO,  (49) 

dz 

-^  =  Fsinccos(C+  U), 

These  equations  determine  the  components  of  the  velocity  of  a  hea- 
venly body  resolved  in  directions  parallel  to  the  co-ordinate  axes, 
and  for  any  fundamental  plane  to  which  the  auxiliaries  A,  B,  4c. 
belong.     When  the  ecliptic  is  the  fundamental  plane^  we  have 

sin  c  =  sin?*,  (7=0. 

The  sum  of  the  squares  of  the  equations  (48)  gives 


V'  = 


P 


(l  +  e«+2ecos(ti  — «i))=P(l  +  m)(?-M. 


and  hence  it  appears  that  V  is  the  linear  velocity  of  the  Ixxly. 

The  determination  of  the  osculating  elements  corresponding  to  any 
date  for  which  the  perturbations  of  the  co-ordinates  and  of  the  velx'i- 
ties  have  been  found,  is  therefore  effected  in  the  following  manner:— 

First,  by  tneans  of  the  osculating  elements  to  which  the  }>erturlxi- 
tions  ])elong,  we  compute  accurate  values  of  r^^,  x^,  y^,  r^,  and  hy 

means  of  the  equations  (48)  and  (49)  we  compute  the  values  of  -  .-• 

IT 

-^^  and  -TT-     Then  we  apply  to  these  the  values  of  the  })erturba- 
tions,  and  thus  find  x,  y,  2,  -^,    ,^,  and  -.i.     These   having   been 
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foand^  the  equations  (32)^  will  furnish  the  values  of  Sly  i,  and  p; 
and  the  remaining  elements  may  be  determined  as  explained  in  Art. 
112.    Thus,  from 

Fr  sin  4'o  =  ^l/;>  (1  +  wi), 

-_  dx         dy         dz 

we  obtain  Vr  and  i^o^  and  from 

r8intt  =  ( — a; sin  Q  +ycos  S2)sect, 
reosu  =  2;co8S2  +y8inJJ, 

we  derive  r  and  u;  and  hence  Ffrom  the  value  of  Vr.    When  i  is 

not  very  small,  we  may  use,  instead  of  the  preceding  expression  for 

rsinu, 

r  sin  w  =  2  cosec  *. 

Next,  we  compute  a  from 

2a  — r  = 


2  ife«  (1  4-  m)  __  ' 


r         F« 

and  from 

2ae  sin  a»  =  —  (2a  —  r)  sin  (24^^  +  w)  —  r  sin  t*, 
2ae  cosof  =  —  (2a  —  r)  cos  (24o  +  u)  —  r  cosu, 

we  find  (o  and  e.    The  mean  daily  motion  and  the  mean  anomaly  or 

the  mean  longitude  for  the  epoch  will  then  be  determined  by  means 

of  the  usual  formulae. 

In  the  case  of  a  very  eccentric  orbit,  after  r  and  u  have  been  found, 

dr 

-rr  will  be  given  by  equations  (48)^,  and  the  values  of  e  and  v  will 

be  given  by  the  equations  (49)^.    Then  the  perihelion  distance  will 
be  found  from 

P 


<l  = 


1  +  6 


and  the  time  of  perihelion  passage  will  be  found  from  t;  and  e  by 
means  of  Table  IX.  or  Table  X. 

In  the  numerical  values  of  the  velocities  -rr*  -jft  &c.,  more  decimals 

must  be  retained  than  in  the  values  of  the  co-ordinates,  and  enough 
must  be  retained  to  secure  the  required  accuracy  of  the  solution.  If 
it  be  considered  necessary,  the  different  parts  of  the  calculation  may 
be  checked  by  means  of  various  formulae  which  have  already  been 
given.     Thus,  the  values  of  S2  and  i  must  satisfy  the  equation 
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2  COS  i  —  y»in  i  cos  (2  +  ^  ^^  i  sin  Q  =  0. 
We  have^  also, 

i^  =  x'  +  f  +  z', 
2  =  r  sin  u  sin  i, 

which  must  be  satisfied  by  the  resulting  values  of  V,  r,  and  u;  and 
the  values  of  a  and  e  must  satisfy  the  equation 

p  =  a(l  —  e*)  =  a  cos*  ^. 

169.  When  the  plane  of  the  undisturbed  orbit  is  adopted  as  the 
fundamental  plane,  we  obtain  at  once  the  perturbations 

^(rcosw),  ^(rsinw),  fe, 

and  from  these  the  perturbations  of  the  polar  co-ordinates  are  easily 

derived.     There  are,  however,  advantages  which  may  be  secured  by 

employing  formulse  which  give  the  perturbations  of  the  polar  aw)^ 

dinates  directly,  retaining  the  plane  of  the  orbit  for  the  date  t^  as  the 

fundamental  plane. 

Let  w  denote  the  angle  which  the  projection  of  the  disturbed 

radius-vector  on  the  plane  of  osy  makes  with  the  axis  of  a;,  and  ^  the 

latitude  of  the  body  with  respect  to  the  plane  of  xy;  then  we  shall 

have 

x  =  r  cos  jS  cos  w, 

y  =  r  cos  /5  sin  w,  (50) 

2  =:  r  sin  /?. 

Let  us  now  denote  by  X,  Y,  and  Z,  respectively,  the  forces  which  are 
expressed  by  the  second  members  of  the  equations  (1),  and  the  first 
two  of  these  equations  give 

C  being  the  constant  of  integration.     The  equations  (50)  give 

dx  d(r cos?)  ^  .       dw 

-—  =cosw  —^—j, r  cos  ii  sm  w  -j-) 

at  at  at 

dy        .        (/(rco8/5)    ,  ^  dw 

-J-  =  sm  w        j^ \-rQO^?  cosw   ,-, 

at  at  at 

and  hence 
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Therefore  we  have 

dw 


r«C08V^=J"(Kc  — Xy)d<+  C. 


If  we  denote  by  8q  the  component  of  the  disturbing  force  in  a  direc- 
tion perpendicular  to  the  disturbed  radius-vector  and  parallel  with 
the  plane  of  an/,  we  shall  have 

X=  —  /SjSint^;,  Y=8qCosw, 

and 

Yx  —  Xy  =  S^r  COB  fi. 
Therefore 

r»  COB*  fi^=f8^r  cos  fidt+  C. 
In  the  undisturbed  orbit  we  have  ^  =  0,  and 

and  thus  the  preceding  equation  becomes 

r*  C08'/9^  =fSo  r  co&P  dt  +  hVpJ^  +  m).  (51) 

The  equations  (1)  also  give 

lxd^x+yd^  +  zd}z1<?(X-^m)^^xyz^  ^ 

T  dt*  r*  f*  *       f>  ^      f»        ^     ^ 

If  we  denote  by  R  the  component  of  the  disturbing  force  in  the 
direction  of  the  disturbed  radius-vector,  we  have 


We  have,  also, 


R  =  Xl+Yl  +  Zt  (53) 

r  r         r 


xd'x  +  ydhf  +  zd^z  =  d  {xdx  +  ydy  +  zdz)  —  ((ic*  +  dy*  +  <fo*) 

=  dirdr)  —  (dr*  +  f*di^)  =  rcPr  —  r'rfi;', 

V  denoting  the  true   anomaly  in   the   disturbed   orbit,  or,  since 

xd^x  +  yd^  +  2^«  =  ^^  —  »^  cos*/?  dw;*  —  r'd/J'. 
Hence  the  equation  (52)  becomes 

dV      ,,„„./«^      ,d/9'      y(l  +  m)_ 
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170.  The  equations  (51)  and  (54)^  in  connection  with  the  last  of 
equations  (1)^  completely  represent  the  motion  of  a  heavenly  body 
about  the  sun  when  acted  upon  by  disturbing  forces,  and,  when  com- 
pletely integrated,  they  will  give  the  values  of  to,  r,  and  z  for  any 
point  of  the  orbit;  but,  since  they  cannot  be  integrated  directly,  we 
must,  as  in  the  case  of  the  rectangular  co-ordinates,  find  the  equations 
which  give  by  integration  the  values  of  ^ir,  ^r,  and  s.  In  the  case 
of  the  undisturbed  orbit,  we  have 

If  wc  denote  by  ivo  the  variation  of  v)  arising  from  the  action  of  the 
disturbing  force,  we  have  to  =  to,  -)-  ^to/  and  henoe  we  easily  find, 
from  (51), 

^=      1       r^.,eo8/9*-(l--iVL^\*i^SH«).  (56) 
cte        r*co8*/9J  \         r»cos'/?/  r/ 


r"  =  V  +  2r.^  +  ^, 


T  T 


We  have,  further, 
which  gives 

Let  us  now  put 

and  we  have 

The  equation  (56),  therefore,  becomes 

in  which  we  put 

^'  =  -dt'= V 

If  we  substitute  r^  +  8r  for  r  in  equation  (54),  and  combine  the 
result  with  the  second  of  equations  (55),  we  get 
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and  if  we  put 

5"  =  !iL±i^^,        fY  =  i-%  (61) 

we  have 


and  henoe 


0 


(63) 


Finally,  we  have,  from  the  last  of  equations  (1), 

5^  =  2 r* *'  *-^^^ 

by  means  of  which  the  value  of  z  may  be  found;  since,  in  the  case  of 
the  undisturbed  motion,  we  have  Zq  =  0. 

The  values  of/'  corresponding  to  diflTerent  values  of  q'  may  be 
tabulated  with  the  argument  q^,  and,  since  the  equation  (62)  is  of  the 
same  form  as  (58),  the  same  table  will  give  the  value  of/"  when  5" 
is  used  as  the  argument.  Table  XVII.  gives  the  values  of  log/'  or 
\ogf^  corresponding  to  values  of  g'  or  g"  from  —  0.03  to  +  0.03. 
Beyond  the  limits  of  this  table  the  required  quantities  may  be  com- 
puted directly. 

171.  When  we  consider  only  terms  of  the  first  order  with  respect 
to  the  disturbing  force,  we  have 

/Y  =/V  = 


^•o 


and  the  equations  become 


f:  =  i.  +  ^oJ^,r,.,  +  (2^(^  (g^^ 


di'  T, 


In  determining  the  perturbations  of  a  heavenly  body,  we  first  con- 
sider only  the  terms  depending  on  the  first  power  of  the  disturbing 
force,  for  which  these  equations  will  be  applied.    The  value  of  dr 

30 


will  be  obtainotl  from  tho  second  equation  by  an  indirect  pr««n,M 
already  illustrated  for  the  ease  of  the  variation  of  the  rf>ciangtiUr 
co-ordinates.  Then  dw  will  lje  obtained  directly  from  the  first 
equation,  and,  finally,  z  indirectly  from  the  last  equation.  Each  of 
the  integrals  is  equal  to  zero  for  the  date  i^,  to  which  the  oacalatinj 
element*  belong. 

When  the  magnitude  of  the  perturbations  is  such  that  the  tenw 
depending  on  the  squares  and  products  of  the  masses  must  \x  oath 
sidered,  the  general  equations  (59),  (63),  and  (64)  will  be  applied. 
The  values  of  the  perturbations  for  the  dates  preceding  that  for 
which  the  complete  expressions  are  to  be  used,  will  at  once  indicate 
approximate  values  of  3io,  di;  and  z;  and  with  the  valui 


•■ii  +  ^.  f  =  ^"t  +  ''«'. 


4 


the  components  of  the  disturbing  force  will  be  computed.  We  compute 
also  (]'  from  the  first  of  equations  (57),  and  q"  from  the  first  <rf  \6ly, 
then,  by  means  of  Table  XVII.,  we  derive  the  corresponding  x-aloa 
of  log/'  and  log/".  The  coefficients  of  dr  in  the  expreKuoDi  fi» 
ij  and  q"  will  be  given  with  sufficient  accuracy  by  means  of  tlw 
approximate  values  of  dr  and  sin  ^,  and  will  not  require  any  further 
correction.     Then  we  compute  S^oosfi,  and  find  the  integral 


Js,. 


t?dt; 


* 


and  the  complete  value  of  —tt-  will  be  given  by  (69).     Tbo 
of  -^  will  then  be  given*  by  equation  (63).     The  term  »•  I  j7  I  ^ 
always  be  small,  aud,  unle^  the  inclination  of  the  orbit  of  thedil* 
turbed  body  is  large,  it  may  geuemlly  be  neglected.    Whenever  itili^ 

be  i-equirwl,  we  may  put  it  equal  to  - 1  -jr  j  -  The  corrected  nh* 
of  the  ditfercntial  coefBcients  being  introduced  into  the  tnblo  of  iolf 
gration,  the  exact  or  very  spproxiniate  values  of  ^k>,  4r,  and  i  will 
be  obtained.  Should  these  results,  however,  differ  much  from  41 
corresponding  vului>s  already  nssiiined,  a  repetition  of  the  mlfiihtitn 
may  l)ecuino  oecessaiy.  In  this  manner,  by  computing  each  |1m 
separately,  the  terms  depending  on  the  square^  products,  and  higlM 
lowers  of  the  disturbing  forces  may  be  included  in  the  rGSu)l&  I' 
will,  however,  be  generally  possible  to  estimate  the  v»la«rf  I 
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and  z  for  two  or  three  intervals  in  advance  to  a  degree  of  approxi- 
mation sufficient  for  the  computation  of  the  forces  for  these  dates. 

In  order  that  the  quantity  cOy  representing  the  interval  adopted  in 
the  calculation  of  the  perturbations^  may  not  appear  in  the  Integra* 
tion,  we  should  introduce  it  into  the  equations  as  in  the  case  of  the 
variation  of  the  rectangular  co-ordinates.  Thus,  in  the  determina- 
tion of  8w  we  compute  the  values  of  o)  —tt'*  and  since  the  second 

member  of  the  equation  contains  the  integral  j  S^roosfidt,  if  we 

introduce  the  factor  a>*  under  the  sign  of  integration,  this  integral, 
omitting  the  factor  w  in  the  formulae  of  integration,  will  become 

wl  iSJ,rcos^cft,  as  required.     The  last  term  of  the  equation  will  be 

multiplied  by  a;. 

In  the  case  of  5r,  each  term  of  the  equation  for  — r—  must  contain 

CLv 

the  factor  ojI^.  If  the  second  of  equations  (65)  is  employed,  the  first 
and  third  terms  of  the  second  member  will  be  multiplied  by  o)^;  but 
since  the  value  of  8q  is  supposed  to  be  already  multiplied  by  co^,  the 
second  term  will  only  be  multiplied  by  o). 

The  perturbations  may  be  conveniently  determined  either  in  units 
of  the  seventh  decimal  place,  or  expressed  in  seconds  of  arc  of  a 
circle  whose  radius  is  unity.  If  they  are  to  be  expressed  in  seconds, 
the  factor  s  =  206264.8  must  be  introduced  so  as  to  preserve  the 
homogeneity  of  the  several  terras,  and  finally  8r  and  8z  must  be  con- 
verted into  their  values  in  terms  of  the  unit  of  space. 

172.  It  remains  yet  to  derive  convenient  formulse  for  the  deter- 
mination of  the  forces  fij,,  M,  and  Z,  For  tjiis  purpose,  it  first  becomes 
necessary  to  determine  the  position  of  the  orbit  of  the  disturbing 
planet  in  reference  to  the  fundamental  plane  adopted,  namely,  the 
plane  defined  by  the  osculating  elements  of  the  disturbed  orbit  at  the 
instant  t^.  Let  i'  and  Q'  denote  the  inclination  and  the  longitude  of 
the  ascending  node  of  the  disturbing  body  with  respect  to  the  ecliptic, 
and  let  /  denote  the  inclination  of  the  orbit  of  the  disturbing  body 
with  respect  to  the  fundamental  plane.  Further,  let  N  denote  the 
longitude  of  its  ascending  node  on  the  same  plane  measured  from  the 
ascending  node  of  this  plane  on  the  ecliptic  or  from  the  point  whose 
longitude  is  Q^,  and  let  N^  be  the  angular  distance  between  the  as- 
cending node  of  the  orbit  of  the  disturbing  body  on  the  ecliptic  and 
the  ascending  node  on  the  fundamental  plane  adopted.  Then,  from 
the  spherical  triangle  formed  by  the  intersection  of  the  plane  of  the 
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from  which  to  find  N,  N',  and  /. 

Let  /3^  denote  the  heliocentric  latitude  of  the  disturbing  planet 
with  respect  to  the  fundamental  plane,  w'  its  longitude  in  this  plane 
measured  from  the  axis  of  x^  as  in  the  case  of  ir,  and  u/  the  argu- 
ment of  the  latitude  with  respect  to  this  plane.  Then,  according  to 
the  equations  (82)i,  we  have 

tan  (vf  —  N)  =  tan  u^  cos  7, 

tan^  =tan/8m(ti/  — iV).  ^^'^ 

If  u'  denotes  the  argument  of  the  latitude  of  the  disturbing  planet 
with  respect  to  the  ecliptic,  we  have 

This  formula  will  give  the  value  of  ti/,  and  then  to'  and  ^'  will  be 
found  from  (67).     We  have,  also, 

cos  u^  =  cos  /?'  cos  (jl(/  —  iV), 

which  will  serve  to  indicate  the  quadrant  in  which  w'  —  N  must !« 
taken. 

The  relations  here  derived  are  evidently  applicable  to  the  ca^e  in 
which  the  elements  of  the  orbits  of  the  disturbed  and  disturbing: 
planets  are  referred  to  the  equator,  the  signification  of  the  quaniititti 
involved  being  properly  considered. 

The  co-ordinates  of  the  disturbing  planet  in  reference  to  the  plane 
of  the  disturbeil  orbit  at  the  instant  t^  as  the  fundamental  plane  will 
be  given  by 

af  zzzi'/  cos  i^  cos  w\ 

if  =  r'  cos  ^  sin  ii/,  (69  • 

J  z=r'  sin  ^. 

To  find  the  force  i2,  we  have 

r  r         r 
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and 

Sabetituting  in  these  the  values  of  a?',  y',  2'  given  by  (69),  and  the 
corresponding  values  of  x,  y,  z  given  by  (50),  and  putting 

A  =  ^-^.  (70) 

we  get 

R  =  mT(  A/  cos /5'  cos /9  cos  (w/  —  ti;)  +  A/  sin /9  sin /S'  —  ^  V  (71) 

The  equation 

8grcoafi=  Yx  —  Xy 
gives 

ai,  =  m'PA/cos/rsin(ti/  —  K;),  (72) 

from  which  to  find  8^.    Finally,  we  have 

Z=m'ife*(A/sin/9'— -,V  (73) 

from  which  to  find  Z. 

When  we  determine  the  perturbations  only  with  respect  to  the 
first  power  of  the  disturbing  force,  the  expressions  for  iJ,  S^y  and  Z 
become 

R=^m'kAhr'  cos /T  cos  (w/  —  w^^)  —  —z\ 

Sq  =  m'k^  h'/  co8^  sm  Qu/  —  w^), 
Z=m'ife*  A /sinks'. 

To  compute  the  distance  py  we  have 

^«  =  (a:'-a:)«+(y'~y)«+(/-z)«, 
which  gives 

^*  =  r'  +  r*  —  2rr'  cos /9  cos /J'  cos(v/  —  w)  —  2r  /  sin /9  sm /S',  (75) 

and,  if  we  n^lect  terms  of  the  second  order,  we  have 

P*  =  /'  +  r*  —  2r,  /  cos  /9'  cos  (w/  —  Wo).  (76) 

If  we  put 

cos  /*  =  cos  /9  cos  fi^  cos  (u/  —  w)  +  sin  /?  sin  /S',  (77) 

we  have 

/9*  =  /'  +  r*  —  2rr'  cos  ^ 

=  /'  sin  V  +  (^  —  ^  cos  z*)* ; 


(74) 


the  exact  value  of  the  flDgle  ii,  however,  not  being  required. 
Introducing  y  into  the  expression  I'or  i?,  it  becomes 


by  means  of  whicii  R  may  be  conveniently  determined. 

173.  When  we  neglect  the  terms  depending  on  the  squnre 
higher  powers  of  tlie  mitsses  iu  the  computation  of  tlie  perturbi 
the  forces  li,  8g,  and  J?  will   be  computed  by  means  of  the  < 
(74),  Pa  being  found  irom  {76)  or  from  (78),  when  we  put 

COS  r-eos^  cos  («/-«..). 

But  when  the  terms  of  the  order  of  the  square  of  the  distiirhing 
force  are  to  be  taken  into  account,  the  complete  equations  mutt  ix 
used.  Thus,  wo  find  p  from  (78),  S^  from  (72),  Z  from  (73),  and  R 
from  (71)  or  (79).  The  values  of  Sw,  3r,  and  a,  computed  to  th* 
point  at  which  it  becomes  necessary  to  consider  the  terms  of  Ibf 
second  order,  will  enable  us  at  once  to  estimate  the  values  of  Un 
perturbations  for  two  or  three  intervals  in  advance  lo  A  di-grw  uf 
approximation  sufficient  for  the  calculation  of  the  fonw^i;  and  llif 
values  of  R,  •%,  and  Zthus  found  \#i]l  not  require  any  further  toe- 
rection. 

When  the  places  of  the  disturbing  planet  arc  to  be  flerivcd  (nm 
an  ephemeris  giving  the  heliocentric  longitudes  and  latitude*,  ttic 
values  of  Q'  and  i'  will  be  obtained  from  two  pluoua  sOfMLntud  brt 
considerable  interval,  and  then  the  \'alue9  of  u'  will  be  detenoiiml 
by  means  of  the  first  of  equations  (82),  or  by  means  of  {H!>\.  Wlan 
the  inclination  i'  is  very  small,  it  will  be  Bufficient  to  take 


=  r- 


aWn'Jt'sinaCr—  ft'). 


rtl»i 


in  which  s  =  206264.8.     But  when  the  tables  give  dirwfttr  tl 
gitude  in  the  orbit,  it'  +  £i',  by  subtracting  Si'  from  each  ofll 
longitudes  we  obtain  the  required  values  of  k'. 

It  should  be  observed,  also,  that  the  exact  determination  iif  lb 
values  of  the  forces  requires  that  the  actual  disturbctl  v&luoa  of  r'. 
w',  and  ^'  should  be  used.     The  diaturbed  nuiiua-vwtor  r*  wiU  b» 
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given  immediately  by  the  tables  of  the  motion  of  the  disturbing 
body,  but  the  determination  of  the  actual  values  of  w'  and  ^'  re- 
quires that  we  should  use  the  actual  values  of  iV',  iV,  and  /  in  the 
solution  of  the  equations  (68)  and  (67).  Hence  the  disturbed  values 
of  S2'  and  V  should  be  used  in  the  determination  of  these  quantities 
for  each  date  by  means  of  (66).  It  will,  however,  generally  be  the 
case  that  for  a  moderate  period  the  variation  of  S2 '  and  i'  may  be 
neglected ;  and  whenever  the  variation  of  either  of  these  has  a  sensi- 
ble eflTect,  we  may  compute  new  values  of  iV,  iV',  and  /from  time  to 
time,  by  means  of  which  the  true  values  may  be  readily  interpolated 
for  each  date.  We  may  also  determine  the  variations  of  iV,  iV',  and 
/  arising  from  the  variation  of  S2 '  and  i',  by  means  of  differential 
formulse.  Thus  the  relations  will  be  similar  to  those  given  by  the 
equations  (71)2,  ^  *'hat  we  have 

8m(a'— Qo)  sin-* 

...  sini\^  nTf  srsf      siniV'    ^  .o^. 

sm(a  —  hlo)  smi 

dl  =  sin  N'  sin  i'  ^ ft'  +  cos  N'  ^^ 

from  which  to  find  8N%  dN,  and  dl. 

When  the  perturbations  are  computed  only  in  reference  to  the  first 
power  of  the  mass,  the  change  of  Q'  and  i'  may  be  entirely  neg- 
lected; but  when  the  perturbations  are  to  be  computed  for  a  long 
period  of  time,  and  the  terms  depending  on  the  squares  and  products 
of  the  disturbing  forces  are  to  be  included,  it  will  be  advisable  to 
take  into  account  the  values  of  ^iV^,  8N'y  and  81,  and,  using  also  the 
value  of  ti'  in  the  actual  orbit  of  the  disturbing  body,  compute  the 
actual  values  of  w'  and  /3'. 

In  the  case  of  several  disturbing  bodies,  the  forces  will  be  deter- 
mined for  each  of  these,  and  then,  instead  of  R,  Sq,  and  Z,  in  the 
formulae  for  the  differential  coefficients,  SR,  ISq,  and  SZwill  be  used. 

174.  By  means  of  the  values  of  8wj  Sr,  and  2,  the  heliocentric  or 
the  geocentric  place  of  the  disturbed  planet  may  be  readily  found. 
Thus,  let  the  positive  axis  of  a;  be  directed  to  the  ascending  node  of 
the  osculating  orbit  at  the  instant  t^  on  the  plane  of  the  ecliptic; 
then,  in  the  undisturbed  orbit,  we  shall  have 

W^  =  Wo, 

u  denoting  the  argument  of  the  latitude.     Let  x,y  y„  z,  be  the  co-or- 
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dinates  of  the  body  referred  to  a  system  of  rectangalar  oo-ordinates 
in  which  the  ecliptic  is  the  plane  of  xy,  and  in  which  the  positive 
axis  of  X  is  directed  to  the  vernal  equinox.    Then  we  shall  have 

x,  =  x  cos  Qo  —  y  cos I'o  sin  Qo  +  ^  ^^  h  ^^^  Siv 
y,=x  sin  Q^  +  y  cosi^  cos  Qo  —  «  sin  t,  cos  ft,, 
z,  =ysinto  +  zcosio, 

or,  introducing  the  values  of  x  and  y  given  by  (50), 

x,  =  rcoafi  cos  w  cos  Sl^  —  r  cos  /9  sin  w;  cos  ^  sin  Qo  +  *  sin  i,  sin  ft^ 
y,  =  r  cos  /9  cos  w  sin  Qo  +  **  ^^s  /9  sin  w  cos  i^  cos  ft^  —  z  sin  i,  cos  ft^ (81) 
z,  =r  cos  /?  sin  w  sin  1^  +  2  cos  v 

Introducing  also  the  auxiliary  constants  for  the  ecliptic  according  to 
the  equations  (94)i  and  (96)i,  we  obtain 

x,  =  r  cos  ft  sin  a  sin  (A  -]-  w)  -{-  z  cos  a, 

y,  =r  cos  y5  sin  b  sin  (^  +  w)  +  «  cos  6,  (82) 

z,  =r  cos  /9  sin  %  sin  to  +  *  cos  1,, 

by  means  of  which  the  heliocentric  co-ordinates  in  reference  to  the 
ecliptic  may  be  determined. 

If  the  place  of  the  disturbed  body  is  required  in  reference  to  the 
equator,  denoting  the  heliocentric  co-ordinates  by  x,,,  y,,,  z,„  and  the 
obliquity  of  the  ecliptic  by  e,  we  have 

X,f  =■  Xf 

y„  =y,  cose  — z,  Bine, 
2,,  =  y,  sin  e  -{-  z,  cos  e. 

Substituting  for  x„  y„  z,  their  values  given  by  (81),  and  intro<liioini: 
the  auxiliary  constants  for  the  equator,  according  to  the  (X|uations 
(99)i  and  (l6l)i,  we  get 

x„  =  r  cos  ,3  sin  a  sin  (^  +  w)  +  2  cos  a, 

y„  =  r  cos  /3'  sin  b  sin  (B  -{-  w)  -\-  z  cos  6,  ;  '^o 

2,,  =  r  cos  /3'  sin  c  sin  (  0  +  w)  +  2  cos  c. 

The  combination  of  the  values  derived  from  these  equations  with  the 
corresi)onding  values  of  the  co-ordinates  of  the  sun,  will  u:ivo  the 
ixKjuired  geocentric  placxis  of  the  disturbed  body.  Thest*  etiuati«'»n.' 
are  applicable  to  the  case  of  any  fundamental  plane,  provi(K\l  iliat 
the  auxiliary  constants  a,  A,  />,  By  &c,  are  detcrminwl  with  rt-sjNvt 
to  that  plane.  In  the  numerical  application  of  the  furnnihr,  the 
value  of  to  will  be  found  from 
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Uq  being  the  argument  of  the  latitude  for  the  fundamental  osculating 
elements^  and  care  must  be  taken  that  the  proper  algebraic  sign  is 
assigned  to  cos  a,  cos  b,  and  cos  c. 

If  the  values  of  tt^,  Qq,  and  t^  used  in  the  calculation  of  the  per- 
turbations are  referred  to  the  ecliptic  and  mean  equinox  of  the  date 
t^'y  and  the  rectangular  co-ordinates  of  the  disturbed  body  are  required 
in  reference  to  the  ecliptic  and  mean  equinox  of  the  date  tQ^',  the 
value  of  w  must  be  found  from 

the  value  of  (o^  referred  to  the  ecliptic  of  <q'  being  reduced  to  that  of 
<,,",  by  means  of  the  first  of  equations  (115)i.  Then  ft,,  and  i^  should 
be  reduced  from  the  ecliptic  and  mean  equinox  of  t^  to  the  ecliptic 
and  mean  equinox  of  t^'  by  means  of  the  second  and  third  of  the 
equations  (115)i,  and^  using  the  values  thus  found  in  the  calculation 
of  the  auxiliary  constants  for  the  ecliptic^  the  equations  (82)  will 
give  the  required  values  of  the  heliocentric  co-ordinates.  If  the  co- 
ordinates referred  to  the  mean  equinox  and  equator  of  the  date  t^' 
are  to  be  determined,  the  proper  corrections  having  been  applied  to 
Qq  and  %,  the  mean  obliquity  of  the  ecliptic  for  this  date  will  be 
employed  in  the  determination  of  the  auxiliary  constants  a.  A,  &c. 
with  respect  to  the  equator,  and  the  equations  (83)  will  then  give 
the  required  values  of  the  co-ordinates. 

If  we  differentiate  the  equations  (83),  we  obtain,  by  reduction, 

— ^  =  r  cos/9sinaco8(J.  +  ^)"jr  +  sec /9  sin  o  sin  (J.  +  '^)'-it 

dz 
+  (cos  a  —  tan  /9  sin  a  sin  (J.  +  w))  -jrt 

^  =rcosfi8inb  cos  (jB  +  w)  -n-  +  sec /?  sin  6  sin  (B  +w)-jt 
at  at  at         .^.^ 

dz    ^^^^ 
+  (cos  b  —  tan  fismb  sin  (B  -{-w))  --^, 

-|-(co8  c  —  tan  /9  sin  c  sin  (  C  +  w))  --^, 

by  means  of  which  the  components  of  the  velocity  of  the  disturbed 
body  in  directions  parallel  to  the  co-ordinate  axes  may  be  determined. 

The  values  of  -tt  and  -ir  will  be  obtained  from  -j^  and  j^i"  V  * 
single  integration,  and  then  we  have 
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<linates  of  the  body  referred  to  a  system  i/ 
in  which  the  ecliptic  is  the  plane  of  xy 
axis  of  X  is  directed  to  the  vernal  equi* 

a-,  =  ar  cos  SJo  —  y  coslp8• 
y,  =j:8iu  S2o  +  ycosi 
2,  =y8inip  +  zco8i 

or,  introducing  the  vahies  of 

a-,  =  r  cos  /3  cos  10  cos  Qq  —  r 
y,  =  r  cosiS^coswsin  fi,  -f 
2,  =  r  cos  P  sin  w  sin  i^  + 


.ablos  of  the  moll'' 


Introducing  also  thr 
the  equations  (94), 


bv  means 

ecliptic  ^ 

Iff' 


equo 


r  =  lM8'40".5,  I 

.iiid  mean  equinox  of  18G0.0.    NVv  ft^     m* 
. »u  by  the  tables  the  values  of  u  lU'-a-ir'' 
.   18G0.0.     Then,  bv  means  of  the  toriu\il;i   »••' 
•  if  J2„  and  /^,  given  in  Art.  166,  we  derive 

4Jr*»,  X'  =  :50r  88'  31".7,  /  =  5=  '.*'  >.  i 

.t  of  ",/  is  ^ivon  by  e(|uatiiin  (68),  and  then  ir'  an*l  i  nr- 
..  ;ii  the  e<[uations  (67).     Thus  we  have 


IJ.n.     «».-J'.i4ns4    1V«-J=    4'-i4".o    0.7:U-25    14MS'.>4".6     -  n-    r >  '. 

•Jl.«».     •'.•j'.»ix-7    'j,,7    .{()  r,'2   .'2    o.7:\:\*\<    17   IM    44    /J         ••  >     •  : 


iV 


\1  .:■.!;    !.'».    m.:'..!!!!;: t   -j-j;;     :j     .",   .«*    «i.7:;:;ii."i   iNi  -jr, 


:>   .J 


I  > 


\ir:i 


1> 


»i  1 


!■•..«.  n.::!iix.:4  sa:  '>\  :\<  .:i  n.7;^::;:7  ::;:  :?•<  r,'j  .«» 

M  i_v     -j-M..  M.:;-j|-J'.'^  -Jol  "c*  47  .!•  n.7::i«;i  is  :;:!  .".-j  .1 

.li::..-     'J'.'.'*.  M.:;.;!.7J-"i  '2u\  .V.»  :>»  .«»  n.7;;M^i;  i»'.i  :s  U  .•» 

v.ii.  n.:'..-.!/;..!  077  1.1  24  .»;  ii.7;:.m.:;  :;-j  4i  U  .'J 

\:.o,  .•.:;7"Jl»:n  -J-^  •>  4  .1  n.7LV'I"i  :r.  -".I  iM  .»\ 

•J7.«i.  M.:;^>-Jii  •j'.*'^  's  I'i  .:'.  H.7-j^-j:i  ;<^  r.*^  ."7  .". 

•<.".  »'.l"-J-'.'l  :'."^  4:;  4>  .7  M.7:i7-J';  J-J  7  J.:  ..^ 

r-.".  tMl'.-JjH  ;il7  :.::  ::■»  .1  ••.7-J'.-J"i  J")  l*".  t-  .-.* 


Si  ]■:. 
(>. :. 
IV.-. 

.1..:.. 


_     I . 


Thr  v:\liii-*  iif  '».  may  U*  f«»iiiid  fpMii  .7tv  i»r    ^s.  a-  alrra'ly  j:\-. 
Ar:.  Ititi. 

Th.    fur.-,-   /,*.  >■ ,  and  Z  niav  ii«i\v  Ik*  dttfnniin«l  bv  m. .»::-:  " 
i*«inaii«»ii<     71,/'   Uin^  l«'iind  fr-'iii     7«»',  and   if   \v#-   iiiT-i:-  * 
f:h"i..r  ('I-  1',  .r  r..!ivi':r.iTni-  in  the  inii  .rratiitu.  a>  ahvaily  t  \j-!.i.:.-i.  ■ 
I'btain  tlif  i''!!'-\vini:  re-siili.-: 


I  »,::»•- 

■/: 

:  \   ■ 

/. 

IM/;  I)...  1J..I. 

~  1    .  J'^n^s 

^  n  .147*; 

...  «r\«iiu»'.* 

I^»i4  .Ia:i.  "Ji.". 

-  1  .4JJ:> 

H    .»u'u 

-..  II  .nl.il 

I 


1 1 


from  which  to  find 


175.  Example. — In  order  to  illustrate  the  calculation  of  the  fe- 
turbations  of  r,  w,  and  z,  let  us  take  the  data  given  ia  Art.  ItiiJ,  mA 
determine  these  perturbations  instead  of  tho&o  of  the  rcrtangular  co- 
ord iuatos. 

In  the  first  place,  we  derive  from  the  tables  of  the  motlun  of 
Jupiter  the  values 


'  58'  22".7. 


-1'18'40".5, 


which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0.  We  Sni, 
abo,  from  the  data  given  by  the  tables  the  values  of  u'  mcBHired 
from  the  ecliptic  of  18G0.0.  Then,  by  means  of  the  forniuiie  (6«), 
using  tlie  values  of  Qo  and  ij  given  in  Art.  166,  we  derive 


N=  194'*  0'  49".9,  JV'  ^  301"  38'  31".7, 


/  =  5»tf5e".l 


The  value  of  "/  ia  given  by  equation  (68),  aud  then  tp'nnd  ^a 
found  from  tlie  equations  (67).     Thus  we  have 


BuliD  K»D  nmo.     logrn  w„-f,  lofr'  wT 

1863  Dec  12.0,  0.294084  192'  4'24".6  0.73425  li'U'W'Ji 

0.2B4837  207  40  52  .2  0.78308  17  21  44  .2 

0.3O0fiT4  S23  3  6  .B  0.73305  20  25  *  J 

0.310864  237  51  38  .3  0.T3237  S3  3S  69  ^ 

0.32429S  251  52  47  .0  0.73104  2ft  33  39  a 

29.0,  0.33074.5  264  69  30  .0  0.73080  29  38  44  ^ 

S.0,  0.366101  277  10  24  .8  O.T3003  32  44  41  .2 

17.0,  0.3T2460  288  28  4  .1  0.7291S  3S  St  24  .S 

)  57  16  3  0.72823  38  58  57  J 

6.0,  0.402894  308  43  48  .7  0.72728  42  7  23  J 

l.i.O,  0,416240  317  53  39  .1  0.72IB5  45  16  13  .9 


1864  Jan.      2 
April    10.0, 


Aug. 
SepL 


a  mi 

II  u 

sou 

41  IM 


The  values  of  p^  may  be  found  from  (76)  or  (78)  as  already  gim  i» 
Art.  166. 

The  forces  B,  S„,  and  Z  may  now  be  determined  by  mouis  of  ^ 
equations  (74),  h  being  found  from  (70),  and  if  we  intralaw  ^ 
factor  to'  for  convenience  in  the  integration,  as  aln.iuiy  oxpltuntd.  ** 
obtain  the  following  results: 


•fSfA 
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Date. 

u^B 

w«-Vo 

«»z 

(^fs^o^ 

1864  March  1.0, 

+  r'.2616 

— 1".4512 

+  0".0190 

—  1".3060 

April  10.0, 

1  .0018 

2  .1226 

0  .0273 

3  .1035 

May  20.0, 

0  .6760 

2  .6473 

0  .0347 

5  .5020 

June  29.0, 

+  0  .3179 

2  .9988 

0  .0406 

8  .3402 

Aug.  8.0, 

—  0  .0452 

3  .1650 

0  .0449 

11  .4378 

Sept  17.0, 

0.3944 

3  .1437 

0  .0470 

14  .6076 

Oct  27.0, 

0  .7180 

2  .9392 

0  .0466 

17  .6640 

Dec.   6.0, 

1  .0097 

2  .5586 

0  .0432 

20  .4273 

1865  Jan.  15.0, 

—  1  .2674 

—  2  .0081 

+  0  .0362 

—  22  .7245 

The  integral  wj  Sfpr^dt  is  obtained  from  the  successive  values  of  w^S^r^ 

by  means  of  the  formula  (32). 

Next  we  compute  the  values  of  the  differential  coefficients  by 
means  of  the  formulee  (65).  For  the  dates  1863  Dec.  12.0  and  1864 
Jan.  21.0  we  may  first  assume  dr  =  0,  and,  by  a  preliminary  inte- 
gration, having  thus  derived  very  approximate  values  of  dr  for  these 

dates,  the  values  of  -^-  will  be  recomputed.     Then,  commencing 

anew  the  table  of  integration,  we  may  at  once  derive  an  approximate 
value  of  8r  for  the  date  March  1.0  with  which  the  last  term  of  the 

expression  for  -^  may  be  computed.  Continuing  this  indirect  pro- 
cess, as  already  illustrated  in  the  case  of  the  perturbations  of  the  rec- 
tangular co-ordinates,  we  obtain  the  required  values  of  the  second 

dh 
differential  coefficient.     In  a  similar  manner,  the  values  of  ^  will 

be  obtained.    The  values  of  —rr-  will  then  be  given  directly  by  means 

of  the  first  of  equations  (65) ;  and  the  final  integration  will  furnish 
the  perturbations  required.     Thus  we  derive  the  following  results: — 


Date. 

1863  Dec.  12.0, 

1864  Jan.  21.0, 
Mar.  1.0, 
Apr.  10.0, 
May  20.0, 
June  29.0, 
Aug.  8.0, 
Sept.  17.0, 
Oct.  27.0, 


dSw 


u 


oA 


dMr 


CJ» 


dh 


dw 


dr 


dt  d(*  (U* 

--0".0423  +1".4509  +0".0009  — 0".00  +0".18  +0".00 

0  .1086  1  .3405  0  .0101   0  .02   0  .17  0  .00 

0  .7162  +0  .7829  0  .0183 

1  .6114—0  .0455  0  .0251 

2  .4795  0  .9344  0  .0300 

3  .0807  1  .7333  0  .0326 
3  .2971  2  .3752  0  .0331 
3  .1080  2  .8533  0  .0311 

—2  .5425—3  .1872+0  .0265—15  .73  —2  .86+0  .62 


0  .40 

1  .47 

0.01 

1  .55 

3  .53 

0  .04 

3  .61 

5  .54 

0  .09 

6  .42 

6  .62 

0  .18 

9  .64 

5  .98 

0  .29 

2  .88 

+2  .98 

0  .44 
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li«4  Dec.    d.0,  — l^Wi3  — 3".4009  +  0".0190  — ir.85  —1 1^88  +(r.83 
18^>5JaijL  15.0.— 0  .4511—3  .5334+0  .0079—18  .92—24  .29+1  .05 

It  luis  alKudj  been  fband  that,  daring  the  period  included  by  these 
resmlt$«  the  perturbations  arising  firom  the  squares  and  products  of 
the  disturbing  forces  are  insensible,  and  hence  the  application  of  the 
complete  equations  for  the  forces  and  for  the  differential  coefficients 
is  uoc  required.  The  equations  (83)  will  give,  by  means  of  the 
results  for  r  =  «,,  —  dr,  r^r^-^  ir^  and  z,  the  values  of  the  helio- 
<.vutric  co-ordinates  of  the  disturbed  bodv,  and  the  combination  of 
these  with  the  co-ordinates  of  the  sun  will  give  the  geocentric  place. 
When  we  neglect  terms  o(  the  second  order,  we  have,  according  to 
the  equations  i  ^^ 

*Xr^  =  r, cot  -1  —  iff>^  +  — ^  +  «coea, 

^^  =  5,cot^  —  w'';w^-??^  +  f  coeft,  {%^) 

^z„  =  a^  cot «'  C  —  HT '  'J  w  —  —  <Jr  +  «  cos  c, 

the  heliocentric  co-orrlinates  x^  y^  Zg  being  referred  to  the  same  fun- 
damental plane  vm  the  auxiliary  constants*  a,  6,  Ay  &c.  Thus,  in  the 
case  of  EijrifiioriWj  to  find  the  jxi-rturbuiions  of  the  rectangular  co-or- 
dinatefr,  refi^rroil  U}  the  ecliptic  and  mean  equinox  of  1860.0,  from 
1864  Jan.  1.0  to  1865  Jan.  15.0,  we  have 

A     iW"  r^r  37^^o,         B  =  206-  -kv  U'\4.        C=  0, 

log  (.fm  a      HJhtl'.'Mnf  log  CO*  6  =  8.So674^  log  coe  c  =  log  cos  I'o  =  9.998590, 

l^ig  /^      ().:m^fi^  log  yo  =  9.S3S709.  log  i^  =  9.148170,, 

tr  ==  tTo  -  c?ir  =  317'^  53'  20".2, 

and  hence,  by  means  of  (86),  we  derive 

iix,  z. .  +  36".559,        dy,  =  +  41".083,        dz,  =  —  0".588. 

If  we  exprcw*  these  in  parts  of  the  unit  of  space,  and  in  units  of  the 
seventh  decimal  place,  we  obtain 

^x,  =  + 1772.4,        ^y,  =  + 1991.8,        ^f,  =  — 28.5, 

agreeing  with  the  results  already  obtained  by  the  method  of  the  va- 
riation of  rectangular  co-ordinates,  namely, 

dz,  =  +  1772.6,        ^,  =  +  1992.3,        iz,  =  —  28.2. 
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176.  By  using  the  complete  formulse^  the  perturbations  of  r,  w, 
and  z  may  be  computed  with  respect  to  all  powers  of  the  disturbing 
force,  and  for  a  long  series  of  years,  using  constantly  the  same  fun- 
damental osculating  elements.  But  even  when  these  elements  are  so 
accurate  as  not  to  require  correction,  on  account  of  the  effect  of  the 
large  perturbations  of  long  period  upon  the  values  of  8w  and  dr,  the 
numerical  values  of  the  perturbations  will  at  length  be  such  that  a 
change  of  the  osculating  elements  becomes  desirable,  so  that  the 
integration  may  again  commence  with  the  value  zero  for  the  variation 
of  each  of  the  co-ordinates.  This  change  from  one  system  of  ele- 
ments to  another  system  may  be  readily  effected  when  the  values  of 
the  perturbations  are  known.  Thus,  having  found  the  disturbed 
values  of  r,  w,  and  2,  we  have 


=  ooerp-js  +  -jE-  = IS » 


df  "  ''  df    '  df^         r* 


p  being  the  semi-parameter  of  the  instantaneous  orbit  of  the  disturbed 
body.     In  the  undisturbed  orbit  we  have 


99=-jr  = 


dt  r. 


t 


and  hence  we  derive 

p^    dv* 

dv 
Substituting  for  -rr  the  value  above  given,  there  results  . 

r*/      ,^/,    ,  1     ddwW    1     d^\  .^.. 


by  means  of  which  p  may  be  determined.     To  find  -ttj  we  have 

d^  1        dz       tani?    dr 


(88) 


dt       rcosfi    dt  r       dt 

We  have,  also, 

dr       k\/l  +  m     .  k\/l+m      .         ,  dSr 

and  if  we  put 

^Po  ^Kl+m     dt 
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this  equation  becomes 

e  sin  v  =  e^j  sin  v^  +  060  sin  ub  +  y.  (90j 

We  have,  further, 


and,  putting 


we  obtain 


P      1 
ecosv  =  -  —  1, 

r 


P»  ^ 


P 

6  cos  V  =  Cf^  cos  I'o  +  i?  — • 

This  equation,  combined  with  (90),  gives 

e  sin  (v  —  t'o)  =  ae^  sin  Vo  cos  Vq  +  y  cos  v^  —  —  ^9  sin  t»^ 
e  C08(y  —  vj  =  e^,  +  o^o  sin*Vo  +  r  sin  Vo  +  -  i^  cos  v^. 


''^  (92) 


^0 


by  means  of  which  the  values  of  e  and  v  may  be  found,  those  of  the 
auxiliaries  a,  j9,  t',  being  found  from  (89)  and  (91).     Then  we  have 

c  =  8in^,  a=|>sec*f, 

/JL  = ~f  tan  ^J5:=  tan  (45^  —  if)  tan  ^r, 

a* 

M==  E  —  esin  jE^, 

by  means  of  which  <p,  a,  //,  and  M  may  be  determined.     In  thecal* 
of  orbits  of  great  eccentricity,  we  find  the  perihelion  di:^tauce  from 

P 

and  the  time  of  jwrihelion  passage  will  be  derived  from  c  ami  r  I'V 
means  of  Table  IX.  or  Table  X. 

It  remains  yet  to  determine  the  values  of  JJ,  i,  and  to  or  r.  I/t 
0^^  <lcnote  the  longitude  of  the  ascending  node  of  the  iu^tantantvn? 
orbit  on  the  plane  of  the  asculating  orbit,  defined  by  JJ^  and  /,^  nu<»- 
snrcnl  from  the  origin  of  w,  and  let  tj^  denote  its  inclination  to  tlii- 
plane.     Then  we  have 

tan  %  sin  (xc  —  0^)       =  tan  ,S, 

tan  i?o  cos  (if  —  ^J  -^  =  sec*  ?  -t-, 

and  hence 
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tan (ti; - ^  =  ^sin 2/9  °  ^^^>  (94) 

by  means  of  which  0^  may  be  found.  The  quadrant  in  which  0q  is 
situated  is  determined  by  the  condition  that  sin  {w  —  d^)  and  tan  /9 
must  have  the  same  sign.  The  value  of  tJq  will  be  found  &om  the 
first  or  the  second  of  equations  (93). 

If  we  denote  by  ^  the  argument  of  the  latitude  of  the  disturbed 
body  with  respect  to  the  adopted  fundamental  plane,  we  have 

^^^tan(t.-^,)^  (95) 

cos  % 

and  the  angle  C  must  be  taken  in  the  same  quadrant  as  w  —  0,. 
Then,  from  the  spherical  triangle  formed  by  the  intersection  of  the 
planes  of  the  ecliptic  and  instantaneous  orbit  of  the  disturbed  body, 
and  the  fundamental  plane,  with  the  celestial  vault,  we  derive 

cos^i8in(i(tt  — 0  +  KJi  —  Jio))  =8in^^„co8i(to  — ly,), 

cos  ^  *  cos  ( J  (tt  —  C)  +  -K  Ji  —  Jio))  =  cos -i^o  cos  i  (io  +  %)f  .Qa\ 
sin  ^  i  sin  ( A  (w  -  C)  -  i  (  a  -  SI,))  =  sin  ^0,  sm  i  (i,  -  ,„),  ^^^^ 
sm  iJ  i  cos (^  (i*  —  C)  —  Kft  —  Jio))  =  C08i^^8in^  (^  +  iy„). 

These  equations  will  furnish  the  values  of  t,  t^  —  f ,  and  Si  —  SIq,  and 
hence,  since  ^  and  SIq  are  given,  those  of  SI  and  u.  The  value  of  v 
having  been  already  found,  we  have,  finally, 

a*  =  w  —  V, 
r:=u  —  v+  Sly 

and  the  elements  are  completely  determined.  These  elements  will 
be  referred  to  the  ecliptic  and  mean  equinox  to  which  Slo  and  i^  are 
referred,  and  they  may  be  reduced  to  the  equinox  and  ecliptic  of  any 
other  date  by  means  of  the  formulee  which  have  already  been  given. 
The  elements  of  the  instantaneous  orbit  of  the  disturbed  body  may 
also  be  determined  by  first  computing  the  values  of  x,„  y„y  z,,,  in 
reference  to  the  fundamental  plane  to  which  Si  and  i  are  to  be  re- 
ferred, by  means  of  the  equations  (83),  and  also  those  of  -^9  -^,  -^ 

by  means  of  (85)  and  (84),  and  then  determining  the  elements  from 
the  co-ordinates  and  velocities,  as  already  explained. 

It  should  be  observed  that  when  the  factor  a>*,  or  the  square  of  the 


adopted  interval,  ia  intrixltic«?<1  iato  the  expressions  for  the  II 
differential  coefficients,  the  first  int^rals  will  be 


and  (liat  wlien  these  quantities  are  expressed  in  seconds  of  a 
must  be  converted  into  their  values  in  jnirt£  of  the  unit  ofipM 
whenever  they  are  to  be  combined  willj  quantities  which  are  not  «- 
pressed  in  seeonds.  In  other  words,  the  homogeneity  of  the  aevHil 
terms  must  be  carefully  attended  to  in  the  actual  application  of  Ibii 
forninlie. 

When  the  elements  which  correspond  to  given  values  of  the  pn- 
tnrbations  Lave  been  determined,  if  we  compute  the  hi'liiw;nlric 
longitude  and  latitude  of  the  body  for  the  instant  to  which  tlie  de- 
ments belong,  the  results  should  agree  with  those  obtained  b^  don- 
puting  the  heliocentric  place  from  the  fundamental  oaooloting  ele- 
ments and  adding  the  perturbations, 

177.  The  computation  of  the  indirect  terms  when  the  pertnria- 
tions  of  the  co-ordinates  r,  w,  and  z  are  determined,  is  effeclwl  *i4 
greater  fiicility  than  in  the  case  of  the  rectangular  «M>rdiiiatas, 
although  the  final  results  are  not  so  convenient  for  the  calcuhitioD  of 
an  ephemeris  for  the  comparison  of  observations.  This  inclircc*  cil- 
culatiou,  which,  when  the  perturbations  of  auy  svsl«m  of  ihirc  f» 
ordinates  are  to  be  computed,  cannot  in  any  case  lie  avoided  without 
impairing  the  accuracy  of  the  results,  may  be  further  simplifinl  1)J 
determining,  in  a  peculiar  form,  the  perturbations  of  the  itt(U 
anuinnly,  the  radius- vector,  and  the  oo-ordinate  z  [XTpcDdicuUr to tk 
fundamental  plane  adopted. 

Let  the  motion  of  the  disturbed  body  be,  at  each  instant,  reftnri 
to  the  plane  of  its  instantaneous  orbit;  then  we  shall  have  jJ  — Dt 
and  the  equations  f51)  and  (51)  become 
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the  compoDents  R  and  S  ia  to  vary  the  form  of  the  orbit  and  the 
angular  distance  of  the  perihelion  from  the  node.  If  we  denote  by 
Z  the  component  of  the  disturbing  force  perpendicular  to  the  plane 
of  the  instantaneous  orbit^  the  effect  of  this  will  be  to  change  the 
position  of  the  plane  of  the  orbit;  and  hence  to  vary  the  elements 
which  depend  on  the  position  of  this  plane. 

Let  us  take  a  fixed  line  in  the  plane  of  the  instantaneous  orbit^ 
and  suppose  it  to  be  directed  from  the  centre  of  the  sun  to  a  point 
whose  angular  distance  back  firom  the  place  of  the  ascending  node  is 
a,  and  let  the  value  of  <r  be  so  taken  that;  so  long  as  the  position  of 
the  plane  of  the  orbit  is  unchanged,  we  shall  have 

The  line  thus  taken  in  the  plane  of  the  orbit  may  be  r^arded  as 
fixed  during  all  changes  in  the  position  of  this  plane.  Let  ^  denote 
the  angle  between  this  fixed  line  and  the  semi-transverse  axis;  then 

will 

/  =  fl*  +  (r,  (98) 

and  when  the  position  of  the  plane  of  the  orbit  is  unchanged,  we  have 

But  if,  on  account  of  the  action  of  the  component  Z^  the  position  of 
the  plane  of  the  orbit  is  changed,  we  have,  according  to  the  equations 
(72)^  the  relations 

da»=zdx  —  cosidSl,  (99) 

d7t=dx  +  (1  —  C08i)dJX  =dz  +  2Bm«iidJX. 

"We  have,  further, 

u  =  v  +  x  —  ^f  (100) 

r  being  the  true  anomaly  in  the  instantaneous  orbit. 

The  two  components  of  the  disturbing  force  which  act  in  the  plane 
of  the  disturbed  orbit  will  only  vary  jr  and  the  elements  which  deter- 
uiine  the  dimensions  of  the  conic  section.  We  have,  therefore,  in  the 
case  of  the  osculating  elements,  for  the  instant  ^, 

Xjet  us  now  suppose  X  to  denote  the  true  longitude  in  the  orbit,  so 
f:hat  we  have 

X=:v  +  n  =  v  -|-fl»  +  sit 
81 
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or 

^  =  v  +  x-i^-a);  (101) 

then,  since  ^  is  eqoal  to  t:  when  the  position  of  the  plane  of  the  orbit 
is  unchanged^  it  follows  that  tr  —  SI  represents  the  variation  of  the 
true  longitude  in  the  orbit  arising  from  the  action  of  the  component 
Z  of  the  disturbing  force.  The  elements  may  refer  to  the  ecliptic  or 
the  equator^  or  to  any  other  Aindamental  plane  which  may  be  adopted. 

178.  For  the  instant  t  we  have,  in  the  case  of  the  disturbed  moticm, 
the  following  relations: — 

E—e8mE=M+fi(t  —  tJ, 

rcosv  =  acosE^ae  ^j^^ 

r  sm  V  =  av  1  —  «*  sm  jE/, 

Let  us  first  consider  only  the  perturbations  arising  from  the  action  of 
the  two  components  of  the  disturbing  force  in  the  plane  of  the  dis- 
turbed orbit^  and  let  us  put 

K  =  v+x.  (103) 

Further,  let  Jif^  +  /ij,(f  —  t^  +  8M  be  the  mean  anomaly  which,  by 
means  of  a  system  of  equations  identical  in  form  with  the  preceding, 
but  in  which  the  values  of  a^,  e^  Xo  ^^^  ^^^  instead  of  the  instanta- 
neous values  a,  e,  and  jr,  gives  the  same  longitude  X„  so  that  we  have 

r,  cosv;  =  a^  cos  E,  —  %e^, 
r,  em  v,  =  a^V  1  —  e^  sm  jE, 

^#  =  V,  +  /o  =  V,  +  V 

If,  therefore,  we  determine  the  value  of  dlf  so  as  to  satisfy  the  con- 
dition that  ^,  =  V  +  X>  *^^  disturbed  value  of  the  true  longitude  in 
the  orbit,  neglecting  the  effect  of  the  component  Z  of  the  disturbing 
force,  will  be  known.  The  value  of  r,  will  generally  differ  fh)m  that 
of  the  disturbed  radius-vector  r,  and  hence  it  becomes  necessary  to 
introduce  another  variable  in  order  to  consider  pompletely  the  effect 
of  the  components  R  and  8.     Thus,  we  may  put 

r  =  r,  (1  +  v),  (105) 

and  V  will  always  be  a  very  small  quantity.     When  dM  and  v  have 
been  found,  the  effect  of  the  disturbing  force  perpendicular  to  the 
*  plane  of  the  instantaneous  orbit  may  be  considered,  and  thus  the 
complete  perturbations  will  be  obtained. 
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In  the  equations  (97),  Jr^  -^  expresses  the  areal  velocity  in  the  in- 

stantaneoos  orbit,  and  it  is  evident  that,  since  the  true  anomaly  is  not 
affected  by  the  force  Z  perpendicular  to  the  plane  of  the  actual  orbit, 

Jr*  -7^  must  also  represent  this  areal  velocity,  and  hence  the  equations 

become 

dv, 


t^^  =/«r  d<  +  k\/p,il  +  m), 


dV         /  dvA\   ife»(l+m)  ^^^^^ 


de 

179.  If  we  differentiate  each  of  the  equations  (104),  we  get 

..  „.dE,  ,  ddM 

(l-eoC08^,)>^=:Mo  +  -5p 

dr.  .       dv,  .    „  dE, 


(107) 


dVf    ,  dVf  ./z ;-  dE, 

sm V,  -^  +  r,  cosv,  -^  =  ayi—e^  cos  E,  -^', 

dX, dVf 

From  the  second  and  the  third  of  these  equations  we  easily  derive 

r,  -^  =  (a^l  — 'e*  r,  sin  v,  cos  E,  —  a^r,  cos  v,  sin  E,)  -|-'. 

dE 
Substituting  in  this  the  values  of  r,  sin  v,,  r,  cos  v„  and  -^,  and  re- 
ducing, we  get  "^^ 


or 


dr,         ,     .    Et/       .  ^^^\ 


dr,       kVl  + 


dt 


kVl+m       .       /-    ,    1    ddM\ 


(108) 


From  the  same  equations,  eliminating  -7-^,  we  get 

r,*  -^  =  (ay  I  —  e*  r,  cos  v,  cos  E,  +  c^r,  sin  v,  sin  -E,)  -gr-', 


which  reduces  to 


^'•'l=*>/MrT^)(i  +  ^-^).  (109) 
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or 

Combming  tiiia  with  the  fiist  of  equations  (106),  we  get 

from  which  dJf  mav  be  fi)imd  as  sooa  as  v  is  known. 
The  equation  (105)  gives 


(111) 


Differoitiating    equation    (108)   and  sabstitating  for  -^  its  Tiloe 
alreadv  fonmi.  we  obtain 

and  the  last  of  the  preceding  equations  beocMnes 

dh-  <f*>    .   Pvl-i-TO^<%co«r,  .^    ,     >/-    ,    1     d^JfV* 


— —  ^j  sin  r 


The  equation  (110)  gives 


/I  +>   <^>^ Jf         dy        2    ^  rf^Jfi 


1_   d'SM  2        ^  ,  __2_   ^  1  To  ^ 

Ai,  •  'rfi'"  "^  Cl  —yf  '  dt'^(,l  +v)*  •  (/<  •  itl//>.(l  +  m)  J 


1  5r 


d  +  O'    ifcv/i>.(l+m)' 
which  is  easily  reduced  to 

1  +  ^   d'dM      g  dv       2    j^    rfajf^     1 Sr 

n.    '  de  '^    dt  +Ai/  di '  dt  "~i  +  v'ifei/j,^(i  +  «)* 


and  hence  we  derive 

rf*r  _      d^v  I  ^*  ^1  +  ^)  ^0  ^^  ^/ 


"+"('+i'^)"+,^)*-'"« 


The  c(|uation  (109)  gives 


^  =  l  +  c.cos«„ 


VAKIATION  OF  CO-ORDINATES.  486 

ldi>,y      yp.(l+m)  /  1    dJMy 

''l"^)-       V*        V^(^    dt  I' 

and,  since 
this  becomes 

CombiDing  equations  (112)  and  (113)  with  the  second  of  equations 
(106),  we  get 


d^      1  +  v^  .  P(l+m)(l+vy/,    ,    1    ci^if\» 

jF=-r-^  + i^ \^+>;-"rfr) 

6o  sin  V,  ^      A;*(l  +  m)  (1  +  v) 
From  (110)  we  derive 

+  1     '      ^       =.  CardtY, 

and  the  preceding  equation  becomes 

^^g      ^g(l  +  m)         _J r^^^^^sint^^ 


(114) 


^(1+^),^^(1+^) 


(115) 


which  is  the  complete  expression  for  the  determination  of  v. 

180.  It  remains  now  to  consider  the  effect  of  the  component  of  the 
disturbing  force  which  is  perpendicular  to  the  plane  of  the  disturbed 
orbit.  Let  x,,  y„  z,  denote  the  co-ordinates  of  the  body  referred  to 
the  fundamental  plane  to  which  the  elements  belong,  and  x,  y  the 
co-ordinates  in  the  plane  of  the  instantaneous  orbit.  Further,  let  a 
denote  the  cosine  of  the  angle  which  the  axis  of  x  makes  with  that 
of  x,j  and  j9  the  cosine  of  the  angle  which  the  axis  of  y  makes  with 
that  of  y,y  and  we  shall  have 

z,  =  ax  +  fiy.  (116) 

If  the  position  of  the  ]blane  of  the  orbit  remained  unchanged,  these 
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cosines  a  and  fi  would  be  constant;  but  on  account  of  the  action  of 
the  force  perpendicular  to  the  plane  of  the  orbit,  these  quantities  are 
functions  of  the  time.  Now,  the  co-ordinate  z,  is  subject  to  two  dis- 
tinct variations:  if  the  elements  remain  constant,  it  varies  with  the 
time;  and,  in  the  case  of  the  disturbed  orbit,  it  is  also  subject  to  a 
variation  arising  &om  the  change  of  the  elements  themselves.  We 
shall,  therefore,  have 

dt  ~\dt  /■*■  LdtJ' 
in  which  (  -^  |  expresses  the  velocity  resulting  from  the  constant 

elements,  and      -jj-  I  that  part  of  the  actual  velocity  which  is  due 

to  the  change  of  the  elements  by  the  action  of  the  disturbing  force. 

But  during  the  element  of  time  dt  the  elements  may  be  regarded  u 

dz     . 
constant,  and  hence  the  velocity  -tj-  in  a  direction  parallel  to  the 

axis  of  z,  may  be  regarded  as  constant  during  the  same  time,  and  as 
receiving  an  increment  only  at  the  end  of  this  instant  Hence  we 
shall  have 


dt      \dt}  L*J 


Differentiating  equation  (116),  regarding  a  and  ^  as  constant,  w 

get 

/  rfi,  \      dz,  dx  dy  ,,., 

and  differentiating  the  same  equation,  regarding  x  and  y  as  consunt. 

we  get 

C<fr,n  da    ,       c/;5 

-di]='-dt-^^^t=^'  '^^ 

Differentiating  equation  (117^,  reganling  all  the  quantities  invoIvoJ 
as  variable,  the  result  is 

^*'  — ^    ^^  _:_  i^    ^^   '      d*J^  j^  -^^y  ,11(4 

df  ~  dt  '  dt        dt  '  dt  ^''de       ^dt'^ 

Now,  we  have 

Z,  =  aX-r.n'-hZco3i*,  '12" 

in  which  Z,  denotes  the  comjx^nont  of  the  disturbing  force  para'.M 
to  the  axis  of  :„  and  i  the  inclination  of  the  instantaneous  orbit  to 
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the  fundamental  plane.    Substituting  for  X  and  Y  their  values  given 
by  the  equations  (1),  and  reducing  by  means  of  (116),  we  obtain 

or 

Comparing  this  with  (119)^  there  results 

da     dx       dfi    dy       „       .  ..^^. 

181.  The  equation  (120)  gives 

^  =  -^^'^  +  '^\,  +  ZcoBi  +  aX+fiY.  (122) 

The  component  of  the  disturbing  force  perpendicular  to  the  plane  of 
the  disturbed  orbit  does  not  affect  the  radius-vector  r;  and  hence, 
when  we  neglect  the  effect  of  this  component,  and  consider  only  the 
components  JR  and  8  which  act  in  the  plane  of  the  orbit,  we  have 

^  =  -^^^e.  +  -.2r+)9.r,  (123) 

in  which  z^  denotes  the  value  of  z,  obtained  when  we  put  Z=0. 
Let  us  now  denote  by  dz,  that  part  of  the  change  in  the  value  of  z, 
which  arises  from  the  action  of  the  force  perpendicular  to  the  plane 
of  the  disturbed  orbit,  so  that  we  shall  have 

Substituting  these  in  equation  (122)  and  then  subtracting  equation 
(123)  from  the  result,  we  get 

^  =  -  ^^^J^  "^^  ^h  +  Zco^i  +  Xda  +  Ydp,  (124) 

The  equations  (116)  and  (117)  give 

If  we  eliminate  8^  between  these  equations,  there  results 

^  I    dy  dx\      dy  ^  ddz, 
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and  since  the  &ctor  of  Ja  in  this  equation  is  doable  the  areal  velod^ 
in  the  disturbed  orbit,  we  have 


1  I  dy  .  ddz,\ 


(125) 


Eliminating  Sa  from  the  same  equations,  we  obtain,  in  a  aimikr 
manner, 

Substituting  these  values  in  equation  (124),  it  becomes 

If  we  introduce  the  components  R  and  S  of  the  disturbing  force,  we 
have 

r  r  r  r 

and  hence 

Yx     —Xy     =  Sr. 
Therefore  the  equation  (127)  becomes 
d*dz,  k'd  +  m) 


de   ~'  r» 

+ 


dz,  +  -^cosi 


IR S dr\^^ Sr djz. 


(128 


We  have,  further, 


dr        .^    .     ^dr,  rfv 


dt      ^     '    ^  de   '    '  dt' 
which,  by  means  of  the  equations  (108)  and  (109),  gives 

dr  eaSmv,      ^dv,    ,        dv        k\^p{l-{-m)       .         ,        <f> 

dt       Pq{1  +  v)      dt  dt  p^il  +  v)  dt 

Substituting  this  value  in  the  equation  (128),  we  obtain 
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de-  r-        fe»  +  ^co8.  +  (- ^^)r+-. 


(129) 


ifcl/p(l+wi) 
which  is  the  complete  expression  for  the  determination  of  Sz,. 

182.  The  equations  (110),  (116),  and  (129)  determine  the  complete 
perturbations  of  the  disturbed  body.  The  value  of  v  must  first  be 
obtained  bj  an  indirect  process  firom  the  equation  (115),  and  then  dM 
ia  given  directly  by  means  of  (110).  The  value  of  dz  will  also  be 
determined  by  an  indirect  process  by  means  of  (129). 

In  order  to  obtain  the  expressions  for  the  forces  R,  8,  and  Z,  let  to 
denote  the  longitude  of  the  disturbed  body  measured  in  the  plane  of 
the  instantaneous  orbit  from  its  ascending  node  on  the  fundamental 
plane  to  which  $2  and  i  are  referred,  it  being  the  argument  of  the 
latitude  in  the  case  of  the  disturbed  motion.  Let  v/  denote  the  lon- 
gitude of  the  disturbing  body  measured  from  the  same  origin  and  in 
the  plane  of  the  orbit  of  the  disturbed  body,  and  let  fi'  denote  its 
latitude  in  reference  to  this  plane.  Finally,  let  iV,  iV',  /,  and  ti/ 
have  the  same  signification  in  reference  to  the  plane  of  the  instanta- 
neous orbit  that  they  have  in  reference  to  the  plane  of  the  undisturbed 
orbit  in  the  case  of  the  equations  (66).    Then  we  shall  have 

8miJBinK-N^+-N^')=8inJ(»'— »)sinj(*'  +  *), 
8in^Jco8i(-2V+JV')  =  co8j(J2'— J2)8ini(t'  — 0, 
cos^JsmK-^V—  JV')  =8in Kft'—  SI)  cos^*^  +  *), 
cos^Icos^iN—  N')  =  cosi (a'—  a)  cosK*"  —  *), 

from  which  to  determine  iV,  iV',  and  /.     We  have,  also, 

tan  (ti/  —  JV)  =  tan  <  cos  J,  (131) 

tan/3'  =tan/8in(ti/  —  N), 

from  which  to  find  w'  and  ^\  v!  being  the  argument  of  the  latitude 
of  the  disturbing  body  in  reference  to  the  plane  to  which  $2  and  % 
are  referred. 

Since,  when  the  motion  of  the  disturbed  body  is  referred  to  the 
plane  of  its  instantaneous  orbit,  )3  =  0,  the  equations  (71),  (72),  and 
(73)  become 

iJ  =  m'AjM  A/  C08/5'  C08(tl/  —  w) 5  j, 

S  =  m'm  /  cos  ^  8in  {vf  —  w),  ^^^^^ 


(130) 
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by  means  of  which  the  required  components  of  the  disturbing  force 
may  be  found,  the  value  of  h  being  given  by 

A        1         1 

To  find  p,  we  have 

/D«  =  /«  +  r«  —  2r/  C08/3'  cos  (ti/  —  w),  (133) 

or,  putting 

cos  /'  =  cos  fi^  coa(v/  —  w), 
the  equations 

/osinn  =  /sinr,  .  ^. 

pco9n  =  r  —  /cos/'.  ^      '' 

The  values  of  r'  and  u'  for  the  actual  places  of  the  disturbing 
body  will  be  given  by  the  tables  of  its  motion,  and  the  actual  values 
of  Si '  and  i'  will  also  be  obtained  by  means  of  the  tables.  The  de- 
termination of  the  actual  values  of  r  and  w  requires  that  the  pertur- 
bations shall  be  known.  Thus,  when  8M  and  v  have  been  found, 
we  compute,  by  means  of  the  mean  anomaly  Mq  +  fjiQ{t  —  Q  +  dM 
and  the  elements  a^,  e^,  the  values  of  v,  and  r,.  Then,  since 
v-^  x  =  v,  +  7:^yy9Q  have,  according  to  (100), 

ti;  =  v,  +  TT^  —  <r.  (135) 

"We  have,  also, 

r  =  (1  +  v)  r,. 

In  the  case  of  the  fundamental  osculating  elements,  we  have 

which  may  be  used  as  an  approximate  value  of  a\  but  the  complete 
determination  of  xo  requires  that  <t  =  Ji^  +  5<t  shall  also  be  deter- 
mined.    The  exact  determination  of  the  forces  also  requires  that  the 
actual  values  of  Ji  and  /  as  well  as  those  of  ft'  and  i',  shall  be  used 
in  the  determination  of  N^  iV,  and  /  for  each  instant.     When  these 
have  been  found,  it  will  be  sufficient  to  compute  the  actual  values  of 
JV,  N',  and  /at  intervals  during  the  entire  period  for  which  the  per- 
turbations are  required,  and  to  interpolate  their  values  for  the  inter- 
meiliate  dates.     The  variations  of  these  quantities  arising  from  the 
variations  of  ft,  i,  ft',  and  i'  may  also  bo  determined  by  means  of 
differential  formulae.     Thus,  from  the   differential   relations  of  the 
parts  of  the  spherical  triangle  from  which  the  equations  (130)  are 
derived,  we  easily  find 
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,«.,      sini         XT  jfr^r       l-l^       siniV'        ^.^       siniV,. 
sin  i  sm  i  sin  1 

,^       sini'        xn^/r^'       l-l^       siniV'     ,       siniV        ^-.    (136) 

dN  r=~ — =.cosiV'a(ft  — ft) J — T^^  -^ — - — F cos/at, 

sin/  smi  'sin/ 

rf/    =cQsN'  dH  —  cos  iVdi  + sin  t  sin  iVc?(  ft'—  ft). 
When  f  and  /  are  very  small^  it  will  be  better  to  use 


sin  i sin  N*  sin  i' sin  N 

sm7~  sin(ft'— ft)'  sml"  sin(ft'— ft)' 


(137) 


in  finding  the  numerical  values  of  these  coefficients.  By  means  of 
these  formulae  we  may  derive  the  values  of  dNj  dN'^  and  dl  corre- 
sponding to  given  values  of  5ft,  di,  5ft',  and  dV,  The  formulae 
by  means  of  which  5<t,  5ft,  and  di  may  be  obtained  directly,  will  be 
presently  considered. 

The  results  for  5iV,  5iV',  and  dl  being  applied  to  the  quantities  to 
which  they  belong,  we  may  compute  the  actual  values  of  w'  and  ^'. 
The  value  of  r  will  be  found  from  the  given  value  of  v,  and  that  of 
w  will  be  given  by  means  of  equation  (135).  Then,  by  means  of 
the  formulae  (132),  the  forces  i?,  /S,  and  Z  will  be  obtained.  The 
perturbations  will  first  be  computed  in  reference  only  to  terms  de- 
pending on  the  first  power  of  the  disturbing  force,  and,  whenever  it 
becomes  necessary  to  consider  the  terms  of  the  second  order,  the 
results  already  obtained  will  enable  us  to  estimate  the  values  of  the 
perturbations  for  two  or  more  intervals  in  advance  with  sufficient 
accuracy  for  the  determination  of  the  three  required  components  of 
the  disturbing  force;  and  when  there  are  two  or  more  disturbing 
bodies  to  be  considered,  the  forces  for  each  of  these  may  be  computed 
at  once,  and  the  values  of  each  component  for  the  several  disturbing 
bodies  may  be  united  into  a  single  sum,  thus  using  2*12,  S8y  and  SZ 
in  place  of  i?,  S,  and  Z  respectively.  The  approximate  values  of  the 
perturbations  will  also  facilitate  the  indirect  calculation  in  the  deter- 
mination of  the  complete  values  of  the  required  differential  coeffi- 
cients. 

183.  When  only  the  perturbations  due  to  the  first  power  of  the 
disturbing  force  are  required,  the  osculating  elements  ft^  and  t^  will 
be  used  in  finding  iV,  iV',  and  /,  and  r^,  w^  will  be  used  instead  of  r 
and  w  in  the  calculation  of  the  values  of  12,  5,  and  Z.  The  equations 
for  the  determination  of  the  perturbations  dMy  v,  and  dz,y  neglecting 
terms  of  the  second  order,  are,  according  to  the  equations  (110), 
(116),  and  (129),  the  following:— 


Tbe  value  of  i-  is  first  found  by  int^ratioii  from  the  resalts  gira 
by  the  second  of  these  equation?,  and  then  ^Jf  is  found  from  the  fim 
equation.  Finally,  iz,  is  found  by  means  of  the  last  equation.  The 
integrals  arc  in  each  case  equal  to  zero  for  the  dates  to  which  th( 
fundamental  osculating  dementi  belong,  and  the  proceae  of  inti^grv 
tion  is  analogous,  in  all  respects,  to  that  already  illustrated  in  tlw 
case  of  the  variation  of  the  rectangular  co-orditMtee.  It  will  b«  at 
served,  however,  that  the  expression  for  ^^  involves  ooly  ooeb£* 
rect  terra,  the  coefficient  of  which  is  small,  and  the  nme  is  tme  ii 
the  case  of  ~j^'  while  —^  is  given  directly.  When  the  perttnia- 
tions  have  been  found  for  a  few  dates,  the  values  for  the  CiUflwii^ 
date  can  be  estimated  so  closely  that  a  repetition  of  the  calcolatm 
■will  rarely  or  never  be  reqaired ;  and  the  actual  value  of  r  may  U 
used  instead  of  the  approximate  value  r,  in  these  exproseions  fot  tlw 
differential  coefficienta.  Neglecting  tenns  of  the  seoood  order,  wc 
have 

togr  =  logr,  +  V» 

wherein  J^  deootes  the  modulos  of  the  eystem  of  loganthm 
may  al^  use  i-,  instead  of  r,;  but  in  this  ewe,  ainoe  r,  and  r 
on  HM,  only  the  qnantities  required  for  two  or  three  pUoa  B 
computed  in  ad^-aJice  of  the  int^imtioa. 

A  comparison  of  the  eqtoUions  (13S)  with  the  eompleto  e 
(110),  (US),  and  (129)  afaowa  that,  if  the  raloA  of  ^  and  »'  an 
known  to  a  sufficient  degree  of  a{^iroxiroatioa,  we  may,  with  my 
little  additional  labcr,  oonsider  the  tenns  depending  an  the  stpana 
and  higher  powers  of  the  maesBi.  It  will,  howp\-cr,  appear  frota 
what  follows,  that  when  w«  consider  the  pertnrhatioas  due  to  the 
higher  powers  of  the  di9tiiit)uig  foroes,  the  coostdentinn  of  the  eflcd 
of  the  variation  of  ^  in  the  determinatioii  of  the  bfJiooeotrtc  pboc 
of  the  diatiuhed  body,  beoiiBea  much  more  diffieoH  than  when  tht 
tnu  of  the  Koood  order  an  Delected;  and  beoce  it  will  be  fboad 
adTioible  to  detennioe  n«w  oscalatiag  elemenla  wbeoevn-  the  eon* 
rtJotttioa  of  thwa  tenas  becMMB  trooMMaBaa. 


-J 
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The  results  maj  be  conveniently  expressed  in  seconds  of  arc,  and 
afterwards  u  and  dz,  may  be  converted  into  their  valuc^  expressed  in 
units  of  the  seventh  decimal  place,  or,  giving  proper  attention  to  the 
homogeneity  of  the  several  terms  of  the  equations,  in  the  numerical 
operations,  dM  may  be  expressed  in  seconds  of  arc,  while  v  and  8z, 
are  obtained  directly  in  units  of  the  seventh  decimal  place.  It  will 
be  advisable,  also,  to  introduce  the  interval  a)  into  the  forinulae  in 
such  a  manner  that  this  quantity  may  be  omitted  in  the  case  of  the 
formulse  of  int^ration. 

184.  In  the  case  of  orbits  of  great  eccentricity,  the  mean  anomaly 
and  the  mean  daily  motion  cannot  be  conveniently  used  in  the  nu- 
merical application  of  the  formulse.  Instead  of  these  we  must 
employ  the  time  of  perihelion  passage  and  the  elements  q  and  e. 
Thus,  let  Tq  be  the  time  of  perihelion  passage  for  the  osculating  ele- 
ments for  the  date  ^,  and  let  Tq  +  dThe  the  time  of  perihelion  pas- 
sage to  be  used  in  the  formulae  in  the  place  of  T^  and  in  connection 
with  the  elements  q^  and  e^  in  the  determination  of  the  values  of  r, 
and  v,f  so  that  we  have 

In  the  case  of  parabolic  motion  we  have,  neglecting  the  mass  of  the 
disturbed  body^ 

y2qj' 

the  solution  of  which  to  find  v,  is  effected  by  means  of  Table  YI.  as 
already  explained.    To  find  r„  we  have 

n  =  ^0  sec*  iv,. 

For  the  other  cases  in  which  the  elements  M^^  and  /Iq  cannot  be  em- 
ployed, the  solution  must  be  efiected  by  means  of  Table  IX.  or  Table 
X.    Thus,  when  Table  IX.  is  used,  we  compute  M  from 

wherein  log  Cq  =  9.9601277,  and  with  this  as  the  argument  we  derive 
from  Table  VI.  the  corresponding  value  of  V.    Then,  having  found 

i  =  ^       ^  by  means  of  Table  IX.  we  derive  the  coefficients  required 

1  "T"  ^0 

in  the  equation 

v,  =  V+A  (lOW)  +  B  (10(K)*  +  O(lOOi)',  (140) 
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from  which  v,  will  be  determined.     Finally,  r,  will  be  found  from 

=  J^O  +  O..  (141) 

1  +  e,,  cos  V, 

When  Table  X.  is  used,  we  proceed  as  explained  in  Art.  41,  using 
the  elements  T=  Tq  +  dT,  q^,  and  e^,  and  thus  we  obtain  the  required 
values  of  v,  and  r,. 

It  is  evident,  therefore,  that,  for  the  determination  of  the  pe^tu^ 
bations,  only  the  formula  for  finding  the  value  of  dM  requires  modi- 
fication in  the  case  of  orbits  of  great  eccentricity,  and  this  modifica- 
tion is  easily  effected.     The  expression 

M,  +  ,i,{t  —  t,)  +  SM=M, 
gives 

or,  simply, 


and  the  equation  (110)  becomes 

(f^T^         _J^ 1 

'dt   -         (l+v)«     (l+vf  k\/]^jj+m 


=  1  -  ..  !   X,  — ,t4-t,-  -^-t=4=-  fSr  dt,       (142) 


by  means  of  which  the  value  8T  required  in  the  solution  of  the  €qn»- 
tions  for  r,  and  v,  may  be  found. 

If  we  denote  by  t,  the  time  for  which  the  true  anomaly  and  the 
radius- vector  computed  by  means  of  the  fundamental  osculating  ele- 
ments have  the  values  which  have  been  designated  by  r,  and  r„  re- 
spectively, we  have 


Mo      d^  dt ' 


and  the  equation  (110)  becomes 
dt,  1 


dt      (1  +  v)^  '  CI  +  v)«   kypjjif;;^)  J  ' 


+  rr-T-Ti -~^-=-  I  Sr  dt,  (143) 


or,  putting  t,=^t  +  dt, 


d^ 
dt 


(!+,)»  ^(l+v)«      l,y'j,^i^lJ^jji)J 


If  we  determine  dt  by  means  of  this  equation,  the  values  of  the 
radius- vector  and  true  anomalv  will  be  found  for  the  time  t  —  ^ 
instead  of  t,  according  to  the  methods  for  the  different  conic  sections, 
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using  the  fundamental  osculating  elements.  The  results  thus  obtained 
are  the  required  values  of  r,  and  v,  respectively. 

186.  When  the  values  of  the  perturbations  v,  dz,j  and  dMy  dTy  or 
9t  have  been  determined,  it  remains  to  find  the  place  of  the  disturbed 
body.     The  heliocentric  longitude  and  latitude  will  be  given  by 

C0S&C0S(/ —  Ji)  =  C08(A —  Ji), 

cos  6  sin  (/  —  Ji)  =  sin  (A  —  JJ)  cos  t, 
sin  6  =  sin  (A  —  JJ)  sin  t, 

or,  since  X  =  X,  —  <t  +  JJ, 

cos6  cos(/ —  J2)  =  cosC^,  —  <r), 

cos  6  sin  (/  —  Ji  )  =  sin  (A,  —  <r)  cos  t,  (145) 

sin  6  =  sin  (A,  —  <r)  sin  t, 

in  which  X,  =  v,-{-  ;r^.  If  we  multiply  the  first  of  these  equations 
by  cos  ($2  — ^),  and  the  second  by  — sin(Ji  — A),  in  which  h  may 
have  any  value  whatever,  and  add  the  results;  then  multiply  the  first 
by  (sin  S2  —  h)y  and  the  second  by  cos  ( Ji  —  A),  and  add,  we  get 

cos  6  cos  (J — A)=cos  (^, — <r)  cos  (  Ji  — K) — sin  (A, — <r)  sin  (  JJ  — K)  cos  t, 
cos  h  sin  (/ — A)=C08  (A, — <r)  sin  (  JJ  — A)+sin  {X, — d)  cos  (  JJ — A)  cos  t, 
sin  6  =qBin  (A, — <r)  sin  t. 

But,  since  X,  —  <y  =  (^, —  Ji©)  —  (^ — ^o)>  these  equations  may  be 
written 

cos&cos(/ — K) 

=cos(^— J2o)(co8(<r— Jio)co8(Ji--A)+sin  (<r— Ji,,)sin  (ft— A)cost) 
+8in  (^,— JiJ(8in  (<r— J2o)cos(  ft— A)— co8(<r— JJ^)sin  (ft— A)cosi), 

cos  h  sin  (/  —  h)  (146) 

=C08  (^,— J2o)  (cos  (<r— Jio)  sin  (Ji  —A)— sin  (<r— Qo)  cos  (ft  —A)  cost) 
+sin  (^,— Jio)(sin  (<'— $io)8in(Ji— A)+cos(«T— Jio)cos(Ji— A)co8i), 

8in6=sin(^— J2jco8(<r— JXp)8int— cos(^,— J2o)8in  (^^^-JXo)  ^^  *• 


Let  us  now  conceive  a  spherical  triangle  to  be  formed,  of  which  two 
of  the  sides  are  a  —  ft^  and  $2  —  h^,  respectively,  and  let  the  angle 
included  by  these  sides  be  i.  Since  h  is  entirely  arbitrary,  we  may 
assign  to  it  a  value  such  that  the  other  angle  adjacent  to  the  side 
o —  $2o  will  be  equal  to  %.  Let  the  third  side  be  designated  by 
K —  J^w  ^^^  ^'^  angle  opposite  to  a —  Ji©  V  7'-  The  auxiliary 
triangle  thus  formed  gives  the  following  relations: — 
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COS  (Ao— fto)=co8  (<r— J2o)  cos  (  $2— A)+8in  (<r— Osin  (ft— A)co8i, 
sin  (Kq—  ft  o)  sin  i^  =8in  (  ft  —h)  sin  i,  (147) 

sin  (Aq— fto)  co8to=8in  (<r— ft  J  cos  (ft— A)— cos  (<r — ft,)8in(a— A)o«i, 
sin  (Ao— fto)co8V=cos(<r— fto)sin  (ft— -A)— sin  (<r— ft  o)  cos  (ft— A)  cost 

Combining  these  with  the  preceding  equations,  we  easily  derive 

cos  b  cos  (/— A)=cos  (^,— ft o)  cos  (A©— ft o)+8in  (^,— fto)  sin  (h^—Q^cmi^ 
cos&sin  (/ — A)==8in  {X, — ft^)  cos(Ao — ft©)  cost^ — cos(>l, — ft«)8in  (A,— flj 

+COS  {X,— ft,)  sin  (Ao- Jio)  (1 +C08  V)  m 

+sin  (A,—  ft^,)  ((cosi— cosO  cos  (A,,— fto)+sin  (<r— ft .)  sin  (ft— A) sin'!), 
sin  A==sin  t,  sin  (X, — ft o)+(cos  (<r — ft ,,)  sin  i — sin  tj  sin  (A,—  ft,) 
—  cos  {X,— ft  ^)  sin  (<r--  ft ,)  sin  t. 

Since  the  action  of  the  component  of  the  disturbing  force  perpen- 
dicular to  the  plane  of  the  disturbed  orbit  does  not  change  the  radiod- 

vector,  we  have 

r  sin  A  =  r  sin  t,  sin  (^, — ft^)  -f-  ^«/> 

and  hence  the  last  of  these  equations  gives 

-^  =  sin  (,X,  —  ft,)  (cos  (<r  —  ft,)  sini  —  sin  i^)  .^^^^ 

—cos  {X,  —  ft,)  sin  (<r  —  ft,)  sin  i. 

From  the  relation  of  the  parts  of  the  auxiliary  spherical  triangle,  we 

have 

sin  i  sin  («t  —  ft,)  =  sin  V  sin  (Ao  —  ft  o), 

sin  i  cos  (<r  —  ft,)  =  sin  17'  cos  (A,  —  ft 0)  cos  t,  -}-  cos  17'  sin  i^ 
Therefore, 

—^  =  sin  (X,  —  fto)  (cos  in  cos  (A,  —  ft©)  sin  ly'  —  sin  {^(1  —  cos  r/)y     ,r.^ 

—  cos  {X,  —  fto)  sin  (A,  —  fto)  sin  1?', 
and 

— L  .  ^ 1 — ^==sin(/i,— fto)(cosiicos(Ao — fto)(l+cosV)— sinio«n^') 

r     1  —  cosiy  ,-j^ 

--cos(^,— fto)8in(Ao— fto)  (1  +  cosV)- 
We  have,  further,  from  the  auxiliary  spherical  triangle, 
cos  t  =  sin  in  sin  1?'  cos  (Ao  —  fto)  —  cos  t^  cos  Vi 
fix)m  which  we  get 

cos  i  —  cos  to  =  sin  t,  cos  (A,  —  ft©)  sin  rj'  —  cos  1*0  (1  +  coe  ij')- 

We  have,  also, 

sin  (<T  —  fto)  sin  i = sin  ly'  sin  (A, — ft  0), 
8in(ft  — A)  sin t  =  sin  1, sin  (A, — ft,), 
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or 

8in(<r —  J2o)8in(ft  — A)  sin' i  =  sin' (Ao —  (2o)sini^8inV. 

Hence  we  derive 

(cos* — cosi^)  cos  (Ao — $io)+8in  (<r — J2o)  sin  (ft —A)  8in'»=sin^8in  V 

—  (1+cos  V)  cos^cos  (Ao— fto). 

Combining  this  and  the  equation  (151)  with  the  equations  (148)^  we 
obtain 

cos  b  cos  (/— A)=cos  (^,— ft  o)  cos  ( Ao—  ftp) +sin(i,— ft  o)  sin  (Ao—  ft  o)  cos  4, 
cos  b  sin  (/— A)=8in  (X, — fto)  cos  (Ao— ft^,)  cost^ — cos  (X, — fto)  sin  (A, — fto) 

sin  ly'        9z, 
1  —  cosV'  r  ' 

sin  b  =8in  {X, — fto)  sin  to  H -• 

T 

If  we  multiply  the  first  of  these  equations  by  cos  (A^  —  ft^),  and  the 
second  by  — sin(Ao — fto),  and  add  the  results;  then  multiply  the 
first  by  sin  (A^  —  fto),  and  the  second  by  cos (Aq  —  ft o)^  and  add,  we  get 

cosb  cos(^-fto— (A— Ao))=cos(i,— fto)+sin(Ao— fto)  ^_^^  ,  •  — ^, 

COS  J  sin(i — fto — (A — Ao))=8in  (i, — fto)co8i^ — cos(Ao — fto)^ —,  •  — -f 

sin  J  =sin(i,— fto)siniH — '->  (152) 


(153) 


Let  us  now  put 

|)'  =  sin  (<r  —  fto)  sin  t, 

(j[  =  cos(tf  —  fto)  sini  —  sin  j^ 

and  there  results,  from  (149), 

^  =  j'  sin  (X,  -  fto)  -y  cos  (X,  -  fto).  (154) 

T 

Comparing  this  with  equation  (150),  we  observe  that 

p'  =  sin  1?'  sin  ( Ao  —  ft  o), 

ij[  =8inVcos(Ao —  fto)co8i^  —  sini^(l  —  cos^)- 

TTherefore,  we  have 


.• / 


= — ?8m(Ao—  fto)  =  = — ?, 

1  —  COS17        ^  1  —  cosV 

1 ?co8(Ao— -fto)  =  tantoH t-tt-^ 

1  —  cosV  co8io(l  — cosV) 

33 
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and,  if  we  put  /^=  h  —  h^  the  equations  (162)  become 

cos  b  COS  (/-ft .-r )=C08 (^>-a.)+i  J^^.  •  ^.  (155) 

cos6Bm(/-ft.-J-)=8m(^,-ft.)co8i.-(tan«.+^^^^^^^,^)^, 
sin  h  =sin  (A, — JJ  o)  sin  Iq-  '      ' 


As  soon  as  F^  p'y  q'y  and  rj'  are  known,  these  equations  will  furnish 
the  exact  values  of  I  and  b,  tliose  of  X,  and  r  being  found  by  means 
of  the  perturbations  v  and  dM. 

186.  The  value  of  F  may  be  expressed  in  terms  of  p'  and  g'. 
Thus,  if  we  differentiate  the  first  of  equations  (147)  and  reduce  by 
means  of  the  remaining  equations  of  the  same  group,  we  get 

dih^—  J2o)  =  co8ij'rf(J2  —  A)  +co8ij,rf<r  +  sintoSin(<r—  Sl^di, 

and  if  we  interchange  S2  — h  and  h^ —  Ji©  ^°  ^^  equation,  we  must 
also  interchange  i  and  t^,  which  are  the  angles  opposite  to  these  sides, 
respectively,  in  the  auxiliary  spherical  triangle,  so  that  we  shall  have 

d(Ji  — A)  =  co8Vrf(^«—  Jio)  +  C08id<r, 

to  being  constant.  Adding  these  equations,  observing  that  $2o  is  also 
constant,  we  get 

(1  —cos  r/)  d(^  — h-\-h^=An  Iq siu  (<t —  ^^  rfi+(cos  i+cos  t^)  dn ;  (156) 

and  since  da  =  cos  i  c?Ji,  this  becomes 

(1  —  cos yi)  d{h  —  h^  =  —  sin i^ sin (<r  —  JJJ di 

+  (sin*  I  —  cos  V  —  cosi  cosk) ^ 

cost 

which,  since 

cos  yf  =  sin  i  sin  \  cos  (tf  —  Jio)  —  cos  t  cos  i^,  (lo7) 

may  Ix)  written 

(1— codr/jrf/'= — sin  To  sin  (<T — J2o)<^^+tani(8ini — 8iniocos(<r— fto))<^'^- 

(158) 
The  differentiation  of  the  equations  (153)  gives 

d]j  =..-.  sin  (<r  —  Sio)  cos  i  di  +  sin  i  cos  (<r  —  ft©)  rf<^, 
r//^  i^  cos  (<T  —  Jio)  cos  i  di  —  sin  i  sin  (<r  —  fto)  d<r, 

from  which  we  derive 


VABIATION  OP  (XK)RDINATE8.  499 

((dp*  — p'^  =  sill'  *  <^  —  AsLX^d'p* 

=  C08  i  ( — sin  i^  sin  (^ —  J2  o)  rft+tan  i  (sin  t — sin  i^  cos  {p —  J2  ©))  dtf) . 

Combining  this  with  equation  (158)^  we  get 

cos  t  (1  —  cos  V)  dV  =  ([d'p*  —  'p'dily 
and  hence 

r=J  JL^^^df,  (159) 

•^  cos*(l  —  cos  17 )  ^ 

the  integral  being  equal  to  zero  for  the  instant  to  which  the  funda- 
mental osculating  elements  belong.  It  is  evident  j&om  the  equations 
(153)  that  p'  and  3'  are  of  the  order  of  the  first  power  of  the  dis- 
turbing forces,  and  henoe,  since  if  differs  but  little  from  180° — (*+to), 
it  follows  that,  so  long  as  t  is  not  very  large,  7^  is  at  least  of  the 
second  order. 

The  last  of  equations  (145)  gives 

»,  =  r  sin  i  sin  X,  cos  c  —  r  sin  i  cos  ^,  sin  <r, 
and  aince 

re  =  r  cos  ^„  y  =  r  sin  i„ 

this  becomes 

2,  =  —  xAxai^vcLC  '\-  ymii cos  tf . 

€!omparing  this  with  equation  (116),  it  appears  that 

a  =  —  sin  i  sin  tf,  /9  =  sin  i  cos  tf,  (160) 

and  hence,  by  means  of  (153),  we  derive 

!>'  =  — acosQo  —  ^sin  Ji^* 

g'  =  —  a  sin  fto  +  ^  cos  $2 0  —  sm  t^,, 

and  also 

dp'  ^   do.        '    n.  dp 

-f  =  -cosa,^-smft,^, 


From  the  equations  (118)  and  (121),  observing  that 


(161) 


z 


*-,f  =  .^,lT+15, 


we  derive,  by  elimination, 


da r  sin  X,  cos  %   „  dfi r  cos  X,  cos  i   „ 

"d^'~""ibl/^(l+m)  '  df'~'ifc7pTr+^ 


fiOO  THBOBETIGAL  A8TB090MY. 

Therefore  we  shall  have 

dp'  _rcwinn  (i,  —  a»)  g 

dq rco»tcoe(x,  —  0,)» 

by  means  of  which  p'  and  g^  may  be  found  by  integration,  the  inte- 
gral in  each  case  being  lero  for  the  date  to  at  which  the  determini- 
tion  of  the  perturbations  b^ns* 

When  the  value  of  dz,  has  already  been  found  by  means  of  the 
equation  (129),  if  we  compute  the  value  of  g',  that  of  j/  will  be 
given  by  means  of  (164),  or 

p'  =  g'tan(,A,—  ftj -^L-_- 

and  if  !>'  is  determined,  g'  will  be  given  by 

If  both  p'  and  ^  are  found  from  the  equations  (162),  it,  may  be  de- 
termined directly  from  (164);  but  the  value  thus  drained  will  be 
less  accurate  than  that  derived  by  means  of  equation  (129)b 

Since  the  formula  for  -^  completely  determines  the  perturbstioDS 

due  to  the  action  of  the  component  Z  perpendicular  to  the  plane  of  the 
instantaneous  orbit,  instead  of  determining  p'  and  q'  by  an  independent 
int^ration  by  means  of  the  results  given  by  the  equations  (162),  it 

will  be  preferable  to  derive  them  directly  from  dz,  and  -^'.  The 
equations  (161)  give 

/  =  —  cos  Si^  da  —  sin  ft,,  ^^,  9'  =  —  sin  ftp  aa  +  cos  ft,  V. 

Substituting  for  da  and  d^  their  values  given  by  (126)  and  (126), 
and  putting 

a;"  =  a?cosfto  +  y8infto,  y''  =  — ^sinft.  +  ycoeft^ 

we  obtain 

1  {,,,d»z.      .df\ 

^       kVpi\+m)\       dt  '  dt  I 
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Substituting  further  the  values 

«"  =  r  cos  (i,  —  fto)*  f  =  r  sin  {X,  —  ft^), 

and  also 

dX,  _A;l/p(l  +  m) 

eft""  r« 

<^r        A;T/1  +  m      .  AjVo  (1  +  w)        e  sin  v 

—  6  sin  V  =       "^ 


at  Yp  r  l  +  ecosv 

we  easily  find,  since  i,  —  ^^=X> 

J,  =^(cosa-ft,)  +  .cos(;r-a,))-+  ^^-^j-p^  ■  V' 
g'  =  +  (sin  a—  Jio)  +  «8m(;ir  — ao))-T-  +  lT7^f===T-  V' 

which  may  be  used  for  the  determination  of  p'  and  q^.  These  equa- 
tions require,  for  their  exact  solution,  that  the  disturbed  values  €,  Xi 
and  p  shall  be  known,  but  it  is  evident  that  the  error  will  be  slight, 
especially  when  e  is  small,  if  we  use  the  undisturbed  values  eo,  poj 
and  jfo  =  ^0*  The  actual  values  of  X,  and  r  are  obtained  directly  from 
the  values  of  the  perturbations. 

When  p'  and  q'  have  been  found,  it  remains  only  to  find  cos  t,  and 
1  —  cos  37',  in  order  to  be  able  to  obtain  F  by  means  of  the  equation 
(169).    From  (153)  we  get 

jp'«  +  y'*  =  sin'  i  —  sin*  t^,  —  2^  sin  ^ 
and  hence 

cos  i  =  i/l— p'«— C^'  +  sin^)*,  (165) 

from  which  cosi  may  be  found.     The  equation  (167)  gives 

1  —  cos  iy'  =  cos  tj,  (cos  t^  +  cos  i)  —  ^  sin  t^,  (166) 

by  means  of  which  the  value  of  1  —  cos  ay'  will  be  obtained. 

dp'  d<f 

If  we  substitute  the  values  of  |)',  5',  -4^>  and  -tt  given  by  the 

equations  (153)  and  (162)  in  (169),  it  is  easily  reduced  to 

r  =  f ^"^^  Zdi,  (167) 

which  may  be  used  for  the  determination  of  F.  When  we  neglect 
terms  of  the  order  of  the  cube  of  the  disturbing  force,  in  finding  F 
we  may  use  po  in  place  of  p  and  put  1  —  cos  37'  =  2  cos'  to>  so  *^^^  ^^^ 
formula  becomes 
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r= ^  C^ziL  (i«j 

187.  By  means  of  the  fbrmuke  whidi  have  thus  been  derived,  ve 
mar  find  the  \'alaes  of  all  the  quantities  required  in  the  ddlutioD  of 
the  equations  f  155)^  in  order  to  obtain  the  vaIo6  of  /  and  6  Ibr  the 
disturbed  motion.  From  r,  I,  and  6  the  cmre^randio^  geooentric 
place  may  be  found*  The  heliocentric  longitude  and  lacitode  mar 
also  be  determined  directly  by  means  of  the  equations  ( 145),  provided 
that  Qf  iff  and  i  are  known;  and  the  required  fbrmuke  fift  the  deter- 
mination of  these  elements  may  be  readily  derived.  Thus,  the  equa- 
tions (160)  give,  by  differentiation, 

da  ,  di        .    .  d0 

-j-=  —  smtf'coBi-i-  —  smtGostf*  ^r» 
at  at  at 

dfi  .  rfi         .    .  .       d4r 

-r- =      costf'cost-^  —  smtsmtf'-^T-, 

at  at  at 

.    .d4r  da         .       dfi 

at  at  at 

.di  '       da    ^  d? 

C0SI-J7  =  —  smtf-j-  -4-  costf^-- 
at  at  at 

Introducing  the  values  of  -tt  and  -^  already  found  into  these  cqiia- 
tioDS^  and  putting 

we  obtain 


whence 


-jT-  =  — y r  cot  I  sin  (X,  —  <r)  rZ, 

dt       kVp(l  +  m) 

-jT  =  — T-  COS  (/,  —  <T)  rZ, 

dt       kVpH+m) 

and  also,  since  dtr  =  cos  i  dSl, 

§ 

d^Si 1  sin  (X,  —  tf) 

"dT  "~  jtl/p(l  +  m)  smt 


(169) 


rZ,  (170) 


by  means  of  which  the  vanations  of  a,  i,  and  Si  due  to  the  action 
of  the  disturbing  forces,  may  be  determined.  The  integral  is  in  each 
case  equal  to  zero  at  the  initial  date  <o  to  which  the  fundamental  os- 
culating elements  belong  and  at  which  the  integration  is  to  com- 
mence. 
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If  we  find  iy  and  then  a  —  Q  from 

a—tT=  f-— ^°  ^'      ,  sin  a  —  ^)  rZdt,  (171) 

the  true  longitude  in  the  orbit  will  be  obtained  from 

It  is  evident  that  since  the  expressions  for  -p  -rp  and  —it-  re- 

qaire,  for  an  aocorate  solution,  that  the  disturbed  values  iy  a,  and  p 
shall  be  known,  and  require,  besides,  that  three  separate  integrations 
shall  be  performed,  unless  the  perturbations  are  computed  only  in 
reference  to  the  first  power  of  the  disturbing  force,  in  which  case  we 
use  to,  |>o,  and  JJq  in  place  of  t,  p^  and  <t,  respectively,  in  the  equations 
(169)  and  (170),  the  action  of  the  component  J?  can  be  considered  in 
the  most  advantageous  manner  by  means  of  the  variation  of  z,  arising 
from  this  component  alone;  and  even  when  only  the  perturbations 
of  the  first  order  are  to  be  determined  it  will  still  be  preferable  to 

derive  dz,  by  the  indirect  process  from  the  expression  for  —rri  and  to 

determine  the  heliocentric  place  by  means  of  the  equations  (155). 
When  we  n^lect  the  terms  of  the  second  order,  these  equations 
become 

cos  6  cos  (/  —  Qp)  =  cos  {I,  —  Qo)* 

cos  6  sin  (/  —  Jio)  =  ^^^  (^f  —  Jio)  cos  ijj  —  tan  i^,  —A        (172) 

T 

sin  6  =  sin  {k,  —  Q,^  sin  i^-\ -, 

by  means  of  which  I  and  b  are  determined  immediately  from  the  per- 
turbations dMy  V,  and  dz,.  The  peculiar  advantage  of  determining 
the  effect  of  the  action  of  the  component  Z  by  means  of  the  partial 
variation  of  z,  is  apparent  when  we  observe  that  the  expressions  for 

-T-  and  — jT-  involve  sin  i  as  a  divisor;  and  in  the  case  of  orbits  whose 
at  at 

inclination  is  small,  this  divisor  may  be  the  source  of  a  considerable 
amount  of  error. 

188.  The  determination  of  the  perturbations  so  as  to  include  the 
higher  powers  of  the  masses  is  readily  effected  by  means  of  the  com- 
plete expressions  for  -^»  ^^  and  -j^y  when  the  correct  values  of 
U,  8f  Zy  iy  and  p  are  known.     The  corrected  values  of  i  and  p— 
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wliich  are  required  only  iq  the  case  of  Sz, — may  be  easily  estiinatid 
with  sufficient  accuracy,  since  we  require  only  cosi,  while  \  p  i^ 
pears  as  the  divisor  of  a  term  wliosc  numerical  value  is  generaUji 
insignificant.  To  obtain  the  actual  values  of  R,  S,  and  Z,  the  ait- 
rections  to  be  applied  to  N,  N',  and  /must  first  be  determinnl  bjr 
means  of  the  formnls  (136).  The  values  of  ^i'  and  ^ft'  will  b* 
found  by  means  of  the  data  furnished  by  the  tables  of  the  motJoD  of 
the  disturbing  body,  and  the  corresponding  oorrectioos  for  A",  jV, 
and  /  having  been  found  by  means  of  the  terms  of  (136)  tD\'olriii| 
dV  and  dSi ',  there  remain  the  corrections  due  to  di  and  JQ  to  Ik 
applied.  These  may  be  found  iu  terms  of  the  quantities  p'  iuif 
already  introduced.     Thus,  the  equations 

rfy  =  cosiBin(*— a,)rfi'  +  sin,-c08(ff— a,)<**, 
dq  =co8;coa(*—  Jljrfi— 8int8iii(«—  Q^da, 
give 

co8»ci»  =«n(* —  Sit)dp'  +  cosC*  —  Qt)^' 
am  i  d*  =  coe  (^  —  (1.)  dp'  —  sin  (<r  —  CO  <V' 

The  equations  (136)  give,  obaen-ing  that  da^coeidUt 

dl    =  — cos  N  di  — tan  isiuNAf. 

d2r  ^  -i-  —   -J-  at : — jrcoa  Jtd*, 

and,  substituting  the  preceding  values  of  di  and  da,  these  become 

__«ncy+i— oj  . ,    co«cy-j-£— a^. 


tanlcomi 
i  uE^leot  the  perturbations  of  the  third  order,  theae  eqni 


dl    =— si 


*if'  =  — ooeec/  cofliV-^— aiBJT- 

\  COSI(  c 


H 

•«./ 


by  means  of  which  dl  and  ^.V  may  be  determined,  p'  and  f'bdif 
found  by  means  of  the  equations  (164),  tiding  r„  r'^  and  p,  in  phn 
of  e,  1,  and  p.  The  results  for  SI  and  ^.V  obtained  frMn  (ITS) 
being  applied  to  the  values  of  /'  and  A"'  as  already  rorrMttd  oi 
account  of  iV  and  i^',  give  the  required  valuea  of  these  q 
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When  we  consider  only  di  and  d^y  since 

sin  t'  cos  JV'  =  COB  t  sin  J-f  sin  t  cos  7 cos  JV, 

we  easily  find 

dN=  cos  IdN'  —  dtr,  (174) 

and  if  we  add  the  quantity  cos  UN'  to  the  value  of  N  already  cor- 
rected on  account  of  di'  and  5Ji',  and  denote  the  result  by  iV„  the 
required  value  of  N  will  he  N,  —  da.  Then,  according  to  (131),  we 
may  compute  w'  +  da  and  fi'  by  means  of  the  formulse 

tan  {(y/  +  Str)  —  N,)  =  tan  u^  cos  J,  (176) 

tan  /J'  =  tan  Jsin  ((w'  +  dtr)  —  N,), 

using  the  values  of  N'  and  I  as  finally  corrected.  We  have,  further, 
according  to  (136), 

by  means  of  which  we  may  compute  the  value  of  w  ■\-  da;  then  the 
value  of  w'  —  w  required  in  the  equations  (132),  and  also  in  finding 
the  value  of  /o,  will  be  given  by 

vf  —  w  =  (u^  4"  ^<')  —  (^4"  ^<')i 

and  the  forces  i2,  /S,  and  Z  may  be  accurately  determined. 

By  thus  determining  the  correct  values  of  R,  S,  and  Z  from  date 
to  date,  the  perturbations  dMj  v,  and  8z,  may  be  determined  in  refer- 
ence to  the  higher  powers  of  the  disturbing  forces  according  to  the 
process  already  explained.  The  only  difficulty  to  be  encountered  is 
that  which  arises  from  the  quantities  P,  p\  and  9',  required  in  the 
determination  of  the  heliocentric  place  of  the  disturbed  body  by 
means  of  the  equations  (165).  If  an  exact  cphemeris  for  a  short 
period  is  required,  by  means  of  the  complete  perturbations  we  may 
letermine  new  osculating  elements,  and  by  means  of  these  the  required 
leliocentric  or  geocentric  places. 

189.  Example. — We  will  now  illustrate  the  application  of  the 
brmulse  for  the  determination  of  the  perturbations  8Mj  v,  and  dz,  by 
I  numerical  example;  and  for  this  purpose  let  it  be  required  to 
letermine  the  perturbations  of  Eurynome  ®  arising  from  the  action 
)f  JupUer   fix>m   1864  Jan.  1.0  to   1866  Jan.  15.0,  Berlin  mean 
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timc^  the  fundamental  osculating  elements  being  those  given   in 
Art.  166. 

In  the  first  place,  by  means  of  the  formuke  (130),  nsii^  the  values 

a  =  206^  3^    5".7,  t  =  4°  36'  d2^.1, 

a'=  98    58  22  .7,  ^  =  1    18  40  .5, 

which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0,  we  obtain 

N=  194^  ff  49".9,       N'  =  301°  38'  31".7,       1=  5*^  9'  56".4. 

Then,  by  means  of  the  data  furnished  by  the  Tables  of  Jupiter,  we 
find  the  values  of  u%  the  argument  of  the  latitude  of  Jupiter  in  refer- 
ence to  the  ecliptic  of  1860.0,  and  from  the  equations  (131)  we  derive 
w'  and  /9'.  The  values  of  r'  are  given  by  the  Tables  of  Jupiter,  and 
the  values  of  Tq  and  v^  are  found  from  the  elements  given  in  Art 
166.     The  results  thus  obtained  are  the  following: — 

Berlin  Mean  Time.  loff  Vq  t^  log  r*  W  fi 

1863  Dec.  12.0,  0.294084  354*»26a8'^0  0.73425  14*»  18'54'^6  —  0*»   1'38'a 

1804  Jan.  21.0,  0.294837  10     2  45   .7  0.73368  17  21  44  .2       0  18     9  J 

March    1.0,  0.300674  25  24  59   .4  0.73305  20  25     5  .2      0  34  39  .9 

April  10.0,  0.310864  40  13  31   .8  0.73237  23  28  59   .8       0  51     7  .6 

May  20.0,  0.324298  54   14  41    .4  0.73164  26  33  32  .1       1     7  29  .7 

June  29.0,  0.339745  67  21   23   .5  0.73086  293844. 8       12343.5 

Aug.  8.0,  0.356101  79  32  18   .1  0.73003  32  44  41   .2       1  39  46  .3 

Sept.  17.0,  0.372469  90  49  57    .6  0.72915  35  51  24   .6       1  55  35  .2 

Oct.  27.0,  0.388214  101   19     9    .8  0.72823  38  58  57   .5       2  11     7  .5 

Dec.  6.0,  0.402894  111     5  42   .2  0.72726  42     7  23   .3       2  26  20  .3 

1865  Jan.  15.0,  0.416240  120  15  32   .6  0.72625  45  16  43   .9  —2  41   10  .6 

The  value  of  w  for  each  date  is  now  found  from 

w  =  v,  +  7:^—ao  =  Vo  +  197°  38'  6".5, 

and  the  components  of  the  disturbing  force  are  determined  by  means 
of  the  formulae  (132),  p  being  found  from  (133)  or  (134),  and  h  from 
(70).     The  adopted  value  of  the  mass  of  Jupiter  is 


m'  = 


1047.879 


and  the  results  for  the  comix)nents  JB,  S,  and  Zslto  expressed  in  units 
of  the  seventh  decimal  place.  The  factor  lu^  is  introduced  for  conve- 
nience in  the  integration,  (o  being  the  interval  in  days  between  the 
successive  dates  for  which  the  forces  are  to  be  determined.  Thus  we 
obtain  the  following  results: — 
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D«te. 

6I>J! 

"•a-o 

o'Zcoiif 

ufSrrfU 

1863  Dec. 

12.0, 

+  70.82 

+     7.16 

+  0.04 

+    1.37 

1864  Jan. 

21.0, 

68.95 

—   32.76 

0.49 

— 11.45 

March 

1.0, 

61.16 

70.38 

0.92 

63.32 

April 

10.0, 

48.57 

102.91 

1.32 

150.48 

May 

20.0, 

32.77 

128.34 

1.68 

266.75 

June 

29.0, 

+  15.41 

145.39 

1.96 

404.35 

Aug. 

8.0, 

—   2.19 

153.44 

2.17 

554.54 

Sept. 

17.0, 

19.12 

152.41 

2.29 

708.21 

Oct. 

27.0, 

34.81 

142.50 

2.25 

856.39 

Dec. 

6.0, 

48.95 

124.04 

2.09 

990.36 

1865  Jan. 

15.0, 

—  61.45 

—   97.36 

+  1.75 

— 1101.73 

The  single  integration  to  find  (oiSr^dt  is  effected  by  means  of  the 
formula  (32). 

The  equations  for  the  determination  of  the  required  differential 
coefficients  are 


ddM 


or  —J—-  =  oi'Z  COS  ifl r-  oz,, 

d^  ^        To* 

Substituting  in  these  the*  results  already  obtained,  and  also 

log  fi^  =  2.967809,        logpo  =  0.371237,        log  e„  =  9.290776, 

we  obtain  first,  by  an  indirect  process,  as  illustrated  in  the  case  of 
the  direct  determination  of  the  perturbations  of  the  rectangular  co- 

d'v  d*Sz 

ordinates,  the  values  of  oj^-Ta  ^^^  ^~d^*  ^°^  then,  having  found  v, 

o)  --vr-  is  given  directly  by  the  first  of  these  equations.  The  integra- 
tion of  the  results  thus  derived,  by  the  formulse  for  mechanical  quad- 
rature, furnishes  the  required  values  of  v,  dM,  and  iz,.  The  calcula- 
tion of  the  indirect  terms  in  the  determination  of  v  and  8z,y  there 
being  but  one  such  term  in  each  case,  is,  on  account  of  the  smallness 
of  the  coefficient,  effected  with  very  great  facility. 
The  final  results  are  the  following : — 
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1863  Dec.  12.0,  —  0".028  +  36.16  +  0.04  +  0".01    +  ^41  +  0.02 

1864  Jan.  21.0,  0.072  33.61  0.49—0.01  4.31  0.04 
March  1.0,  0  .499  22.55  0.89  0  .27  37.11  0..>4 
April  10.0,  1  .213  +  5.58  1.21  1  .11  91.96  1.93 
May  20.0,  2  .070  — 13.52  1.45  2  .75  152.22  4.52 
June  29.0,  2  .902  31.59  1.53  5  .24  199.05  8..>4 
Aug.  8.0,  3  .546  46.65  1.60  8  .49  214.54  14.10 
Sept.  17.0,  3  .858  57.88  1.52  12  .22  183.69  21.24 
Oct.  27.0,  3  .723  65.19  1.28  16  .05  +  95.29  29.90 
Dec.  6.0,       3  .056      68.83       0.92     19  .49  —  58.00  39.82 

1865  Jan.  15.0,  —  1  .800  —  69.19  +  0.40—21  .97  —279.84  +50.64 

Since^  during  the  period  included  by  these  results,  the  perturbations 
of  the  second  order  are  insensible,  we  have,  for  the  perturbations  of 
Eurynome  arising  from  the  action  of  Jupiter  from  1864  Jan.  1.0  to 
1865  Jan.  15.0, 

^3f=  — 2r.97,        V  =  — 0.00002798,        ^«,  =  + 0.00000506. 

It  is  to  be  observed  that  Sz,  is  not  the  complete  variation  of  the  co- 
ordinate z,  perpendicular  to  the  ecliptic,  but  only  that  part  of  this 
variation  which  is  due  to  the  action  of  the  component  J? alone;  and 
hence  the  results  for  dz,  differ  from  the  complete  values  obtained 
when  we  compute  directly  the  variations  of  the  rectangular  cd- 
ordinates. 

Let  us  now  determine  the  heliocentric  longitude  and  latitude  for 
1865  Jan.  15.0,  Berlin  mean  time,  including  the  perturbations  thu< 
derived.     From  the  equations 

M,  =  M,  +  i^,{t-Q  +  dM, 
E,  —  fo  sin  E,  =  M,j 
r,   ==  a/1  —  e^  cos  E,\ 

sin  ^  (r,  —  E,)  =  sin  ^  y^o «»  ^^  X% 

K  =  '^t-\-  To»  »•  =  ^f  (1  + »'), 

we  obtain 

M,      =  99°  29' 35".51,  J5:,=  110°    O' 33".75, 

log  r,  =  0.4162304,  r,  =120   15  13  .80, 

log  r  =  0.4162183,  X,  =  164   32  25  .97. 

The  calculation  of  the  values  of  r,  and  r,  from  the  values  of  J/^  ^r 
and  ^0,  may  be  effected  by  means  of  the  various  formula  for  the 
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determination  of  the  radius-vector  and  true  anomaly  from  given 
elements.  If  we  substitute  these  results  for  X„  Vy  and  8z,  in  the  equa- 
tions (172),  we  get 

/  =  164°  37'  59".05,  6  =  —  3**  5'  32".54, 

which  are  referred  to  the  ecliptic  and  mean  equinox  of  1860.0^  and 
from  these  we  may  derive  the  geocentric  place  of  the  disturbed  body. 
If  the  place  of  the  body  is  required  in  reference  to  the  equinox  and 
ecliptic  of  any  other  date,  it  is  only  necessary  to  reduce  the  elements 
tTq,  Qq,  and  %  to  the  equinox  and  ecliptic  of  that  date;  and  then, 
having  computed  k,  and  r,  we  obtain  by  means  of  the  equations  (172) 
the  required  values  of  I  and  6.  In  the  determination  of  the  pertur- 
bations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic 
throughout  the  calculation ;  and  afterwards,  when  the  heliocentric  or 
geocentric  places  are  determined,  the  proper  corrections  for  precession 
and  nutation  may  be  applied. 

In  order  to  compare  the  results  obtained  from  the  perturbations 
dMj  V,  and  Sz,  with  those  derived  by  the  method  of  the  variation  of 
rectangular  co-ordinates,  we  have,  for  the  date  1866  Jan.  15.0, 

«,  =  —  2.5107584,        %  =  +  0.6897713,        ««  =  —  0.1406590  ; 

and  for  the  perturbations  of  these  co-ordinates  we  have  found 

dx  =  +  0.0001773,         ^  =  +  0.0001992,        dz  =  —  0.0000028. 
Hence  we  derive 

z  =  —  2.5105811,         y=  +  0.6899705,         2  =  —  0.1406618, 

and  from  these  the  corresponding  polar  co-ordinates,  namely, 

log  r  =  0.4162182,        /=  164°  37'  59".05,         6  =  —  3°  5'  32".54, 

from  which  it  appears  that  the  agreement  of  the  results  obtained  by 
the  two  methods  is  complete. 

190.  When  the  perturbations  become  so  large  that  the  terms  of  the 
second  order  must  be  retained,  the  approximate  values  which  may  be 
obtained  for  several  intervals  in  advance  by  extending  the  columns 
of  differences,  will  serve  to  enable  us  to  consider  the  neglected  terms 
partially  or  even  completely,  and  thus  derive  the  complete  perturba- 
tions for  a  very  long  period.  But  on  account  of  the  increasing  diffi- 
culties which  present  themselves,  arising  both  fix)m  the  consideration 
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of  the  perturbations  due  to  the  action  of  the  oompooent  Z  in  com- 
puting the  place  of  the  body,  and  from  the  magnitude  of  the  nnmm- 
cal  valueH  of  the  perturbations,  it  will  be  advantageous  to  determine, 
frr>m  time  to  time,  new  osculating  elements  corresponding  to  the 
valucH  of  the  {>erturbationj<  for  any  particular  epoch,  and  thus  com- 
mencing  the  integrals  again  with  the  value  zero,  only  the  terms  of 
the  first  order  will  at  first  be  considered,  and  the  indirect  port  of  the 
calculation  will,  on  account  of  the  smalluess  of  the  terms,  be  efiected 
with  great  facility.  The  mode  of  eflecting  the  calcidation  whoi  the 
higher  powers  of  the  masses  are  taken  into  account  has  already  been 
explained,  and  it  will  present  no  difficulty  beyond  that  which  is  in- 
se{)aral>ly  connected  with  the  problem.     The  determination  of  Fj  f\ 

and  q'  may  be  effected  from  the  results  for  -^-,  -^»  and  -^  by  means 

of  the  formulae  for  integration  by  mechanical  quadrature,  as  already 
illustrated,  or  we  may  find  /^  by  a  direct  int^ration,  and  the  values 

of  />'  and  q'  by  means  of  the  equations  (164),  —^  being  found  fix)m 

*  by  a  single  integration.     The  other  quantities  required  for  the 

complete  solution  of  the  equations  for  the  perturbations  will  be 
obtained  according  to  the  directions  which  have  been  given;  and  id 
the  numerical  application  of  the  formulse,  particular  attention  should 
Ik?  j^ivcn  to  the  homogeneity  of  the  several  terms,  especially  since,  for 
convenience,  we  express  some  of  the  quantities  in  units  of  the  seventh 
(l(M!imal  place,  and  others  in  seconds  of  arc. 

The  magnitude  of  the  perturbations  will  at  length  be  such  that^ 
however  completely  the  terms  due  to  the  squares  and  higher  powers 
of  the  disturbing  forces  may  be  considered,  the  requirements  of  the 
numorir.il  process  will  render  it  necessary  to  determine  new  osculating 
elements ;  and  we  therefore  proceed  to  develop  the  formulae  for  this 
purpose. 

191.  The  single  integration  of  the  values  oi  uf-rs;  and  oi'-i^'^vill 
give  the  values  of  o)  -tt  and  o>  — , ' »  and  hence  those  of  -^  and  -jj-' 
which,  in  connection  with  — >  -,  are  required  in  the  determination  of 

the  new  system  of  osculating  elements.     Since  ^-jT  represents  double 
the  areal  velocity  in  the  disturbed  orbit,  we  have 


CHANGE  OP  THE  OSCULATING   ELEMENTS.  511 


dv, kVp  (1  +  m) 


The  equation  (109)  gives 

du 


;_^V>oa+m)/,    ,    1    ddM\ 


dt 
Hence,  since  r  =  r,  (1  +  v),  we  obtain 

i,=j,.(n-l.^J(i  +  .y.  (176) 

by  means  of  which  we  may  derive  p.    This  formula  will  furnish  at 
once  the  value  of  p,  which  appears  in  the  complete  equation  for 

-W>  and  also  in  the  equations  (164);  and  the  value  of  cosi  may  be 

determined  by  means  of  (165). 
In  the  disturbed  orbit  we  have 

dr       kVl  +  m 
and  the  equations  (108)  and  (111)  give 


/l+»n     .       /,   ,    1    d9M\,.    ,    .    ,       dy 


dr^  _  kVl  +m     .       / ,    ,    1    diM 
dt~ 


Therefore  we  obtain 


which,  by  means  of  (176),  becomes 

e8m.  =  e.8m.,(l  +  -.^)(l  +  v)'  +  -^^7=^.^.         (177) 
The  relation  between  r  and  r,  gives 

1  +  6  COS  V       1  +  Cq  cos  V,  ^     '    ^' 
and,  substituting  in  this  the  value  of  p  already  found,  we  get 

6cost;  =  (l  +  eoC08vo(l+^~J(l  +  v)»-l.         (178) 
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Let  us  now  put 

___      ryp        dv  (179  j 

a  and  ^  being  small  quantities  of  the  order  of  the  disturbing  force, 
and  the  equations  (177)  and  (178)  become 

e  sin  v  =  e^  sin  v,  +  ^  sin  v,  +  A 
e  cos  V  =  e^,  cos  v,  -f-  ae^  cos  v,  +  a. 

These  equations  give,  observing  that  r,  (cos  v,  +  e^  =Po  ©os  -E/, 

6sin  (v,  —  v)  =  osint;,  —  )9cosv,, 

e  cos  (v,  —  v)  =  ep  -f-  -^  cos  JE,  +  )9  sin  v^,  ^ 


*•. 


fix>m  which  e,  v,  —  r,  and  v  may  be  found;  and  thus,  sinoe 

we  obtain  the  values  of  the  only  remaining  unknown  quantities  in 
the  second  members  of  the  equations  (164).  The  determination  of 
p'  and  q'  may  now  be  rigorously  effected,  and  the  corresponding 

value  of  cosi  being  found  from  (165),  -^  and  -^  will  be  given  by 

(162).  Then,  having  found  also  1  — cosjy'  by  means  of  (166),  /^may 
be  determined  rigorously  by  the  equation  (159),  and  not  only  the 
complete  values  of  the  perturbations  in  reference  to  all  powers  of  the 
masses,  but  also  the  corresponding  heliocentric  or  geocentric  places 
of  the  body,  may  be  found. 
If  we  put 

y^  =z=  a  sin  r,  —  fi  cos  v„ 

and  neglect  terms  of  the  third  order,  the  equations  (180)  give 

V,  —  V  =  ^8 -8» 

in  which  8  =  206264'^8.    These  equations  are  convenient  for  the 
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determiDation  of  e  and  v,  —  Vy  and  hence  X  by  means  of  (181),  when 
the  n^lected  terms  are  insensible. 

The  values  of  p,  e,  and  v  having  been  found,  we  have 

kVl  +  m 
8ms.  =  a,  a=i>8ecV,  ^  =  —J—'      (184) 

tan  ^  JS?  =  tan  (45°  -- ^ 9>)  tan ^ v,  M^E—eBinE, 

from  which  to  find  the  elements  fy  a,  fi,  and  M.  The  mean  anomaly 
thus  found  belongs  to  the  date  t,  and  it  may  be  reduced  to  any  other 
epoch  denoted  by  t^  by  adding  to  it  the  quantity  fi  {i^  —  t).  When  we 
n^lect  the  terms  of  the  third  order,  we  have 

_  sin  9>  —  sin  yp 

•      cos  9^0  — i  (9^  —  fo)  sin  9o 

and  if  we  substitute  for  sin  <p  —  sin  ^^  =  6  —  e^  the  value  given  by 
the  first  of  equations  (183),  the  result  is 

2(f  sin  9n  +  /' 

to  —  tp   =: Li! — ! — I , 

2  sin  y^  cos  9>o  —  ^  sin  ^^  tan  ^^ 
from  which  we  get 

^  ^*sin0*  y'* 

9>  =  9o  + 9  +  0      V^  +  o-^ «»  (185) 

"  '  cos^Po         zcosVo        28msPoC08  9>o 

by  means  of  which  f  may  be  found  directly,  terms  of  the  third  order 
being  neglected. 

In  the  case  of  the  orbits  of  comets  for  which  e  differs  but  little 
from  unity,  instead  of  SM  we  compute  by  means  of  the  formula 
(142)  the  value  of  dT,  and  since  we  have 

^  —  -.1   ^^ 
dt  fi^     dt 

the  equation  for  p  becomes 

i>=i>o(i~^J(i +  »')*;  (186) 


and  for  a  we  have 


=  (l-^fJ(l  +  ^)'~^-  (^«7) 


Then  e,  r,  and  q  will  be  found  by  means  of  the  equations 


S3 
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e  sin  (v,  —  v)  =  o  sin  v,  —  fi  cos  v„ 

ecos  (v,'—v)=e^  +  o(co8  v,  +  e^)  +  fismv,,  (188) 

P 

and  the  time  of  perihelion  passage  will  be  derived  from  e  and  r  by 
means  of  Table  IX.  or  Table  X. 

There  remain  yet  to  be  found  the  elements  a^  Qj  and  t,  which  de- 
termine the  position  of  the  plane  of  the  disturbed  orbit  in  space. 
The  values  of  p'  and  q'  will  be  found  from  the  equations  (164),  aod 
Fy  whenever  it  may  be  required,  will  be  determined  as  already 
explained.    Then  we  shall  have 

sin  t  sin  (if  —  ft  ^)  =  p',  (189) 

sin  I  cos  (<r  —  Q^)  =  ^  -{-smi^ 

fix>m  which  to  find  i  and  a.   When  we  n^lect  the  terms  of  the  third 
order,  these  equations  give 


•    •       •    •         f  I    P^ 
sm  I  —  sm  tj,  =  9  -f-  ~--2r 


and  hence 


smt^ 


*f  =  (2o  "I"  „'    '  *  —   »^, »  *> 


sm  to         sm'  Iq 


i  =  i,  +  -^s  +  p^s  +  ^^-^,,  (190) 

"      cos  to        2  cos*  to        2  8m  to  cos  to 

in  which  8  =  206264''.8.     The  auxiliary  spherical  triangle  which  we 
have  employed  in  the  derivation  of  the  equations  (155)  gives  directly 

cos  j  (i  +  Iq) tan  ^  (<r  —  ftp) 

cos  A  ( I  —  I'o)  ""  tan  ?  ( Ji  —  A  +  Ao  —  SIq)' 

and  since  A  —  A^,  =  F,  we  have 

tan  A  ( ft  _  Jio  - /O  =  ^i;;;  ^T;>^  tan  i  (<r  -  ft,),       (191) 

cos  .2  \^l  f  \) 

by  moans  of  which  the  value  of  ft  may  be  found.     This  equatioo 
gives,  when  we  neglect  terms  of  the  third  onler, 

Substituting  in  this  the  values  of  ^—  ft^  and  i  —  i^  given  by  (l^^\ 
wo  get 

"      smijcosio        sm"  lo  cos"  Iq-^  ^ 
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T*  being  expressed  in  seconds  of  arc.  Finally,  for  the  longitude  of 
the  perihelion,  we  have 

T=/  + Ji~^,  (194) 

and  the  elements  of  the  instantaneous  orbit  are  completely  deter- 
mined. When  we  neglect  terms  of  the  third  order,  this  equation, 
substituting  the  values  given  by  (190)  and  (192),  becomes 

^  tani4  tan' U  a +  2  cos  ^) 

It  should  also  be  observed  that  the  inclination  %  which  appears  in 
these  formulae  is  supposed  to  be  susceptible  of  any  value  from  0°  to 
180®,  and  hence  when  %  exceeds  90°  and  the  elements  are  given  in 
accordance  with  the  distinction  of  retrograde  motion,  they  are  to  be 
changed  to  the  general  form  by  using  180° — i  instead  of  f,  and 
2SJ  — ;r  instead  of  it. 

The  accuracy  of  the  numerical  process  may  be  checked  by  com- 
puting the  heliocentric  place  of  the  body  for  the  date  to  which  the 
new  elements  belong  by  means  of  these  elements,  and  comparing  the 
results  with  those  obtained  directly  by  means  of  the  equations  (155). 
We  may  remark,  also,  that  when  the  inclination  does  not  differ  much 
from  90°,  the  reduction  of  the  longitudes  to  the  fundamental  plane 
becomes  uncertain,  and  F  may  be  very  large,  and  hence,  instead  of 
the  ecliptic,  the  equator  must  be  taken  as  the  fundamental  plane  to 
which  the  elements  and  the  longitudes  are  referred. 

192.  Although,  by  means  of  the  formulae  which  have  been  given, 
the  complete  perturbations  may  be  determined  for  a  very  long  period 
of  time,  using  constantly  the  same  osculating  elements,  yet,  on 
account  of  the  ease  with  which  new  elements  may  be  found  from  SMy 

Vj  dz„  —fT-'  —jj*  and  —rr-*  and  on  account  of  the  fecility  afforded  in 

the  calculation  of  the  indirect  terms  in  the  equations  for  the  differen- 
tial coefficients  so  long  as  the  values  of  the  perturbations  are  small, 
it  is  evident  that  the  most  advantageous  process  will  be  to  compute 
8M,  Uy  and  8z,  only  with  respect  to  the  first  power  of  the  disturbing 
force,  and  determine  new  osculating  elements  whenever  the  terms  of 
the  second  order  must  be  considered.  Then  the  integration  will 
again  commence  with  zero,  and  will  be  continued  until,  on  account 
of  the  terms  of  the  second  order,  another  change  of  the  elements  is 
required.     The  frequency  of  this  transformation  will  necessarily  de- 


pend  on  the  magnitude  of  the  disturbing  force;  aod  If  the  dial 
body  is  so  near  the  diaturbing  body  that  a  very  frequent  change  of 
the  elements  becomes  necessary,  it  may  be  more  convenient  fiUierW 
include  the  t*!rme  of  the  second  order  directly  in  the  vomputalion 
of  tile  values  of  SM,  v,  and  3z„  or  lo  ailopt  one  of  the  other  metbcdi 
which  have  been  given  for  tlie  determination  of  the  perttirbation«  of 
a  heavenly  Ixnly.  In  the  case  of  the  asteroid  planets,  the  con^idct- 
alion  of  the  terms  of  the  second  order  in  this  manner  will  onlr 
require  a  change  of  the  osculating  elements  afler  an  interval  of  seve- 
ral years,  and  whenever  this  transformation  sliall  bo  required,  the 
equations  for  if,  i,  Si,  and  tz,  in  which  the  terms  of  thi;  tliinl  order 
arc  neglected,  may  be  employed.  It  should  be  obser\'e4l,  huwe^'cr, 
that  the  pertur)>ations  of  sotne  of  the  elements  are  much  gmur  tbu 
the  perturbations  of  the  coHDrdinates,  and  hence  when  terms  depeod- 
ing  on  the  squares  and  higher  powera  of  the  masses  have  been 
negh-cted  in  the  computation  of  these  perturbations,  it  may  still  be 
neix»sary  to  include  the  values  of  the  terms  of  the  aef^oiid  order  in 
the  incomplete  equations  referred  to.  No  general  criterion  ou  be 
given  us  to  the  time  ut  which  a  change  of  the  osculating  clementi 
will  be  required;  but  when,  on  account  of  the  maguitadr  of  tlw 
value!!  of  SM,  u,  and  3z„  it  appears  probable  that  the  pertnrhalioiH 
of  tlie  second  order  ought  to  be  included  in  the  result^  by  compating 
a  single  place,  taking  into  nc«ount  the  neglected  terms,  we  mar  at 
once  determine  whether  such  is  the  case  and  whether  new  demtnto 
are  required. 

193.  \Ve  have  already  found  the  expressions  for  the  %-ariatiqm  of 
{J  and  I  due  to  the  action  of  the  disturbing  forces,  and  we  shall  now 
consider  thoee  for  the  ^iiriation  of  the  otlier  elements  of  the  oriMt 
dinKtly.  Let  j-,  y,  i  be  the  eo-onlinatcs  of  the  body  it  any  giw* 
time  referred  to  any  fixed  system  of  co-ordinates.  These  will  be 
known  fanctions  of  the  six  elements  of  the  orbit  and  nf  the  time. 
If  the  body  were  not  subject  to  tl>e  action  of  tlic  disturfaing  foma. 
these  six  elements  wx)uld  be  rigoronaly  constant,  and  tlie  oo-onlimtM 
would  van,-  only  witli  the  time;  but  on  account  of  the  action  of  that 
forces  ihe  elements  most  he  regarded  as  ooolinuoiisly  varrtng  in  aider 
that  the  relation  between  the  elcmenta  and  th«  oo-onliuate»  at  my 
instant  shall  l>e  expressed  by  equations  of  the  same  form  as  in  tltt 
case  of  the  undisturbnl  molinn.  Theco-onliiuti-s  will,  thovferr,  in 
llie  disturbed  motion,  be  subjeet  to  two  distiiKl  \-ariatioiw;  thtf 
whk'^  ivsults  from  cousidcrutg  the  tiiue  aloae  to  varr,  and  thai  niiU 
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results  from  the  variation  of  the  elements  themselves.   Let  these  two 
kinds  of  partial  variations  be  symbolized  respectively  hy  I  -^  i  and 
■^J,  and  similarly  in  the  case  of  the  other  co-ordinates;  then  will 
the  total  variations  be  given  by 

^-/^u  r^i        j^-/^y \ .  ran 

dt       \  dt)^  LdtS  dt  ^\dtl'^  LdtS 

__ldz\,rdz'l  (196) 

"['dtl^LdtJ 


dz^ 
dt 


But  if  we  differentiate  twice  in  succession  the  equations  which  ex- 
press the  values  of  Xj  y,  and  z  as  functions  of  the  elements  and  of 
the  time^  regarding  both  the  elements  and  the  time  as  variable^  the 
substitution  of  the  results  in  the  general  equations  for  the  motion  of 
the  disturbed  body  will  furnish  three  equations  for  the  determination 
of  the  variations  of  the  elements.  There  are,  however,  six  unknown 
quantities  to  be  determined;  and  hence  we  may  assign  arbitrarily 
three  other  equations  of  condition.  The  supposition  which  affords 
the  required  fiicility  in  the  solution  of  the  problem  is  that 

K]=».    [|]=».    K]=».     w 

and  hence  that 


dx 
dt 


(dx\  dy i  dy\  dz /  ^^  \ 

liy  'di~~\dir         ~di^\'dir 


It  thus  appears  that  in  order  that  the  integrals  of  the  equations  (1) 
shall  be  of  the  same  form  as  those  of  the  equations  (3), — the  arbi- 
trary constants  of  integration  which  result  from  the  integration  of 
the  latter  being  regarded  as  variable  when  the  disturbing  forces  are 
considered, — the  first  differential  coeflBcients  of  the  co-ordinates  with 
respect  to  the  time  have  the  same  form  in  the  disturbed  and  undis- 
turbed orbits.     But  since  -jr*  -^p  and  -,.  are  the  velocities  of  the 

disturbed  body  in  directions  parallel  to  the  co-ordinate  axes  respect- 
ively, it  follows  that  during  the  element  of  time  dt  the  velocity  of 
the  body  must  be  regarded  as  constant,  and  as  receiving  an  increment 
only  at  the  end  of  this  instant.  Tlie  equations  (197)  show  also  that 
if  we  differentiate  any  co-ordinate,  rectangular  or  polar,  referred  to  a 
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fixed  plane  and  measured  from  a  fixed  origin,  with  respect  to  the  el^ 
ments  alone  considered  as  variable,  the  first  differential  coefficient 
must  be  put  equal  to  zero,  and  this  enables  us  at  once  to  effect  the 
solution  of  the  problem  under  consideration.  It  is  to  be  obeened, 
further,  that  the  functions  whose  first  differential  coefficients  with 
respect  to  the  time  when  only  the  elements  are  regarded  as  varialJe 
are  thus  put  equal  to  zero,  must  not  involve  directly  the  motioD  of 
the  disturbed  body,  since  the  second  differential  coeflScients  of  the  co- 
ordinates have  not  the  same  form  in  the  case  of  the  disturbed  niotioo 
as  in  that  of  the  undisturbed  motion. 

194.  If  we  suppose  the  disturbing  force  to  be  resolved  into  three 
components,  namely,  R  in  the  direction  of  the  disturbed  radiuv 
vector,  /S  in  a  direction  perpendicular  to  the  radius-vector  ami  in  the 
plane  of  disturbed  orbit,  positive  in  the  direction  of  the  motion,  tod 
Z  perpendicular  to  the  plane  of  the  instantaneous  orbit,  the  latter 
will  only  vary  SI  and  %  and  the  longitude  of  the  perihelion  so  &r  as 
it  is  affected  by  the  change  of  the  place  of  the  node,  while  the  forces 
R  and  8  will  cause  the  elements  3f,  ;r,  e,  and  a  to  vary  without  affect- 
ing SI  and  i. 

Let  us  now  differentiate  the  equation 


P  =  A'(l+«)(^-^). 


regarding  the  elements  as  variable,  and  we  get 

r«  L  (f  J  —        a'  '   dt  '^  L^  (1^  m)  '    d/  ~  "' 

or 

da  _      2a' V         dV 

dt  ~it»(l  +  iii)  ■   dt' 

The  differential  coefficient     ■  -  is  here  the  increment  of  the  acivle- 

dt 

rating  force,  in  the  direction  of  the  tangent  to  the  orbit  at  the  jrivon 

jK>int,due  to  the  action  of  the  disturbing  force;  and  if  we  desiiriwit' 

the  angle  whicli  the  tangent   makes  with  the  prolongation  of  the 

radius-vector  by  c''o,  we  sliall  have 

-^    =  R  CO*  V ;  +  -S  sin  <•,. 

Substituting  this  value  in  the  preceding  equation,  we  obtain 
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But  we  have,  according  to  the  equations  (50)„ 

„       ,        ldr\       kVT+m     . 
Fco8^.=  (^)  =— -^eainv. 

in  which  v  denotes  the  true  anomaly  in  the  instantaneous  orbit;  and 
henoe  there  results 


da  2a> 


rf<        kVp  (1  +  w) 


(esmvB  +  ^S),  (198) 


by  means  of  which  the  variation  of  a  may  be  found. 
If  we  introduce  the  mean  daily  motion  fi,  we  shall  have 

and  hence 

4^=--— ^=(e8ini;iJ  +  ^5),  (200) 

dt  k\/p(l  +  m)-  ^    r     ^'  ^      ^ 

for  the  determination  of  dfi. 

The  first  of  the  equations  (97)  gives 


and  hence  we  obtain 


d  (l/p)  ^        Sr 


^ 2^r_^^  ^201) 


or 

dt  ""  kVl  +  m 
The  equation  p  =  a{l  —  e^  gives 

dp^^_P_^da^_2ae—' 
dt        a  '  dt  dt' 

Equating  these  values  of  -^>  and  introducing  the  value  of  -^ 
already  found,  we  get 


dt       kl/p(l+m)\  '    e  \  r         a  /    /' 


(202) 
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and  since 

i-  =  l+6C0BV,  —  =  1  —  e  C08  E, 

r  a 

E  being  the  eccentric  anomaly  in  the  instantaneous  orbit^  this  becomes 

de  1 


dt        kVp(\+m) 


(^  sin  vJB  +  jp  (cos  t;  +  cos  JE)  5),       (203) 


which  will  give  the  variation  of  e.     If  we  introduce  the  angle  of 
eccentricity  ify  we  shall  have 

de  d<p  , 

and  hence 

d^  1  r 

-jT-  =  — y  —-  (a  cos  ^  sin  v  JR  +  a  cos  f  (cos  t;  +  cos  E)  8),    (204) 

at        JcYp  (1  -|-  m) 

195.  When  we  consider  only  the  components  R  and  8  of  the  dis- 
turbing force,  the  longitude  in  the  orbit  will  be 

We  have,  therefore, 

-^  =  l  +  ecos(i,— /), 

the  differentiation  of  which,  regarding  the  elements  as  variable,  gives 

+  er8in(A,— /)-J^, 


or 


Therefore 


dp  de    ,         .       dy 

-^  =  r  cos  V  -jT-  +  ^  sm  V  — £- 

at  at  at 


1  n 

.  —  ( — p  cos  v  JR  +  -^—  (2  —  cos'  V  —  cos  r  cos  E)  S), 


dt        kVpil-^-m)     e  sinv 

and,  since p  cos  E=r  (cos  v  +  e),  we  have 

p(l  —  cos  V  cos  E)  =  r  sin'  v, 
so  that  the  equation  becomes 
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dy 
fipom  which  the  value  of  ----  may  be  derived. 

If  we  introduce  the  element  to,  or  the  angular  distance  of  the  peri- 
helion from  the  ascending  node^  it  will  be  necessary  to  consider  also 
the  component  Z;  and,  since  cw  =  Z  —  <t,  we  shall  have 

dw j^ df^ dx_ .  dSi 

dt^  dt        dt^  dt       ^*   d<  ' 
and  hence 

^=      ,-I^=.  -(— ;?co8VjB+(j>  +  r)8iny/S)--co8t^*   (206) 
In  the  case  of  the  longitude  of  the  perihelion,  we  have 

dlS  ^1     ^Si 

eft  "~  (ft  +  'W 
and  therefore 

( — p  cos  vB  +  (p  +  r)  sin  v8) 


dt 


kx/pil-itm)     c 


+  2  8m«  i*^.  (207) 


The  first  of  the  equations  (15)2  gives 

[-^J=atans.8m.(^  +  (<-g^)-3^.^-acost;^  =  0, 

in  which  Mq  denotes  the  mean  anomaly  at  the  epoch,  which  is  usually 
adopted  as  one  of  the  elements  in  the  case  of  an  elliptic  orbit.     Sub- 

stituting  for  -^  and  -y  the  values  already  found,  we  get 

_«  =  — .  :  {(^  cot  s^  cos  V  —  2r  cos  s?)  JS 

*         ki/pa  +  rn) 

7^  (2  —  cos'  V  —  cos  v  cos  E)  cot  f  5}  —  (t  —  0-Tr» 


or 
dM._ 


{(p  cot  f  cos  t;  —  2r  cos  ^)R  —  (p  +  r)  cot  ^sinvS) 


dt         kVp  (1  +  m) 

-  0  -  «  ^-  (208) 

The  equation  (205)  gives 
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(|i  +  r)  cot  f  sin  r5  =  —  zp  eoft  y  cos  tR 


kVpil  +  m)  kVpiX  +  m) 

+  coer-^ 
by  means  of  which  (208)  reduces  to 

^  =  _eos^^ ^^^^l-R^ji-Q^        (209) 

dt  "^  dt        kVpiX  +  m)  ^       ^'  dt  ^      ^ 

which  will  determine  the  variation  of  the  mean  anomaly  at  the 
epoch. 

Since  the  equations  for  the  determination  of  the  place  of  the  body 
in  the  case  of  the  disturbed  motion  are  of  the  same  form  as  those  for  the 
undisturbed  motion,  the  mean  anomaly  at  the  time  t  will  be  given  by 

in  which  /u^  denotes  the  mean  daily  motion  at  the  instant  i^    There- 
fore we  shall  have 

Jf  =  JC +J^  A  + /^  («-«.)  +  (<- O/^  A, 

the  integrals  being  taken  between  the  limits  t^  and  L    The  quantity 

K  +  Ni^  —  U) 

expresses  the  mean  anomaly  at  the  time  ^  in  the  undisturbed  orbit; 
and  if  we  designate  by  dil  the  correction  to  be  applied  to  this  in 
order  to  obtain  the  mean  anomaly  in  the  disturbed  orbit,  so  that 

we  shall  have 
and  hence 

Differentiating  this  with  respect  to  t,  we  get 

dM       dM^  /  ^  *^    I    r*^  /// 
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Substituting  in  this  the  value  of  —rr^  from  (209),  the  result  is 
dM  dy  2r  cos  0       _,    .    rdfJL 


dt  ^  dt 


kVp  (1  +  m 


5^+/^*'         (210) 


nrhieh  does  not  involve  the  factor  t  —  t^  explicitly,  and  by  means  of 
iirhich  the  mean  anomaly  in  the  disturbed  orbit,  at  any  instant  t,  may 
1)e  found  directly  from  that  for  the  same  instant  in  the  undisturbed 
orbit. 
To  find  the  variation  of  the  mean  longitude  X,  we  have 

dL       dM   ,    dr:       dx    ,    dM   ,   ,,  .,  da 

-dt=-dr+-di=-dt+-dr+^^-''''''^~w' 

and  therefore 

^  =  2 sin'  iA  +  2 sin' ^i^g' ^^^  R+f^ dt.      (211) 

dt  ^^dt  ^  "^    dt         k\/p{l  +  m)      ^J  dt  ^       ^ 

To  find  the  variations  of  (2  &nd  i,  since 

u  denoting  the  argument  of  the  latitude  in  the  disturbed  orbit,  we 
have,  according  to  the  equations  (169)  and  (170), 

(f  Jl  1  r  sin  ti  - 

"^  ""  A;l/^(r+ m)  *    sin*      ' 
di  1  ,  (212) 

-TT  =  —  :  r  cos  uZ. 

dt        kVp{l+m) 

The  inclination  i  may  have  any  value  from  0°  to  180° ;  and  when- 
ever the  elements  are  given  in  accordance  with  the  distinction  of  re- 
trograde motion,  they  must  be  converted  into  those  of  the  general 
form  by  taking  1 80°  —  i  in  place  of  the  given  value  of  i,  and  2  fi  —  ^ 
in  place  of  the  given  value  of  ;r,  before  applying  the  formula  which 
involve  these  elements. 

196.  In  the  case  of  the  orbits  of  comets  in  which  the  eccentricity 

differs  but  little  from  that  of  the  parabola,  the  perturbations  of  the 

perihelion  distance  q  and  of  the  time  of  perihelion  passage  T  will  be 

determined  instead  of  those  of  the  elements  J[f  and  a  or  /£. 

The  equation 

p  =  q(l+e) 
gives 


624  THEOBEnCAL  ABTBOKQMT. 

dq 1         ifp  q        ie 

■S""^l+1'  eft       !  +  «**** 

and  sabetitiitiiig  in  this  the  value  of  -^  aheadjr  foand,  and  negkt- 
ing  the  mass  of  the  oomet,  which  is  al¥ra78  iDwmriderable,  we  get 

by  means  of  which  the  variation  of  q  may  be  foand.    In  the  cue  of 

elliptic  motion  the  value  of  -^r  may  be  fimnd  by  means  of  (202)  or 

(203) ;  but  in  the  case  of  hyperbolic  motion  the  equation  (2Q2)  will 
be  employed.  It  should  be  observed,  also,  that  when  the  genenl 
formulae  for  the  ellipee  are  applied  to  the  hyperbola,  the  mu- 
transverse  axis  a  must  be  considered  nq^ve. 

When  the  orbit  is  a  parabola,  the  equation  (202)  becomes 

^  =  -jX^(j>mnvB  +  ^eotfivS).  (211) 

and  for  the  value  of  -^  we  have 

4i  =  J?L5_|o^  (215) 

It  remains  now  to  find  the  formula  for  the  variation  of  the  time  of 
perihelion  passage.    The  relation  between  Tand  Jf,  is  expressed  bf 

the  differentiation  of  which  gives 

dM,      ._     ,,d/.  ,     dr. 

and,  substituting  for  —^  the  valoe  given  by  equation  (209),  we  grt 

dT_2ar  aVp      dz       ,        _,    1      *. 

Substituting  further  the  values  of  -^  and  -^  given  by  the  eqmtioiis 
(205)  and  (199),  the  result  is 
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dT      aS,a       p  U(t—T)      .     . 

■^ft  = -5- (2»- —  7  COB  » —. esinv) 

at        ic-  e  x/p  (216) 

,    eS  Ip  +  r  .  3*  (« —  T)    p\ 

+-f(V'^'' — vr^r} 

which  may  be  employed  to  determine  the  variation  of  T  whenever 
the  eccentricity  is  not  very  nearly  equal  to  unity.  It  is  obvious, 
however,  that  when  a  is  very  large  tliis  equation  will  not  be  con- 
venient for  numerical  calculation,  and  hence  a  further  transformation 

dv  dv 

of  it  is  desirable.     Thus,  if  we  derive  the  expressions  for  -j-  and    r- 

from  the  equations  (24)2  ^nd  (23)2,  we  easily  obtain 

2/>        dr         .^        p               Sk(t—T)     ...         ;>« 
__._  =  a(2r-^cos. ^-^-lesmv)  +  ^^^^^^ 

2p        dv  Ip  +  r  .  3/:(^~D     ^\  p'       /i,^\. 

1  +  e     de         \     e  yp  rj      e(l  +  ey\     ^  p} 

By  means  of  these  results  the  equation  (216)  is  transformed  into 


=f(4-|-)+>'^S+l('+;)-'°->-  w 


dT  dr 

which/  may  be  used  for  the  determination  of  -it->  the  values  of  -r- 

dv 
and  -J-  being  found  by  means  of  the  various  formulse  developed  in 

Art.  50.  When  a  is  very  large,  its  reciprocal  denoted  by  /  may  often 
be  conveniently  introduced  as  one  of  the  elements,  and,  for  the  deter- 
mination of  the  variation  of/,  we  derive  from  equation  (198) 

-^  = %=•  (c  sin  vR-\-^  S).  (218) 


dt  kVp 


T 


In  the  case  of  parabolic  motion  we  have  e  =  l,  and  jp  =  2g;  and 

dv  dv 

if  we  substitute  in  (217)  for  -r-  and  -^  the  values  given  by  the  equa- 
tions (33)2  and  (30)2,  the  result  is 

+  -^(4tan-it;-itan»iv)).  (219) 
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197.  Instead  of  the  elements  usually  employed,  it  may  be  desirable, 
in  rare  and  special  cases,  to  introduce  other  combinations  of  the  ele- 
ments or  constants  which  determine  the  circumstances  of  the  ainli^ 
turbed  motion,  and  the  relation  .between  the  new  elements  adopted 
and  those  for  which  the  expressions  for  the  differential  coefficient 
have  been  given,  will  furnish  immediately  the  necessary  formub. 
In  the  case  of  the  periodic  comets,  it  will  often  be  desired  to  deter- 
mine the  alteration  of  the  periodic  time  arising  from  the  action  of  the 
disturbing  planets.  Let  us,  therefore,  suppose  that  a  comet  lias  btvo 
identified  at  two  successive  returns  to  the  perihelion,  and  let  r  denote 
the  elapsed  interval.  The  observations  at  each  appearance  of  the 
comet,  however  extended  they  may  be,  will  not  indicate  with  certainty 
the  semi-transverse  axis  of  the  orbit,  and  hence  the  periodic  time. 
But  when  r  is  known,  by  eliminating  the  effect  of  the  distorbing 
forces,  we  may  determine  with  accuracy  the  value  of  tlie  semi-trans- 
verse axis  a  at  each  epoch,  and,  from  this  and  the  observed  places, 
the  other  elements  of  the  orbit  according  to  the  process  alretdr 
explained. 

Let  /Uq  be  the  mean  daily  motion  at  the  first  epoch,  and  we  sbiU 
have 

in  which  ::  denotes  the  semi-circumference  of  a  circle  whose  radiu?  i> 
unity.     Hence  we  obtain 

f^  = :: ' 

by  means  of  which  to  determine  ti^.  Then,  to  find  the  mean  daily 
motion  //  at  the  instant  of  the  second  return  to  the  perihelion,  ve 
have 


^  =  -"-^/!l7^'' 


(2:n 


the  integral  being  taken  between  the  limits  0  and  r.  The  provwional 
value  of  the  moan  motion  as  given  bv  the  observed  interval  r  will  l«f 
sutticiontlv  atxnirato  for  the  oalculaiion  of  the  variations  of  M  and  « 
during  this  interval.  The  semi-transverse  axis  will  now  be  derived 
bv  mo2Uis  of  the  formula 


1  Z-* 
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from  the  values  of  /<  for  the  two  epochs.  Let  t'  denote  the  interval 
which  must  elapse  before  the  next  succeeding  perihelion  passage  of 
the  comet,  and  we  have 


=M^+/- 


and  consequently 


*dM 

,  ^    dt  ^^  (222) 


-f 


27r—  l—^dt 


the  integral  being  taken  between  the  limits  ^  =  0,  corresponding  to 
the  beginning  of  the  interval,  and  t  =  r'.    We  have,  therefore, 

'^  =  -^-f^*'  (223) 

for  the  change  of  the  periodic  time  due  to  the  action  of  the  disturb- 
ing forces. 

198.  The  calculation  of  the  values  of  the  components  i2, 8,  and  Z 
of  the  disturbing  force  will  be  effected  by  means  of  the  formulae 
given  in  Art.  182.  It  will  be  observed,  however,  that  not  only  these 
components  of  the  disturbing  force,  but  also  their  coefficients  in  the 
expressions  for  the  differential  coefficients,  involve  the  variable  ele- 
ments, and  hence  the  perturbations  which  are  sought.  But  if  we 
consider  only  the  perturbations  of  the  first  order,  the  fundamental 
osculating  elements  may  be  employed  in  place  of  the  actual  variable 
elements,  and  whenever  the  perturbations  of  the  second  order  have  a 
sensible  influence,  the  elements  must  be  corrected  for  the  terms  of  the 
first  order  already  obtained.  Then,  commencing  the  integration  anew 
at  the  instant  to  which  the  corrected  elements  belong,  the  calculation 
may  be  continued  until  another  change  of  the  elements  becomes 
necessary.  The  several  quantities  required  in  the  computation  of  the 
forces  may  also  be  corrected  from  time  to  time  as  the  elements  are 
changed. 

The  frequency  with  which  the  elements  must  be  changed  in  order 
to  include  in  the  results  all  the  terms  which  have  a  sensible  influence 
in  the  determination  of  the  place  of  the  disturbed  body,  will  depend 
entirely  on  the  circumstances  of  each  particular  case.  In  the  case  of 
the  asteroid  planets  this  change  will  generally  be  required  only  after 
an  interval  of  about  a  year ;  but  when  the  planet  approaches  very 
near  to  Jupiter,  the  interval  may  necessarily  be  much  shorter.    The 


magDitude  of  the  resulting  values  of  the  jjertiirbations  will  a 
the  necessity  of  correcting  the  elements  whenever  it  exista;  and  tf 
we  apply  the  proper  corrections  and  commcDoe  anew  the  integrttin 
for  one  or  more  intervals  preceding  the  lust  <date  for  which  thepc^ 
turbations  of  the  first  order  have  been  found,  it  will  appear  at  one^ 
by  a  comparison  of  the  results,  whether  tlie  clemcut«  have  too  long 
been  regarded  as  constant. 

The  intervals  at  which  the  differential  coefRcientB  must  be  torn- 
puted  directly,  will  also  depend  on  the  relation  of  the  motion  of  (Ik 
disturbing  body  to  that  of  the  disturbed  body;  and  although  tlie  in- 
terval may  be  greater  than  in  the  case  of  th?  variatioas  of  the  to- 
ordiuatcii  which  require  an  indirect  calculation,  still  it  must  not  bt » 
l&Tge  that  the  places  of  both  the  disturbing  and  the  disturbocl  budy.ii 
well  as  the  values  of  the  several  functions  involved,  cunnot  br  inle^ 
polated  with  the  requisite  accuracy  for  all  int«m)ediate  ilat&i.  Id  the 
case  of  the  asteroid  planets  a  uniform  interval  of  abont  fiirty  dayaViU 
generally  be  preferred;  biit  in  the  case  of  the  oometa,  which  npdif 
approach  the  disturbing  body  and  then  again  rapidly  recede  from  it, 
the  magnitude  of  the  proper  inter\-al  for  quadrature  will  he  vay 
differeot  at  different  times,  and  the  necessity  of  shortening  the  iiilcr> 
val,  or  the  admissibility  of  extending  it,  will  be  indicated,  as  tin 
numerical  cslcuktion  progresses,  by  the  manner  m  which  the  sevml 
functions  change  value. 

If  we  compute  the  forces  for  several  disturbing  bodies  by  «uii|; 
I'B,  ZS,  and  ^Z  in  the  forroulse  in  plan?  of  R,  S,  and  Z,  raijiect- 
ively,  tlie  total  perturbations  due  to  the  combined  action  of  all  of 
tliese  bodies  may  be  eomjiUted  at  once.  But,  although  the  ouoHral 
process  is  thus  somewliat  abbreviated,  yet,  if  the  adopted  vaJnaof 
the  masses  of  some  of  the  disturbing  bodies  are  unocrtato,  sad  il  if 
desired  subsequently  to  correct  the  results  by  meant)  of  eotndcd 
values  of  these  masses,  it  will  be  better  to  compute  the  pcrtarliatiw 
due  to  each  <listurbing  body  separately,  and,  since  a  large  part  of  lb 
numerical  process  remains  unchanged^  the  additional  labor  wUI  ait 
be  very  considerable,  especially  when,  for  some  of  the  iliiittiitaBg 
bodies,  the  interval  of  quadrature  may  be  extendctL  The  snataan 
corre<^iou  of  the  elements  in  order  to  include  in  the  rcsaltB  tbe  pf- 
turbations  due  to  the  higher  powers  of  the  masses,  tnu^t,  howent, 
involve  the  perturlations  due  to  all  the  distnrbiog  iiodica  eoiuiilntd. 

The  differential  coefficieate  should  be  multiplied  by  the  interval  •* 
so  that  the  fonuutw  of  integration,  oonitting  tbia  bctor,  will  (itniih 
directly  the  required  int^jratsj  and  whenever  a  cbange  of  the  li 
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val  is  introduced,  the  proper  caution  must  be  observed  in  regard  to 
the  process  of  integration.  The  quantity  «  =  206264'^8  should  be 
introduced  into  the  formula  in  such  a  manner  that  the  variations  of 
the  elements  which  are  expressed  in  angular  measure  will  be  obtained 
directly  in  seconds  of  arc;  and  the  variations  of  the  other  elements 
will  be  conveniently  determined  in  units  of  the  nth  decimal  place. 
It  should  be  observed,  also,  that  if  the  constants  of  integration  are 
put  equal  to  zero  at  the  beginning  of  the  integration,  the  integrals 
obtained  will  be  the  required  perturbations  of  the  elements. 

199.  Example. — We  shall  now  illustrate  the  calculation  of  the 
perturbations  of  the  elements  by  a  numerical  example,  and  for  this 
purpose  we  shall  take  that  which  has  already  been  solved  by  the 
other  methods  which  have  been  given.  From  1864  Jan.  1.0  to  1865 
Jan.  1 5.0  the  perturbations  of  the  second  order  are  insensible,  and 
hence  during  the  entire  period  it  will  be  sufficient  to  use  the  values 
of  r,  V,  and  E  given  by  the  osculating  elements  for  1864  Jan.  1.0. 

The  calculation  of  the  forces  iJ,  8,  and  Z  is  effected  precisely  as 
already  illustrated  in  Art.  189,  and  from  the  results  there  given  we 
obtain  the  following  values  of  the  forces,  with  which  we  write  also 
the  values  of  E^: — 


Berlin  Mean  Hme. 

iOR 

40S 

40Z 

E, 

1863  Dec. 

12.0, 

+  0".0365 

+  0".0019  +0".00002 

355° 

26'  8".2 

1864  Jan. 

21.0, 

0  .0356 

—  0  .0086 

0  .00025 

8 

14  57  .8 

March 

1.0, 

0  .0315 

0  .0182 

0  .00047 

20 

57  55  .1 

April 

10.0, 

0  .0250 

0  .0259 

0  .00068 

33 

26  47  .6 

May 

20.0, 

0  .0169 

0  .0314 

0  .00087 

45 

35  25  .3 

June 

29.0, 

+  0  .0079 

0  .0343 

0  .00101 

57 

20  3  .8 

Aug. 

8.0, 

—  0  .0011 

0  .0349 

0  .00112 

68 

39  14  .6 

Sept. 

17.0, 

0  .0099 

0  .0333 

0  .00117 

79 

33  13  .1 

Oct. 

27.0, 

0  .0179 

0  .0301 

0  .00116 

90 

3  23  .2 

Dec. 

6.0, 

0  .0252 

0  .0253 

0  .00108 

100 

11  49  .1 

1865  Jan. 

15.0, 

—  0  .0317 

0  .0193 

+  0  .00090 

110 

0  54  .3 

We  compute  the  values  of  the  required  differential  coefficients  by 
means  of  the  equations 


dSQ  __^      1 rmru y 

dt         kVp^      8"^  *     ' 


ddi  1 

-^1  =  ^7''^^^^ 


IT 


k\/p  \        sm  sp  am  s?  / 


ddg 
dt 


34 
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dd0  1 

—jT-  =      ^ —  (a  COS  ^  sin  v  jB  +  ®  cos  ^  (cos  v  +  cos  £)  S), 


dSfi 
"ST 


kVp 

1  Zap. ,  .         .        r>   I   jP  ON 

ifcV  jp        ^  ^ 


and  the  results  are  the  following: — 


Date. 

1863  Dec  12X), 

1854  Jan.  21A 
Mazxrh  1.0, 

April  10.0, 

H«7  20.0, 

June  29.0, 

Aug.  8.0, 

8«pt.  17.0, 

Oct  STA 

Dec.  6lO, 

1866  Jan.  15A 


40 


««n 


dt 
— V.004 

0  .10s 


40 


<28« 


0 
0 
0 
1 
1 
1 
1 
1 


302 
Mi 
.822 
.037 
.189 
J233 
J60 
J0O4 


—  0  .742 


dt 

—  0^.001 
0  .017 
0  JOM 
0  .028 

0  jom 

—  0  J007 
+  0  .012 

0  .033 
0  .052 
0  J065 

+  0  xm 


40 


dhr 


dt 
1«*'.730 
17  .2S& 
10  .578 
22  J66 

28  .572 

29  Jin 

30  .696 
30  .500 
28  .953 
26  ^196 


40 


«♦ 


dt 
•^(TJOSt 
—  0  .992 

1  .810 

2  J»i 
2  .418 
2  .228 
1  .829 
1  .406 
1  .065 
0  JQ2 


1600—'^ 
dt 

—  0^j079O 

+  0  .4521 

0  .9396 

1  J381 
1  .6169 
1  .7750 
1  A96 
1  .7501 
1  j6906 
1  ^#074 


-i- IT  JOBS 
0  .102 
0  .863 

2  J006 

3  AM 
5  .196 

7  JOM 

8  Ml 
10  .496 
12  i>17 


dt  40 


Ajr 


n  M 
u  jn 

%m 

tijm 
Km 

41  Ail 
4S  J4I 
4SJ41 


—  23.336      —1  JOM       +1.1388     + 13  J9a      h>4S» 


The  values  thus  obtained  give,  by  means  of  the  formulae  for  integn- 
tion  by  mechanical  quadrature,  the  following  perturbations  of  Aft 
elements: — 


Beriin  Mean  Time.  4Q  It 

1863  Dec.     12.0,  -f  0".01  —  0".00 

1864  Jan.     21.0,  —  0   .04         0   .01 
March    1.0,       0   .24 


«*  <4  V 

-f8''.43    -fO".12    +O".O0O7 


April  10.0, 

May  20.0, 

June  2Vi.O. 

Aug.  8.0, 


0  .66 

1  M 
o  .>^ 

.40 


Sopt. 
<Vt. 
IVc. 
IS60  Jan, 


17.0, 

27.0. 

6  0, 


3 
4 

5 

6 


0  .03 

0  .06 

0  .08 

0  .10 

0  .09 

0  .07 


—  8  .49  —0  .38 
26  .78    1  .80 


.S4  —0  .03 
.93  -0  .t>3 


48  .01 

72  .82 

100  .83 

130  .93 

161  .66 

191  .4S 

219  .27 


3  il8 

6  .27 

8  .61 

10  .60 

12  .26 

13  .48 

14  .44 


0  .0040 
0  .0216 
.0502 
.0^75 
.1299 
.1751 
.22»"^» 
0  .2624 
0    .3^*1^ 


0 
0 
0 
0 
0 


15.0.  —  7    .<1     -  0   .10  —  244    .24  —  15   .37     -^0    .3323  - 


ur 

—  5".« 

19  .:-^ 
3:  .11 

125  .:? 
i(A  .:> 
2f«  .:& 

21'!    >5 


Applying  iho  variations  of  the  elements  thus  obtained  to  the  (^ca- 
laiiniT  olomonts  for  1S(>4  Jan.  1.0,  as  given  in  Art.  166,  the  osriihiing 
olonionts  tor  tho  instant  1S65  Jan.  15.0  are  found  to  \ye  the  foIloMrin;::— 

Ej>ix*h  =  l-S6o  Jan.  lo.O  Berlin  mean  time. 

3/  -  -    5>9'  :U'  4.<".S1 

T  rr     44    lo     7  .9:n 

^        v.-  1    .'^  ^  -  -      ^  '  Eoliptic  and  Mean 

.  _  '   ,    .^^  yy   .^,  i      Equinox  1^60.0. 
c  r      11    i:^  .^5  .^3 
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In  order  to  compare  the  results  thus  derived  with  the  perturbations 
computed  by  the  other  methods  which  have  been  given,  let  us  com- 
pute the  heliocentric  longitude  and  latitude,  in  the  case  of  the  dis- 
turbed orbit,  for  the  date  1865  Jan.  15.0,  Berlin  mean  time.  Thus, 
by  means  of  the  new  elements,  we  find 

M=  99^  34' 48".81,  £=110^    5' 14".15, 

log  r  =   0.4162182,  v  =  120    19  18  .01, 

I  =  164^  37'  59".04,  6  =  —  3     5  32  .54, 

agreeing  completely  with  the  results  already  obtained  by  the  other 
methods.  The  heliocentric  place  thus  found  is  referred  to  the  ecliptic 
and  mean  equinox  of  1860.0,  to  which  the  elements  Tty  $2,  and  i  are 
referred ;  and  it  may  be  reduced  to  any  other  ecliptic  and  equinox  by 
means  of  the  usual  formulse.  Throughout  the  calculation  of  the  per- 
turbations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic, 
the  results  being  subsequently  reduced  by  the  application  of  the  cor- 
rections for  precession  and  nutation^ 

In  the  determination  of  dMy  if  we  denote  by  AM  the  value  which 

is  obtained  when  we  n^lect  the  last  term  of  the  equation  for  -^i-»  we 
shall  have 


m^AM^SS^^^ 


which  form  is  equally  convenient  in  the  numerical  calculation.   Thus, 
for  1865  Jan.  15.0,  we  find 

AM=  +  234".74, 

and  from  the  several  values  of  1600-^  we  obtain,  for  the  same  date, 
by  means  of  the  formula  for  double  int^ration, 


//^ 


dt 
Henoe  we  derive 


df  =  +  56".59. 


ajf  =  +  234".74  +  66".59  =  +  291".33, 

agreeing  with  the  result  already  obtained. 

If  we  compute  the  variation  of  the  mean  anomaly  at  the  epoch,  by 
means  of  equation  (209),  we  find,  in  the  case  under  consideration, 

SM.  =  +  165".29, 


and  since  the  place  of  the  body  in  the  case  of  the  instsntuienaid 
is  to  bt-  computed  precisely  as  if  the  planet  had  been  moving  ■ 
stantly  in  that  orbit,  we  have,  for  1865  Jan.  lo.O, 

((  — ga;t  =  4-126".27, 
and  hence 

aM=  *J|;  -f  (i  —  (,)  Jp  =  +  291".66. 

The  error  of  this  result  is  —  0",23,  and  arises  chiefly  from  1       

crease  of  the  accidental  and  unavoidable  errors  of  Che  uamerica]  nl- 
culation  by  the  factor  t  —  ^,  which  appears  in  the  last  tcno  of  (lir 
equRtion  (209).  Hence  it  is  evident  that  it  will  alwa^'a  be  pivferablr 
to  compute  the  variation  of  the  mean  anomaly  directly;  and  if  the 
variation  of  the  mean  anomaly  at  a  given  epoch  be  required,  it  oiiy 
easily  be  found  from  3Hhy  means  of  the  equation 

If  the  ovulating  elements  of  one  of  the  asteroid  plands  uv  llm 
determined  for  the  date  of  the  opposition  of  the  planet,  they  will 
suffioe,  without  further  cJiange,  to  compute  an  ephemerie  for  the  bncf 
period  included  by  the  obsen'ations  in  the  vicinity  of  the  oppoatiia, 
unless  the  disturbed  planet  shall  be  ver>-  near  to  Ja[nteT,  id  wUtk 
case  the  perturbations  dunng  tlie  period  included  by  tho  epbtaMtrii 
may  become  sensible.  The  ^~ariation  of  the  geooeutric  plac*  of  thi 
disturbed  body  arising  from  the  action  of  the  distarbiog  (broea,  n^ 
be  obtained  by  substituting  the  cOTre^tondii^  ^-ariations  of  tb  fit- 
ments in  the  difierential  formulae  as  derived  from  the  ojnatMia  (!)» 
whenever  the  terms  of  the  e«cond  order  may  be  ncglvcted.  Il  fboald 
be  obser\'td,  howev^  that  if  we  suhetilate  ibe  \-alue  of  i)S  ditcrtlr 
in  the  equations  for  the  \-ariatioos  of  the  geocentric  ooHtrdtnatn,  tbe 
cocflSdent  of  Sp  most  be  thai  whidi  depmds  solely  oo  the  nrirtiw 
of  tbe  semi-4ransveT«e  axis.  But  wbm  tbe  coeffidctit  of  ip  has  bad 
computed  so  as  to  idvoK'v  tbe  eflect  of  this  quaatity  doriag  tlwiB* 
terx-«l  ( —  fp  the  \-aIue  of  3M^  must  be  (bond  from  dJl  and  eabfli- 
luted  in  tbe  equations. 

aOO.  It  Till  be  observed  tbi^  oo  aecoont  of  tbe  dhrwr  <  b  tht 


willbesofajeBtlabq* 

pertorbations  whenever  r  is  ^-eir  saall,  ahfaoogfa  tbe  ifawihite  cAd 
OB  tbe  beltorentric  place  of  tbe  diataibcd  body  way  be  a 
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aooount  of  the  divisor  sin  i  in  the  expression  for  -^  the  variation 

of  Si  will  be  large  whenever  t  is  very  small.  To  avoid  the  difficul- 
ties thus  encountered,  new  elements  must  be  introduced.  Thus,  in 
the  case  of  Q,  let  us  put 

o"  =  sin  i  sin  ft ,  ^9"  =  sin  t  cos  ft ;  (224) 

then  we  shall  have 

da"        .     _.        ,di.,,        _.  dSl 

-jj-  =  sm  ft  cos i-TT  +  sm i  cos  Sl-^j-f 

at  at  at 

d§f'  ^        .di         .    .  .     -,  dft 

—— -  =  cos  ft  COS  t^7  —  sm  %  sm  ft-j^- 

at  at  at 

Introducing  the  values  of  -rr  and  — —  given  by  the  equations  (212), 

and  introducing  further  the  auxiliary  constants  a,  6,  Ay  and  B  com- 
puted by  means  of  the  formulsB  (94)i  with  respect  to  the  fundamental 
plane  to  which  ft  and  i  are  referred,  we  obtain 

— i —  = —  ri^ sin  a  cos  (A  4-  u), 

-J--  =  — .  rZsin  bcosCB  4-  u), 

dt         k\/pil+m)  ^ 

by  means  of  which  the  variations  of  a"  and  /9"  may  be  found.  If 
the  integrals  are  put  equal  to  zero  at  the  beginning  of  the  int^ration, 
the  values  of  5a"  and  5/9"  will  be  obtained,  so  that  we  shall  have 

sin t sin  ft  =  sin Iq sin  ft^  +  Sa\ 
sin  i  cos  ft  =  sin  i^  cos  ft©  +  ^^', 
or 

sin  t  sin  (  ft  —  ft o)  =  cos  fto  ^a"  —  sin  ft o  ^^', 

sin  t  cos  (ft  —  ft o)  =  sin  %  +  sin  ft ^  Sa'  +  cos  ft o  ^i^',       (226) 

by  means  of  which  i  and  ft  —  ft^  may  be  found. 
In  the  case  of  Xy  1^*  ^s  put 


and  we  have 


V  =  e  sin  /,  C"  =  e  cos  Xf  ( 227) 


dr)'^        .       de    .  dr 

-dr=^''''xiu+''''^w 

dC"  de  .       dy 

— -— =  C08/-Tr  — esm  y-^« 
dt  ^  dt  ^  dt 
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dc  dy 

Substituting  for  -jr  and  -^  the  values  given  by  the  equations  (203) 

and  (205),  and  reducing,  we  obtain 

+  er8in/j^l, 

'  (228 

dC  1  / 

'   =  —  (psin  (y+x)  -^  +  {(P  +  0  cos  (r  + /) 

dt        k\/p{l+m)V        ^       ^       -riv/'-i-   /        V   -TAJ 

by  means  of  which  the  values  of  3jj"  and  5j"  may  be  found.    Then 

we  shall  have 

e  sin  /  =  tf,  sin  r^  +  ^^"9 

ccos/  =  e,  cosr^  +  ^*'f 
or 

e  sin  (/  —  r,)  =  cos  «o  *5"  —  sin  '#  ^^'> 

e  cos  (/  —  r^  =  <»,  +  sin  r^  Aj"  +  cos  s^  ^C",  (229 

from  which  to  find  e  and  ;f .    If,  in  order  to  find  the  variation  of  r,  wt 

write  7:  instead  of  jr  in  these  formulte,  the  terms  +  2c  cos  r  sin'  ^i-r 

and  — 2rsinrsin-ii-T:-  must  be  added  to  the  second  members  of 

-    dt 

(228'!,  respectively. 

201.  By  means  of  the  four  methods  which  we  liave  dcvelofx?*!  an-l 
illustratoil,  the  special  [^)erturl>ations  of  a  heavenly  botly  may  \k  dt^ 
terminoil  with  entire  acouracv.  and  the  choice  of  the  particular  mi-tlnJ 
will  depend  on  the  circum stanches  of  the  casH?.  By  i-oniputin):  tht 
perturl>ation5  of  the  oloments,  a.>mx.*ting  these  elements  as  otuu  a> 
may  W  nH|uinxl,  tlie  terms  depending  on  the  higher  [wwers  of  i^ 
massi^  mav  Ix?  includeil.  and  no  indiretH  calculation  becomes  ni\t^s«n'. 
The  frei|Uont  ix^nvction  of  the  elements  will  also  render  in?<n>iMt 
the  effect  of  wliatevor  uncertainty  remains  in  reganl  to  their  ini^. 
values.  But,  simv  the  jHTturlmtions  of  the  elcmentii  are  in  iri'iK-ral 
much  greater  tlian  th«*>o  of  the  ix>-ordi nates,  the  effeet  of  the  h-m^ 
o(  the  sevvnd  onler  will  Iv  much  greater  u[K>n  the  valut^*  of  the  tit*- 
meats  than  u[K>n  th».»st*  v»f  the  co-i^nlinates.  Hen<v,  the  trit|ii*n''y 
with  which  a  i-haiisiv^  of  the  elements  will  Iv  requireil  will  fully  ivni- 
jvus;ite  the  lalvr  of  iho  indin\t  jxin  of  the  calculation  in  the  a** 
of  the  ^v^tu^Uuion^  of  the  oo-onliuates. 
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The  determination  of  the  perturbations  of  the  polar  co-ordinates 
r,  w,  and  z,  and  that  of  the  perturbations  dMy  p,  and  dz,y  are  effected 
with  almost  equal  &ici]ity,  especially  when  the  effect  of  the  disturb- 
ing forces  is  to  be  determined  for  a  long  interval  of  time.  If  the 
perturbations  are  required  only  for  a  brief  period,  it  will  be  prefer- 
able to  determine  dM,  u,  and  8z,  rather  than  dw,  dr,  and  Zy  since  the 
indirect  part  of  the  calculation  will  thus  be  effected  with  less  repe- 
tition. In  both  of  these  cases  the  values  of  the  perturbations  are 
generally  smaller  than  in  the  case  of  the  rectangular  co-ordinates,  and 
hence  they  are  less  affected  by  terms  of  the  second  order;  but  on 
account  of  the  simplicity  of  the  formulae,  even  when  we  include  the 
terms  depending  on  the  higher  }K)wers  of  the  masses,  so  long  as  the 
magnitude  of  the  values  of  8x,  dxjy  and  dz  is  not  so  large  as  to 
render  troublesome  the  indirect  part  of  the  calculation,  the  method 
of  the  variation  of  rectangular  co-ordinates  may  be  advantageously 
employed  when  the  perturbations  are  to  be  determined  for  a  long 
period. 

By  whatever  method  the  perturbations  are  determined,  if  the  fun- 
damental osculating  elements  are  correct,  the  final  elements  of  the 
instantaneous  orbit  will  be  the  same.  But,  since  the  effect  of  the 
errors  of  the  elements  will  differ  in  degree  in  the  different  methods 
of  treating  the  problem,  if  these  elements  are  affected  with  small 
errors,  the  agreement  of  the  final  osculating  elements  obtained  by  the 
different  methods,  in  connection  with  the  corrections  derived  by  the 
comparison  of  observations,  may  not  be  complete. 

When  the  disturbed  body  approaches  very  near  to  a  disturbing 
planet,  the  magnitude  of  the  perturbations  will  be  such  as  to  enable 
us  by  means  of  accurate  observations  to  correct  the  adopted  value  of 
the  disturbing  mass.  In  this  case  the  perturbations,  computed  by 
means  of  either  of  the  methods  applicable,  must  be  converted  into 
the  corresponding  perturbations  of  the  geocentric  spherical  co-ordi- 
nates. Let  the  variation  of  either  of  the  geocentric  co-ordinates 
arising  from  the  action  of  the  disturbing  planet  be  denoted  by  dO) 
then,  if  we  suppose  the  correct  value  of  the  disturbing  mass  to  be 
1  +  n  times  the  assumed  value  used  in  computing  dOy  the  correspond- 
ing variation  of  the  geocentric  spherical  co-ordinate  will  be 

(1  +  n)  de. 

The  value  dO  may  be  included  in  the  determination  of  the  difference 
between  computation  and  observation  in  the  formation  of  the  equa- 
tions of  condition  for  finding  the  corrections  to  be  applied  to  the  ele- 


ments ;  aud,  finally,  the  t«rm  n3d  may  be  added  to  each  of  the  eqm- 
tioDs  of  condition,  so  that  we  thus  introduce  a  new  anknown  qiuutity 
II.  The  solution  of  alt  the  e^iuations  thus  formed,  by  the  meth'td  of 
least  squares,  will  then  furnish  the  most  probable  \'&lniM  of  the  ror- 
roetiona  to  be  applied  to  the  adopte<l  elements,  aud  also  the  x'altw  of 
n,  bv  meaas  of  which  a.  corrected  value  of  the  mass  of  the  diaiurhnig 
body  will  be  obtained. 

202.  If  the  determination  of  the  perturbations  of  a  heavenly  body 
requiretl  that  all  the  disturbing  bodies  in  the  system  should  Ikcxm* 
slantly  considered,  the  labor  would  be  very  great.  But,  fonuaaidy, 
it  so  happens  thnt  the  masses  of  many  of  the  planets  are  so  small  in 
comjKirison  with  that  of  the  stin,  that  the  sphere  of  their  discnthiiif; 
inflnence  is  very  much  restricted.  Thus,  in  the  determination  of  tbe 
perturbations  of  the  asteroid  planets,  only  the  action  of  Mors,  Jnjii- 
ter,  and  Saturn  need  be  considered ;  and  of  these  disturbing  plaoeti 
Jupiter  exerts  the  principal  influence.  It  is  true,  however,  thai,  uo 
account  of  the  elongated  form  of  the  orbits  of  the  periodic  toatU, 
they  may  at  differeut  times  be  sensibly  disturbed  by  «tch  of  the 
planets  of  the  system.  But  since  in  the  remote  parts  of  their  iirtiiti 
they  are  very  distant  from  nianv  of  the  disturbing  planets,  the  ikUT' 
minntion  of  their  perturbations  will  then  be  much  &oilitated  W  aa- 
sidering  them  as  revolving  around  the  common  centre  of  jfraviiy  of 
the  sun  and  disturbing  planet.  When  the  motion  is  referred  to  ibt 
centre  of  the  sun,  the  disturbing  force  is  the  difference  of  ibe  dimt 
action  of  the  disturbing  body  upon  the  disturbed  body  and  npoa  the 
sun;  and  in  the  case  of  those  disturbing  planets  whose  periodic  tiac 
is  short,  the  t«rm  which  expresses  the  action  upon  ibe  sun  will  chinge 
value  so  rapidly  that  it  will  be  nece^san'  to  adopt  small  intcn'sls  in 
tlie  direct  numerical  calculation.  Bnt  when  we  refer  the  motion  to 
the  centre  of  gravity-  of  the  8,>-^eni,  which  does  not  receive  aj 
motion  in  virtue  of  the  mutual  attractions  of  the  bodies  which  «B- 
poee  the  system,  tliat  part  of  the  disturbing  force  which  expnsMil^ 
action  of  the  disturbing  pbtnet  upon  the  sun  will  diaappcar,  and  tW 
magnitude  of  the  disturbing  fiirce  will  be  less  than  thai  of  the  lian 
which  disturbs  the  motion  of  the  comet  relative  to  the  mat, » tb* 
the  tnter\'als  for  quatlrature  mar  be  greatly  extended.  It  will  U 
obser%'ed,  further,  that,  if  llie  distance  of  the  comet  Irom  tba  wa  '* 
&r  greater  than  the  distance  o(  the  disturbing  boilyt  tbo  dirvct  actufl 
of  tiic  planet  ugton  the  comet  beconMs  so  small  that  itv  eflvct  nfuath* 
notion  will  be  quite  ins^ificaai.    In  this  om  ibe  mottinflfila 
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oomet  will  be  sensibly  the  same  as  the  pure  elliptic  motion  around 
the  common  centre  of  gravity  of  the  sun  and  disturbing  planet. 

In  order  to  exhibit  these  principles  more  clearly,  let  us  denote  by 
f ,  7,  f,  the  co-ordinates  of  the  sun  referred  to  the  centre  of  gravity 
of  the  system;  by  a?o,  y^,  Zq,  the  co-ordinates  of  the  comet;  and  by 
a?/,  y^'y  z^y  the  co-ordinates  of  the  disturbing  planet  referred  to  the 
same  origin.  Let  a;,  y,  z  be  the  co-ordinates  of  the  comet,  and 
a?',  \fy  J  those  of  the  planet  referred  to  the  centre  of  the  sun;  then 
we  shall  have 

and  hence 

X  =a?o  +m!x^\        y  =y^  +m'y^\        z  =z^  +  wi  V, 
«'  =  ««'  +  wiV.        y  =  y^  +  m'yo',        sf  =  z^'  +  mW 

/  =  r;  +  mVo'. 

From  these  we  derive 

*  =  -T#r.        V  =  -T^'        C  =  -T^-      (230) 
1  -j-m  1  +  wi  1  +  ro        ^ 

The  equations  (15)j  are  now  easily  transformed  into  the  following: — 


,  yg+rnQx.         ,„,,  ./I        1  \ 


t  +  ^^^^^'=-'*^(y.'-y.)(,A-^)        (231) 

+  *'(y.  +  m'y.')(:^-^). 

whiclK  completely  determine  the  motion  of  the  comet  about  the  com- 
mon centre  of  gravity  of  the  sun  and  planet.  The  second  members 
express  the  forces  which  disturb  the  pure  elliptic  motion;  and  it  is 
evident,  by  an  inspection  of  the  terms,  that  when  the  comet  is  remote 
from  both  the  planet  and  the  sun  these  forces  become  extremely 
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small.  If;  therefore,  we  compute  the  perturbations  of  the  motion 
relative  to  the  sun  as  far  as  to  the  point  at  which  the  second  members 
of  (231)  have  not  any  appreciable  influence  on  the  results,  it  will 
suffice  simply  to  convert  the  elements  which  refer  to  the  centre  of 
the  sun  into  those  relative  to  the  common  centre  of  gravity  of  the 
sun  and  disturbing  planet,  and  then  to  regard  the  motion  as  undis- 
turbed until  the  comet  again  approaches  so  near  that  the  direct  per- 
turbations must  be  considered,  at  which  point  the  motion  will  again 
be  referred  to  the  centre  of  the  sun. 

203.  The  reduction  of  the  elements  from  the  centre  of  gravity  of 
the  sun  to  the  common  centre  of  gravity  of  the  sun  and  the  disturb- 
ing planet,  may  be  easily  effected  by  means  of  the  variations  of  the 
rectangular  co-ordinates  and  of  the  corresponding  velocities.  To 
derive  the  co-ordinates  of  the  comet  referred  to  the  centre  of  gravity 
of  the  sun  and  planet,  it  is  only  necessary  to  add  to  the  heliooentrio 
co-ordinates  the  co-ordinates  of  the  sun  referred  to  this  origin,  so 
that,  according  to  (230),  we  shall  have 

"'  =  -T+lii''^'      *y=-i-+^y'.      ''  =  -T+^.'f.   (232) 

and,  also, 

^dx mf         d^  dy  m'  dxf 

W  ""        l  +  W  '  W  ~di  ~'  ~"  l-fm'  '  "ST' 

^dz  _  w!         d^  (^^^ 

di~       1  +  m'  '  cf r 

If,  therefore,  from  the  elements  of  the  orbit  of  the  disturbing  planet 
we  compute  the  auxiliary  constants  for  the  adopted  fundamental 
plane  by  means  of  the  equations  (94)i  or  (99)i,  and  also  V  and  U' 
from 

^1-L±_^'  (e'  sin  oi'  +  sin  tt')  =  F  sin  V\ 
Vp' 


■ —  ,-j  —  {e  cos  ai'  4-  cos  w  )  =  V  cos  c/  , 

the  equations  (lOO)i  and  (49),  in  connection  with  (232)  and  (233), 
give 

dx  =  —  :r-i — r  r'  sin  a'  sin  (A'  +  v!\  (234) 
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m 
^  =  —  j-p^  /  sin  y  siu  (5' +  u'), 

^'  -r'sinc'sinCC'  +  ii'); 


1  +  m' 
^^  =  -  j~^  ^'  «i^  «'  ^^«  (^'  +  ^)'  (234) 


^  ^r8inyco8(5'  +  cr), 


di  1  +  w' 

^-S  =  -  T-r^^'  sin  </  COS  (C  +  £/'), 
a<  1  +  m 

If  we  add  the  values  of  dxy  %,  dzy  S-rr*  ^~^*  and  8-yr  to  the  cor- 
responding co-ordinates  and  velocities  of  the  comet  in  reference  to 
the  centre  of  gravity  of  the  sun,  the  results  will  give  the  co-ordinates 
and  velocities  of  the  comet  in  reference  to  the  common  centre  of 
gravity  of  the  sun  and  disturbing  planet,  and  from  these  the  new 
elements  of  the  orbit  *may  be  determined  as  explained  in  Art.  168. 

The  time  at  which  the  elements  of  the  orbit  of  the  comet  may  be 
referred  to  the  common  centre  of  gravity  of  the  sun  and  planet,  can 
be  readily  estimated  in  the  actual  application  of  the  formulae,  by 
means  of  the  magnitude  of  the  disturbing  force.  In  the  case  of  Mer- 
cury as  the  disturbing  planet,  this  transformation  may  generally  be 
effected  when  the  radius-vector  of  the  comet  has  attained  the  value 
1.6,  and  in  the  case  of  Venus  when  it  has  the  value  2.5.  It  should 
be  remarked,  however,  that  the  distance  here  assigned  may  be  in- 
creased or  diminished  by  the  relative  position  of  the  bodies  in  their 
orbits..  The  motion  relative  to  the  common  centre  of  gravity  of 
the  sun  and  planet— disregarding  the  perturbations  produced  by  the 
other  planets,  which  should  be  considered  separately — may  then  be  re- 
garded as  undisturbed  until  the  comet  has  again  arrived  at  the  point 
at  which  the  motion  must  be  referred  to  the  centre  of  the  sun,  and  at 
which  the  perturbations  of  this  motion  by  the  planet  under  consider- 
ation must  be  determined.  The  reduction  to  the  centre  of  the  sun 
will  be  effected  by  means  of  the  values  obtained  from  (234),  when  the 
second  member  of  each  of  these  equations  is  taken  with  a  contrary 
sign. 

204.  In  the  cases  in  which  the  motion  of  the  comet  will  be  referred 
to  the  common  centre  of  gravity  of  the  sun  and  disturbing  planet, 
the  resulting  variations  of  the  co-ordinates  and  velocities  will  be  so 
small  that  their  squares  and  products  may  be  neglected,  and,  there- 
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fore,  instead  of  ofiing  the  complete  fommlflB  in  finding  the  new  ele- 
mentB,  it  will  suffice  to  employ  difieiential  fbrmola.  The  fimmb 
(lOOX  give 

dx  •/•jivd'T,  /jiv^* 

•^  =  Bmasm(il  +  tf)-^  +  rBmooos(il  +  i*)--g-f 

^  =  8ini8in(5  +  tf)^  +  rsinicos(5  +  i*)^       (235) 

-^  =  8in«8in(C+«)-^  +r8inccos(C+«)  -^• 

If  we  mnltiplj  the  first  of  these  equations  by  tx,  the  second  by  ig^ 

dx 
and  the  third  bj  dz;  then  mnltiplj  the  fint  bj  i-^»  the  eecoad  by 

i-^*  and  the  third  hj  S-^*  and  pat 

Pzssmnamjk{A'{-u)iX'{-taaibtaniB'{-u)9jf 

-{-mnemjkiC+u)^' 

+  sin  «  COS  (0+  v)  ^; 
P'  =  sinaBm(il+ti)a^+Bini8inr5  +  «)a^       ^^ 

+  sin  esin  (C  +  v) '-;^> 

+  sin c  cos  (C+ «)  ^-i7-» 
we  shall  have,  observing  that  -^  =  ---  «sin  r  and  that  -^^  =  ~J-f 

^,^  +  J^4^+*,^  =  JL,rinri-  +  ^ie. 
dt      dt  ^  dt      dt  ^  dt      di       ^/p  ^      r 


From  the  equations 


dr  dx  dy         dM 

df    '    df       A* 


i 


(238) 
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we  get 

*    *       dt     dt^  dt     dt^  dt     dt' 
which  by  means  of  (237)  become 

VSV=-4=-e sin vF'+  ^  Q^. 

Vp  T 

From  the  equation 

we  get 

2pkdk  +  P^  =  2r»F^F+  2FV^  —  2^  d/ ^  V 

Substituting  the  values  given  by  (238),  observing  also  that  P=dry 
this  becomes 

T  +  '^-W         ?~"       "7~^'^ifcv7^' 

and,  since 


we  obtain 


7*  =  - (l  +  2eco8t;+c"), 


HV})=^P-'-^^+iV-Vpf.        im, 


by  means  of  which  the  variation  of  i/p  may  be  found. 
The  equation 

a         r 
gives 

from  which  we  derive 

.l  =  _4-P-?^^V-?^(2'  +  2(^-l)f.    (240) 


a 


r'  Wp 
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from  which  the  new  valoe  of  the  semi-transverse  axis  a  may  be 
found*    To  find  d/i  we  have 

a;.  =  |;*a3l  +  ;i^,  (241) 

or 

,;.  =  _^P_?5!?£i^V-?^«'+(^-2U-¥-    (242) 

Next,  to  find  dcy  we  have,  from  jo  =  a  (1  —  ^, 

**  =  -i4— ^'('^>'  ^243) 

or 

J,        ;)C08^          Binv^  ,  AnvV^p  ^  ,    V^  ,  ,  «n  ^ 

^g=      ^      P+-^QH jp^P'  +  --j^(coflif  +  co8-E:)§^ 

2p  cos  ^     ^1; 


•       • 


(244) 


The  equation  (12),  gives 


»lf=-z-^*i; ?^^  (2  +  e  C08  *)  ^,  (245) 

aDdfrom^  =  l+ecoe«wege( 

a.  =  i^^.  +  _£_^r— 2V^^(v/«).  (246) 

c  Sin  v  r'c  sin  V  re  sm  v     ^  "^  -'^ 

Substituting  this  value  of  3v  in  (245),  and  reducing,  we  find 


\     r      '      a     I  '  atan^  ^       kVv 

_  .  "^    ■   ■  '.  W  -4-  I  ——L.  -4- I  2r  Rin  « 

kVp 


_J[_     (p4-r)8inr  /^t0       UmgL  ^. 


sin  tJ  -7-> 
a; 


from  which  to  derive  the  variation  of  the  mean  anomaly. 

205.  Let  us  now  denote  by  a?",  y",  2"  the  heliocentric  co-ordinates 
of  the  comet  referred  to  a  system  in  which  the  plane  of  the  orbit  w 
the  fundamental  plane,  and  in  which  the  positive  axis  of  x  is  directed 
to  the  ascending  node  on  the  ecliptic.  Let  us  also  denote  by  a:',  y\  2/ 
the  co-ordinates  referred  to  a  system  in  which  the  plane  of  the  ecliptic 
is  the  plane  of  xy^  and  in  which  the  positive  axis  of  x  is  directed  to 
the  vernal  equinox.     Then  we  shall  have 
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a/'  =  a/  COS  Ji  +  y'  sin  Ji, 

y"  =  —  ar'  gin  JJ  cos  t  +  y'  cos  ft  cos  t  +  af*  Bin  1, 

ai"  =  ar'  sin  ft  sin  i  —  y'  cos  ft  sin  t  +  ^'^  cos  i. 

If  we  transform  the  co-ordinates  still  further,  and  denote  by  a?,  y,  z 
the  co-ordinates  referred  to  the  equator  or  to  any  other  plane  making 
the  angle  e  with  the  ecliptic,  the  positive  axis  of  z  being  directed  to 
the  point  from  which  longitudes  are  measured  in  this  plane;  and  if 
we  introduce  also  the  auxiliary  constants  a,  Ay  6,  B^  &c.,  we  shall 
have 

daf'  =  sin  a  sin  ^  ^a;  4*  sin  5  sin  ^  ^  -f-  sin  c  sin  C  dz, 

^'  =  sin  a  cos  -4  ^«  +  sin  6  cos  -B  ^y  +  sin  c  cos  C  Sz,        (248) 

dsf'  =  cos  a  ^0?  +  cos  6  ^y  4"  cos  c  iz. 

Multiplying  the  first  of  these  by  — sinw,  and  the  second  by  cost^, 
adding  the  results,  and  introducing  Q  as  given  by  the  second  of 
equations  (236),  we  get 

cos  u  ^y"  —  sin  ti  daf'  =  Q, 

Substituting  for  ^a?"  and  %"  the  values  given  by  the  equations  (73)2, 

the  result  is 

r(^+^/)==ft 

and,  introducing  the  value  of  3v  given  by  (246),  we  obtain 

r       6  sm  t;  r*c  sm  v  re  sm  v      "^  ^' 

Substituting  further  for  ^e,  ^r,  and  ^(i/p)  the  values  already  ob- 
tained, and  reducing,  we  find 


6T  €T  €K  ^f^yp 

2  sin  V      dk 


e 


-f 


(249) 


by  means  of  which  dx  niay  be  found. 
If  we  put 

cos  aiz-^-  cos  6  ^  +  cos  eiz=iS, 

cos  a  ^^  +  cos  6  ^-^  +  COB  c  0-^  =ir , 

the  last  of  the  equations  (248)  gives 
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a/'  =  i? ;  (251.. 

and  if  we  differentiate  the  equation 

dx  ,  dy  dz       ^ 

cos  a-jT-  +  cos  6—-  +  cos  C-jr  =  0, 
at  at  at 

which  exists  in  the  case  of  the  unchanged  elements,  we  shall  have 

n  »^   I         I  %^y    ,  ^dz 

0  =  cos  a  o-TT  +  cos  0  o-^  +  cos  e  d-^^r 

dt  dt  dt 

dx    ,  ^y    •    L  »L       dz    . 

TT  sm  a  oa -^  smbSb ^  sin  e  ^ 

at  at  dt 

Substituting  for  8a,  56,  and  8c  the  values  given  in  Art.  60,  ohserring 
that  8e  =  0,  we  have 

0=i?+(  -i-8inasin-4  +  -— sin  6  sin -B  +  -^^sinesinClsint  ^Q 

/  ^^  •         A  t  ^y  '  L     »  I  ^^  •        />\  >• 

— I  -1^  sm  a  cos-A  +  -^  sm  6  cos-D  +  -1^  sin  c  cosC  I  ^1. 

From  the  equations  (100)i,  observing  that  the  relations  between  the 
auxiliary  constants  are  not  changed  when  the  variable  u  is  put  equal 
to  zero,  or  equal  to  90°,  we  get 

sin'  a  sin'  A  +  sin*  b  sin'  B  +  sin'  c  sin*  C=  1,  ;o^", 

( zoo 

sin*  a  cos*  A  +  sin*  6  cos'  B  +  sin*  e  cos*  C^=  1, 
and  from  (235)  we  find 

sin*  a  sin  -4  cos  -4  +  sin*  6  sin  B  cos  B  +  sin*  e  sin  Ccos  C=  0.    {2^\ 

Substituting  in  (252)  for     ,  »    ^  y  and     "    the  values  given  by  the 
equations  (49),  and  reducing  by  means  of  (253)  and  (^254 ),  we  gci 

0  =  R  —  Tsin Tsin  i  ^5^  —  Fcos U  ^i.  .  J.V) 

Substituting  further  for  5r"  in  (251)  the  value  given  by  the  la^  of 
the  equations  ("3)2,  there  results 

0  =  R  +  rcosu  sin  t  o  JJ  —  r  sin  ti  di  i^25o 

From  these  eijuations  we  derive,  by  elimination, 
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^-.  e  COS  w  +  COS  t* -,         1       rsinw -,, 

OQ  = ; — ; 2t  -J -=f  •    — -^ — r-xC, 

- .              c  sin  «  +  sin  w  ^  ,  r  cos  w  ^ 
61  = K  +  ——7--  iT, 


(257) 


bj  means  of  which  d£2  and  di  may  be  found.     To  find  im  and  dit  we 

have 

bio  =  ^X  —  cos  t^  ft ,  Jtt  =  a/  4-  2  sin«  ^t^  ft ,  (258) 

d;f  being  found  from  equation  (249). 

N^lccting  the  mass  of  the  comet  as  inappreciable  in  comparison 
with  that  of  the  sun,  the  attractive  force  which  acts  upon  the  comet 
in  the  case  of  the  undisturbed  motion  relative  to  the  sun  is  A^,  but  in 
the  case  of  the  motion  relative  to  the  common  centre  of  gravity  of 
the  sun  and  planet  this  force  is  A?  (1  +  m').  Hence  it  follows  that 
the  increment  of  this  force  will  be  m'A?,  and  we  shall  have 

-f-  =  K,  (2(>9) 

by  means  of  which  the  value  of  this  factor,  which  is  required  in  the 
formulas  for  ^(i/p),  ^-»  &c.,  may  be  found. 

206.  The  formulae  thus  derived  enable  us  to  effect  the  required 
transformation  of  the  elements.     In  the  first  place,  we  compute  the 

values  of  5x,  5y,  ^2,  ^-it>  ^~^^  ^^^  ^~m   ^^  means  of  the  formulae 

(234) ;  then,  by  means  of  (236)  and  (260),  we  compute  P,  §,  iJ,  P', 
§',  and  B! y  the  auxiliary  constants  a,  -4,  &c.  being  determined  in 
reference  to  the  fundamental  plane  to  which  the  co-ordinates  are  re- 
ferred. When  the  fundamental  plane  is  the  plane  of  the  ecliptic,  or 
that  to  which  ft  and  i  are  referred,  we  have 

sin  c  =  sin  t,  C  =  0. 

The  algebraic  signs  of  cos  a,  cos  6,  and  cos  c,  as  indicated  by  the  equa- 
tions ( 101)1,  must,  be  carefully  attended  to.  The  formulae  for  the 
variations  of  the  elements  will  then  give  the  corrections  to  be  applied 
to  the  elements  of  the  orbit  relative  to  the  sun  in  order  to  obtain 
those  of  the  orbit  relative  to  the  common  centre  of  gravity  of  the 
sun  and  planet.  Whenever  the  elements  of  the  orbit  about  the  sun 
are  again  required,  the  corrections  will  be  determined  in  the  same 

manner,  but  will  be  applied  each  with  a  contrary  sign. 

35 
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Since  the  equations  have  been  derived  for  the  variations  of  more 
than  the  six  elements  usually  employed,  the  additional  formulae,  a? 
well  as  those  which  give  diflPerent  relations  between  the  elemente  em- 
ployed, may  be  used  to  check  the  numerical  calculation ;  and  tliis 
proof  should  not  be  omitted.  It  is  obvious,  also,  that  these  differen- 
tial formulas  will  serve  to  convert  the  perturbations  of  the  rectangular 
co-ordinates  into  perturbations  of  the  elements,  whenever  the  ternL« 
of  the  second  order  may  be  neglected,  observing  that  in  this  ea?e 
8k  =  0.  If  some  of  the  elements  considered  are  expressed  in  angular 
measure,  and  some  in  parts  of  other  units,  the  quantity  s  =  2»  K>2t)4".'^ 
should  be  introduced,  in  the  numerical  application,  so  as  to  pre^^ene 
the  homogeneity  of  the  formulte. 

When  the  motion  of  the  comet  is  regarded  as  undisturl^ed  abc>at 
the  centre  of  gravity  of  the  system,  the  variations  of  the  element*  i>T 
the  instant  t  in  order  to  reduce  them  to  the  centre  of  gravity  of  the 
system,  added  algebraically  to  those  for  the  instant  V  in  onler  to 
reduce  them  again  to  the  centre  of  the  sun,  will  give  the  total  pertur- 
bations of  the  elements  of  the  orbit  relative  to  the  sun  during  the 
interval  t'  —  L  It  should  be  observed,  however,  that  the  value  "f 
oM  for  the  instant  t  should  be  reiluced  to  that  for  the  instant  t\  ^^ 
that  the  total  variation  of  J/ during  the  inter\-al  C — t  will  be 

In  this  manner,  bv  considering  the  action  of  the  several  ili>tnri*in: 
Ixxlios  >ojKirately.  roll-rring  the  motion  of  the  ci»met  i»*  xht-  (i«ir.iii"n 
ciMitro  of  gravity  of  tht  >iin  and  planet  wht-neviT  it  may  >iil»<*iiU'  ntly 
Ix*  n-gnnlixl  as  undisturbtJ  alx»ut  this  {>*>int,  and  airain  n-tVrrini:  i?  i ' 
the  ivntre  ox'  tho  sun  when  suoh  an  a^^sumption  is  no  lonir*T  a^imi*'-- 
Mo.  I  ho  determination  of  the  perturbations  during  an  t-ntire  rtvoii:- 
tioii  of  tlie  ^vmtt  is  ver\-  creatlv  £icilitated. 

2*^7.  If  wo  ivnsider  tho  po«sition  and  dimensions  of  tho  ••rl'it*  t 
tlu  vvir.ots.  it  will  a:  oiuv  apjvar  that  a  vor\*  near  appracl:  ■•!'  *••:. • 
of  tht^^  Kxlios  to  a  p!:UK-:  may  olton  hap[>en,  and  that  \\\\^\\  :i>y 
apprvvu-h  very  no^r  >*^mv  of  the  large  p!ani-is  their  oriir*  :r.:iy  •• 
entinlv  ohanir^xl.     1:  is,  i::dot\l.  ci-rtainlv  known  that  tl>    "r'-i^    t 

•  •  • 

iVTv.tts  have  Ixxn  thu-  r.i«'^iir-*il  hy  a  noar  appp-^ich  t--  .T-:;.::rr.  j:.*! 
thor^"  are  jxT:*vi:o  vv::k:s  r.ow  known  which  ^\-iI!  K^  ivon:::i':!y  ::.:.- 
aott>l  uix^n.  It  lxwr.;r<  an  intcivsiini:  problem,  thorol'-n..  t--  '-"D- 
si.hr  ii.o  !orr.:v.!a^  a:^:vi  -alv-.  :••  ::.:s  s;xv:ai  case  in  whioh  t!iv  "niirarv 
nu::.-^:>  of  v^'oulaiir  j  ixrturV'arioas  cannot  be  applit:\l. 


PEKTURBATIONS  OP  CX)MET8.  547 

If  we  denote  by  a',  y',  2',  r',  the  co-ordinates  and  radius-vector  of 
the  planet  referred  to  the  centre  of  the  sun^  and  regard  its  motion 
relative  to  the  sun  as  disturbed  by  the  comet,  we  shall  have 

Let  us  now  denote  by  f ,  5y,  !^  the  co-ordinates  of  the  comet  referred 
to  the  centre  of  gravity  of  the  planet;  then  will 

Substituting  the  resulting  values  of  x',  y',  2'  in  the  preceding  equa- 
tions, and  subtracting  these  from  the  corresponding  equations  (1)  for 
the  disturbed  motion  of  the  comet,  we  derive 

dK      k'(m  +  m'):_     I  /       z' +  :\ 

These  etjuations  express  the  motion  of  the  comet  relative  to  the  centre 
of  gravity  of  the  disturbing  planet;  and  when  the  comet  approaches 
very  near  to  the  planet,  so  that  the  second  member  of  each  of  these 
equations  becomes  very  small  in  comparison  with  the  second  term 
of  the  first  member,  we  may  take,  for  a  first  approximation, 

lt^+ ?  -^' 

d^      P  (m  -f-  m')  7)  _  (262) 

dt''^  />»—"' 

(PC  ,  k^jm  +  m!):,, 

an^,  since  — ^^ — j is  the  sum  of  the  attractive  force  of  the  planet 

on  the  comet  and  of  the  reciprocal  action  of  the  comet  on  the  planet, 
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these  equations,  being  of  the  same  form  as  those  for  the  undisturbed 
motion  of  the  comet  relative  to  the  sun,  show  that  when  the  action 
of  the  disturbing  planet  on  the  comet  exceeds  that  of  the  sun,  the 
result  of  the  first  approximation  to  the  motion  of  the  comet  is  that 
it  describes  a  conic  section  around  the  centre  of  gravity  of  the  pLinet. 
Further,  since  — a/,  — y',  — 2!  are  the  co-ordinates  of  the  sun  re- 
ferred to  the  centre  of  gravity  of  the  planet,  it  appears  that  the 
second  members  of  (261)  express  the  disturbing  force  of  the  sun  on 
the  comet  resolved  in  directions   parallel   to  the  co-ordinate  axes 
respectively.     Hence  when  a  comet  approaches  so  near  a  planet  that 
the  action  of  the  latter  upon  it  exceeds  that  of  the  sun,  its  motion 
will  be  in  a  conic  section  relatively  to  the  planet,  and  will  be  dis- 
turbed by  the  action  of  the  sun.     But  the  disturbing  action  of  the 
sun  is  the  difference  between  its  action  oh  the  comet  and  on  the 
planet,  and  the  masses  of  the  larger  bodies  of  the  solar  system  are 
such  that  when  the  comet  is  equally  attracted  by  the  sun  and  by  the 
planet,  the  distances  of  the  comet  and  planet  from  the  sun  differ  so 
little  that  the  disturbing  force  of  the  sun  on  the  comet,  regarded  as 
describing  a  conic  section  about  the  planet,  will  be  extremely  small. 
Thus,  in  a  direction  parallel  to  the  co-ordinate  c  the  disturbing  force 
exercised  by  the  sun  is 


H^-^>H^-^)' 


and  when  the  comet  approaches  very  near  the  planet  this  force  will 
be  extremely  small.  It  is  evident,  further,  that  the  action  of  the 
sun  regarded  as  the  disturbing  body  will  'be  very  small  even  when 
its  direct  action  upon  the  comet  considerably  exceeds  that  of  the 
planet,  and,  therefore,  that  we  may  consider  the  orbit  of  the  comet  to 
be  a  conic  section  about  the  planet  and  disturbed  by  the  sun,  when  it 
is  actually  attracted  more  by  the  sun  than  by  the  planet. 

208.  In  order  to  show  more  clearly  that  the  disturbing  force  of  the 
sun  is  verv  small  even  when  its  direct  action  on  the  comet  exceeds 
that  of  the  planet,  let  us  suppose  the  sun,  planet,  and  comet  to  be 
situated  on  the  same  straight  line,  in  which  case  the  disturbing  fom? 
of  the  sun  will  be  a  maximum  for  a  given  distance  of  the  comet  from 

the  planet.     Then  will  the  direct  action  of  the  sun  be  — ,  and  that 

wi'P  ... 

of  the  planet  -    ,—      The  disturbing  action  of  the  sun  will  be 
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r«        (r +  />/""  r>   \t^pY 

which,  since  p  is  supposed  to  be  small  in  comparison  with  r,  may  be 

put  equal  to 

2A;V 

and  hence  the  ratio  of  the  disturbing  action  of  the  sun  to  the  direct 
action  of  the  planet  on  the  comet  cannot  exceed 

If  the  comet  is  at  a  distance,  such  that  the  direct  action  of  the  sun  is 
equal  to  the  direct  action  of  the  planet,  we  have 

p^  z=  m^r^, 

and  the  ratio  of  the  direct  action  of  the  sun  to  its  disturbing  action 
cannot  in  this  case  exceed  2Vm\  In  the  case  of  Jupiter  this  amounts 
to  only  0.06. 

So  long  as  jO  is  small,  the  disturbing  action  of  the  planet  is  very 

nearly  — —  in  all  positions  of  the  comet  relative  to  the  planet,  and 

r 

hence  the  ratio  of  the  disturbing  action  of  the  planet  to  the  direct 
action  of  the  sun  cannot  exceed 

At  the  point  for  which  the  value  of  p  corresponds  to  i2  =  i2',  the 
comet,  sun,  and  planet  being  supposed  to  be  situated  in  the  same 
straight  line,  it  will  be  immaterial  whether  we  consider  the  sun  or 
the  planet  as  the  disturbing  body ;  but  for  values  of  p  less  than  this 
jR  will  be  less  than  i2',  and  the  planet  must  be  regarded  as  the  con- 
trolling and  the  sun  as  the  disturbing  body.  The  supposition  that 
jR  is  equal  to  iJ'  gives 

2/>'  _  mV 
mV         p* 
and  therefore 

p  =  r|/^.  (263; 

Hence  we  may  compute  the  perturbations  of  the  comet,  regarding 
the  planet  as  the  disturbing  body,  until  it  approaches  so  near  the 
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plaoct  that  o  has  the  value  given  bv  this  equation,  aftar  which,  so 
long  as  o  does  not  exceed  the  value  here  aligned,  the  am  most  be 
reganled  as  the  disturbing  body. 

If  f''  represents  the  angle  at  the  planet  between  the  sun  and  comet, 
the  disturbing  force  of  the  sun,  for  any  position  of  the  comet  near 
the  planet,  will  be  very  nearly 

-^cos  v% 

and  when  this  angle  is  considerable,  the  disturbing  action  of  the  son 
will  be  small  even  when  p  is  greater  than  ri'|m^.  Hence  we  may 
commence  to  consider  the  sun  as  the  disturbing  body  even  before  the 
comet  reaches  the  point  for  which 


P  =  ri  im ', 

and,  since  the  ratio  of  the  disturbing  action  of  the  planet  to  the 
direct  action  of  the  sun  remains  nearly  the  same  for  all  values  of  ^y 
when  p  is  within  the  limits  here  assigned  the  sun  must  in  all  cases 
be  so  considered.  Corresponding  to  the  value  of  p  given  by  equation 
(263),  we  have  

and  in  the  case  of  a  near  approach  to  Jupiter  the  results  are 

^  =  0.054  r,  i?'  =  0.33. 

209.  In  the  actual  calculation  of  the  perturbations  of  any  particu- 
lar comet  when  ver>'  near  a  large  planet,  it  will  be  easy  to  determine 
the  point  at  which  it  will  be  advantageous  to  commence  to  regard  the 
sun  as  the  disturbing  body;  and,  having  found  the  elements  of  the 
orbit  of  the  comet  relative  to  the  planet,  the  perturbations  of  these 
elements  or  of  the  co-ordinates  will  be  obtained  by  means  of  the 
formuhe  already  derived,  the  necessary  distinctions  being  made  in  the 
notation.     When  the  planet  again  becomes  the  disturbing  body,  the 
elements  will  be  found  in  reference  to  the  sun;  and  thus  we  are 
enabled  to  trace  the  motion  of  the  comet  before  and  subsequent  to  its 
being  considered  as  subject  principally  to  the  planet.     In  the  case  of 
the  first  transformation,  the  co-ordinates  and  velocities  of  the  comet 
and  planet  in  reference  to  the  sun  being  determined  for  the  instant  at 
which  the  sun  is  regarded  as  ceasing  to  be  the  controlling  body,  we 
shall  have 
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d^ dx       doi  dyj dy       d\f  dZ  dz       dJ  . 

a  "^  ~dt  ^  ~d^'  'dt'^^'dfUt'  'dt  ""dt  ^  It  ' 

and  from  f,  yj,  f ,  -^,  -^,  and  -^>  the  elements  of  the  orbit  of  the 

comet  about  the  planet  are  to  be  determined  precisely  as  the  element 

in  reference  to  the  sun  are  found  from  x,  y,  z,  -tt-j  -^>  and  -^f  and 

as  explained  in  Art.  168.  Having  computed  the  perturbations  of 
the  motion  relative  to  the  planet  to  the  point  at  which  the  planet  is 
again  considered  as  the  disturbing  body,  it  only  remains  to  find,  for 
the  corresponding  time,  the  co-ordinates  and  velocities  of  the  comet 
in  reference  to  the  centre  of  gravity  of  the  planet,  and  from  these  the 
co-ordinates  and  velocities  relative  to  the  centre  of  the  sun,  and  the 
elements  of  the  orbit  about  the  sun  may  be  determined*  As  the  in- 
terval of  time  during  which  the  sun  will  be  regarded  as  the  disturb- 
ing body  will  always  be  small,  it  will  be  most  convenient  to  compute 
the  perturbations  of  the  rectangular  co-ordinates,  in  which  case  the 

d$    dr,  rfC 

values  of  f ,  ?y,  f ,  -^>  -^>  and  -^  will  be  obtained  directly,  and  then, 

having  found  the  corresponding  co-ordinates  x'y  y',  z'  and  velocities 
"rfT'  "^'  ~di  ^^  *^®  planet  in  reference  to  the  sun,  we  have 

a;  =  a;'  +  e,  ^  =  3/  +  ^,  2  =  2'  + C, 

dx dod       d^  dy dtf       dri  dz  ^^    ,    ^» 

li  "  ~dt  ^  ~di'  'dt~'~dt^'di'  ~di"~  ~dt  ^  W 

by  means  of  which  the  elements  of  the  orbit  relative  to  the  sun  will 
be  found.  If  it  is  not  considered  necessary  to  compute  rigorously 
the  path  of  the  comet  before  and  after  it  is  subject  principally  to  the 
action  of  the  planet,  but  simply  to  find  the  principal  effect  of  the 
action  of  the  planet  in  changing  its  elements,  it  will  be  sufficient, 
during  the  time  in  which  the  sun  is  regarded  as  the  disturbing  body, 
to  suppose  the  comet  to  move  in  an  undisturbed  orbit  about  the 
planet.  For  the  point  at  which  we  cease  to  regard  the  sun  as  the 
disturbing  body,  the  co-ordinates  and  velocities  of  the  comet  relative 
to  the  centre  of  gravity  of  the  planet  will  be  determined  from  the 
elements  of  the  orbit  in  reference  to  the  planet,  precisely  as  the  corre- 
sponding quantities  are  determined  in  the  case  of  the  motion  relative 
to  the  sun,  the  necessary  distinctions  being  made  in  the  notation. 
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210.  The  results  obtained  from  the  observations  of  the  periodic 
comets  at  their  successive  returns  to  the  perihelion,  render  it  probable 
that  there  exists  in  space  a  resisting  medium  which  opposes  the  motion 
of  all  the  heavenly  bodies  in  their  orbits;  but  since  the  observations 
of  the  planets  do  not  exhibit  any  effect  of  such  a  resistance,  it  is  in- 
ferred that  the  density  of  the  ethereal  fluid  is  so  slight  that  it  can 
have  an  appreciable  effect  only  in  the  case  of  rare  and  attenuated 
bodies  like  the  comets.  If,  however,  we  adopt  the  hypothesis  of  a 
resisting  medium  in  space,  in  considering  the  motion  of  a  heavenly 
body  we  simply  introduce  a  new  disturbing  force  acting  in  the  direc- 
tion of  the  tangent  to  the  instantaneous  orbit,  and  in  a  sense  contrary 
to  that  of  the  motion.  The  amount  of  the  resistance  will  depend 
chiefly  on  the  density  of  the  ethereal  fluid  and  on  the  velocity  of  the 
body.  In  accordance  with  what  takes  place  within  the  limits  of  our 
observation,  we  may  assume  that  the  resistance,  in  a  medium  of  con- 
stant density,  is  proportional  to  the  square  of  the  velocity.  The 
density  of  the  fluid  may  be  assumed  to  diminish  as  the  distance  from 
the  sun  increases,  and  hence  it  may  be  expressed  as  a  function  of  the 
reciprocal  of  this  distance. 

Let  da  be  the  element  of  the  path  of  the  body,  and  r  the  radius- 
vector;  then  will  the  resistance  be 

K  being  a  constant  quantity  depending  on  the  nature  of  the  body, 

and  (p\-)  the  density  of  the  ethereal  fluid  at  the  distance  7\    Since 

the  force  acts  only  in  the  plane  of  the  orbit,  the  elements  which  de- 
fine the  j)osition  of  this  plane  will  not  be  changed,  and  hence  we  have 
only  to  determine  the  variations  of  the  elements  31,  c,  a,  and  j[.  If 
we  denote  by  (/'q  the  angle  which  the  tangent  makes  with  the  prolon- 
gation of  the  radius- vector,  the  components  R  and  S  will  be  given  by 


E- 

jT  cos  V 

S  = 

^Tsin^V 

and 

,  since 

Fcos  </'q 

k       . 

—  -  ^-=-  e  sm  r, 

Vp 

Vsm<r\  — 

kVp 
r 

V-- 

ds 
-  dt' 

we 

have 

i 

p  -         jr.^ 

l\\^. 

/>  cin  1} 

ds 

SI 

-;rJM 

M 

'P 

d» 

dt 
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Substituting  these  values  of  B  and  8  in  the  equation  (205)^  it  reduces  to 


e 


dSnf  =  —  2K^  I  -  i  sin  V  ds. 


Now,  since 


we  have 


V=  -^  (1  +  2e  cos  V  +  <5«)^ 
Vp 


d8  =  Vdt  =  —  (l  +  2ecosv  +  e^hv, 


and  hence 
e 


dx  =  —  - K<pl-\r' (1  +  2ecoav  +  ^)^ sinv  dv.        (266) 


If  we  suppose  the  function 


JT^ijr-d 


+  2€  cos  V  +  6*)', 


the  value  of  which  is  always  positive,  to  be  developed  in  a  series 
arranged  in  reference  to  the  cosines  of  v  and  of  its  multiples,  so  that 
we  have 

K9>l-\r' (1  +  2ecoHv  +  e^^  =  A  +  B coav  +  C coa2v  +  Ac,   (267) 

in  which  Ay  B,  &c.  are  positive  and  functions  of  e,  the  equation  (266) 

becomes 

2 
edx  = (J.  +  jB  cos  V  +  . . . .)  sin  v  dv. 

Jr 

Hence,  by  integrating,  we  derive 

2 

eay  =  -  (uicost;  +  45cos2t;  + ),  (268) 

P 

from  which  it  appears  that  x  is  subject  only  to  periodic  perturbations 
on  account  of  the  resisting  medium. 

In  a  similar  manner  it  may  be  shown  that  the  second  term  of  the 
second  member  of  equation  (210)  produces  only  periodic  terms  in  the 
value  of'  SMy  so  that  if  we  seek  only  the  secular  perturbations  due  to 
the  action  of  the  ethereal  fluid,  the  first  and  second  terms  of  the 
second  member  of  (210)  will  not  be  considered,  and  only  the  secular 
perturbations  arising  from  the  variation  of  //  will  be  required. 

Let  us  next  consider  the  elements  a  and  e.     Substituting  in  the 


564  THBr/BETTCAI. 

tqaatimm  (198)  and  (2ff2)  the  Tmlacs  off  and  Sffvm  far  (26§i,  aal 
rbdadog^  we  giet 

2        /  1  i  4  ^^®^ 

<fe===  — —Jrf(~|f^(l +  2«JO«r +  «'>?(« -4- COB  r)dr. 

If  we  introdoee  into  these  the  series  (267),  and  integrate,  it  will  be 
fi>uod  that,  in  addition  to  the  periodic  terms,  the  ex]H^e9aoos  lor  Sa 
and  de  oontain  each  a  term  multiplied  hy  r,  and  hence  increasing  widi 
tlie  time.  It  is  to  be  observed,  fhrther,  that  sinoe  A  and  B  are  posi- 
tive, the  secular  variation  of  a,  and  also  tint  of  ^,  wiU  be  negative, 
and  htmce  the  resisting  medium  acta  continnoasly  to  diminish  bodi 
the  mean  distance  and  the  eccentricity. 

21 1 .  The  magnitude  of  the  disturbing  fi>roe  arising  fix>m  the  action 
of  the  resisting  merlium  is  so  small  that  the  periodic  terms  have  no 
sensible  influence  on  the  place  of  the  comet  during  the  period  in 
which  it  may  l>e  observed;  and  hence,  since  the  efiect  of  the  resist- 
ance will  be  exhibited  only  by  a  comparison  of  observations  made  at 
its  HUdficmive  returns  to  the  perihelion,  the  efiect  of  the  planetary  per- 
turliations  tjeing  first  completely  eliminated,  it  is  only  neoessaiy  to 
(vmHuh'T  the  secular  variations.  Further,  since  jr  is  subject  only  to 
IKifi^xlic  changes  in  virtue  of  the  action  of  the  resistance,  and  since 
the  inf^n  longitude  is  subjc^cted  to  a  secular  change  only  through  /^ 
it  will  Kuffia*  to  employ  the  formulae  for  d/i  and  3e  or  d<p.  The 
variations  of  these  elements  may  be  computed  most  conveniently  by 

m(H;lianir;al  quadrature  from  given  values  of  -^  and  -^  or  -it-,  al- 
though their  values  for  one  complete  revolution  of  the  comet  may  be 
determincHl  dirw^tly,  the  values  of  the  coefficients  A  and  B  which 
apprrar  in  the  series  (267)  Ixjing  found  by  means  of  elliptic  fimctions. 
The  riilculation  of  the  effect  of  the  resisting  medium  will  be  made  in 
eonn(?etion  with  the  determination  of  the  planetary  perturbations,  so 
that  there  will  lx»  no  inconvenience  in  adding  to  the  results  ♦^e  tenn.« 
depending  on  this  resistance.     Since 

dfJL S  fJL     da  dtp de 

W~~2  a  'It'  W^^^^W 

the  equations  (269)  give,  putting  K=li?U, 
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==3a^U9[^)r, 


w 

^^_2^cosE       m^  (270) 

at  r  cos  ^  \  r  I 

It  remains  now  to  make  an  assumption  in  regard  to  the  law  of  the 
density  of  the  resisting  medium.  In  the  case  of  Encke's  comet  it 
has  been  assumed  that 


9 


(r)  =  -?-' 


and  this  hypothesis  gives  results  which  suffice  to  represent  the  obser- 
vations at  its  successive  returns  to  the  perihelion.  Substituting  for  V 
its  value  in  terms  of  r  and  a,  the  equations  (270)  thus  become 


at  IT 


^  '         "  ^  (271) 


dt  7^  \  r         a  I  ' 

by  means  of  which  8fji  and  8ip  may  be  found;  and  from  any  given 
value  of  dfji  we  may  derive  the  corresponding  value  of  da.  The 
variation  of  M,  neglecting  the  periodic  terms  arising  from  the  first 
and  second  terms  of  the  second  member  of  equation  (210),  will  be 
given  by 

which  will  be  integrated  by  mechanical  quadrature  so  as  to  include 
the  interval  of  an  entire  revolution  of  the  comet.  The  quantity  U 
has  been  determined,  by  means  of  observations  of  Encke's  comet,  to  be 

U= 


894.892 


This  value  may  be  corrected  by  introducing  a  term  in  the  equations 
of  condition  precisely  as  in  the  case  of  the  determination  of  the  cor- 
rection to  be  applied  to  the  mass  of  a  disturbing  planet.  Intro- 
ducing U  into  the  equation  (264),  and  adopting  the  hypothesis  that 

fl  —  |  =  -ji  the  expression  for  the  action  of  the  ethereal  fluid  be- 
comes 
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Since  the  constant  ?7  depends  on  the  nature  of  the  comet,  the  value 
obtained  in  the  case  of  Encke's  comet  may  be  very  different  from 
that  in  the  case  of  another  comet.  Thus,  in  the  case  of  Faye's  comet 
the  value  has  been  found  to  be 

^  ""  10.232* 

and  in  the  application  of  the  formulce  to  the  motion  of  any  particular 
body  it  will  be  necessary  to  make  an  independent  determination  of 
this  constant. 

212.  The  assumption  that  the  density  of  the  ethereal  fluid  varies 
inversely  as  the  square  of  the  distance  from  the  sun,  is  that  which 
appears  to  be  the  most  probable,  and  the  results  obtained  in  accord- 
ance therewith  seem  to  satisfy  the  data  furnished  by  obser\'ation.  It 
is  true,  however,  that  the  whole  subject  is  involved  in  great  uncer- 
tainty as  regards  the  nature  of  the  resisting  medium,  so  that  the 
results  obtained  by  means  of  any  assumed  law  of  density  are  not  to 
be  regarded  as  absolutely  correct. 

From  the  formulae  which  have  been  given,  it  appears  that,  whatever 
may  be  the  law  of  the  density  of  the  resisting  fluid,  the  mean  motion 
is  constantly  accelerated  and  the  eccentricity  diminished,  and  we  may 
determine,  by  means  of  observations  at  the  successive  appoarancos  f^f 
the  comet,  the  amount  of  these  secular  changes  independently  of  any 
assumption  in  regtird  to  the  density  of  the  ether.  Let  x  deiiott.'  th»' 
variation  of  /jl  during  the  interval  r,  which  may  be  approxiniattly  :h« 
time  of  one  revolution  of  the  comet,  and  let  y  denote  the  corns|H»ii4- 
ing  variation  of  (p ;  then,  after  the  lapse  of  anv  interval  t  —  J^«  wi 
shall  have 

and,  since  the  average  variation  of  /i  during  the  interval  t  —  T,  i^ 
/ T 

M  =  J/„  +  /x,  (;  _  r.)  +  ^^.^^'  X.  i  27S 

If  we  introduce  x  and  y  as  unknown  quantities  in  the  equation?  <-i' 
condition  for  the  correction  of  the  elements  bv  means  of  the  ditRr- 
ences  Iwtween  computation  and  observation,  the  secular  variati«>ns  of 
fi  and  (f  may  be  determinal  in  connection  with  the  cornx'tious  to  U 
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applied  to  the  elements.  For  this  purpose  the  partial  differential  co- 
efficients of  the  geocentric  spherical  co-ordinates  with  respect  to  x 
and  y  must  be  determined.  Thus,  if  we  substitute  the  values  of  /x, 
y,  and  M  given  by  (272)  and  (273)  in  the  equations  (12),  and  (14),, 
we  obtain 

—-  =r  a  tan  cp  sin  v  — ^—^ -75—  • 8, 

ax  2t  3fi         T 

-5-  = r-^  •  ^^ — s— ^»  -J-  =  —  a  cos  f  cos  v f   (274) 

dx  T^  2t  dy  r         ^       ^ 

-y-  =1 h  tan  0>  cos  v  I sm  v -> 

ay      \  cos  sp  /  T 

in  which  8  =  206264".8,  fji  being  expressed  in  seconds  of  arc.  Com- 
bining the  results  thus  obtained  with  the  differential  coefficients  of 
the  geocentric  spherical  co-ordinates  with  respect  to  r  and  v,  as  indi- 
cated by  the  equations  (42),,  we  obtain  the  required  coefficients  of  x 
and  y  to  be  introduced  into  the  equations  of  condition.  The  solution 
of  all  the  equations  of  condition  by  the  method  of  least  squares  will 
then  furnish  the  most  probable  values  of  y  and  x,  or  of  the  secular 
variations  of  the  eccentricity  and  mean  motion,  without  any  assump- 
tion being  made  in  reference  either  to  the  density  of  the  ethereal  fluid 
or  to  the  modifications  of  the  resistance  on  account  of  the  changes  in 
the  form  and  dimensions  of  the  comet,  and  the  results  thus  derived 
may  be  employed  in  determining  the  values  of  if,  //,  and  f  for  the 
subsequent  returns  of  the  comet  to  the  perihelion. 

In  all  the  cases  in  which  the  periodic  comets  have  been  observed 
sufficiently,  the  existence  of  these,  secular  changes  of  the  elements 
seems  to  be  well  established;  and  if  we  grant  that  they  arise  from  the 
resistance  of  an  ethereal  fluid,  the  total  obliteration  of  our  solar 
system  is  to  be  the  final  result.  The  fact  that  no  such  inequalities 
have  yet  been  detected  in  the  case  of  the  motion  of  any  of  the  planets, 
shows  simply  the  immensity  of  the  period  which  must  elapse  before 
the  final  catastrophe,  and  does  not  render  it  any  the  less  certain. 
Such,  indeed,  appear  to  be  the  present  indications  of  science  in  re- 
gard to  this  important  question ;  but  it  is  by  no  means  impossible 
that,  as  in  at  least  one  similar  case  already,  the  operation  of  the 
simple  and  unique  law  of  gravitation  will  alone  completely  explain 
these  inequalities,  and  assign  a  limit  which  they  can  never  pass,  and 
thus  afford  a  sublime  proof  of  the  provident  care  of  the  Omnipotent 
Creator. 
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TABLE  L    Angle  of  the  Vertical  and  Logarithm  oi  the  Earth's  Badiu. 

•'  =  Oeocentric  Latitude.  P  =  Ewtb'a  Radiui. 
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TABLE  n. 

For  converting  intervals  of  Mean  Solar  Time  into  equivalent  intervals  of  Sidereal  Time. 


Hours. 

Minates. 

Seconds. 

]>ecimalH. 

MeanT. 

Sidereal  Time. 

MeanT. 

Sidereal  Time. 

BfeanT. 

Sidereal  Time. 

Mean  T. 

Sidereal  Time. 

* 

Am        f 

m 

m         t 

t 

s 

s 

s 

I 

I   o     9.856 

I 

I   0.164 

I 

1.003 

0.02 

0.020 

2 

2  0  19.713 

2 

2  0.329 

2 

2.00c 

0.0^ 
0.00 

O.OAO 

0.000 

3 

3  0  ^9569 

4  0  39426 

3 

3  0-493 

4  0-657 

3 

3.008 

4 

4 

4 

4.01 1 

0.08 

0.080 

1 

c  0  49.282 
6  0  59.139 

i 

5  0.821 

6  0.986 

1 

5.01^ 
6.010 

O.IO 

0.12 

0.100 
0.120 

I 

8  I   18.852 

I 

7  1-150 

8  i'3i4 

9  1-478 
10  1.643 

I 

7.019 
8.022 

O.IA 
O.IO 

O.IAO 

O.I  00 

9 

9  I  28.708 

9 

9 

9-025 

0.18 

0.180 

lO 

10  I   38.565 

10 

10 

10.027 

0.20 

0.201 

II 

II   I  48.421 

II 

11   1.807 

II 

11.030 

0.22 

0.221 

12 

12  I   58.278 

12 

12  1.971 

12 

12.033 

0.24 

0.241 

«3 

13  2     8.134 

n 

13  2.136 

«3 

13.036 

0.26 

0.261 

H 

14  2  17.991 

15  2  27.847 

16  2  37.704 

14 

14  2.300 

14 

14.038 

0.28 

0.281 

Jl 

15 
10 

16  2.628 

'd 

1^.041 
16.044 

0.30 

0.301 

0.32 

0.321 

11 

17  2  47.560 

\l 

17  2.793 

17 

17.047 

0-34 

0.36 

0-341 

0.361 

18  2  57.416 

18  2.957 

18 

18.049 

19 

19  3     7.273 

19 

19  3. 121 

«9 

19.052 

0.38 

0.381 

20 

20  3  17.129 

20 

20  3.285 

20 

20.055 

0.40 

0.401 

21 

21  3  26.986 

22  3  36.842 

21 

21  3.A50 

22  3.614 

23  3.778 

21 

21.057 

0.42 

0.421 

22 

22 

22 

22.060 

0-44 

0.46 

0.4AI 

»3 

23  3  46.699 

»3 

»3 

23.063 
24.066 

25.068 
20.071 

0.461 

H 

24  3  56.SSS 

^4 

H  3-943 

25  4.107 

26  4.271 

24 

0.48 
0.50 

0.481 
0.501 

0.52 

0.521 

0 

27 

*Z  ^-^35 
28  4.600 

27 

27.074 

0.54 

0.56 

0.541 

0.562 

1   "^ 

28 

28 

28.077 

i 

3  8 

29 

29  4.76A 

30  4.928 

29 

29.079 

0.58 
0.60 

O.C82 

0.002 

r 

3 

30. 

30 

30.082 

1 

P    (3 

31 

31  5-092 

31 

31.085 

0.62 

0.622 

• 

i    S 

3» 

3*  5-»57 

32 

32.088 

0.64 

0.66 

o.6a2 
0.602 

c 

s  «> 

33 

33  S-4ai 

33 

33.090 

^ 

2  .S  ^ 

34 

34  5-585 

34 

34-093 
35.096 

0.68 

0.682 

• 

p4        ^        M 

§  is 

1^ 

35  5-750 

11 

0.70 

0.702 

36  5.914 

36.099 

0.72 

0.722 

c 

9  ^  » 
0  0  2 

11 

37  6.078 

38  6.242 

11 

37.101 
38.104 

0.74 

0.76 

0.742 

0.762 

s  5  § 

39 

39  6.407 

39 

39.107 

0.78 

0.782 

^ 

ri 

i  ^i 

40 

40  6.571 

40 

40.110 

0.80 

0.802 

r 

5.1  « 

®      CS      #-. 

41 

41  6.735 

41 

41.112 

0.82 

0.822 

4» 

42  6.899 

42 

42.115 

0.84 

0.842 

• 

43 

43  7-o6a 

44  7-228 

43 

43.118 

0.86 

0.862 

44 

44 

44.120 

0.88 

0.882 

Sag 

tl 

45  7-39* 

46  7-557 

Ji 

46.126 

0.90 

0.902 

0.92 

0.923 

1 

J 

11 

47  7-721 

48  7.885 

tl 

47.129 
48.131 

0-94 

0.96 

0.943 

0.963 

1 

49 

49  8049 

49 

49.134 

0.98 

0.983 

in 

50 

50  8.214 

51  8.378 

50 

50.137 

I.OO 

1.003 

*. 

51 

5» 

51.140 

( 

5» 

52  8.542 

5a 

52.142 

1 

53 

53  ^707 

53 

53-H5 

• 

54 

54  8-871 

54 

54.148 

( 

s'  '3 

^ 
^ 

1^ 

55  9-035 

55 

55-151 

-1 

56  9.199 

55 

56.153 
57.156 

1 

•  1 

57 

57  9-364 

57 

J 

58 

58  9.528 

58 

58-159 

r 

11 

59  9.692 

60  9.856 

11 

60.164 

■ 

503 


TABLE  m. 

For  converting  intervals  of  Sidereal  Time  into  equivalent  intervals  of  Mean  Solar  ^Rme. 
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11 

34.904 

0.70 

0.698      ' 

^ 

35 

54.102 

35.902 

0.72 

0.718      1 

• 

H 

36 

53.938 

3Z 

36.899 

0.74 
0.76 

0.738 

0    -^    e 

38 

H 

53-775 

38 

37.896 

0.758 

r 

39 

38 

53.611 

39 

38.894 

0.78 

0.778      1 

• 

c 

C    cJ    5, 

40 

39 

53-447 
53.283 

40 

39.801 

0.80 

0.798 

t, 

41 

40 

4» 

40.888 

0.82 

0.818 

0  a 

-  .S   Si 

42 

41 

53-119 

42 

41.885 

0.84 

0.838 

• 

2  c  -^ 

43 

4* 

5i-955 

43 

42.883 

0.86 

0.858 

g  i  2' 

44 

43 

52.792 

44 

43.880 

0.88 

0.878      1 

s  a  -s 

45 

44 

52.628 

^\ 

44-877 

0.90 

0.898 

8    1-^ 

46 

45 

52.464 

46 

45-874 

0.92 

0.917 

47 

46 

52.300 

^l 

46.872 

0.94 

0.937 

m 

2  1^  '^ 

48 

47 

52.136 

48 

47.869 

0.96 

0.957 

u    a   0 

49 

48 

51.072 
51.809 

49 

48.866 

0.98 

0.977 

t 

50 

49 

50 

49.863 

I.OO 

0.997 

t 

2  S  r 

51 

50 

SI.6J5 
51.481 

51 

50.861 

s  a  4- 

5a 

5J 

5^ 

51.858 

S  '^3 

53 

5* 

51-317 

53 

52.855 

• 

2  a 

54 

53 

51-153 

54 

53-853 

1 

^ 
^ 

ll 

55 

54 

50.090 
50.826 

W 

54.850 

1^     3 

56 

55 

55.847 
56.844 

• 

en     S 

57 

56 

50.662 

P 

1 

5^ 

58 

57 

50.498 

57.842 
58.839 

c 

59 

58 

50.334 

59 

60 

59 

50.170 

60 

59.836 

664 


TABLE  IT. 

For  coDTerting  Hoara,  Minutes,  and  Seconds  into  Decimali  of  a  Ds^. 


^ 

D«lni^. 

Mi. 

»«.... 

«,.. 

DcClBUl. 

B«. 

B«i,^. 

B«- 

Itortra.1. 

1     o 

0+I6  + 

, 

.000694.  + 

81 

.011517  + 

1 

,0000116 

81 

.0003588 

t 

0833  + 

2 

.oo>38B  + 

32 

2 

.0000131 

83 

.0003704 

i 

1150  + 

.00108 J  + 

88 

:on9'6 + 

.0000347 

33 

.00038,9 

* 

1666  + 

.002777 -f 

84 

.01361.  + 

4 

84 

.0003935 

& 

to8j  + 

.003471 + 

85 

.024305  + 

5 

.0000579 

35 

.0004051 

6 

15=0 + 

.004166  + 

36 

6 

.0000694 

36 

.0004.67 

7     o 

.91*  + 

.004861  + 

87 

.015694  + 

7 

.0000810 

37 

.0004181 

B 

J331  + 

.005555  + 

8S 

.016388  + 

H 

.0000915 

38 

.0004198 

9 

375°  + 

.006150  + 

39 

9 

89 

.00045.4 

10 

4.66  + 

10 

.006944  + 

40 

.017777  + 

10 

.0001157 

40 

11 

4583  + 

11 

.007638  + 

41 

.018471 + 

11 

41 

.0Q04745 

la 

5000  + 

12 

.008333  + 

42 

.019,66+ 

12 

:ooo!;89 

42 

.0004861 

IS        0 

54' 6  + 

IS 

.009027  + 

48 

.019861 + 

18 

.0001505 

48 

.0004977 

4 

5831  + 

14 

.009711  + 

44 

.030;;;  + 

14 

44 

.0005093 

6 

6150  + 

45 

.031150  + 

15 

.0001736 

45 

.0005108 

8 

6666  + 

4a 

.031944  + 

Itt 

.0001851 

4B 

.0005314 

7 

708  J  + 

.o.igo;  + 

47 

.031638  + 

1: 

.0001968 

47 

.0005440 

18 

7500  + 

.011500  + 

4S 

.033333  + 

18 

.0001083 

48 

.0005556 

1»     o 

79.6  + 

19 

.013194  + 

40 

.034017  + 

19 

.0001199 

49 

.000567. 

80 

8J33  + 

.013888  + 

50 

.034711  + 

SO 

.0001315 

50 

.0005787 

SI 

8750  + 

31 

.0145S3  + 

51 

.035416  + 

21 

.0001411 

61 

.0005903 

a 

9166  + 

as 

.015177  + 

62 

.036...+ 

83 

.0001546 

53 

fi  " 

9581  + 

23 

.015971  + 

53 

.036805  + 

23 

.0001661 

53 

.0006134 

a   I 

0000  + 

24 

.016666  + 

54 

.037500  + 

24 

.00017 78 

54 

.0006150 

25 

.017361 + 

55 

.038194  + 

25 

.0001894 

65 

.0006366 

28 

.018055  + 

5« 

.038S88  + 

28 

.0003009 

56 

.000648 1 

.018750  + 

5; 

.039583  + 

27 

.0003115 

67 

.0006597 

2fi 

.019444  + 

58 

3S 

.0003141 

58 

,0006713 

29 

50 

.040971 -^ 

29 

.0003356 

69 

.0006819 

80 

.010S33  + 

SO 

.04.666  + 

SO 

.0003471 

60 

.0006944 

Tba  iltn  +,  itppeikM  to 


il(  UbEa,  ilgnlBH  tlul  th 


It  flgnn  repaati  to  inflnl^. 


TAILE  V. 

For  finding  tbe  number  of  Days  from  the  beginning  of  the  Yeu. 


D»l.. 

Com. 

B<i, 

I,nu.ry  0.0 
Fcbriury  0.0 

0 

0 

M»rch  0.0 

60     j 

April  0.0 

M.y  0.0 

June  0.0 

«s> 

151 

Jalr  0.0 

t8i 

181 

Septcmbtr  0.0 

»4J 

»44 

»74 

134 

J3S 

TABLE  VI. 

1 

For  finding  ibe  Tme  Anomaly  or  th«  Time  &uni  ibe  Ferihelion  in 

RpnlnGc 

«.  1 

V. 

0» 

1" 

2- 

3°         II 

Mttl". 

M. 

IHB.1- 

■L 

Wttl-. 

M. 

vixr 

aowjooo 

181.81 

0.6545  J» 

18,8, 

I.JO9163 

'J'-9» 

1-9*4  Wl 
'■975  J»* 
•  .9Ku« 

\ts 

0.010908 

0.66^441 

181 

H 

1,310178 

1 1 1.91 

0011S17 
0.031715 
o.C4j6j3 

181,8. 
181.8. 
181.81 

0,69^.71 

181 
181 
181 

ll 

'-J5»9'3 

itaJT 

0.054541 

iSi.Si 

a709D8i 

181 

u 

,.363839 

■  81.9) 

UlfOII 

•  I>«- 

0.06(450 

i8i.8t 
iSi-8, 

0.71,9,3 

0-730903 
0.7418.3 

181 

■  81 

'>! 

I-J747SS 
1.3*5670 

.8..,3 
i8i,) 

it:^ 

■tur 

°'°m 

i8t 

I* 

,,3965*6 

I8.9J 

1-0J.78S 

ilut 

i8i.8i 

0.75171+ 

84 

1407501 

1B1.93 

il»^ 

0.  ,0,083 

i8>.8i 

0.763634 

.Si 

84 

1.4. >4. 8 

18..94 

»"071'M 
«.o*4j<9 

ilu« 

0.11,991 

tSt.8. 

»-774i4S 

181 

«4 

'419»4 

181,94 

ilaji 

ol'tl^ 

i8i.Rl 

i8t,8i 

0.78541:6 
oiof* 

181 

It 

1.440151 

..4;"*7 

.IIS 

IT^lk 

.8m, 

o:I?i7i7 

,81.8. 

.81 

•j 

,.411083 

.8194 

»-"T31( 

.8^9 

0..  6  3615 

.81.81 

0.8.81SS 

181 

«5 

1.47  JOOO 

1I1.95 

*.tsSl<t 

■8u* 

0.1745J4 

181.B. 

0,819099 

181 

»5 

,.483?17   ,    '*»-9S 

x.t]9il7 

■fx-io 

o.igj+41 

181 

'J 

l.494«)«   1    ■•(■9f 

l.t)oll4 

>(M> 

0.196350 

0.107159 

i8i,Si 
i8l.8t 

iSi; 

181 
181 

li 

MtJijj ,  ;!;:y 

I.  (6  two 
...7.9fc* 

ilrii 

.  w 

o.ii8.6j 

l8i,Si 

0.871743 

181 

*s 

1,517585  ,  ''»9e 

».i8i89( 

llLII 

'    21 

0.1190,4 

'181.81 

o.8S,6U 

o.894s« 

18. 

86 

,.531505      18,-9* 

i..«».o 

lltli 

22 

0.1399K4 

t8i.S, 

.81 

1.549410 
1.560538 

l.57"S« 

181.96 

1-104-4T 

lllll 

:  S3 

24 

0.150*95 

o.a6i8oi 

1S1.8: 

i8i.a. 

0.905478 

o.,t6j&9 

181 

86 
86 

■.l:$ 

s.lli6«i 

■  lltl 
.h.IJ 

i     3S 

0.171710 

181.81 

0.917301 

>8i 

86 

,.581,74 

.8.97 

.>175S^ 

.IM) 

ZS 

0.1^3^,9 

181.81 

0.938111 

181 

86 

•■593=9* 

.81,7 

t-ur*r 

■  Ul; 

27 

0,194517 

i8i.«t 

181 

86 

1. 604010 

181.97 

i.HVl*( 

■  l:U 

28 

0-30J436 

l8i,8j 

181 

86 

..614S1I 

.81.97 

l.iT^lM 

■  tilt 

1    ^' 

0.31  S  345 

lil.Bl 

0.970948 

181 

87 

t.615147 

>8i97 

^J8ll4l 

ittM 

30 

0.317153 

,81.81 

o.,8,86o 

18. 

87 

1.636766 

,8..,* 

j_,g.,-0 

■  ItU 

31 

0.33*161 

,Ei.8i 

1.0.4596 

181 

87 

..6476S4 

18..54 

1.3  HPI* 

I'tli 

3X 

0.349071 

181.81 

iBi 

87 

.-658603 

181.98 

iU,| 

33 

0. 359080 

i8i.Si 

181 

l^ 

1.669511 

.81.28 

34 

0.370888 

181.81 

1.015509 

181 

87 

I,6l044. 

"8.-99 

^i!*»*T 

35 

0.381797 

0.391706 

181,81 

1.0)6411 

181 

V 

1.69.361 

18,9, 

i-,4""6 

111  It 

36 

181,81 

1.047334 

i.ojii+i 

1.069159 

181 

»7 

1,701180 

181.99 

'■■i'7-'*'' 

ifvjt 

i     37 

0.403615 

i8i,8i 

■  8, 

88 

1,713100 

tli.99 

..jf.6-t 

ilii- 

1    38 

0-4-I4SH 

i!l,8i 

l8i 

88 

i.7»4iiO 

181.00 

«17,»-o* 

it:,' 

39 

0415433 

181.81 

1.080071 

181 

1.7JiOj9 

llLOO 

i-39Cii6 

lUr 

40 

0,416341 

181.81 

t. 090085 

181 

88 

[X 

lg».«J 

t4Cii«7 

1ls.1l 

'    41 

0.44PSI 
0.4(8160 

18. .81 

i.ioiM 

88 

■  ■1-00 

»-4"i9* 

ilul 

1    <" 

i8i.8i 

I.1I181I  j  181 

89 

t. 7*7800 

l8i.ot 

l^'!)'* 

iI»-.i 

.    43 

0.469069 

.S1.82 

1.113714    1    iRi 

8, 

I.77i*-" 
it89'4> 

181.01 

143*1*0 

44 

0.47,979 

18..81 

,.,34637       181 

89 

181.01 

1  44    1 V  1 

!     45 

0.490888   '    181.f1 

1.1(64*4  !  1*' 

89 

1.800(61 

lli«i 

!    , 

4« 

0,501797       i«i.«» 

8, 

1.8H48J 

tit.ot 

4T 

0.511706       igi.gi 

1.167377  1  i»i 

8, 

1.811404 

1I1.01 

1    48 
'     40 

0.513^16       181.81 

1.1T819.  i  18. 

1.1*9105    1    .8, 

8, 
90 

i.jni's    i8».o» 

60 
1     SI 

0.541+35   ,  '"'-Si 
0.SJ6344  1   i»i-»» 
0.567M4      iSi-Si 

,.100.. 9       181 
l,iiioj3       !>■ 

90 
90 

l,8jjt68   1  181.03 

»-5i-;t- 
i.siir.r 

;;*^ 

,     ^ 

l.iiijiT       1»» 
1.13186 1       181 
1.143775       »*' 

90 

1,87701.    1  181.04 

i.5  5it.}c 

iiui 

53 
54 

0.5*9073      .81.83 

90 
91 

1.8*793*   1   181.04 
1.898856   '  181.04 

»-54  3.-»( 

MS407 

ilui 

.*U3 

55 

0599083      1S1.83 

1.1(4689       181 

9' 

t  90977?   i  i!i-a« 

»S*S4<o 

.fut 

5« 
57 

0.610^91      181.83 

1.16(604       1^' 

i,i76i;5 '  181 

9' 

1  9[o;oi    :  181.04 
i.9)<6i4   '  1I1.0S 

>hii 

'     58 

06317..   '    18..83 

1.187433    'S' 

1  94*547  ,   I**** 

tlSjiM 

>*>-M 

50 

0,643611       ,81.83 

1,198148    '    18> 

9' 

■-9514TO  I   ig*J55 

.•«4         1 

M 

0.654531       ,81,83 

1.30,16,       .8. 

91 

1.964191  1   >8»-i 

l-*10IM 

jEJI 

AW 

2 

TABLE  VI. 

«  True  Anomaly  or  the  Hme  from  the  Perihelio: 


n  m  Panbolic  Orbit. 


V. 

4° 

e° 

6^ 

T         1 

H. 

mi'. 

H. 

Mff-l". 

M. 

Diir.  1-. 

H. 

Mrr,]-. 

V 

1.610111 

,81.15 

1.17665. 

,81.50 

3.934181 

181.80 

+.591917 

'li-'l   ' 

1 

1.631057 

,81.15 

3.1S7601 

181.50 

3-94515' 

+.603907 

.8j.,8     1 

2 

1.641991 

3,198551 

181-51 

3.9561,9 

1S1.81 

4.6,+898 

.8J..8 

3 

VsIWh 

iBi!i6 

3,309503 

181.5, 

3.9670S8 

+.615889 

'83.19 

4 

iSi.i6 

3.310454 

i8i.li 

i97«058 

181.83 

UiUil 

.8^.5 

S 

1.67+800 

1B1.17 

3.331405 

181.51 

3.98901S 

181.83 

4647871 

183.10 

« 

i.6g;7j6 

1S1.17 

3-341356 

'81.53 

3.999998 

,81.84 

4.658864 

183.11 

7 

1.696671 

181.17 

3.353308 

,81.53 

4.0.0968 

,81.84 

4.669857 

,83.1, 

8 

1.707600 
1.7.8546 

,9i.i8 

3.364160 

,81.54 

4.01.939 

,81.85 

+.680850 

.81.11     1 

» 

iii.i8 

3.375111 

.81.54 

4.0319., 

,81.86 

4.691843 

,83.13 

10 

1.719483 

181.19 

1.386,65 

.81.55 

4.043881 

181.86 

4.701837 

.83.14 

II 

1.740410 

iili.19 

3,397.18 

.81.55 

4,054854 
4.oi58iJ 

181.87 

4.71383' 

.8I..4 

13 

1.75131* 

.i!i.i9 

3.40807, 

.81.56 

.81.87 

4.714816 

'83-15 

13 

1.76119  s 

181.30 

3.4.9014 

181.;  6 

4.076799 

.81.88 

4-73ia»' 

.83.15 

14 

1.773133 

.81.^0 

3.419978 

4.087771 

.81.88 

4-746K16 

.8j.1l 

IS 

1.784' 71 

,81.31 

3.440931 

4-098745 

.8l.Sq 

4.7578.1 

.83.17 

1ft 

1.79511a 

181.3. 

3.+S1S87 

Jsi" 

4.1097,8 

.81.90 

4.768  B09 

.83.17 

17 

I'.ilbgU 

,8i.j. 

3.461841 

Ul'.U 

4-.  10691 

.81.90 

4.779805 

.S3.18 

18 

3-473796 

,81.   9 

4.13.667 

.81.91 

4.790801 

.B3.18 

10 

1.817917 

,81.31 

1.484751 

iBi.59 

4.141641 

.B1.9I 

4.80,800 

.83.19 

M 

1.83M67 

,81.33 

J49S7°7 

,8,.6o 

4.153616 

1B1.9I 

4.8 11797 

.B3.30 

31 

t.ipM 

T81.3I 

3.506663 

181.60 

4.. 64591 

.81.91 

4.813796 

.83.3. 

33 

1.8*0746 

,J<i.3j 

3. J. 76. 9 

,8l.6i 

4.. 75568 

.81.93 

4-834795 

.B3.31 

33 

1.871686 

181.J4 

J-S»8575 

181.6. 

4.186544 

.81.9; 

4-845794 

.83.3. 

24 

1.8R1617 

I  Si.  34 

J-53953» 

1B1.61 

4.197510 

.81,94 

4-856791 

'83-33 

35 

1.891567 

iSi-JS 

3.550489 

181.61 

4.10S497 

,81.95 

4.867793 

,83.34 

30 

1.904508 

iHi.3i 

3.561447 

181.61 

4.1,9474 

,Ri.?5 

4.878793 

,83.34 

27 

,81.36 

3.571404 

,91.6, 

4.13045. 

,81.9^ 

4.88979+ 

,83.1s 

3S 

1.916391 

,«i.36 

3.5K3361 

.81.6, 

4.141419 

,81.97 

4.900795 

183.36 

2a 

*-937JJ» 

181.36 

3.594310 

.81.64 

+.151408 

,81.97 

4.9,1797 

183.36 

30 

1.948174 

l»i.J7 

3.605179 

,31.64 

4.163386 

1S1.9B 

4.911799 

,83.37 

31 

1.959117 

181.37 

3,6.6138 

.81.65 

4.174165 

181.99 

4.93380. 

,83.38 

32 

1.970159 

181.37 

3.617197 

18=.6 

4-185344 

181.99 

4.944804 

,S3'.3S 

33 

1.981.01 

,81.33 

3.638.S6 

181.66 

4.196314 

183.^ 

4-955807 

,83.3, 

34 

1.99104s 

,81.38 

3.6491.6 

181,66 

4.307304 

183.00 

4.9668., 

,83,40 

39 

3.001988 

,81.39 

3.660076 

.81.67 

4.318^84 

183.0, 

4.977815 

183.4. 

Sft 

3.013931 

,81.39 

3.671037 

,t<i.68 

4.319165 

1B3.D1 

4.9B8810 

.B3.4. 

37 

3.014875 

.81.39 

3,681997 

,81.68 

4,340146 

.83.01 

4.999815 

183.41 

38 

3.035819 

181.40 

3.69195  8 

,81.69 

4-35l»8 

.83.03 

5,0.0830 

183,43 

at 

3-046763 

.81.40 

3.703910 

,81.69 

4.361UO 

183.03 

5.011836 

'83-43 

40 

isi?. 

■  81.41 

3.7i4»8l 

.81.70 

4.373.91 

.83.04 

5.031841 

■  83.44 

41 

18141 

3.715843 

181.70 

4.384.7  s 

.83.05 

5.043849 

'83-45     1 

u 

3.079597 

,81.41 

3.73680S 
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TABLE  71. 

For  finding  ihe  I^e  Anomaly  or  Ihe  Time  from  the  Perihelion  in  a  Parabolic  OibiL 
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For  finding  the  True  Anomaly  or  the  Hme  from  the  Perihelion  in  t 


Parabolic  Ori.iL 
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r  findii^  the  Tme  Anomaly  or  the  Time  from  the  Perihelion  ii 
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Far  finding  the  Tnie  Aoomalj  or  the  Time  from  Ihe  Perihelion  ti 


1  Parabolic  Orbit. 


V. 

68 

' 

69 

10^        1 

7P        1 

JobM. 

MO.!", 

-«■ 

mfr.i". 

WM. 

■an.  y. 

i.,SX. 

18.73 

0' 

1.765  5707 

aS.69 

■775  6985 

18.69 

.785  0184 

.786   ioqI 

18.70 

.796  3650 

1 

.76s  S4»S 

28.69 

.77;  ijoi 

18.69 

18.70 

■796   5374 

18.73 

X 

.765  7150 

18.69 

.776  0417 

18.69 

.7B6   1718 

1B.70 

.796  7097 

1S.7J 

3 

.765  6871 

18.69 

.776  1.49 

1K.69 

.786  54;o 

18.70 

.796  a  Si  I 

18,7, 

4 

.76S  OS, I 

1S.69 

.776  387a 

18.69 

18,70 

■797  054s 

^.73 

5 

..766  ,,n 

18.69 

.776   559' 

18.69 

.786  889+ 

18.70 

.797  1168 

18.73 

6 

.766  405 s 

18.69 

■776  73'3 

18.69 

,787  <=6i7 

.797  3991 

7 

.766   57S6 

18.69 

■776  9°14 

18.69 

-787   i]J9 

18:70 

.797  5716 

18:?  3 

.766  7478 

18.69 

■777  0755 

18.69 

.787  4=6: 

18.70 

.797  7440 

18.73 

0 

.766  9<99 

18.69 

■777  »477 

18.69 

.787   5783 

18.70 

.797  9164 

18.73 

lO 

..767  o<,jo 

18.69 

.777  4'98 

18,69 

.787  7506 

.798  o83B 

18.73 

.767  1641 

18.69 

.777   59>o 

18.69 

.787  9"8 

18:71 

.798  161. 

18.73 

12 

.767  41^3 
.767  6q»4 

18.69 

■777  764' 
-777  93*3 

18.6^ 

.788  LjO 

■798  4335 

18.71 

13 

18.69 

18.69 

.788  1I73 

i8:?I 

.798  6060 

18.73 

14 

.767  7*05 

18.69 

.778    .08+ 

18.69 

■788  4395 

.798  7784 

18.73 

IS 

1.767  9517 

18.69 

.778  i3o6 

18.69 

.788  6.17 

■798  9!  "8 

18.73 

IS 

:;« 'if, 

18.69 

.778  4517 

18.6? 

.788  784= 

-799    '»3* 

18.74 

17 

18.69 

.778  6148 

18.69 

.788  9561 

-799  =956 
.799  4680 

1S.74 

la 

.768  46<Ji 

18.69 

,778   7970 

18.69 

.78,  ;i84 

18.71 

19 

.768  6411 

18.69 

.778  9691 

18.69 

.789  3007 

■799  *4=4 

18:74 

20 

1.76S  8.JJ 

18.69 

-779   >4'3 

18.69 

.789  473" 

18.71 

.799  Bug 

31 

.768  985J 
.769   .57? 

18.69 

■779   Vi'> 

18,69 

.789  ^451 

-799  9853 

18:74 

Xt 

i8.6g 

-779  48*1 
-779  647S 

18.69 

■789  8175 

1B.71 

.800  '577 

33 

.769  3197 

Z8.69 

18,69 

.789  9897 

.8^  330, 

18:74 

24 

,769    JOlfi 

18.69 

■779  8199 

18.69 

.790  i6ig 

.800  5016 

25 

1.769  6740 
.769   H6, 

18.69 

.780  0011 

18.69 

,79a  3341 

18.71 

.goo  6750 

18.74 

26 

18.69 

.780   1741 
.780  346+ 

18,69 

■79°  S°f'S 

18.71 

-800  8475 

2T 

.77=.  o.S, 

1S.69 

18.69 

.790  S7SS 

.80,   0,99 

18:74 

28 

.770   1005 

18.69 

.780  jiSj 

18.69 

.790  8510 

18.71 

,801    1914 

1S.74 

29 

.770  3615 

Z8.69 

.780  6907 

l8.6g 

-79'   0133 

-80.   364! 

18.74 

30 

'■770  55+6 

18,69 

.7B0  8619 

l8.6g 

-79'    '956 

18.71 

.801   5371 

18.74 

31 

.770  7067 

18.69 

.78.   0350 

18.69 

■79'    3678 

.801  7107 

18.74 

32 

.770  8788 

18.69 

.78.    .071 

18.69 

.79'    5401 

18^71 

.801  8811 

18.74 

33 

.771   OJIO 

18.69 

■78<    3793 

18.69 

■79'    7'»4 

.8qi  0547 

18.7s 

34 

18.69 

■78'    Si'S 

18.69 

■79'    8847 

18:71 

33 

1.771   3051 

18.69 

■781   7137 

18.69 

.791  0570 

18.71 

,801  J996 

18.75 

3« 

.771   5673 

18.69 

.78.   6959 

18.69 

.791  1191 

18.71 

.801  5711 

3T 

■77'    739S 

1B.69 

.781  0680 

.791  4016 

18-71 

.801  7446 

lijs 

38 

.771   9.16 

18.69 

.7B1  1401 

18.70 

-79»  5738 

18.71 

.801  9171 

18.7s 

39 

.771  0837 

18.69 

.7B1  4114 

1S.70 

.791  7461 

.803  0896 

18.75 

40 

1.771  1559 

18.69 

-781  5845 

18.7a 

.791  9'84 

18-71 

.803  1611 

18.75 

41 

.771  yio 
,771  6001 

18.69 

.7B1  7567 

18.70 

■793  °907 

■80]  J346 

18.7s      1 

43 

18,69 

.781  9189 

18.70 

-793  1630 

tX.yt 

.803  ^071 

18.75 

43 

18.69 

.783     lOM 

i8''o 

■793  43S4 

.803  7796 

18.75 

44 

-77*  9+44 

ig.69 

-783  173» 

■793  6077 

18:71 

.S03  9511 

18-75 

4S 

1-773    I'*! 

18.69 

f.imt 

18,70 

■793  7800 

18,71 

.804  1146 

18,75 

4« 

.775  2*I8« 

18.69 

■791  9!i| 

18.71 

.804  1971 

18.75 

47 

■77 J  4607 

1S.69 

-783  7898 

18:70 

18,71 

.804  4697 

18.75      1 

48 

■773  6319 

ig.69 

,783  96" 

■794  »?69 

18,71 

.804  Z4" 

18.76 

49 

■773  8050 

18.69 

■7S4  '341 

1B.70 

■794  4693 

18.71 

.804  8147 

18.76 

u 

1-771  977' 

18.69 

.784  3°n 
.784  lySi 

18.70 

■794  64 "6 

18.71 

s?;ji 

18.76 

•77+  "493 

18.69 

■794  8139 

1S.71 

*^^5 

.774  3»t4 

1S.69 

.784  6508 

18.70 

.794  9861 

13.71 

■80s   13»4 

18.76 

•774  4935 

.774  0*57 

ig.69 

.784  81JO 

■79!    >586 

18.71 

.80s  5049 

18.76      1 

iS.69 

-784  99)1 

18:70 

-795   3  3°9 

1B.71 

.805  6775 

18.76 

1    5B 

1.774  K37S 

1S.69 

.785  '674 

18.70 

■79i   5013 

18.71 

.805  8500 

18,76      1 

-775  0099 

18.69 

.7S5   3396 

.795  6756 

1S.71 

.806  0116 

18.76      . 

1B.69 
18.69 

.785  5.18 
.785  6840 

'ill 

■795  8480 
.796  o^S 

18.71 
18.73 

.806  1951 
.806  3677 

1S.76      i 

18.76  ; 

»7S  5**3 

18.69 

.785  8561 

18.70 

.796    1917  i   m.73 

.806  5403 

18.76 

n  69«! 

18.69 

.786  0184 

18.70 

.796   3650  1   ^^■73 

.806  7119 

18.76 

TABLE  VI. 

For  fioding  the  Tnie  Anomaly  i.>r  tUe  Time  from  llie  Peribelioo  ii 


72- 


73° 


74° 


75° 


.807  05S1 
.807  1)07 
.807  403J 


.XoS  9568 
,809  119s 

.809  4748 
.B09  6474 
.809  8101 
.809  9918 
10  i6<s 
10  iiSi 


liui 

S  7841 


Ojj 


■1  9655 

14  ijSj 


.817  7680 
817  9410 

'-•^'  us 

4;')7 

.8]g  ^):6 

8  8o!6 

8  9785 

.8ig  15.5 

.819  3144 

19  497+ 

ig  6704 

.819  K41, 

1«93 

.81a  S3n 
70S3 


,3  5040 

»  3  +771 

.8>3  e.]) 


.814  8iiz 

!■?  :ii| 

;8i6 
.81s  5548 
.815  7.80 
8ic  9oi» 
816  0744 
816  147^ 
.S16  410S 


.817  4601  I   18. 88 

■■"&!   a 


:si8  isn 


19   36^5 
19   (398 

19  IIH6; 
.850  oi99 
.830  13,, 
.830  4060 
.830  5»oo 
■*3=  7S3J 
.S30  9167 
.83.  .00, 
.831  173J 
■*3'  447° 
.i]l   6104 

,*3.  9671 
.S31  1407 


.gji  66.1 
.831  83*i 
.811  oo3o 


.833  5,85 
.833  7010 
■833  »7iJ 

•H*  049" 

.S34  mi 
,834  3061 
,834   5S9: 

■b*  743; 

.834  9'*« 
•Hi  oi"* 
Mi  1640 

■Ms  74* 

■«3S  5li»4 
.8,6  ijio 
8j6  3oi6 
.8j6  i79» 
.836  6st9 
.8)6  ties 

.«,7  e*M 
•8  37  *711 
liJ  M75 


18.88 
ig.89 
iS.ao 
18.S9 
18.89 
28.119 
18.I9 
18.89 

18.90 


»8.94 
^.95 


.83*  =4^ 

.83"  =>t 

.838  3*1 

.X;8  ^b; 

.839  =*4 

■  S39  =;v 

*39  41'1 

.S39  i 


84*  47(t 
.S«o  «4l» 


.841  Clfl 

■Hi  h" 

*4i  ««  , 

-«4»  o>9*  I 

H4«  "51    , 

-S4»  j8tT   ' 

.»4>  i*ii 

!■«*  'm  . 

■*4»  T=9J   I 

l4»  0I14  '  i 

-»4J  ifT, 

:?:]  2!'; 

-84)  7:-. 

■»4i  95  31 

844  i»:i 

*s«  '?'' 

.844  £4^  I 

8+4  ll„ 

84i  .M!   f  - 

:!!!  'd  i  ■ 

.«**  C4I9 

.l4«  itta   ' 

"4*  »■--. 

<4»  «4; 

-»4»  Tl*^4 
.»4*f  =  .- 


Ui   9(7*       »**1    I 


TABLE  YI. 

For  &klii^  the  l^ue  Anomft])'  or  the  Time  from  the  Perihelion  ii 


t  PkraboUc  OrI»L 


V. 

0- 

76 

77 

'        " 

78°       1 

79 

^ 

]ogM- 

MKl". 

l-gM- 

an.-v. 

IokM. 

W(tl'. 

WM. 

IHC  1-. 

.-848   306Q 

19.04 

.858  7769 

19.14 

.869  1857 

19.IJ 

.879  8369 

19.37 

n  ' 

.848  ^goj 

19.04 

.858  9517 

19,14 

.869  46" 

19.15 

.880  0.3. 

»9-37 

z 

.848  is4i 
.8+8  tikj 

19.04 

,859  ,166 

19.14 

.869  6367 

19.15 

.880   .89+ 

19.38 

3 

19.04 

.859   3014 

19.14 

.869  8111 

19.15 

.B80  3656 

19.38 

4 

.849   OOJO 

19.04 

.859  4763 

19.15 

.869  ,878 

19.  »6 

.880  uu 

i^-JB 

S 

1.8+9  '773 

19.04 

.859  65,1 

19.15 

.8,0  163, 

19.16 

.880  7181 

19.18 

« 

.8+9  jjts 

19,05 

.859   8160 

19.15 

.870  3389 

19.16 

.8S0  89+j 

19-38 

T 

.8+9  5»S« 

19.05 

.8E0  0009 

19.15 

.870  5144 

19.16 

.881  070E 

*9-19 

8 

.8+9  jooi 

19.05 

.860  1758 

19.15 

19.16 

.881  1471 

19.39 

9 

.8+9  17+4 

19.0J 

.860  3507 

19.15 

!87o  alls 

19.16 

.881   4135 

»9-39 

10 

..850  0487 

19,05 

.S60  sj;6 

■'■'! 

.871   O+IJ 

19,17 

.881    5,98 

19.39 

.850  «j. 

V'°rX 

,860  7006 

.871  1168 

.88.   7761 

»9-39 

13 

,850  J97+ 

,g6o  S75i 

19.16 

.871  3914 

19,17 

.881    9,16 

19.40 

13 

-850  S717 

^9:06 

.861   0505 

19..  6 

.871  568. 

19,17 

.881   .=90 

19.40 

14 

.850  7+61 

19.06 

.86.   1154 

19.16 

.871   7437 

i9.ii 

.881   3054 

1940 

19 

1.850  9104 

19,06 

.861   4004 

19,16 

.871   9194 

19.18 

.881  ^8,8 

19.+0 

IC 

:  1;  :?; 

19.06 

.861    5754 

19.16 

.871  0950 

19.18 

.881  6581 

19.41 

17 

19.06 

.861    7.^04 

1917 

.871  1707 

19,18 

.881  B3+7 

19.41 

IS 
19 

:1|;  ttlJ 

19.07 
19,07 

.861    9»54 
.861  1004 

19.17 

z& 

19.18 
19.19 

.885  0.11 
.883   1876 

i9_ti 
19.+1 

30 

■:pi  ;a 

19.07 

.861  1754 

19,17 

,871  7979 

19,19 

.883  36+1 

19.41 

31 

19.07 

ilXiTA 

19.17 

19..  6 

,871  9736 

19.19 

.88,   5+06 

19.+1 

32 

.851  .4.1 

1907 

,873   1+93 

19.29 

,883  7171 

19.41 

33 

.851  3.57 

19.07 

.861  8006 

19-18 

.873   3151 

19,19 

■883   8937 

M 

.851  4901 

19.07 

.861  9756 

19.18 

.873   5008 

19.30 

.881  0701 

19.41 

26 

..8,.  6646 

19.08 

-863   1507 

19..  8 

.873  6766 

19.30 

.884  1468 

19.+3 

3« 

.851  8391 

19.08 

,863  3158 

19.18 

.873  B5H 

19.30 

■884  4»33 

19. +3 

37 

■!"  °ll^ 

19.08 

-863   5009 

19.18 

,374  ""gi 

19,30 

.884  5999 

»9-41 

38 

.853    i8Jo 

19.0a 

.863  6760 

19,19 

.874  1041 

19.30 

.884  7765 

19.43 

39 

.853  j6z5 

19.08 

.S6j  8;>i 

19.19 

■S74  1799 

19,31 

.884  953? 

19.44 

30 

1.8s  3  517° 

19.09 

,864  0163 

19.19 

.874  !SS7 

19.31 

.B85   1197 

»9-44 

31 

■Hi  7i'5 

19.09 

-864  101 1 

.874  7316 

19.31 

.S85   3064 

19.44 

33 

■!"  *"; 

1909 

.864   3-6g 

19,19 

.874  9°74 

19.31 

.88;   .830 
.885   6597 

»9-44 

33 

.854  0606 

19.09 

.S64  5518 

19.10 

,87s  0833 

19.31 

»9.45 

34 

.854  135' 

19.09 

.86+  7170 

.875  1591 

19.31 

.885  8364 

19.45 

SS 

1.8(4  4097 

19.09 

.864  9011 

19.10 

-87s  41i' 

19.31 

.886  0.31 

'9-4S 

30 

.854  sB+3 

19.10 

.865  077J 
.865  1516 

19,10 

-87s  6i>i 

19,31 

.886   1898 

19.4s 

37 

.854  75*« 

.875  7870 

19.31 

.886  J6I5 

19.48 

38 

■8i4  9134 

19-10 

.865  J.78 
.865   6030 

19.10 

.875  9619 

19.31 

.886  5431 

39 

.855   'oXo 

19. 1 Q 

.876  1389 

19.33 

.886  7100 

-9.46 

40 

..8SS  »8a6 

19.10 

.865  77S, 

19.11 

-876  3,4s 

»9-]3 

.886  8967 

.9.46 

41 

.8SS  4S71 

19,10 

.86;   9S36 

.876  .1908 

19.33 

.887  0735 

19.46 

«S 

■*SS  6l'9 

19.11 

.866   iiSS 

19.11 

.876  6668 

19-IJ 

.887  1503 

19.47 

43 

.8(5  !o6s 

19.11 

.876  8418 

*9.U 

.887  4i7J 
.887  io39 

19-47 

44 

.*SS  9811 

19.11 

.866  4794 

19.11 

.877  0.88 

19.34 

19-47 

4S 

..856  "S5il 

19.11 

.866  65+7 

19.1a 

.877  1949 

19.34 

.887  7S07 

19.47 

4« 

.856  31=5 

19.11 

.866  8 JO. 

19.1a 

.877  3709 

»9-14 

.887  9S76 

19.48 

47 

.856  jOJl 

19.11 

.867  00  54 

19.1 » 

,877  5470 

19.34 

.888   1344 

19.48 

48 

.856  B799 

19.11 

-867   1807 

19.  j» 

.877  7130 

19,34 

.888  3.13 

19.48 

49 

.856  gjjS 

19.11 

.867   356. 

19.13 

.877  S991 

19.3  s 

,888  4881 

4.i8 

00 

1.857  o»9J 

19.11 

.867  7<^S8 

19.13 

.878  0751 

»9-35 

,888  6G;i 

19.48 

61 

.857  1040 

19,11 

19,13 

.873  15.3 

19.35 

.888  8410 

19.49 

63 

.857  3737 

19.11 

.867  88,1 

19.13 

,878  J17i 

»9-35 

.889  0.89 

19.49 

63 

■«S7  SS34 

19.11 

.868  0576 

19.13 

,878  6036 

19.3s 

.889   1959 

19.49 

64 

.857  7»i» 

19.13 

.868   1J30 

19.1+ 

.S78   7797 

19.3S 

.889  37.i 

19.49 

58 

1.857  9030 

19..  3 

.868  4084 

19.14 

,878  9559 

19.36 

.889   5498 

19.49 

&« 

.858  0777 

19.13 

-868   5839 

19.14 

.879  1311 

19.36 

.889  7168 

19.50 

67 

.858  1515 

19-13 

.868   759, 

19.14 

.879   3081 

1936 

.889  8038 

19.50 

68 

:!1W:U 

19-13 

.868  si+i 

19.14 

.879  +8+4 

19.36 

.890  0808 

19,50 

69 

19.13 

-869   1.01 

19.15 

.879  6606 

19.37 

.890  IS7B 

19.51 

90 

..gj8  7769 

19..  4 

.869  1857 

19.15 

.879   B369 

^■n 

.B90  4349 

19.  U 

TABIE  YI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihetion  in  a  Fuabolic  OiUl 


V. 

80 

" 

r  81°    1 

82 

"        1 

83 

I<WH. 

ttl>.l-. 

UkM. 

Irtff,l". 

I««M,      1  Mir,i-.  j 

i«,»i. 

Ditl- 

0' 

-Bqo  4J49 

19.51 

1.901 

08+. 

19.66 

.911  7893 

19.81 

.911  554* 

19.99 

1 

.8,0  6119 

»9  5i 

.901 

1611 

19. 6S 
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.055  419! 

33-07 

,067  3870 

33-41 

47 

^031  0491 

31.41 

■043  7737 

31-73 

,055  6179 

33-07 

,067  5875 

11-43 

48 

.031  1437 
.03*  43li 

3141 

.043  9701 

31-74 

.055  8163 

33.08 

.067  7881 

33-41     1 

49 

31.41 

.044  1665 

31-74 

,056  0148 

33.08 

,067  9887 

11-44 

60 

1.031  6317 

31.41 

1.044  3630 

31-75 

1.056  1133 

33.09 

i,q6B  1894 

11-45 

61 

.031  S171 

3»-H 

■044  5595 

W'A 

,056  4119 

33-'° 

.068  3901 

ISJ 

63 

.033  "■« 

3»'43 

.044  7561 

.056  iio! 

33.'o 

,o6g  s9o8 

63 

.033   1164 

31.44 

.044  9516 

31.76 

.056  809, 

33.11 

.c6B  7916 

13-47 

64 

.031  41 II 

3M+ 

.04s  1491 

31.77 

.057  0078 

33.11 

.068  9914 

31-47 

66 

1.033  6058 

3»-4S 

■04S  3459 

31.7a 

1.057  J065 

33.11 

1,069  '911 

33,48 

66 

.033  Boos 

3MS 

.04!  S+»6 

,1.7s 

.057  4051 
.057  6040 

.069   3941 

33-+B 

67 

.033  99S1 

31.46 

■045  7393 

31-79 

33-' 3 

.069  5951 

33-49 

68 

.OJ4   1900 

31-47 

.045  9360 

1179 

.057  8018 

31.14 

.069  7960 

31-50 

69 

.034  iM 

3M7 

.046  1J18 

ji,8o 

.058  0016 

3314 

.069  9970 

31-50 

60 

..034  S797 

JM8 

.046  3196 

31.S0 

1.058  1005 

33 '5 

1.070   1980 

31-Si 

For  finding  Ihe  True  Anomaly  < 


TABLE  YI. 

r  the  Time  from  the  Perihelion  ii 


a  PanlMriic  Orl>L 


V. 

96° 

fi7 

' 

98- 

99°        1 

LpH.           Wtl". 

,=^M.        jmi".  1 

W»l. 

M«.I-. 

logM. 

wci- 

0' 

..070   .,lto 

J-S' 

..081  3181 

J3.8S 

.094  5971 

14-18 

1.11:7   =109 

J4.69 

.070   3991 

3-5' 

.oSi  5316 

13.89 

.094  8018 

34-19 

.107  -1190 

14-70 

X 

3.51 

.oSi  7349 

33  9" 

-095  0085 

34-19 

-7  tin 

14-70 

1     3 

3-S3 

-ogi  93«3 

13.9a 

.09!  114) 

14-3° 

14-71 

4 

.071   Q015 

J-5J 

.083   ,418 

JJ-9' 

.09;  4101 

34-3' 

-107   8437 

14-71 

5 

1.07.  J037  , 

?'S4 

i.o«3  3431 
.0S3  54*3 

33-9' 

.09;   616a 

34-3" 

i..og  0511 

34  Tl 

6 

3:  V£ 

J- 54 

33.91 

.=9i   8318 

14-31 

.ic8   1604 

34-T3 

7 

3S5 

,081  75»1 

J3-91 

.096  0378 

1-1-3  3 

.,08  J689 
.108   t-71 

3-*.74 

8 

.07.  8076 

3.56 

.0S3  9559 

33-94 

.096   14,8 

34- J3 

34-75 

8 

.Q71  0090 

3-;6 

.084  1596 

3  3 '94 

.096  4498 

14-34 

-loS   %tii 

34-75 

lO 

1.071  J104  : 

.072  S<3  5 

'■'I 

..084  3633 

\s» 

.096  6558 

1435 

i.iog  0944 

34-76 

II 

l.;S 

.a«4   5670 

.096  8619 

34-lJ 

..og  J0.9 
.109  511^ 

14-77 

12 

3.58 

.084  7707 

13.9& 

.097  068. 

34-36 

14-77 

13 

.=71  S.jX   1 

.073  oii) 

3-59 

.0*4  9745 
.085   „53 

33-97 

.097  1741 

34-17 

.109  7101 

14-78 

14 

359 

33.9I' 

.097  4S04 

31-17 

.109  9189 

34-79 

15 

J.073  »179    1 

3.60 

1.085   38" 

33.98 

.097  6867 

34.3* 

..■.0   .177 

14.80 

IS 

.07)  419} 
.071  Sill 

3.61 

.08;   S861 

33-99 

.097  8930 

3419 

.1,0   J46; 

I+-80 

IT 

3,6. 

.ogi  7901 

33.99 

-098  0993 

34-39 

■"°  5)51 

14-81 

18 

.073  giig  1 

3.61 

.08^    1981 

14.00 

.098  3057 

34-4° 

.no  7641 

34.81 

ID 

.074  0146 

j.6j 

34.01 

,098   5111 

34-t' 

.110  9711 

14-81 

20 

1.074  >»6+ 

!-'3 

1.0M  4011 

34.01 

.098  7-S6 

344' 

1,111    1811 

34-83      ■■ 

21 

.07+  ai8i 

.074  6301 

3-^4 

.086  6061 

34.01 

.098  9151 

34-41 

■\\\   IZ\ 

31-»4 

23 

364 

.086  8104 

34-oj 

.099   I]i6 

3443 

34-*S 

33 

.074  8jio 

3-65 

f.vd 

54-°! 

,099  1,81 

14-43 

::u^?i: 

3t-«5 

34 

■°7S   =3  39   1 

3.66 

14.04 

-099  S449 

3-*-44 

14-** 

23 

=■075   ^-iS*    ■ 

,.66 

.o?7  8317 

34-="; 

.099  7;i5 

14- 4  S 

14-!-    ; 

34,81 

26 
27 

■°75  4378 
■07 S   "399    ■ 

,.67 
3.67 

34-0! 
14.06 

.099  9iSi 

\tM 

■wwi 

28 

.075   8419    1 

3.68 

.088  0361 

J407 

:!oo  37S8 

31-47 

..11  8(5, 
.III   °H7 

14.89 

20 

.070  0440 

3.69 

,dSB  140; 

34^7 

.,00  S786 

14-48 

14-9» 

30 

1.076  1461   ' 

3.69 

1,0  S  8  4449 

34.08 

.TOO  7«5? 

34.48 

1.113   1741 

34.90 

.076  44K4 

3.70 

34.09 

.100  991+ 

34-49 

.113   48J; 
-.11  3  6953 

34-91 

33 

.076  6S07 

1-7  > 

!o88   Ssjo 

34.0, 

.101    199, 

34-50 

j4-9> 

33 

.076  8519 

3-71 

.oSq  0586 

34.10 

.10.  4=63 

14- JO 

.HI  9015 

3491 

34 

.077  OSS I 

3.7T 

34.11 

.101   6x14 

34-5' 

}4.93 

33 

1.077  »!75  : 

3-71 

1.089  467S 
.089  6715 

14,11 

.TO]     BlOi 

14-51 

1.114   3117 

54-94 

36 

■077  4!99 

1-73 

34.11 

.loi  0176 

14  51 

■"4   <li  ) 

14  95 

37 

3'74 

.089  8771 

34.11 

.101  1147 

14-51 

.114   74.0 

S+-91 

3S 

.077  8647   1 

3-74 

34.13 

.iQi  4419 

34-54 

::;;?« 

5+-9* 

39 

.078  0671 

1'75 

.090  i86g 

34-14 

.101  6491 

14-54 

34-97     [ 

40 

1,078  1697   ' 

,,76 

■'?:i;;s 

34."  5 

-101  8(6+ 

34.55 

i.tis    3704 

54-9' 

41 

.=.78  471! 
.078  6749 

3.76 

34.15 

.■05  olia 

14-56 

...i    sSoi 

it?s 

42 

3-77 

.090  901; 

34.16 

.101  nil 

34-5* 

14-99 

43 

.078  877s 

3.78 

.09.  1065 

34-17 

.103  .785 

14-57 

XM  ^0! 

i!" 

44 

.079  oSoi 

3-7S 

.09.  3115 

34.17 

.103  6860 

14-58 

.I>6   iioi 

35-" 

49 

1.079  »Si7 

3-79 

1,09,  5,65 

34.-8 

.103  ggis 

1459 

"A\  r,i\ 

;S,oi 

46 

.079  4857 

3.S0 

.091  711b 

34-19 

.104   1010 

14-59 

35.0; 

47 

.079  6885 

3,80 

.091  916S 

34,19 

14.60 

..  16  84=3 

ij.c: 

48 

.079  8„3   , 

1-1  < 

.091   >319 

34-10 

.104  5161 

34.61 

:;;;  im 

JS°i 

49 

.o!o  094,   , 

,.8. 

.091  3J7> 

34.10 

.104  71,9 

14.61 

35  =4 

1     50 

1.080  1971  ; 

,.81 

1.091  54*4 

14.11 

.104  9316 

34-61 

■:;:;  s;j 

15°5 

51 

.080  sooo 

3»3 

14-11 

■'°S   '393 

3463 

3?-o;     1 

52 

.o!o  7030  1 

J. S3 

-091  9530 

34-11 

.105  347. 

34.63 

35=1' 

'     53 

3.84 

,093   1584 

J4.13 

.id;   5549 

14-64 

3jCT 

1     ^* 

-081    .091    , 

3.S5 

.093   3638 

J4.14 

.105  7618 

14.65 

.118  3114 

35.»» 

53 

1.081    3i« 

3.8; 

1.093   5691 

34.15 

.10;  9707 

14.66 

i.iiS   5119 

3, -.01 

5S 

.08,    5153 

3.S6 

J4-I5 

■"=?  '3!S 

34.66 

-118  7J34 

35-W 

57 

.OS.    7'S5   ' 

3.37 

,093  gaoj 

34.16 

.106   3866 

3467 

.118  9440 

J5  10 

58 

.081   9117 

^■ll 

.094   .Sjg 

34-17 

14.68 

.119    1546 
..19  3651 

35.i'>    , 

1     59 

.081   1149   . 

3-88 

.094  3914 

34.17 

.106  Hoi? 

3468 

3J"      1 

1     60 

1.081  jiSi   , 

3.88 

1.094  597' 

34-18 

.107  0109 

14.69 

1.119   5759 

;;.ii 

TABIE  71. 

For  finding  the  True  Anomaly  or  the  Time  &om  the  Peribelion  ii 


B  Parabolic  Orbit 


V. 

locr 

101° 

102° 

103°       11 

logM. 

Kit.  1". 

logM,           DKf.l". 

i»g«. 

Diff.l-. 

logM. 

IHff.l-. 

i.H9   S7S9 
.119  7S67 

35- 'I 

35-'3 

1..31  19S9      15 
.131  5.13      35 

57 
57 

..14;   1866 
.145  4018 
.l+S  6'9' 

36.03 

36.04 

1.158  1460 

.15S  9036 

36.51 

36.51 

.119  9974 

3513 

.131  715S      35 

58 

36-05 

36.54 

.110  loS, 

3!-'  + 

■131  9393       35 

P 

.■45  8354 
.14S  Ojli 

36.06 

36.55 

3515 

.133   1519       35 

60 

36.07 

.159  '^19 

36.55 

!„.10    6,01 

35.16 

1.133   36*5       35 

61 

1.146  1681 

36.07 

1.159  3413 

36,56 

..10  a+.o 

35-.6 

.133   5801       35 

61 

,146  4847 

36.08 

.159  5617 

36.57 

.111  0510 

35-17 

-'33  793?       35 

6» 

..46  70'i 

36.09 

.159  7811 

36.58 

.III    i6p 

35-18 

.134  0076       25 

61 

.146  9178 

36.10 

36,59 

.III  4741 

35-19 

.134  1114       35 

64 

-'47   '344 

36.11 

!i6o  1101 

36,6a 

"^i'M 

35.19 
35-10 

1.134  43!»      35 
.'34  6491      35 

11 

1.147   3510 
-'47   5677 

li:;; 

1.160  41,8 
.160  6594 

36.G0 
6,61 

35.11 

.134863.      35 

.147  7B45 

36.13 

..60  8791 

36,61 

35-" 

.135  0770     IS 

67 

.14.8  00. 3 

36..; 

.16,   0989 

5.63 

.III  530] 

35." 

.13,-  1910      35 

67 

.148  1.81 

36.15 

..61   3187 

36.64 

Liii  7416 

3S-13 

i.'35  5°5'      35 

68 

..148  435' 

36.15 

1.161    5385 

36,65 

.III  9S30 

35,14 

.135  7'9»      35 

69 

..48  6=1= 

36.1! 

..61   7584 

36,65 

.113    1644 

35-1+ 

■'3S  933+      35 

.148  aSoo 

36.17 

.16.   9784 

36.66 

le 

.113   37S9 

35-15 

.136   1^76      35 
.136  3619      35 

..49  0861 

36.18 

.161   1984 

36.67 

i» 

.113  5875 

35-^6 

.149  3031 

36.19 

.161  4,85 

36,68 

20 

1.113  799' 

35.17 

1.J36  5761      3S 

71 

1.149  S"3 

36.19 

1.1G1  6386 

16,69 

31 

3517 

.136  7905      35 

71 

.■49  7375 

36.10 

.161  S587 

16.70 

22 

.114  iiij 

35.18 

■'37  °049      35 

74 

-'49  9547 

36.11 

.163  0789 

16.70 

23 

.114  «40 
.114  Us^ 

3S-»9 

.'37  "93      35 

74 

.150    171D 

36.11 

.163   1991 

36.71 

24 

3S-30 

.'37  4338      35 

75 

-■50  3893 

36.13 

.163  S195 

36.71 

23 

1.114  857* 

35-30 

1.137  6484      35 

76 

36.13 

1.163  7398 

36,73 

26 

.lis  o?94 

35-3' 

.137  8630      35 

77 

.150  8141 

16.14 

.163  9601 

36-7; 

27 

.lis  1813 

35-3* 

.138  0776      35 

^l 

.151   0417 

36.15 

36.74 

28 

.lis  49 J3 

35-33 

.138  1911      3S 

78 

■■5'  *59i 

16.1S 

.164  6118 

36-75 

30 

.lis  7051 

3I-J3 

.138  5070      3; 

79 

..5.   4768 

36.17 

36,76 

30 

..iij  9173 

35- 3+ 

1.138  7117      35 

80 

1.1 51   6944 

16.18 

1.164  8414 

36.77 

31 

.11*  1193 

35-35 

-138  93^5      15 

81 

.151   9111 

36.18 

.165   0630 

36.78 

33 

.116  3414 
.n5  5S36 

35-35 

.'39  '5'4      35 

.151  1198 

16.19 

.165   1837 

36.79 

35.36 

.139   3663       35 

.151  3476 

36.30 

.165   504; 

36.80 

34 

.116  7658 

35-37 

-139  5813       35 

»i 

.151  5654 

l6.|, 

.165   7153 

36.8, 

3S 

1.116  97S0 

JS-38 

1.139  7963       35 

84 

1.151  7833 

16.31 

1.165  9^61 

36.S, 

3S 

.117   1903 

35-39 

.140  0'I3       15 

S4 

.153  0011 

36.31 

.166  1671 

36.B1 

37 

.117  4017 
.117  6151 

35-39 

.140  1164       35 

8S 

.153  »'9» 

3631 

.166  3881 

36,83 

38 

35-4° 

.14Q  4415       35 
.140  6567      15 

S6 

.153  4371 

36.34 

.166  609. 

36,84 

3» 

.117  «175 

35-4' 

87 

.153  6551 

36-35 

.166  8301 

36.8s 

40 

i.iig  0400 

3S-4I 

1.1408710      35 

S9 

1.153  8734 

36.35 

1.167  05'3 

36,86 

41 

.iiB  1515 

35-41 

.1+1  0871       15 

.154  0915 

36.36 

.167  1714 
.167  4936 

36,87 

42 

.118  ^650 
.118  bjjt 

35-43 

.141    3016       35 

89 

.154   3097 

36.37 

36,87 

43 

3  5-44 

.141    5180       IS 

go 

.1;+  siio 

36.38 

.167  7149 
.167  93^^ 

36-88 

44 

.iiS  8903 

35-45 

.141  7334      IS 

9' 

■15+  7463 

36,39 

^6.89 

45 

1.119  '°i° 

35-4; 

1.141  9j89      35 

9» 

1.1 54  9647 

36.40 

1..68  1576 

36.90 

46 

.119  3157 

35-46 

..41  16+4      35 

-»55   '83' 

36.41 

.,68  j79° 

36.91 

47 

.119  518; 

35-47 

■'41  3799      35 

93 

-■55  4o'5 
.iSS  6100 

36.41 

.168  6005 

36.91 

48 

.119  7414 

35.48 

.'4^  5955       35 

94 

36.41 

.168   Biio 

36.91 

48 

.119  9S41  1   3S-48 

.1+1  8111      IS 

95 

.155  8386 

36.41 

.169  0436 

36.91 

50 

1.130  1671  1   35.49 

1.143  o»'9       35 

96 

1.156  0571 

36.44 

1.169  »6<i 

36.94 

51 

-ijo  3*°'    !    JS-S" 

.143  1417       JS 

96 

.156  1759 

36.4s 

..69  48^9 

36,9s    ; 

52 
53 

■no  S9J>   1   35-51 
..30  SoSx  !  35.51 

-'43  4585       35 
-143  m3      35 

11 

.156  4946 
.156  7131 

36-46 
16.46 

..69  7087 
.169  9304 

36-96 
36.97   : 

54 

.131  0192  1   JS-5» 

.143  8901      35 

99 

.156  9311 

36.47 

-•70   1513 

36.98 

55 

"3'   »Ji5      35S1 

1.144  'o6»  1  36 

00 

1.157  I5'0 

,6.48 

1,170  37J1 

36.99 

5« 

■IV  4*57 

15-54 

-144  3"»   1    36 

.157  3699 

36.49 

..70   S9*> 

36.99 

57 

.111  ilk 

35-54 

.144  5381  1    3f 

-157  5889 

36.50 

.170  S181 

37.00 

M 

.ij.  87" 

35-5  5 

-144  7543  .  36 

.157  8079      36.50 

.171    OiOI 

37.01 

50 

.131  0855 

35.56 

.'44  9704      36 

03 

.i;g  0169      36.51 

.171   1^11 

37.01 

60 

1.131  1989 

35-57 

1.14;   1866  1  36 

°3 

1.158  1460      36.51 

1..7.  4844 

17.0J 

TABLE  VI. 

For  finding  the  Trae  Anomaly  or  the  Time  from  the  Perihelion  in  a  Pkrabolic  Orhit 


1 

104 

0 

105 

° 

106° 

107 

0 

1 

log  M.      : 

Wff.  1". 

logM. 

Diff.  r. 

logM. 

DMT.r. 

losM.         j 

WflU".   1 

0' 

X.171  48^4  1 
.171  7066  1 

37.03 

2.184  9092 

37.56 

2.198  5282 

38.11 

a.2ia  3^93   ; 
.212  581^ 

.212    8136     , 

38.68     . 

1     1 

37.04 

.185    1346 
.185    3600 

37.57 

.198  7568 
.198  9856 

38.12 

38.69 

2 

.171  9188  1 

37-05 

37.57 

38.^3 

38.70     , 

1       3 

.172  151 I 

37.05 
37.06 

.185   J855 

37.58 

.199  2144 

38.14 

.213    O45S     ' 

38.71 

4 

1 

•171  3735 

.185   8110 

37.59 

.199  4432 

38.14 

.213    2781 

38.71 

!       5 

»i7»  5959 
.172  8184 

37.07 

2.186   0366 
.186    2022 

37.60 

2.199  6721 

35-'l 

2.213    510^ 
.213    742S 

38.73 

!       6 

37.08 

37.61 

.199  9010 

38.16 

3«-74 

7 

.173  o±o9 
.173  2614 
.173  4860 

37.09 

.186    4879 

37.62 

.200  1300 

38.17 
38.18 

.213    9752     ' 
.ZI4    2075 

3|-75     , 
38.76 

8 

37.10 

.186    7137 

37.63 

.200  3C91 
.200  5882 

9 

37.1 1 

.186    9395 

37.64 

38.19 

.214   4404 

38.77    ■ 

i     10 

2.173  7087 

37.12 

2.187    1653 

37.66 

2.200  8174 

38.20 

2.214  6730   : 

38.78 

i     !^ 

•173  93>4 

37.12 

.187    1912 
.187    6172 

.201   0467 

38.21 

.214  9057 
.215  M85 

^ 

i     12 

.174  1542 

37.>3 

37.67 

.201   2760 

38.22 

i     !? 

.174  3770 

37-H 

.187    8432 
.188    0693 

37.68 

.201   5053 

38.23 

.215    2713 
.215   6042 

3!!' 

14 

•174  5999 

37.J5 

.201   7347 

38.24 

38.82 

15 

2.174  ^^^^ 

37.16 

2.188    2954 
.188    5216 

37.69 

2.201  9642 

38.25 
38.26 

2.215    8371 
.216   0701 

38.83 

16 

.175    OAj8 

.175  2688 

37.17 
37.18 

37.70 

.202  1937 

38.J4 

17 

.188    7478 

37.71 

.202  A233 
.202  6c29 
.202  8826 

38.27 
38.28 

.216    3022 
.216    5363 
.216   7694 

38.85 
38.86 

18 

.175  49>9 

37.18 

.188    9741 

37.71 

19 

.175  7150 

37.19 

.189    2005 

37.73 

38.29 

38.87 

20 

2.17c  9182 
.176   161J 
.176  38A8 
.176  6081 

37.20 

2.189   4169 

•'59  0533 

.189  8798 

37.74 

2.203  1 123 

38.30 

k.217   0027 

38.81 

21 

37.21 

37.75 
37.76 

.203  3421 

38.31 

.ai7  at6o 
.217  4093 

38.89 

22 

37.22 

.103  5710 
.203  8019 

38.31 

38.90 

23 

37.»3 

.190  1064 

37.77 

38.3a 

.217  7027 

38.91 

24 

.176  8315 

37.24 

.190  3330 

37.77 

.204  0319 

38.33 

.217  9362 

38.91 

25 

2.177  0550 

37.15 

2.190  5597 

37.78 

2.204  2619 

38.34 

2.218   1697 

38.93 

1     26 

.177  2785 

37.15 
37.26 

.190  7864 

37.79 

.204  4920 

38.36 

.218  ^033 

38.94 

1     ^^ 

.177  5020 

.191  0132 

37.80 

.204  7222 

.218  D309 
.218  8706 
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>     28 

.177  7256 

37.17 

.191    2A01 
.191    4670 

37.81 

.104  9514 
.205   1826 

38.38 

29 

.177  9493 

37.28 

37.82 

.219  1044 

38.97 

30 

2.178   1730 
.178   3968 

37.19 

2.I9I    6939 

37.83 

2.205  A129 
.205  6433 

38.39 

2.219  3381 

.  38.9I 

31 

3730 

.191    9209 

37.84 

38.40 

.219  5721 

1  38.99 

32 

.178  6206 

37.3> 

.192    1480 
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.205  8737 
.206  1042 

38.41 

.219  8061 
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33 

.178  8445 

37.32 

.192   375' 
.192  6023 

37.86 

38.42 

.220  0401 

;  39.01 

34 

.179  0684 

37.33 

37-87 

.206  3348 

38-43 

.220  2741 

39.01 

35 
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37.33 

2.192  8295 

37-?5 

2.206  5654 

38.44 

2.220  5082 

•  39-03 

36 

.179  5164 

37.34 

.193  On68 
.193  2841 

37.88 

.206  7961 
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.220  7424 

!    39-C4 

37 

.179  7^05 
.179  9646 

37.35 

37.89 

.207  0268 

38.46 

.220  97^7 

i    39-05 

38 

37.36 

.193   5115 

37.90 

.207  2C75 
.207  4884 

38.47 
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39 

1 

.180  1888 

37-37 
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37.91 

38.48 
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1  39.07 

40 
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37.91 
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38.49 

2.221   6797 

39.0S 

41 
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37.93 

.207  9502 

38.50 

.221  91A2 
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42 

37.40 

.194  4216 

37-94 

.208  1812 

38.51 

39.10 

43 

.181   0861 

37-4J 

.194  6493 

37-95 

.208  A123 
.208  0434 

38.52 

.222   3834 
.222  6180 

'    39" 

44 

1 

.181   3106 

37.41 

.194  8770 

37.96 

38.53 

39.U 

!     45 

2.181   5351 

37.41 

2.195   '048 

37-97 

2.208  8746 

38.54 

2.222  8528 

39-»3 

1     46 

.181   7597 

37.43 

.195  3126 

37-98 

.209   1058 

38.54 

.223  0876 

39-»4 
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.181  9S43 

37-44 

.195   5605 

37.99 

.209  3571 
.209  5685 
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.223   3224 

39-»5 

!     48 

.182   1089 

37.45 

.195  7885 

i   38.00 

38.56 

.113   5573 

:   39-«6 

49 

.182  4337 

37.46 

.196  0165 

38.00 

.109  7999 

38.57 

.223  7923 

39'7 

50 

2.182  6584 

:  37.47 

2.196  2445 

38.01 

2.210  0314 
.210  2629 

38.58 

2.224  0273 

39.18 

'     51 

.182  8833 

37.48 

.196  4726 

38.02 

38.59 

.224  2624 

39- » 9 
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.183   1082 

,   37-49 

.196  7008 

38.03 

.210  4945 

1  38.60 

.224  4975 

39.20 

53 

.183   3331 

37-49 

.196  9290 

38.04 

.210  7261 

38.61 

.114  7317 
.224  9680 

39.21 

54 

.183  5581 

37.50 

.197   1573 

38.05 

.210  9578 

38.62 

39.12 

55 

2.183  7831 

37.51 

2.197   7856 
.197  6140 

38.06 

2. 211   1896 

38.63 

2.225   2033 

3913 

56 

.184  0082 

37.51 

38.07 

.211  A214 
.211  6533 

38.64 

.225   4387    : 

39.14 

57 

.184  233A 
.184  4586 
.184  6839 

37-53 

.197  8425 

38.08 
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.225   6741 

3925 

*     58 

1    37-54 

.198  0710 

38.09 

.211   8852 

38.66 

.225   9096 

39.16 

59 

1   37.55 

.198  2995 

:    38.10 

.212  1172 

38.67 

.226    1452 

39.27 

60 

2.184  9092 

■   37.56 

2.198  5282 

38.11 

2.212  3493 

38.68 

2.226    3808 

39.28 
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TABLE  VI. 

For  finding  Uie  True  Anomaly  or  the  'Hme  from  the  Perihdion  ir 


\  Parabolic  Orbit. 


V. 

108°       1 

109° 

110° 

111°        i 

logM. 

WB-.l". 

logM. 

mffv. 

log  J*,      i  Dur.i". 

loflM. 

IMff.1-. 

0' 

i.m6  jgo8 

39.18 

.140  6314 
.140  8708 

39.90 
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40.54 
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41.11 
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39.19 

39.91 

.155  3511 

40.55 
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2 
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39.JO 
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39.9* 
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40.56 
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41,14 

3 

.117  o88i 

39-3' 

.14.    3498 

39-91 

.155  8399 

40.58 
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41.15 

t 

.117  3>40 

39.31 

.141    5894 

39-94 

-li*  083+ 

40.59 

.170  8151 
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S 

1.117  5i99 

39-33 
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39-95 
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40.60 
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a 
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39-34 

.141  o6Sb 

.156   5706 

40.6. 
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41.18 

1 

.118  0,10 

39.3  s 

,141  1086 

39-97 

.156  8143 

40.61 

.171    ^581 

41,19 

a 

.118   i6Si 

39.36 

.1+1   548; 

39.911 

.157  0580 

40.63 
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« 

.118  s=+J 

39.37 

.141  7884 

39-99 

.157  3019 

40.64 

.■J,^  0538 

41.31 

10 

l.iiS  7+oj 

39.38 

,143  0184 

1.157  5458 

40.65 

1.171  3018 

.118  976K 

39- J9 

.14,   168; 

40.01 

.157  7S97 

.171  5498 

41-34 

IX 

.219    X.,. 

39.40 

.143  5°86 

.158  0337 

40-68 

.171  7979 

4'.3! 

13 

::i?  tJ^? 

39-4' 

.143  7488 

40.0J 

.158  177a 

.173  0460 

41.3S 

14 

39.41 

.143  989° 

40.0; 

.158  5110 

40.70 

.17  3  1941 

41.38 

16 

»"9  9»»6 

39-43 

.144  1193 

40.06 

1.158  7661 

40.71 

.173  541; 

41.39 

1« 

.110  1593 

39-44 

■'-H  4697 

.259  oio< 

40.71 

.173  7909 

17 

■n°  3959 

.115   6)16 

39-4! 

.144  71 01 

toiog 

.159  2548 

40-73 

.174  0393 

IB 

39-46 

.144  9506 

40.09 

.159  4991 

40-74 

.17;  1*78 

IB 

.150  S694 

39-47 

.145   .911 

40.10 

.»S9  7437 

40-75 

.174  3364 

41.43 

20 
31 

1.131   "otj 

.131  3431 

39-48 
39-49 

,145  431S 
.14;  6715 

40.11 

1.159  9*83 
.160  1319 
.160  4776 

40.76 
40.78 

.174  7850 
-»75  0337 

X^ 

Vt 

.13.  sioi 

39.50 

,145  9131 

40.13 

40.79 

.175  1815 

33 

.131  i.71 

39-51 

,146    1541 

.275  SI13 

Jl:+8 

24 

.131  OS4J 

39- S» 

,146   3949 

40.1s 

:26=  9673 

4o:si 

.175  7802 

41.49 

3S 

1.131  191s 

39'S] 

.146  6359 

40.16 

1.161    1110 

40.82 

.i;6  0191 

41.50 

36 

.131   s»!7 

3954 

.146  8769 

40.17 

.161   4570 

40.83 

.176  1783 

41.51 

27 

.131  7660 

39.S5 

.147   11  So 

40.18 

-ifii    7010 

40.|4 

.176  5174 
.176  7766 

41.53 

38 

.ijl  0033 

39-56 

.147    3591 

40.19 

.161   9471 

40.85 

41-54 

3« 

,133  »4°7 

39.57 

.147  6003 

40.11 

.161   .911 

40.86 

.177  0158 

4'-55 

30 

1.13J  4781 

39. 5* 

.147  84.6 
.14H  oSig 

40.11 

1.161  4374 

40.88 

.177  1751 

41.56 

31 

■133  7IS7 

39.|9 

40.13 

.161  6817 

40.89 

.177  5146 

4'-57 

82 

■»33  9533 

39.60 

.148  3143 

40.14 

.161  9181 

40.90 

-»77  7740 

41.58 

33 

.13+   1910 

39.61 

.148   S658 

40.1  i 

.163    173; 

40-91 

.178  0136 

41. So 

34 

.13+  4i«7 

39.63 

.148  go73 

40.1b 

.163  4190 

40.91 

-i^S  i73'i 

41.61 

35 

1.13+  6665 

39.64 

,1+9  0489 

40.17 

1.163  6645 

40.93 

.1711  5219 

41.61 

36 

.13+  90+3 

39.65 

.349  1906 

40.18 

.163  9,02 

.17!  7716 

41.63 

37 

.13s    .411 
,1J5  j8oi 

39.66 

■^49   !3»3 

40.19 

.164  1559 

40.94 

.179  0114 

41.64 

38 

39.67 

.149  7741 

40.30 

.164  4016 
.164  6474 

40,96 

41.65 

39 

.ijS  1.83 

39.68 

.150  0159 

40.31 

40.98 

.179  5"3 

41.67 

40 

i.ijc  856, 

39-69 

.ISO  1578 

40.31 

2.264  8933 

.179  77*3 

41.68 

4! 

.136  0945 

39.70 

.150  4998 

4'>-3* 

.165    1393 

41.00 

.180  0114 
.180  1716 

41.69 

43 

.136  3317 

39-7' 

.150  74.9 

40.36 

.165   3853 

41.70 

43 

-136  S7IO 

39-7* 

.150  98io 

.165  Sj,4 
.265  877^ 

41.01 

.180  5118 

41.71 

44 

.136  80,3 

39.73 

.151   1161 

4°- 37 

41.03 

.180  \n' 

49 

"V,  \%l\ 

39.74 

.15.  4684 

40.38 

1.166  1138 

41.06 

.18.  0135 

4 '.74 

46 

39-7! 

.i;i   71Q7 

40.39 

.166  170, 

.18.  1740 

41-7S 

47 

■m  sj+7 

39.76 

.151  9531 

40.40 

.266  6165 

41.0; 

.181  5245 

41.76 

AH 

.137  7653 

39.77 

.151  1955 

.166  8619 

41.08 

.181  7751 

41.77 

49 

39-78 

.151  4380 

40.41 

.167  1094 

41.09 

.181  015* 

41,78 

SO 

1.138  1407 

39.79 

.iji  6806 

*o-43 

1.167  3560 

.281 ,765 

41,80     1 

ftl 

.1,8  479 S 

39.ao 

.i;i  9131 

4°.44 
40.46 

.267  boi6 

.281  5173 

J,.8.       1 

52 

.138  7it:+ 

39.81 

.153  .6(9 

.267   K493 

,182  77S1 

41.81      , 

ft3 

.ijg  9S73 

39.81 

.153  .0^7 

S:JJ 

.168  0961 

41.13 

.183  o;9' 

4183 

M 

.1J9  .961 

39.83 

.isj  Sj.i 

.168   3430 

41.15 

.1K3  180. 

41.84 

OS 

i-'39  43S1 
■139  6744 

^It 

.153  8944 

40.49 

2.16S  5899 

41.16 

,183  5311 

41-85 

B6 

.154  '374 

.168  8,69 

41.17 

.183   7^ 
.184  0136 

41.87      , 

ST 

.139  92)5 

39.87 

.ZS+   3«o4 

40-51 

.169  0S39 

41.18 

41.88      , 

S8 

.140  liil 

39,88 

.1,-4  613! 

.169  3310 

41.19 

,28+  2^+9 

41.89 

S9 

.1+0  3911 

39.89 

.1S+  866^ 

40.5J 

.169  i7B» 

.284  5363 

41.90 

60 

1.140  G314 

39.9° 

.15;    .099 

40.54 

1.169  8155 

"■" 

,284  7878 
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TABLE  VI. 

^ 

For  finding  the  True  Aaomaly  or  the  Time  from  ihe  Perihelion  in 

iPnhoIkOcyL 

V. 
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logM. 

me.  I". 

iQgM. 

D,9-r. 

log«. 

mei-- 

lotiL      t  Mr 

0' 

i.tH  7»78 

41.91 

t.300  0067 

41.64 

1.315  4917 

43-40 
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1 

.lis  =39! 
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.300  1616 

41.65 

■1>!  753' 

4J+' 

a 
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4>.94 

.300   ;,S6 

*^h 

.3.601J6 

43-4i 
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3 

.jBs   S4»5 

4'9S 

■loo  7746 

41-68 

.316  1741 

43-44 
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4 

.ztS  794] 

41-96 

.101   0307 

+1.69 

.J16  5,48 

43-4S 

•JJi  1175      **^ 

S 

..»g6  0*6. 

41-97 

1.301  1869 

41.70 

..316  7956 

43-46 

''■lni'x\^ 

1 

6 

.186  »979 

41-99 

.301  5431 

41.71 

.317  0564 

41-47 

T 

.186  S49, 

41.00 

-101    799S 

41.73 

.1'7   S171 

43.49 

-m  tui     4*Ji 

8 

.186  8019 

.301  0559 

4»-74 
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43.5a 
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■313  64s'  1  **V 

B 

.187  0540 

.301    3113 
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■3'7  «393 

43SI 

10 

1.187  Jo6» 

41.03 

..301    ,689 

41.76 

1,318  1004 

43SJ 
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.187  5584 

41.04 

.301  8135 

41.78 

43-S4 

IS 

.xBt  S,o7 
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13 
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.301    3390 
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1« 
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43-59 
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SI 

17 

,189  0773 
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43-6* 
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18 

.189  3160 

41.11 

.304  6140 

41.86 
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19 

,189  S788 

41.14 
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.310  4540 
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33 
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4»-93 
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41.11 
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41.7» 

».li7  9=7! 

t*i' 

2S 
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.311  1889 
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37 

.191   6039 

41.14 
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■311  55'3 

43-75 
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38 
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4»-99 
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43-76 
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39 

.191   1109 
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43.00 

.313  0765 
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.191  iiii 

41.17 

1.307    7157 

43.01 
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-339   !'•.- 

3S 

.191  87'9 

4130 

.3=8    1310 

43.04 

.31J  8647 

43.8. 

-339  7*11 

33 

.193   1158 

41.JI 

.308   4903 
.308   7486 

43-=S 

-3>4  "77 

43.l'3 

.140  af,= 

34 

.193  3797 

41.31 

41.07 

.314  )907 

43-«4 

.140  3'** 

i..'. 

33 

1-29]  6336 

41.31 

1.309   0071 

43.08 

1-314  6537 

4J.l! 

M40  i*l- 

36 

.193  »ij. 

4»-3| 

.309   1656 

41-09 

.314  9.69 

*Hl 

.340  *;  =  - 

37 

.194  1418 

41.36 

.309    5=41 

41.1 0 

.313   igol 

43-" 

■14'    >  =  T- 

38 

.194  i960 

41-37 

■3^   7818 

4J,li 

-315  4434 
.315  706« 

43-''9 

■34"    JS'. 
■141    i;; 

38 

.194  6503 

41-38 

43-' 3 

41  9> 

40 

1.19*  9046 

41.40 

i-lio  3004 

41->4 

1-31;  9703 

43-9» 

»J*1    9!?< 

i.'i 

41 

.19s   1590 

41.41 

:',;:  nil 

43-' S 

.316  1119 

41-93 

■  J4»   f>-.1 

43 

-»9S  4'35 
.195  663o 

41.41 

43-'7 

.316  4975 

',',» 

.3**  4*'; 

43 

4»-43 

.311  0773 

43,1s 

.316  7611 

.34*  -i^> 

44 

.»9S  9117 

4144 

-i"  3364 

4Jt9 

.317  0150 

43-97 

-34*  5I7-'.       "' 

49 

i.i9«   >774 

♦1.46 

1.311    S9S6 

4j.11 

1.J17  1889 

43.9* 

1-343  >**J 

^"^ 

4« 

'^tuy. 

4»-+7 

.311   Ss49 

4j.11 

■i*T  is>; 

44-00 

■  *f  i"' 

*i->' 

47 

41-48 

.311   1141 

41-»3 

.117  li6i 

44.01 

.341  »^i^ 

48 

.196  9419 

4»-49 

.3.1   ,736 

;i:s 

.11*  0809 

■  44  OTi= 

49 

.197   1969 

4M' 

-3"   63J' 

.318  1451 

44^4 

■344    3440 

SO 

1.197  4SK> 

41.5. 

1.311  8917 

43-»T 

1-J18  6094 

44-05 

44-oe 

1144  *'!! 

n  " 

SI 

.197  7071 

♦»■« 

-1'3    '5»4 

43.1* 

.3»«  i-V 

.  44   8«14 

sa 

.197  9613 

4»-i+ 

.313  4"il 
,313   6719 
-J'3  93" 

43.19 

.319  1381 

44.08 

4;    Ml- 

ft3 

..98  »iTi 

4»-!5 

43-1 ' 

sc: 

44-09 

■145  4:" 

S4 

-»9»  4730 

4»-57 

41J» 

44.10 

,|4i   *.»o* 

♦t-t' 

ss 

1.198  7184 

41.38 

1-314     HIT 

4J-iJ 

1.J19  9319 

44.11 

1.   «J   »<.-il 

50 

..9*  9»59 

4»-59 

.314  45'8 

43-JJ 

.jjo  1J67 

44->I 

S7 

.199  119S 

41.60 

■314  7119 

4116 

■11"  4*>S 

44.16 

.J4*  *■>■); 

Sit 

.»99  49  { I 

41,61 

■lU  97»l 

43-37 

-31*  7»*4 

■  46  7*9! 

4H7 

S9 

.199  7S09 

41.6, 

■J'i    »3>1 

433* 

■35=  91'4 

44-IT 

■14T  0J7» 

444M 

■ 

«0 

Ljoo  CP67 

41.64 

..515   491- 

43.40 

•IP  M*4 

44^11 

^HT   J091 

J3 

1 

1 

to 

■ 

M 

1 

■ 

^ 

J 

TABLE  yi, 

>T  Ending  the  True  Anomnly  or  the  Time  from  ihe  Perihelion  it 


116'' 


7  579» 

7  S49+ 

R  1196 

.8  389, 


i4  0859 
i4   35S' 

-  6J03 
9017 
175. 
4476 

53*5 
S114 
0S44 
3575 
6507 
9°i° 

;«  177? 

;a  4;oi 
1"  7»+J 
;K  9979 
9  1716 

59  S+54 
39  S193 
6q   D93J 


;  cfiiS 
■   8376 

I  1876 
]6]  fi6i6 


117° 


.363  6616 
jfij  9378 
,364  nil 
.364  4S8; 
.364  7639 


5  5744 

s  8533  I 

,   6  IJI4  1 

376  411; 

.376  6908    I 

.376  9701 


118° 


,8+  16+1 

]8+  5460 

184  E178 

,8;  .=98 

;8i  59.8 


,8;  9561 


,687 
,-,  >5'4 

187  9343 
1S8  X173 
,88  5003 

188  781s 
|S9  0667 
l»9  35== 
i»9  =335 
1*9  9'7= 

39=  4*43 

390  76*. 

---  0519 

33S9 


■395  891= 
.396  1778 
J96  4634 
39=  7491 
■397  =35= 
■397  3»l  = 


47-6S 
47.66 


U9° 


M7 

R931 

1794 

,98 

399 

0386 

399 

399 

400 

.8.6 

400 

401 

334= 

4=1 

$:;} 

40J 

,964 

4ot 

40» 

7718 

403 

o«6 

403 

347S 

4"! 

ZII9 

404 

5001 

404  7886 

4=5 

^544 

4=5 

9431 

1311 

u 

i,ll 

0993 

t78= 

9674 

54''7 

408 

409 

4=9 

1866 

410 

577= 

411 

'57? 

411 

4" 

41J 

0301 

411 
411 

9=3' 

4'3 

'944 

4' 3  4KS7 

4'4 

3602 

4M 

6519 

47.77 

47-79 
47.S. 
47.81 
47.84 
47.85 
47.37 
47^«9 


47.93 
47.9s 
47.97 


48.33 
4S.35 
48.37 
48.3* 
48.+0 


48.48 
48,49 
48.5. 

4«-S3 

48.SS 
48.58 


■ 

For  finding  the  Tnie  Anomaly  or  [) 

G  Time  (n>m  the  PeribeUoa  inj 

"^ 

V, 

120° 

121° 

122° 

lo«[M- 

DiO.  I". 

logU. 

1M.1~, 

|D(  M.           DM  1-, 

k«K 

Mr 

1 

2.414   6519 
■414  9417 

4K.61 

4|.6j 

I.4JI    «56 
.431  6j34 

49.61 

-i^C 

ft?{ 

..4*8  l=c.; 

.46,  >,l. 

li^ 

2 

•4'S  '3S6 

48.66 

■4i»   9J') 

450  9950 

50.70 

4*9  44'J 

3 

■4' 5   S'76 

4J.67 

■43J  "9J 

49.68 

■45'  »99» 

5*71 

.4*9  7;it 

■4' 5  8197 

48.69 

■43!   S»74 

49.69 

451  6056 

io-74 

4TO  '*31 

M>6   "'9 

48.7. 

1.43J  8i!7 

4»-7» 

'-45 1   9081 

50-7i 

1470   jrn 

47"  *';■ 

.-1 '. 

.t:ap^ 

48.71 

■4J4   "4= 

49  73 

451  1117 

SO-T7 

48-74 

-434   4*J4 

49-74 

45»  517* 

50.75 

470  "MCf 

.416  5*90 

48.76 

-434   7"9 

497* 

45»  *»»» 

SO.81 

^7"    p-'i 
47'   *19» 

.417  1S16 

4»-77 

■435  o'9S 

49.78 

-45  J   "7" 

io.1. 

i'v 

1.1 

'■417   5741 

*SJ9 

i.4iS   Ji8i 

49.SO 

1-451  4%" 

&t 

MT"    »Iti 

*•*. 

1 

^.T    Ujl 

4«.il 

■415    6171 

49.J1 

-451   7J7» 

^71  14»1 

f>-»f 

■ 

-41*   1600 

*!!' 

-415    9i«o 

♦9*3 

-454  e4»4 

SO.gl 

tv^m 

ii«j 

I 

■4'*  45»9 

48.S4 

.4ji   .150 

*»^!l 

454  U77 
-454  85 1» 

50.90 

:I* 

1 

.41 S   7460 

4K.Si 

■416    S'41 

49.86 

50.91 

471   -7*5 

1.4.9  °3'»» 

48.87 

1436   i"l4 

49-88 

1.454  95  >7 
45!  »*44 

SMS 

1471  4?^- 

,:  --■: 

-419   pii 

48.89 

■4tT    'l»7 

49.90 

S=-9S 

4Ti   1^1' 

4>9  *=^;8 

48.90 

457   ♦II* 

49,91 

■455  5701 

50,97 

474   1151 

.419  I"?! 

48,91 

417   7117 

49-9J 

■45}  8760 

Sa99 

.410  i»9 

4S.M 

4J*   01.4 

49-95 

45^  i8io 

51.00 

474  74= - 

141=  jo«6 

48.,i 

1418   Jiii 
458    «IIO 

49-97 

1.456  4l»< 

SiAi 

1475    Oil. 

-.:  il 

4=0  «ooi 

«l-97 

49.98 

■45*  794J 
457  100* 

457  4"7o 

S1.0I 

475    3*5- 
-47!  ■99"' 

23 

48.99 
49.00 

4j8   9109 
4]9   1110 

50.00 

;o.oi 

":-!  !l 

» 

^.i  igii 

49.01 

■419   S"» 

50-04 

-457  7«1S 

51.0, 

47*    301- 

:i->i 

« 

1411  9764 

49-°l 

1459   '"* 

JO.C5 

145«<«=. 

51.11 

147*   bit^. 

as 

49°i 

440   >ll8 

S<^07 

4iJ  J16* 

St.ii 

476  93  n 

37 

•4"  i'SO 

49.D7 

440  411] 

S*°9 

Si.ij 

477    i*«* 

28 

.4»z   is9i 

49.09 

440   7110 

50.11 

45*  9V* 

i;:;j 

477   if)* 

» 

-4'5    '>4> 

49.10 

441   o-J* 

50-11 

459  >477 

477   i7>i 

30 

1.415  44SS 

49.11 

»-44t    JI4J 
-44J    »!}» 

4+.    9i«i 

■459   5548 
459  **»« 

51.10 

147*    l»l-- 

31 

■41 J   743  i 

5t..» 

47*   49t» 

33 

-4>4  =iS4 

49-' S 

soil 

4l>o  "*9S 

i;::j 

33 

4^  m 

441   »I71 

50.19 

4*0  4770 

47»    11*^ 

31 

49- «9 

44J   S"8S 

50.11 

4607*4* 

SI.1* 

479   44:1 

;iTJ 

35 

14»4  9>J^ 

49.  w 

M4»   *>99 

iOJ) 

1461   09JI 

Sl.»9 

»479   7!»-^ 

36 

-»"!  mJ, 

49-" 

445    >i>i 

Itu 

461   4ast 

51-11 

4«o=:,, 

37 

49  H 

-443   41 " 

461   TO*' 

i«-ll 

4*0    I**- 

38 

4'=;  iJ^: 

49  J5 

-443    714* 

S0.1J 

461  oi6t 

Si-15 

480  r-S'.j 

;i*» 

3« 

4»t   .*!1 

49>T 

44+   oJ«l 

50.30 

461   ii4» 

S'Vt 

4I'  o.ii 

■'*• 

4U 

M'6  .ci  = 

M+*   j**" 
-444   *»99 

50.J. 

^11'^ 

5i.]l 

^:S:  lii: 

416  *«4t 

49-J= 

50-3J 

5I40 

U 

416  99>* 
-t»7   S»4- 

491* 

.444   95i'> 

S'>.J5 

4*3   1493 

SI4» 

48"  v^.-* 

43 

*9.54 
49- ji 

-M;    li+I 
-4*j    51*4 

£,'i 

::^liSI 

l^ 

4»1    =7S- 
4*1    5*1- 

;■  ll 

a 

Hi:   !ij! 

4»-JT 

»44i    «5S7 

5043 

>464   1754 

514* 

U4I1   9^. 

:■-:. 

M 

«W 

■**>    nil 

5041 

4S4  4*41 

V^t 

4»1    «>  = 

47 

-t!*  4'3? 

*»40 

4»6   4*JT 

5<»-44 

-464  7«1 

51.(1 

4*1    51-. 
4*3   *5-.- 

48 

4.»   V-" 

*94» 

.446   -4*4 

5=-«5 

-iii'^ 

5 '-51 

IS 

■4»9  C**5 

*»44 

■447    ^9» 

5=-»7 

ao 

=:::',!& 

494* 

1-447   J51t 

5049 

^ti-y 

SI 

4947 

447    *5JI 

50.5. 

sa 

419  9>t^ 

4949 

447    95*1 
-4**    lt»4 

S<^51 

4**    ■- 

a 

■4^0    1<W 

49-%' 

£S 

4«  ^. 

SI 

4iO   iJ.o 

49-i» 

44*   5*47 

4«4   - 

u 

t,*is   »4l'« 

4'H4 

M*»    *«*" 

,-^;I 

U(S-    ;■ 

M 

-4)>    t4tt 

49- i* 

•«4«    '■'* 

.4*-    -- 

ST 

-»ll  »4»i 

49.5T 

.♦»9     4-i> 

4*1    ' 
4**    ■> 

S« 

41'  N^i 

♦♦1« 

.449    "■>^ 

5^65 

1 

St 

.*;i  fi-9 

49.*. 

4(o   fJjt 

5^*1 

4**   1... 

---    ?-.-.- 

"-^ 

_ 

i 

flu 

Mil    Hit 

49.fl 

MS=   1«» 

.;o.6t 

14**    11=5 

S«-Ti 

14»7  «*>t 

^ 

1 

m 

n 

1 

^ 

Jl 

^^^^H 

^■1 

^ 

■ 

For  finding  the  True  Anomaly  ' 


TABIE  TI. 

r  I  he  Time  from  the  Perihelion  ii 


I  Parabolic  Orbit 


124° 


4*7  6519 
.487  9701 
.48!)  t*77 
.4KK  60SI  I 
.488  9130  ■ 

■4S9  1408 

.489  SS87  , 

-489  8767  ' 

.450  19+g  , 

.490  5131  I 
490  831; 


lt\\\ 

98,1 

3011 

49i  6111 
.495  9+16 


498  1867 
.498  S079 

498  S191 

499  'S06 
-499  47" 

499  793* 

500  iis6 

Soo  4375 


1  4019 
I  7163 
1  0488 

1  6941  I 

3  0170  ' 

.503  3400 

SOJ  66, T    I 

joj  98«i 

504  3096 

9567 

505  1804 
.505  6041 
io,  9xi> 
■SoS  1521 
.506  5763  I 

506  9006 


125° 


,  !J  1704 

ji3  6009 

51J  93,6 

524  2614 

H  5933 

.  '4  9143 

i  9'8i 

»497 


.526  J813   I   55.29 


126° 


9  5719  I 
.9  9=48  I 


1= 

9041 

3' 

1' 

5713 

11 

2,^3 

3' 

9068 

31 

1410 

31 

33 

9097 

34  1443 

34 

S790 

14 

Ii 

^7 

M 

9190 
1543 

^6   '^'^   ' 

37 
37 
17 

597° 
9319 

2690 

39 
39 

1781 
6147 

39 
40 

40 
4" 

1997 

9746 

41 

i;.i 

!  56.3! 

56,37 
I  56-39 

56.42 
I  56.++ 

'  5?"'S 
56.4S 
56.(0 


.4)   "959 

146  0350  ^    ,     ^ 

46   J741  i*-55 

46   7'3S  I    56,57 


127° 


.9   4330 
h9   7735 


I    56,76 

I    S6.79 
I    s6.Wi 

S6.S5 
56.37 


;i   8194 
;i  1608 


i  >J98 

s  9154 

;6  168; 


17  6*>t 
17  9«5: 


;9   5618 
j9  7061 


57-03 
5705 
57-07 


SMS 
57-17 
57.19 
57.31 
57.34 
57-36 

S7.ja 
57.41 

57.43 
S7-4S 


;63  5031 

,6j  8491 


'  57-S4 

1  57-56 
57.59 
57-fii 
57-63 
57-65 

I  57.68 
57-7° 

I    57.71 

I   57.77 


;66  9693    I   57.; 
567   3166   ]    57,1 


TABLE  VI, 

1 

For  finding  the  True  A 

omaly  or  Uic  Time  from  tlie  rerihelion  in 

R  Puabolic  Oitik.            1 

t'. 

128° 

129° 

130- 

131-1  1 

t»g  ». 

Diir.  r. 

iDgM.        ]   Wff.r. 

Jog  a. 

Wff.l-. 

"WK. 

».r 

0- 

1-567   3166 

57.90 

1.5K8   4"i 

59.30 

1.610  oi88 

6o,7S 

1-631    till    1 

tLlI 

.567  66+1 

57-9! 

.58B   7670 

5911 

.6.0   38,4 
.6  ID  748' 

60.7* 

-63.  s3bo 

»1.J. 

1        -i 

.;6S  01.7 

57-95 

.589    1130 

59-35 

60.80 

.631  9099 

«>-tl 

S^l   3S9S       57-97 

.5  89   479» 

59-37 

.6,,   „,o 

60.83 

.631   iij9 

fell 

i 

■SSS   7°74       57-99 

.589   8355 

59-39 

,6m  4781 

60.85 

.63,  6si.    1 

6 

1.569   055A 
.569  4056 

5«.oi 

1.590    1919 

59.41 

'ivAsi 

60.8S 

1-634  =3=; 

*l-il 

a 

11::j 

■59°  5485 

5944 

60-90 

-634  4^": 

7 

.569   7519 

-590  90S» 

59.47 

.611   5741 

60.93 

634  7*.- 

S 

.570   1004, 

Sl.o, 

.591    1610 

59-49 

.611  9397 

6o.,5 

.635    .s<'> 

s 

-570  4490 

58.1. 

.591   6190 

59-5' 

.613    3055 

60-9* 

-635    !3M 

10 

i-i7°  7977 

Sl,.3 

1.591   9761 

59-sS 

..61J   671J 

61.00 

nil  ?*'n 

.571    1465 

'^'1 

■S9'  3U5 

.614  0376 

6..0, 

12 

■57'  4955 

si.iS 

.591  6909 

S9-S8 

.614  4038 

61.05 

-636   6i-3 

13 

-57'   8447 

SJ.« 

■593  °4»S 

59-6' 

.6.4  7701 

6i.oit 

.637   ci=.p 

14 

-571  1919 

jiii 

■593  4061 

59.63 

.6.5  i]68 

61.10 

.617   40S7 

Ift 

1-57I  54J4 

5I..5 

•■593   764' 

59.66 

.,6.5  5035 

61.13 

t6)T   7846 

*1" 

16 

-571  '9'? 

5S.17 

.594   nil       5968 

Mi  870J 

61.IJ 

.6jl    .fc-7 

ttA, 

17 

■57J   H»6 

,«.., 

■594   4K03 

59.70 

.6,1   1173 

61. li 

.6  J*  5j6<, 

18 

S7J  59^4 

!«!• 

-594  Sj8^ 

S9-73 

.6.6  604i 

61.10 

6i>  9n; 

18 

-5  7  J  94»4 

58.34 

■59!   '97° 

S9-7S 

.616  97. £ 

6...J 

.619    jKy, 

20 

1.57+  1915 

!;>! 

»59i   555* 

59,78 

1.617  3391 

^"l 

1.619  66*-^ 

tit: 

21 

574  64>7 

51.38 

■59S   914] 

59.60 

-617   7<«>K 

61.18 

.640   U4;; 

aa 

-574  9931 

i'*' 

.596    17JI 

"■!» 

.618  C746 

61.30 

^40  4=<-'i 

33 

24 

575   34J6 
■575  694J 

58.45 

.596  6311 
■596  99"4 

59.85 

S9-87 

.6.8  4415      61.3J 
.6.8   iioj   1    (i.ji 

iti]iZ 

ILlI 

3ft 

1,576  045'    1    5».4» 

^■597  3507 

S9.90 

1.619  '7»7      6'1* 

1.641   s^j; 

36 

.576    J960        jg.JO 

.597   7'0i 

5991 

619  5471      61.41 

.641  V3-1 

'<1-^ 

37 

.576  7471      5851 

.59*  0698 

59-95 

.6.9  9156      61,44 
.610  .S43      *i4* 

.641  toSD 

i-.,l 

38 

■577  09^3   1    58.55 

.598  419; 

59-97 

64.  iii-. 

39 

.577  449*   !    i8-S7 

,598  7894 

5999 

.610  6sj.      6m< 

-Hi    =^-4' 

*;^ 

30 
31 

1?i  l]ll  !  Hit 

1599    '494 
-599    5096 

60.0  J 
60.04 

t.6ii  Olio      61.51 

£•;;?::  V:.{i 
aid  t:f. 

1-643  44  J, 
.643  '•'■^ 

'-,ti 

32 

;l?l  i?tJ !  Hit 

.599   8699       60.07 

.6+4  "9?i 
.644   {7*1   1 

33 

.600  3304      6ao9 

*>S^I 

34 

-579  ""S      5*-69 

.600  5910      6o.i» 

•«4i  «t! 

iaH 

33 

»->79  i'°7      i«-7. 

t,6oo  95<8      60.14 
.601    3117  '1  bt-ii 
.60,    ^73^       6o-,9 

i.fiii   8691    1   ti.6i 
,613   .390   1   61.66 

I  fi«i  J1«J 

*^l 

36 

■579   9'i°       i"-?! 

-"4}   7«55 
.646   r.^9 

t^ai  ■ 

37 

■iS"  ?*i5   ,   S»-7f 

.6.3   609. 

61.6S 

•  ;« 

38 

.j«o  6,i,    1    58.78 

.601   0350   1   60-1. 

.613  979) 

ii.Ti 

.646  4-4  ^ 
.64*  3(4. 

tj!" 

'     3B 

.5«o  97°«  1   S«-«o 

.601  19*3  ,  *o-*4 

-614   3496 

61.74 

40 

1-581  1137  '   58,11; 

J.601  7578 

60.16 

i-6»4  710: 

61.T6 

I-64T   .It' 

*«  ii 

41 
43 

-581   6768  '    i8-»S 
,5*11  0.99  ,   S^-^T 

.603   ,.95 
.603  4813 

60.19 
60., 1 

.615  0907   1   61.79 
.615  4£i5  <  61.^1 
.61;  ijij      6i-«4 
.6i£  dii  ,   6i.s! 

-647   "J+l 

.64*  3T48 

64"   75  51 

s;,'i 

43 
44 

,53)  jjji      58  90 
.5»i   8167   ■   5».9i 

.603   «43i 
.604   1053 

6^3? 

*;" 

4» 

1-5SJ   090J    1    58-94 

1,604    S*75 

60.38 

i.6»6  5748  1  «"-89 

1.64»   >!»o 

H4» 

46 

■  SSj  4440       5*^97 

.604   9199 

eo-41 

.616  ^«.i      6>.qi 

A49   ,,t» 

1     *'' 

■5»J  7979       5''-99 

.605    1914 

60^-. 

.617   J. 78       61.94 

.649   h-t 

48 

,5*4  1519      i^"' 

■60J   6si. 
.6oi   0179 

60^6 

.6*7  *g9(       61.97 

A50   1790 

4B 

.584  5'>*'    1  S9-'>4 

6o^8 

.6.8  o6i« 

61.99 

-650  rt=5 

50 

1.484  860X  ,  59.06 

1.606   3809 

60.S. 

1.6 1<  4134 

6>.M 

i-fij.    ^iJ 

&I 

.485   ii4i       59.09 

.606   7440 

60,53 

,6.8  Ud 

6..04 

iv.  si; 

sa 

.485  5*94  '   59" 

.607    1073 

60.5* 

.619  17I0 

61.0; 

:       iS 

■5*5  9=4"   1  S9-'l 
.48*  .790  1   59'S 

.607   4707 
.607   ij43 

ttf. 

.6.9  SSCi 

61.09 

651  .t:5 

at 

,619  51131 

bt.1* 

.65»   5^= 

'-." 

M 

i,5»*   bw       (9-i8 

1.608    108a      60.63 

'Zitn 

6..I5 

i.6i.   «5>1 

M 

.;86  4<i,      59.10 

.608    56.8   ,   60.66 

61.17 

■"a  i>4> 

57 

-S"?   H44   '    S9-»J 
.;8?   6999       59.15 

.608   9,58       60.68 

63,   04«) 

tuo 

.651   7.M 

^Vt 

SH 

,609    1901       60.70 

.63,   4,51 

6..U 

i'.J3S 

kfji 

w 

5»*  0^55      S9-»7 

.609   6544      to.7J 

.6 J.   7«i7 

'"i 

•-U 

\     60 

i.(»t4Ml      59.;o 

1.6.0   ot88       60.75 

t.631  i6ai 

et.u 

^^n  Mr  1 

*>*T 

B 

TABLE  VI. 

For  finding  th«  True  Anomaly  or  the  Time  from  tlie  Perihelion  in  a  Parabolic  OrbiL 


132" 


133° 


134° 


135° 


1.654  »*!T 

.655  14yo 

.6ss  6314 

,6;6  0160 

'156  3998 

fi    1.656  78  J7 

-      .657  167S 

.6(7  SSJ' 

.657  9J65 

.658  3111 


.658  705* 
.659  0907 
.659  47S» 
1^59  i6ii 

1.660  6310 
.661  Q17S 
.661  4037 
.661  7897 
.661   176a 

.661  94S9 
.663  3J56 
.663   7115 

1.664  496  8 
.664  8841 
.66;  1717 


.667  6005 

.667  9891 

1.668  37S1 

.668  7671 

.669  1564 

.669  5457 

.669  93  51 

1.670  3150 

.670  7149 

.671  1050 

.671  X9S2 

.671  8S56 

1.67"  176' 

.671  6668 

.671  0577 

.671  448* 

.67]  8400 

1.674  ;3'4 

.674  oijo 

.67s  0147 

.67;  4066 

.67s  7987 

1.676  1909 

.676  5*33 

.676  97 i9 

.677  36S7 

.677  7616 

L.578  IS47 


,678  .547 
.678  5480 
,678  9414 
.679  3350 
,679  7188 


K 


1.686  0314 

.686  4491 
.686  8460 


8319 
1308 
62J9 


ji  410] 

,1  8198 

.693   1194 

.693   6193 

,694  0193 

*;:  Ji;s 

.695  3103 
.695  611D 


I  till 


.699  2353 
.699. 6377 


66.13 
66.16 


.70S  9456 
.709  3304 

■709  7S7] 
.645 
57'* 
979» 
3S69 
79+7 


7"  1.3s 


3  7017 
.714  1150 
.724  51K6 

4  MM 

5  1i*» 

i  XI 

.726  5990 


.728  6741 
7*9  °H7 
.729  5055 
.719  9115 
.730  3376 
■30  7539 
■31    170S 


.733  6736 
■7  34  0914 
■734  $°H 


.737  441D 

.737  Sfio; 

.738  1B03 

.738  7001 


.740  3819 
.740  So»7 


730  5164 
.750  9610 
7S<    3876 


69.72 

69.78 


69.88 
69.91 

69:94 


70.65 
70.68 
70.71 


1 

For  finding  the  True  Anomaly  or  ihc  Tinie  Irom  the  PerifaeUon  m 

•  Pu>b°lkCMML 

1 

V. 

136° 

137= 

138° 

139= 

i»eM. 

wir.  1-- 

l-^Sl. 

I«t.-. 

IorM.             Wtl*. 

k«]L         na.r 

0- 

1,751  »m 

71.00 

1.777  71" 

73.01 

1-804  3895 

7;,ii 

■.(31  (»t 

"-. 

1 

.751 1196 

71.03 

.778   170) 

7]^a* 

,804  J403 

7S-M 

J  11    3tfc( 

3 

.751  6is9 

71.07 

.778  6087 

73-*7 

-805 .91. 

7S<* 

J»  75=^ 

^^H 

3 

4 

.7  5  J  0,15 
.7;3   5'9i 

7MO 
7l-'J 

.779  0471 
-779  4*59 

73.11 
73-'4 

iiv^ 

75-1' 
7S^»5 

.8  J,  *79« 

^^^^H 

S 

>-7Sl   »f" 

71.17 

1.779  9149 

73-1 8 

1.R06  6«54 

7i-i9 

1^14    >*47 

6 

.75+  37J1 

.7^0  164. 
.780  8034 

73.11 

-807  0973 

75^i; 

IM  *<^ 

7 

■7S4  «™4 

71.13 

71^14 
73.18 
73^3' 

.808  4S4' 

75-1* 

JiS  0)51 

^^H 

■7S5   "7? 
•755  SSS* 

71.16 
71.30 

.781  3430 
.781  ilii 

75^40 
75*1 

•}]l  ^^ 

--^ 

lO 

1.756  oSj5 

7«3J 

1.781  1118 

73-35 

1.808  906S 

75-47 

1 I36  4"l- 

II 

.756    SM^ 

.781  5630 

733* 

-809  JS97 

TS^S" 

J;6  9„i= 

13 

■75*  9199 
■757  168] 

1^ 

■78J  0034 

71-41 

.809  iiil 

7i54 

75-S* 

■«17  4o;5 

.837  i:" 

7 1^4  3 

■il\K' 

73-45 

.810  1661 

14 

■757  7970 

7 1  ■46 

7149 

.810  7197 

7S.St 

«I*   llfl 

^^^^H 

15 

1.758  1159 

7  ■■49 

..784  3158 

7351 

1.81 1   1735 

7^6! 

..Ij«  8064 

-H 

le 

■75K  6(49 

71.51 

■784  7*7' 

71-5* 

.811  6»75 

75-69 

-I39  »738 

IT 

■759  °84> 

7'-56 

.78  s  "85 

71-59 

.8.1  o8,f 

75^7» 

-«1»  7414 

"t^ 

18 

■759  S'37 

7I.59 

.785  6501 

73-63 

.811  516* 

7(76 

.840  •093 

^^^^H 

IB 

■759  9411 

7'-h 

73-6^ 

.811  990S 

TI-79 

.140  6?74 

■'  ^ 

30 

1.760  37)1 

7i.e« 

1.786  5ji. 

7r7° 

1-813  4457 

tMj 

I-I41    I«l8 

■  1  ^ 

31 

.76=  iojx 

71.69 

.786  g^ii 

71^73 

,fl.,r»8 

75->7 

-84  •   6itt 

W 

.761   13J5 

71-7} 

.7*7  f'*1 
.787  861, 

71.76 

8,4  ,561      75.,o 

.841  0*31 

-1'' 

33 

.761  603^ 

71.76 

71-«o 

.814  I1'I7   '  75.9* 
.H.5  167*  1  75-9* 

841  55" 

34 

.761  0946 

71.79 

■7*8  3044 

71.81 

>4J  oil. 

•'•=} 

^^^^H 

25 

i.76>  iiss 

71.81 

..78*  747(' 

73-87 

i-Stj   7114  1  TS^oi 

l«4i    49«i| 

-» I* 

20 

.761  956J 

71,86 

.789   1909 

73.90 

.816   179^ 

76.05 

<45   »6o7 

T^ii 

37 

.76,  ,hi 

71.89 

.789  6344 

71-94 

.816  5)*o 

76.09 

-8+4  4)is« 

''^ii  1  H 

38 

.76,  i.91 

7.-91 

.790  0781 

73-97 

.817  0917 

76... 

.844  900J 

7>iicH 

30 

.764  1509 

71.96 

.790  5111 

74-*> 

.8.7  S495 

76.16 

^^^^1 

30 

1.764  6«I7 

7'99 

..790  9661 

?» 

1-8 t8  0066 

74.  w> 

■1:1  i;u 

-lJ^^M 

31 

.765    "48 

irj. 

.791   «io6 
.791    8551 

■8.8  4»19 

7flJ 

tmS^H 

33 

.765    5470 

7+-" 

.818  9114   1  7».»7 

846  7<19 

rt.a/^^M 

33 

■765  9795 

7J.09 

.791  3000 

"■'S 

.819  1T9»   '  T»-JI 

-847  »*jj 

.S47  7«" 

rt-^^H 

34 

.766  4111 

7»^iJ 

-791  7450 

74.1* 

-819  8371    1  76-M 

35 

1.766  8450 

71.16 

1.79J  1901 

74-»l 

i.8«,  1,5]       7t.lt 

l.l4»    ifl* 

36 

.767  .7*1 

71.19 

■793  6356 
■794  0*13 

74-^5 

.*»o  7(17       7«-4» 

.848  i7<r! 

37 

.767  71.} 

nil 

74^»9 

.8,,   111,       7S.4I, 

■849   '4  JO 

7^ii^H 

38 

.76fe  144S 
■768  57*4 

■794  5>7I 

74-l« 

.81,   67.1      7«49 

■849  4i« 
.8  {a  otii 

Ttg^l 

^^^^1 

39 

71.19 

■794  971" 

74.36 

g.i  iiM      76-51 

40 

1.769  01 13 

71-19 

^795  4'94 

74.4'> 

i.Ri»   «t9t    1  76.57 
.813  0401    1  76.60 
.I'll    ;oil   I  76.64 

1.850  ;4i» 

^^H 

41 
42 

f4&t 

74-41 
7+H7 

■85 1   0344 

;^^H 

43 

■77=  1'5' 

I'^l 

it'^l 

74-50 

.8»i   9A88 

76.6I 

.851  9>t£     -M^H 

^^^^H 

44 

■77°  7498 

74- S« 

J14  4189 

7t7. 

43SS  ,  »^^H 

45 

1. 77 1    1K46 

71.50 

"■797  6539 

T*.}* 

x8h  8*94 

7*75 

■-S}>«*MM^^H 

4« 

.771   6197 

71-5  J 

.79*   "oiS 

74-*  t 

.815  »5oo 

a 

•s»^^^^H 

^^B 

47 
48 

.771  0550 
.771  490; 

Vd 

■79»   5491 
■79*  9971 

Itli 

.8*5  Slot 
.81S  .-,9 

^^^H 

49 

.771  9»6» 

71.6J 

■799  4454 

74-7' 

.*»6  7«. 

T*f 

•h^^^^H 

90 

1.771   l6»' 

71-67 

1-799  8938 

74-75 

1-817   1947 
.8,7  6^5 

;tit 

>j»y^^^^H 

51 

•771  798* 

.»oo  3414 

74-79 

SZ 

•774  >14* 

71-73 

.8«.  7911 

74-"  1 

.81X  ..85 

T7^ot 

53 

.774  6709 

71-77 

,80.    ,JO, 

74.86 

.818  580T 

TT^oi 

Is'v^^^^l 

54 

■775  »=>77 

71.S0 

.8ol   6i9J 

74.89 

.819  0431 

TT.09 

"!^^^^B 

^^K 

53 

>-775   5446 
■77!  98^7 

B 

':8"  si?! 

;tp 

^.J^^lli' 

TT.IJ 

■j|{*^^^^H 

^ 

n 

vh\r, 

7. .94 

:Jli:iSi 

iitnv^ 

^jf^^^^H 

fift 

•777  J94» 

71-97 

.803  9390 

.8,1  „ii 

J 

■0 

•■777  71" 

73.01 

1.804  3*95 

75.11 

1.831  *»M  1  TT-I" 

i.l4o  arot  '  7*4^^1 

6*0 

1 

TABLE  yi. 

For  finding  the  True  Anomiily  or  tbe  Time  from  the  Perihelion  ic 


I  Puabolic  Orbit. 


140° 


141° 


142" 


143° 


.S6t  0164 
.86 I  5041 
.S61   983; 


.S64  8604 
.865  u°i 
.865  h-i 


.867  164; 

.S67  7460 

.868  ii-jS 

,86^  7098 


.87Q  6403   ,   So.ji 


Ifst 


79.8* 
79.91 
79.96 

80.0+ 
80.08 


i.Sti 

0907 

.1,4 

■>n 

P,i 

969, 
4S5" 

.876 

.87* 

,87* 

ss; 

.879 

.879 

8(,,3 

3177 

881 

.881 

77]3 

1.884  1611    1 

ijji 

DRK 

.8K7 

"75 

R90  6540 

■«9"   M73 


896  5909 
.897  0873 
.897  SK39 


I  5661 
1065, 
.  »  5*43 
.903  0638 
■903  563; 
.904  063s 
.904  5637 
.905  06+1 
5  S*49 

,  5  5671 
.907  0687 
.907  5704 
,908  0715 
.908  5748 


81.84 
81.8S 


.915  1971 
.92;  B0S4 
.916   3199 


.931  9938 
■933  509' 
■914  o»47 
■93-»  54=5 
■91!  °5<>S 
■9J!  5719 
.936  0895 
.936  6064 
■  9)7  1136 
■937  *4'0 
.938  1587 
.938  6767 
■939  '9SO 


1103 
.941  8305 


■945  4355 
■94S  9S74 
.946  4795 


,.*  0475 
.94K  5707 
■949  0941 


06^6, 

87.46 

>'    7>i9 

S»  14" 

1  766  s 

87.60 

1  8>8, 

87.69 

4  h'l 

8J.79 

87.8, 

,961 171S 

.961  7036 

■$\  lit'. 

,964  3978 
,964  9197 

,96s  4**0 


060J 
S93K 


.968  6615 
.969  19s  7 
,969  7303 


97'  335S 
,971  S713 
4073 
-■  9S5* 
■97  3  4*01 

■974  0170 
■974  S54I 
■975  0916 
975  6»93 
,976  1673 
,976  7056 
■977  H4» 
977  76J' 


■979  941 
.980  48: 


88.35 
88,40 


88.;, 
88.64 
88.68 
88.73 
88.78 


89.16 
89.31 
89.36 
89.40 
83.4s 
89.50 

l^P 
89.60 


89.74 
89.79 
89.84 
89.89 
89.94 


89.99 
90.01 
90.0S 

6636   I   9o!ii 


r 

TABLE  VI. 

"1 

For  finding  the  True  Anomaly  or  il 

c  Time  from  tbe  Perihelion  in 

■  FknlnKeOiUi           1 

V. 

1440 

145° 

146= 

147-          1 

1<«M. 

WfT.i". 

IorM. 

Wff,  I-. 

UtM.             ME  1'. 

1*11.              Ml-            1 

0' 

1,9*1   lo+g 

90-11 

J.o.j    ti8i 

9J.16 

j-049  1733  1  96-47 

i.o*4   6»T= 

^        1 

,981  646J 

90.1I 

.0.5   687B 

93->' 

.049  8511  1  9«.5» 

.085  ao«4 

-'»«>         1 

2 

.9«j  ,3si 

90,31 

.01  g    1478 

9J.36 

.0504315    :   96.jlt 

.oli   IMi 
.086  40«* 

9Ml          1 

3 

.935  7J05 

«o.jl 

9J4» 

.05.  0.11      96-*3 

■=•=4          1 

* 

.984   17>7 

90-4J 

'.oij  jhl 

9J^47 

-051  59"    1  96-*9 

.0J7  0066 

•■-■-''-           ' 

H 

19R4  aiM 

90.48 

3.017  919* 

91^S» 

j-051  1714  1  96.74 

[-08 J   6--, 

6 

.9S5   15*4 

9°-;i 

.018  4911 

93S7 

.051  7510   1   9*.»o 

7 

.9S;   9017 

.,o,d 

.019  05:6 

93-61 

-Oil  33'9 

96.1i) 

'.oi»   »: 

8 

.986   4455 
.9II6  9^91 

90.63 

.019  61JS 
.010  1708 

93-68 

.053  9141 

96.91 

■oISP  4  =  1 

« 

9S,fi7 

93-73 

-°S4  4959 

96.96 

.090  ..-i. 

10 

'-987  m* 

90.71 

3.010  7393 

93-78 

3.05)  077* 
.OS  J  66ot 

97.o« 

1090  6.^; 

11 

.988  0779 

90-77 

.eit    ion 

9  3-8  J 

97-*T 

.091    at- J 

IX 

.988  6i>7 

9aJ» 

T.lliU 

93-89 

.056  1417 

97.13 

.091   »"-■ 

13 

.989  .67« 

90.87 

93-94 

.056  Iij6 

97- "9 

.09»  4.tj 

14 

.989  7'Ji 

9o^« 

.01.  ,916 

93.99 

.057  4089 

97.14 

•093  03  =  = 

IS 

'•990  »589 

90.97 

3.02]  5567 

94.Q+ 

3.057  9915 

97-10 

3.093   6j*( 

16 

.990  »049 

91.01 

.014   nil 

94.10 

.058  5765 

97-35 

-094   SI'll 

17 

-99'  J5" 

91.07 

.014  68;9 

94-"  S 

.059  160* 

97-4" 

.o»4  «44: 

18 

991  »977 

91.11 

-"!  'S°9 

94.10 

■=.?9   74S4 

97  ■47 

-095   44"^ 
-09*  05^5 

IB 

•99'  4446 

91.17 

.015  S163 

9+.16 

-oSo   3304, 

97-S» 

30 

i.99«  991 B 

91.1. 

,.ox6    jSio 

94  3' 

3.060  9157 

97.}* 
9T-*i 

).o.,6  M.» 

St 

■993   5  39  J 

9i.»7 

.016   94*0 

,4.36 

.061     {31 3 

-097   »6-t 

32 

.994  o»7> 

91.31 

.017   SI43 

94-4" 

.=6ioi,j       97-69 
.06.   6736   1   97-7S 

■**i  !U^ 

IQlIt 

33 

994  *3S' 

9'^37 

.018  08  lO 

94-47 

»« 

.99s  >h$ 

9M» 

.oiS  6479 

94-5» 

.06]  t6oi 

97-So 

.099  SB 

^^^^H 

35 

1.995   7|»» 

9'. 47 

3-019  11  ;i 

94-57 

1063  S471 

97-S6 

M>9f  ^M 

3fl 

.99;   li.i 

91.51 

.019  -FSt8 

»*fj 

■«4  434S 

97.91 

37 

.996  gps 

9' -I? 

-030  35^7 

94.6g 

.06;  0111 

97-97 

M 

■997   380' 

91.6. 

.030  9.90 

94^73 

.06}   6ioi 

,1a 

-toi    (130 

Z» 

■997  9J«> 

9.. 67 

.031  4*75 

94-79 

.066   .985 

.101  >jlj 

30 

..998  4801 

91.71 

3.031  0564 
.031  6156 

M-84 

,.066   7»7.      9«--4 

j-.oi   74J» 

la^^^l 

31 

■999  oi°7 

91.77 

94.^*9 

^67   37*1   ,   9i.»o 

.IO|   j*»o 

'^^ 

21 

.999  iiij 

9..S1 

.033    >o;i 

9+94 

.067  ,6s;   1   9l-»S 

-lo,    ,i,» 

33 

J.OOO    MI* 

71,87 

.0)3   tSjo 

9S.oa 

.o6«   (ii»   '   <|S.ji 

.t04   37-,: 

3t 

.DOO    6840 

91-91 

■°n  US' 

9S'>i 

.069  1453  [  9«.j7 

-•*S    il*T 

36 

].oo.  »j57 

,1.98 

3.034  9016 

95-11 

'SimVii^ 

»  j^    '*-' 

30 

.001  7^77 

11^ 

-035  4764 

9S-I6 

37 

.001  1400 

.036  047S 

9S11 

5;n«.» 

.I£>7   (.1^ 

38 

.001   *,16 

91.13 

.036   «i9o 

95-"7 

.107  6314 

39 

.ooj  4456 

91.1  i 

.037    1908 

9J-3» 

,07*    100*    1    9SAJ 

..OS   14*4 

40 

J.003  9988 

91.13 

JO 37  7619 

95-J8 

3.071  6917   1   9»-JI 
.073  »*5"      9»-7T 
.073   8779   '   98-»» 

J  .^  »5S' 

'^»5 

*> 

.004  SSJJ 

9i.tj 

■03«  3J>3 

rj 

.109   47*3 

43 

.005   1061 

fil 

.03  It  goKo 

:\\l'^ 

M^^l 

43 

.o=<  660, 

9i-3« 

,oj9   4811 

95.60 

.074  47"'   1   »*-8* 

■3^H 

44 

.006  114^ 

9J-44 

.040  0545 

.075  ^5  1  9<-»4 

tM    IKS 

i^H 

4S 

J.006  769'' 

91.49 

1040   6181 

9S«i 

)07(  6583  1  99.00 
.076  is»4  1  99-oS 

Jill  9r* 

.^" 

1    M 

.007  3146 
.007  Uoo 
-w  4JS7 

9s- S4 

-041    1013 

95-70 

in    54'. 

■Till 

'     47 

w 

■041    77*7 

9i7t 

.076  8469      99.11 

...1    ■*:  = 

48 

.041   3414 

9S.»" 

.077  44"* ;  99.17 

,111   T"' 

49 

.ool  9917 

91.69 

.041   9164 

9!»' 

.07*  ejro     99-»J 

"■4   W 

SO 

J.0O9   54*0 

9S-T4 

J.041  S"'? 

9!.9. 

3.07I  6ii(     99.18 

).1M  »"• 

1  -.i  (■ 

SI 

='=  ;?4* 

91.79 

.e^  0774 

9(97 

.079  "**   ,  9^  M 

■i.J   H*. 

;   sa 

.0.0  66. s 

91.45 

-044  «S3+ 

is 

^79  (146   1  9940 

-MJ    M"         ■  "' 

1     S3 

.011    aiRS 

91.90 

■04!    »t?T 
-04s   *=''4 

.o*0  4»il      9t46 

.n*  »64,      .,-1 

S4 

on   77*' 1 

9>-95 

96.14 

.oBt   oi»i       ^ix 

.117   4<I1        <V'- 

ss 

j.oi.  3J41 

93.00 

,0+6    3834 

96.19 

3.081   6154 

»; 

3.MI    %^::        .    ,,t 

se 

.oil   8911 

9J.OS 

.046  9607 

9615 

...I7..5        .1... 

'     S7 

^.3  4SO* 

95.10 

■047  i3«i 

96-10 

'081   Silt 

*»69 

.119    140«        'Tit 

1    w 

.0.4  0006 

9J.6 

.04S    n6i 

96.36 

;S1  S1I 

9*75 

.119    y>J        i:>)ll 

!   M 

93.x. 

.048  6946 

964t 

9*-«' 

31.1       »»^^ 

^ 

i   ^ 

I-OH  nil 

,116 

1.049  »731 

9M7 

J  084  6070 

99*7 

,...  >..•  ,  «»|^B 

^ 

Ml 

J 

For  finding  the  True  Anomaly 


TABIE  YI. 
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9873 

8890 

79>5 
69A7 

5985 
5031 

4085 

3H5 
2213 

1288 

0370 

9459 

7600 
6771 
5890 


Diff.l 


// 


541  501? 
54*  4'48 

543  3*89 

544  *436 

545  159» 

546  0754 

546  9924 

547  9101 

548  8285 

549  7477 

550  6677 

551  5883 

55*  5097 

553  43»9 

554  3548 

555  *785 

556  2029 

557  1280 

558  0539 

558  9806 

559  9080 

560  8361 

561  7650 

562  6947 

563  6251 

564  5C62 

565  4882 

566  4209 

568  2885 

569  2235 

570  159* 

571  0957 

572  0330 

572  9710 

573  9098 

574  8^94 

575  7897 

576  7308 

577  6727 

578  6154 


49-75 
49.87 

49.99 

0.1 1 

0.23 

0.35 
0.47 

0.59 

0.71 

0.83 

0.95 
1.07 

1. 19 

1.31 

1.43 

1-55 
1.67 

1.79 

1.91 

2.04 

2.16 
2.28 
2.40 
2.52 
2.65 

2.77 
2.89 
3.01 

3-H 
3.26 

3-38 

3-5" 

363 

3-75 
3.8§ 

4.00 
4.13 
4.2J 

4-38 
4.50 

4.63 

4-75 
4.88 

5.01 

5-13 

5.26 
5.38 

551 


■yt 


5-89 
6.02 

6.15 

6.27 
6.40 

6.53 

6.66 
6.79 
6.92 

7-04 
157.17 


158 


logM. 


578  61CA 

579  5588 

580  50^0 

581  4480 

582  3937 

583  3403 

584  2876 

5!l  *J57 

586  1846 

587  134* 


588 

589 
589 

590 
591 

59* 

593 

594 

595 
596 

597 
598 

599 
600 

601 

602 
603 

f  ot 

605 

606 

607 

608 

609 
610 

611 

612 
613 
614 

615 
616 

617 

618 

619 
620 

621 
622 
623 
624 
625 

626 

627 

628 

629 
630 

631 

632 

633 
634 

635 

636 


0847 

OJ59 
9880 

9408 

8944 

8488 
8040 
7600 
7167 

6743 

6327 

5919 
5518 
5126 

474* 

4365 

3997 
3677 

3*85 
2941 

2605 
2277 

1646 
134* 

1047 
0760 
0481 
0210 
9948 

9693 

9447 
9209 

8980 

8758 

8545 
8340 

8144 
7956 

7776 

7604 

744" 
7287 

7140 

7002 

6873 

6751 

6638 

653 

643 

6351 


Wff.  I*'. 


7.17 
7-30 

7-43 
7.56 

7.69 

7.82 

7-95 

8.08 

8.21 
8.34 

8.47 
8.61 

8.74 

8.87 

9.00 

9.17 
9.26 
9.40 

9-5 
9.6 

9-79 

60.06 
60.19 
60.33 

60.46 
60.00 
60.73 
60.87 
61.00 

61.14 
61.27 
61.41 
61.5^ 
61.68 

61.81 
61.95 
62.09 
62.22 
62.36 

62.50 
62.63 
62.77 
62.91 
63.05 

63.18 
63.32 

63-46 
63.00 

6374 

63.88 
64.02 
64.16 
64.30 

64-44 

64.58 
64.72 
64.86 
65.00 
65.14 

165.28 


159 


logM. 


636 

637 
638 

639 

640 


6351 
6272 
6202 
6140 
6087 


641  6042 

642  6006 

643  5978 

644  5959 

645  5948 

646  5946 

647  5953 

648  5968 

649  599* 

650  6025 

651  6066 

652  6116 

653  6175 

654  6242 

655  6318 

656  6403 

657  6497 

658  6599 

659  6710 

660  6830 

661  6959 

662  7096 

663  7*43 

664  7398 

665  7562 


666 
667 
668 
669 

670 

671 
672 

673 
674 

675 

676 

678 

679 
680 

681 

682 
683 
684 
685 
686 

687 
688 
689 
690 
691 

692 

693 

694 

69 

69 

697  7126 


7735 
7917 

8108 

8308 

8516 

8734 
8961 

9196 

9441 
9694 

9957 
0228 

0509 

0799 

1098 

1406 
1723 
2049 
2384 
2728 

3082 

3445 

3817 
4108 

4588 

4988 

5397 
5815 

6*43 
6680 


Diff.  1". 

65.28 
65.42 
65.56 
65.71 
65.85 

65.99 
66.13 
66.28 
66.42 
66.56 

66.71 
66.85 
66.99 
67.14 
67.28 

67.42 

67.57 
67.72 

67.86 

68.01 

68.15 
68.30 
68.45 
68.59 
68.74 

68.89 
69.03 
69.18 

69-33 
69.48 

69.62 
69.77 
69.92 

70.07 
70.22 

70.37 
70.52 
70.67 
70.82 
70.97 

71.12 
71.27 
71.42 

71.57 

71.7* 

71.87 
72.03 
72.18 
72.33 
72.48 

72.64 
72.79 
72.94 

73.10 

73-*5 

73.40 
73.56 

73.71 
73.87 
74.02 

174.18 


605 


TABLE  VI. 


For  finding  the  Tnie  Aromdy  or  the  Time  from  the  Perihelion  in 

a  Parabolic  Orb!t 

»'. 

164° 

165" 

166° 

167°        II 

IoeM. 

Di(r.i". 

IobM. 

wci". 

logM. 

DULl". 

l»gM. 

D)ff.V'.    ] 

tc 

1-979  SJS" 

no.  6a 

4.061   6675 

136-0. 

4.149  7198 

153-57 

4-144  5537 
.146  .97; 

173.78 

1 

.<ito  8(74 

17.0.86 

.□63  084; 

136.18 

%  ;s: 

153.88 

*7*-'  + 

2 

.,«»   .§3? 

.064  5017 

136..6 

154-19 

■1+7  8434 
.149  +916 

3 

.93,  j.o6 

tr.iit 

.065   9119 

136.S3 

.154  1915 

154- S' 

174-^7 

4 

.58+  8294 

.067  3447 

137.11 

■'55  Si-S 

154.83 

.151   1419 

175.1+ 

5 
G 

5.986  .69* 

"'o' 

4.068  7631 
.070  1933 

WAX 

^.;p  iTA 

155-14 

155-46 

4.151  7944 
■154  449" 

17S-60   1 
»75.97 

1 

.9«S  8j4s 

1x1.31 

.071   610; 

117-94 

.160  4159 

155-78 

.156    ic6i 

176-34 

8 

.990  1 69 1 

111.56 

.073  04** 

13S.21 

.161  95.5 

156.10 

.157  7651 

176.71 

D 

.991   505 1 

111.80 

.074  47*7 

138.50 

..63  4i9, 

15641 

.159  4166 

177.08 

10 

5.991  8417 

113.05 

4.07;  9106 

138.78 

+.165  0185 

156.74 
157.06 

4.161   0901 

b;:ji 

11 

■994  1817 

113,19 

-077  3441 

139.06 

.■6«   5699 

.161  7560 

13 

■99!  S"» 

113. S4 

.07«  7791 

139.61 

..68    1131 

157.38 

.164  4140 
.166  09+3 

178-10 

13 

.996  86*1 

113.79 

.080  Z161 

..69  6s§5 

157.70 

178-S7 

14 

.998  1077 

114.0  J 

.081    6546 

139.90 

.17.   1056 

158.01 

.167  7669 

178.9  s 

15 

J-999  5517 

114.18 

4.08J  09+K 
.084  5368 

t-'7i  7547 

158.35 

4.169  4417 

179-31 

le 

t-ooo  8991 

114,53 

140^6 

..7+   3058 

158,67 

.17.    .1B7 

179-70  1 

17 

.oci  1471 

i4.7^ 

.085   9IJ04 

140.75 

.,75  8588 

159.00 

.17=  798> 

180.08 

IB 

.005  ss^s 

115.03 

.087  4157 

141.03 

.177  +'38 

»59-33 

.174  4797 

'Alt 

19 

.004  9474 

iil.J 

.088   871I 

141.31 

■178  9707 

159.65 

.176   .63s 

20 

t.006  1999 

"SS3 

4.090  3115 

141.60 

4.,8o  5196 

159.98 

1-177  8+97 

181.11 

21 

.007  6sjS 

i 

.091   7710 

141.89 

.,81  0905 

160.,  1 

.179  5381 

181.60  1 

23 

.009  0003 

.096  1337 

141.0K 

.,83  6534 

160.6+ 

.iSi    1189 

i8,.q8 

23 

.o.a  36?, 

116.19 

141.56 

.,8s  1,^1 

160.97 

.181  9119 

181.J6 

24 

.0..  7148 

116.54 

M»-75 

.186  7850 

161.30 

.184  6173 

>8i.75    1 

2A 

4.013  oSja 
.014  4463 
.01  s  S093 

.16.79 

4.097   5911 

143.04 

4..  88   3538 

161.6, 

J.186   3,49 

183.14 

a« 

117.05 

.099  0501 

1+3-33 

.189  9146 

16,-96 

.188  0149 

183.51 

27 

117.30 

.100  5110 

1+3.61 

.191   4974 

161.30 

.189  7171 

183.91 

28 

.017   I7J9 

117.55 

..01   97,6 

143.91 

.193  0711 

161.63 

.19,  41' 8 

184-30 

29 

.018   5400 

ii7.S> 

.loj  4379 

144.XO 

.194  6490 

161.97 

.193   1188 

1B4.S9 

30 

t-o'9  9°77 

ii8.o« 

4.104  9040 
.loS  171S 

.107  8414 

1+4.49 

4.196   1178 

163.30 

4.194  8381 
.196  5498 
.198  1638 

185.08 

31 

3% 

TAVil 

n^J 

144.7B 
145.08 

..97   K086 
.199  39.; 

fi\ 

1^11?    1 

33 

.014  0199 

118,34 

.109  3117 

14567 

,10D    9764 

164.31 

.199  9801 

186.16 

34 

.015   3937 

119.09 

.110  78s! 

.101  5633 

164.B6 

.30,   6990 

186.66 

33 

4.016  7601 

119.55 

4.111  1607 

145.96 

+.10+  1513 

4.303  4101 

187.05 

36 

.018    1480 

119.^1 

."3   7374 

146.16 

i65.„ 

.305   1436 

187.4s    1 
187.85 

37 

.019   5145 

ii9.gK 

.115   1158 

"46.55 

.107  3363 

16  (.68 

.306  8^95 

38 

-z  i^t\ 

130.14 

.116  6960 

146.85 

.108  931+ 

166.01 

■308  5978 

188.15    1 

39 

130.40 

..18   17B0 

147.15 

.1.0  Y^^l 

166.37 

.310  3185 

188.65 

40 

1.033  6693 

130.66 

4.119  6618 

147.45 

+111  ,178 

166.71 

4.3.10616 

1B9.05 

41 

.035  0540 

130.91 

.111    1474 
.111  634! 

M7-7S 

.113  7191 

167.06 

■3.1  797' 

S|:tl 

42 

.036  4404 

131.18 

1+^05 

■I'S  3315 

167.40 

■3'5  535° 

43 

.037  SiSj 

»3i-45 

.114   1139 

^.l\ 

.116  9J79 

167.75 

.317  17  =  3 

190.16  1 

44 

.039  1177 

131,71 

.lis  6'49 

.118   S4S5 

168.10 

.3,9  O.ll 

190.67 

t& 

4.040  6o8g 

131.97 

4.117  .077 

148.95 

+.110  ,|5. 

16844 

4.310  7633 

191.07 

40 

.041  0015 

131.14 

.118  6013 

149.15 

.11,  7668 

168.79 

.311  5110 

191-48 
191.89 

47 

■041  3957 

131.S1 

.130  0988 

149.56 

.11 J  3806 

169.14 

■314  >6" 

48 
49 

lawi 

131.77 
133.0+ 

,131  S970 
.133  0971 

1+9.86 
IS0..7 

::ii  Itl 

.69.50 
169.85 

191,30 
191.7. 

iO 

t.047   jSgo 

»n'j' 

4.134  5990 

150.47 

t.ii8  1347 

1-319  5*63 

»93-'3 

&I 

.04S  9887 

133S7 

150.7^ 

.119  8570 

170.55 

.33.  1863 

193^S4 

52 

.050  J909 
■OS'    794* 

133.84 

!i37  6084 

151.0S 

.13,  4*,4 

170.91 

■333  0487 

193-9S 

53 

134.11 

.139   1158 

151.39 

.133   1079 

171.17 

■334  8.37 
.338  58.1 

»9+^37 

S4 

.053   1003 

134.3H 

.140  6151 

151.70 

.134  7366 

17.-61 

19+.79 

5S 

^oJ4  6074 

134.65 

4.141  .36» 

151.01 

hi 36  3674 

171.98 

4.338  3511 

195,10 

SO 

.056  ot6i 

134.91 

:a\  X, 

I'm 

.138  0003 

171.34 

.340  1116 

195.61 

87 

.057  4164 

i35-'9 

.139  6j54 

171,70 

.341  89^6 

196.0+ 

58 

=58  hH 

135.46 

.146  6808 

151.94 

.1+1    1717 

173-06 

-343  6761 

196.+7 

50 

13S-73 

.143  1994 

i53-=S 

.141  911. 

173.41 

■345  45^1 

196.89 

00 

,,061 667  J 

136.0, 

4.149  7198 

153-S7 

t-144  SS37 

173.78 

t-347  138! 

197.3, 

TABLE  VI. 

-r  •  nuiiiiL  tw  Trie  Anomalv  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


%^ 

168^ 

169° 

170 

1° 

i7r 

* 

Dilf  1'. 

logM. 

Diff.  1". 

325.07 

logM. 

Diff.  1". 

log  M.          , 

iHflir. 

• 

4.459    1242 

4.581 

9445  ' 
0962 

358.31     4.717 

9835    ' 

398.87 

1  .•        -'•V 

59;?.  1 6 

.461    0761 

3i5^57 

.584 

358.92 

.720 

3790 

399.61 

.        ^     ..  ^ 

.463   0311 

326.08 

'^It 

2516 

3S9S3 

.722 

7790 

400-38 

1                           N     ■            ♦V.fl 

29J5-59 

.46.1  9891    , 
.466   9501 

326.59 

.588 

4106  • 

360.76 

.725 

183c 
5926 

401.14 

•.'     -^  *v-^ 

2«)9.C2 

327.10 

.590 

5734 

.727 

401.90 

*    ^    N«'     'ro-i 

199-4  S 
i99.»X 

4.468   9142 

327.61 

4592 

7398  1 

361.38 

4-730 

0063 

402.66 

»        V  •    joiSa 

.470   8814 

328.12 

-594 

9100 

362.00 

.732 

4*45 

403-43 

'^          ^w     'SSS 

5C0.31 

.472   8517 

328.64 

•597 

0838 ' 

362.62 

•734 

8474 

404.19 

-v         >*i     >*»W 

300.75 

•474  8250 
.476  8015 

3*9;5 

-599 

2615 

363.88 

•737 

^749 

404.96 

4       .**;    w- 

301.18 

329.67 

.601 

4428 

•739 

7070 

405-74 

^     ^.  ;Os      »...S>1 

301.62 

4.478  781 1 

330.19 

4.603 

6280 

364.50 

4-74* 

1438 

406.52 

i  ,    .»»•  -^t'l 

302.05 

.480  7637 

330.71 

.605 

8169 

365,14 

•744 

585* 

407.30 

\4,  !    ;-»>  -'^^.^'JJ 

302.49 

.482  7495 

331.23 

.608 

0096 
2001 

366.40 

•747 

0314 
4822 

4o8.oS 

„     U*  i    -^.^  ^^"^ 

302.93 

.484  7385 
.486  7306 

33'-75 

.610 

.749 

40*.?7 

l^        ;*J  +(>;*^ 

.303.37 

332.28 

.612 

4064 

367.04 

•751 

9378 

409.66 

.    '"^^ 

+  1'4   iJ<7> 

303.81 

4.488   7258 

332.81 

4-614 
.616 

6106 

367.68 

4-75-4  3981 

410.45 

i   »• 

;»o    IU7 

304.26 

.490  7242 

333-33 
333.86 

8186 

^il'^l 

.756 

8632 

411.24 

\> 

t  »  •  »)^S6 

304.70 

.492  7258 

.619 

0304 

368.06 

369.01 

•759 
.761 

3330 

8077 

412.04 

tci 

iW  ■'^^i 

305.15 

.494  7306 

334.40 

.621 

2a6i 
4^57 

412.S4 

l^ 

.  i<\   O003 

30559 

.496  7386 

334-93 

.623 

370.26 

.764   2872 

413-65 

M 

*  V^^  43S1 

306.04 

4.498  7498 

33546 

4.625 

6892 

370.91 

4.766 

7715 
2600  « 

41446 

a 

iS;    i73« 

306.49 

.500  7642 

336.00 

.627 

9166 

371.56 

.769 

416.0S 

-«4 

\S"»   nil 

306.94 

.502  7818 

336.54 
337.08 

.630 

1480 
1832 
6224 

372.21 

.771 

7547 

■4i* 

307.19 
307.85 

.50J.  8026 
.506  8267 

.632 

372.87 

.776 

»536 

41690 

'H 

.  \^)0  8019 

337.62 

.634 

373-53 

7574 

4>7-72 

4A 

4  \vi  6^03 

308.30 

4.508   8541 

338.16 

4.636  8656 

374.1? 

4-779 

2662 

4«8->4  i 

Mk 

lv>4   15015 

308.76 

.510  8847 

338.71 

.639 

1127 

374.86 

.781 

7799 

4>9-37 

•47 

Vi^    3^S4 

309.21 

.512  9186 

339.26 

.641 

3639 
6190 

87^1 

3755» 

-784 
.786 

2986 

420.10 

*4« 

.3v>8     2121 

309.67 

•5»4  9558 
.516  9962 

339.80 

-643 

376.19 

8222 

421.86 

*4^ 

.400    0715 

310.13 

340-35 

•645 

376.86 

.789 

3509 

'M> 

4  4^'»  'n^7 

310.59 

4.519  0400 

340.91 

4.648 

1413 

377-53 

4-791 

8846 

422.70 

Ak 

.4,1^  "t^s^ 

311.06 

.521  0871 

341.46 

.650 

408  s 
6798 

378.21 

•794 

4233 

42554 

:u 

.4..:'    s?<'n 

311.52 

.523   1376 

342.02 

.652 

378.89 

.796 

9671 

424-39 

x% 

311.99 

•5^5    1913 

342.57 

•654 

9552   ' 

379-57 

•799 

5160 

42^-24 

M 

.4.*;   4102 

312.45 

.527  2484 

343->3 

-657 

2346 

380.25 

.802 

0700 

426.09 

A.\ 

4411    ZX63 

312.92 

4.529  3089 

343.69 

4.6C9 
.661 

C182 

380.93 

4.804 

6291 

42^95 

M 

41  1    i<S2 

3»3-39 

.531    3728 

344.26 

8059 

381.62 

.807 

>934 

4:--;i 

;*? 

.41s   ^'4<^9 

313.86 

•5  33  4400 

344.82 

.664 

0977 

382.31 

.809 

7628 

42J?.67 

;iH 

.410   9315 

3«4-33 

•535   5106 

345-39 

.666 

3936 
6937 

383.00 

.812 

3374 

429-53 

atft 

.41s   S1S9 

314.80 

•537  5846 

345-95 

.668 

383.70 

.814 

9172 

430-40 

ii» 

4  420  7091 

315.28 

4.539  6620 

346.52 

4.670 

9980 

38439 

4.817 

5022 

431.2^ 

II 

.422    ()022 

3iv75 

.541    7419 

347.09 

.673 
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TABLE  71. 

ir  the  Time  from  the  Perihelion  it 


1  Parabolic  Orbit. 


V. 

172° 

173=        1 

174° 

i75*  ni 

l"gM. 

Wff,!", 

WM. 

DIfl.  1". 

logM. 

B](T.l". 

I-kM. 

DLir.  1". 

o- 

^S70  an 

449-49 

5.04,   J185 

5 '4-47 

.143  3165 

601.00 

S.480  1373 

711.00 

1 

8 

ill  °\ll 

450.44 
4!'39 
4S^-1S 

.046  4191 
.049  S'T 
.051  6116 

5'!-7i 
516.96 
518.11 

.146  9176 
.150  5488 
.154  1801 

601.69 

I'd 

■4S4  4765 

.48?  8304 

.493  1989 

714.41 
716.87 
71933 

4 

453-3' 

-055  7156 

5'9^+7 

.157   811S 

607.B0 

■497  58x3 

751.80   1 

5 

a 

<:lll». 

454.18 
455^»5 

'■'d'.'Xl 

510.73 
511.00 

.16,  47,8 
.165    1361 

t?dl 

5.501 9S06 

.506  1959 

lU   \ 

7 

.Ug   15x6 

456.13 

.06c     1101 

513-18 

.168  80S9 

l.J.M 

.510  h-.i 

739-33 

B 

.891  0919 

457,10 

.o6i  1637 

514.56 

.171  49»» 

i\m 

■S'5  1659 

74'.87 

9 

.894  S39. 

45B..9 

.071   4149 

515.85 

.176   ii6o 

■519  7x48 

744^44    ; 

10 

t-SjT  5911 

459^'7 

S^o74  5738 

5*7.14 

.179  8904 

618.19 

5.514  1991 

74-/.01    1 

11 

,900  J491 

460.16 

■077  7406 

518.44 

.1S3   6055 

610.08 

.518  6890 

749.61    1 

12 

.903    .131 

46 1.16 

.080  9.51 

S>9^7S 

.1B7  33.3 

611.87 

.535   1946 

751.13 

13 

-goi  885, 

461.  .6 

.o»4  0976 

531.0S 

.191   0680 

613.67 

■537  7158 

754-86    ; 

14 

.goK  6591 

463.16 

.087  1879 

S31.3B 

.194  8. 54 

615.49 

.541  1519 

757-5' 

15 

t.gu  4411 

464-'7 

S.090  i86i 
■093  69=4 

533-7' 

.198   5738 

617.31 

5.546  8060 

760..  8 

1     >• 

.914  1191 

46;..8 

ii^"i 

.301   3431 

fi'9.iS 

■55'   3751 

761,87  ; 

17 

.917    OIJJ 

466.10 

.096  9067 

536.35 

.306   1137 

631.00 

■SSS  9605 

765.58 

18 

.9.9  S13S 

467.11 

.100   1190 

537-73 

.309  9151 

6^1.85 

.560  5611 

761,1 

19 

.912  6199 

468.1s 

.103  3594 

539.08 

.313  7179 

634.71 

.565   iSoi 

771.05    ! 

30 
21 

•'■^■^;- 

469.18 
470.31 

5..06   59B0 
.109  8447 

l^:tl 

.3'7   S3'9 
.311   3571 

636.60 
6,8.49 

5.569  8148 
■574  4661 

7,& 

B 

.931    qB6» 

471.3s 

...J  0997 

5+3.18 

.315   '938 

640.39 

■579  15-*' 

779.4'    , 

s? 

■933  9'74. 

47i^39 

.116   3619 

544^56 

.319  0418 

641.30 

.583  8.90 

& 

24 

■9lS  75+9 

47).44 

-"9  6344 

545-95 

.331  9014 

644.15 

.588  siio 

25 

1-9J9  5987 

474-49 

5'»  9'43 

547-34 

.336  7716 

646.16 

5-593  »40J 

787.95 

26 

■94X  4489 

47?." 

.116    ZDlb 

548-74 

.340  6554 

648... 

■597  9764 

790.84 

27 

28 

:?JI  ?6lJ 

..19  4991 

550.15 
5S''57 

■344  5499 
.348  4561 

650.07 
651.04 

.601  7301 
.607  5014 

iim : 

2& 

■95'   037s 

478.75 

5Si^99 

■35^  3744 

654.DI 

.611  1903 

799.63 

30 

t95J  9'3^ 

479.>! 

5.139  4403 

l\tn 

.356  3045 

656.01 

5.617  0970 

801.60 

31 

.956  79  54 

480.91 

.141  7711 

.360  1466 

658.01 

.611  9116 

805.60  , 

32 

.959  6841 

481.99 

.146   1106 

5S7-JO 

.364  1007 
.368  1671 

6S0.04 

.616  7641 

808.61  ' 

33 

.961  5793 

;8,.=i 

..49  45S8 
.iStii57 

5S8-7S 

661.0? 

.631  6150 

Km.66 

34 

.965  48.. 

4S4.18 

S«o.ii 

.371  1456 

664.,, 

.636  5041 

814.71 

3S 

J.56S  3894 

485.18 

S.156  1813 

561.68 

.376    I36i 

666.17 

5.641  4017 

817.81 

36 

■97'   1044 
.974  3160 

48i38 

-'59  S5S« 

S63,,6 

.3B0  .39^ 

668.14 

.646  3179 

810.91  ; 

37 

:l5:fi 

.161  9391 

564.64 

:^?r.H: 

670.31 

.651  1518 

814.05  1 

38 

■977  1543 

..66  33. J 

S6S.13 

671.;, 

.656  1065 

817.11 

3« 

.980  0I9J 

489-73 

.169  7318 

567.63 

.391 1141 

674.51 

.6S1   1793 

830.39 

40 

(■9«1  01" 

490.85 

5.173  143' 

569.13 

.396  1777 

676.64 

5.666  .713 

835.60 

41 

-9«!  9795 

49' 98 

.176  5614 
.179  990S 

570-65 

.400   3439 

678.77 

.671   1815 

836,83 

42 

.988  9348 

493.11 

571.17 

.404  41=9 

680.91 

.676  1131 

840,08 

43 

.99.   8970 

Iglid 

-Altf,i 

57i-70 

-4ot  j.49 

683.SS 

Hi  ""^n 

ini'^  1 

44 

■994  8659 

495-40 

S75-14 

.411  6199 

685.15 

.686  3336 

846.67 1 

45 

t997  «4'8 

496.5  s 

5.190  3311 

576.78 

.416  7J79 

tZX 

5.691   4136 

850.00 

46 

;.ooo  8.46 

497-71 

.193   7966 

578-34 

■'X  nil 

853.36 

47 

.003  8143 

498.87 

-'97  1713 

579-90 

■4>5  "'36 

«,,.Bj 

ir-n 

48 

.006  811 1 

500.04 

.100  7SS4 

5*1.47 

.419   1714 

titi 

;;t;  im 

860.16 

49 

.009  8148 

SOI. 11 

.104  1489 

583.05 

■433  3417 

863.60 . 

60 

;.oii  8156 

501.39 

5.107  7510 

58^.64 

.437   5J74 
.441   7x58 

698.|9 

5.717  1779 

867.06  . 

61 

■x\i  im 

S03.57 

.1.1   1646 

582.13 

700.86 

,711 3908 

87a56 

52 

504-76 

.11+  786! 

587.84 

■441  937" 

703.15 

.717  6147 

S74.oi( 

53 

.01.   9od 

505-95 

.ii3   ,.86 

589-^S 

.450   1636 

70545 

.731  8798 

877-65 

54 

.014  9399 

507.15 

,111    8601 

591,07 

-454  4°3» 

707,77 

■73B  .563 

B8i.li 

55 

5.017  98O4 

508.36 

S.iij  4116 

59*  71 

.458  6,68 

710,10 

5,741  4S44 

884,81    ' 

56 

.031   D401 

S09-S7 

.iij  9717 

594  JS 

lb:ft 

711,45 

.74*  774> 

888.46    1 

57 

.034   1013 

510,79 

.131  5437 

596.00 

7148' 

■754   "59 

8,1.,, 

58 

■"37    '697 

S.1.01 

.136  1147 

597.66 

■47'    soil 

■759  479" 
.764  8659 

895.BJ 

,     59 

.040  1454 

513-14 

.139  7156 

599.  ji 

.475   "'»S 

7'9^S9 

899-56 

■    00 

5.043   3385 

5 '4-47 

5.143  3165 

601.00 

.480  1373 

711.00 

3.770  1745 

9=3.3' 

TABLE  VI. 

For  finding  the  Tme  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  On>iL 


■ 

176° 

177° 

178 

0 

179^ 

V. 

log 

'^    . 

Diff.  1". 

log 
6.144 

M. 

Iiiff-1". 
1205.3 

losM. 

Diff.  1". 

I>,;M 

r-f '. 

0' 

5-770 

»745 
7058 

903.3 

62g9 

6.6-'2 

5-»4 

1808.8       7, 

5-5 

4*^4: 

:-i; 

1 

•775 

9c-. I 

.151 

8807 

1 212.0 

.68  3 

4709 

1824.0 

^9' 

SfV-^ 

yi: 

2 

.-81 

>599 

910.9 

.159 

'■33 

1218.S 

.694  4613 

1839.5 

61  9 

^2V- 

"•^ 

3 

.7S6 

6370 

914.8 

.166 

»  '^  ««  ^ 

?S2  3 

122^.- 

.705 

5454 

ii'55-3 

«'4  = 

2  *("> 

•  1  « 
1  -  • 

4 

.792 

'374 

918.7 

•«-3 

1232.7 

.716 

7=4^ 

1871.3 

665 

!*?  = 

5 

5"9:- 

6612 

922.6 

6.181 

299- 

1239.S 

6.-28 

COlO 

188-.5 

.68  < 

^192 

•  ■  ■  1 

G 

.S03 

2c86 

926.6 

.188 

759- 

I24fc.9 

-39 

375« 

1904.1 

.-12 

-259 

.  -  •  • 

< 

.8cS 

779^ 

930.6 

.196 

262S 

1254.1 

.-50 

8509   . 

1921.0 

3 

z-:*> 

4:;" 

8 

.814 

3"5' 

934.6 

.203 

8c95 

1 261.4 

.762 

4»-9 

1938.2 

-fcl 

*-*i3 

■      «     HK 

9 

.819 

9946 

938.6 

.211 

4C02 

1268.8 

—4 

1090 

1955.6 

.-8- 

!?># 

42.- 

lO 

5.825 

6386 

94=v 

6.219 

.220 

0354 

12-6.3 

6.-85 

89^8 

«9-3-4      - 

.812 

0'-^ 

•     •      1    - 

11 

.831 

3-    J 

946.8 

-158 

1283.8 

.-9- 

79=4 

1991.5 

?>» 

5"-5 

443! 

12 

V'' 

cooS 

951.0 

-34 

4419 

1291.5 

.8c9 

-946 

2CI0.C 

.fCt 

I-C2 

4:1* 

13 

.8+2 

-195 

955-a 

.242 

2142 

1299.2 

.821 

9106 

2028.g 

•?93 

c■4^^ 

4-:: 

14 

.848  4634 

959-5 

0333 

1307.1 

.^34 

1404 

2C48.C 

921 

61-: 

.  ••  • 

15 

N.8^4 

2329 

963.- 

6.2;- 

?99" 

1315.0 

D.846 

4863 

2C6-.5      - 

9  =  = 

2:13 

4>:; 

16 

".86c 

C282 

968.0 

.265 

8139 

1323.0 

.8cS 

95=3 

208-.3 
2IO-.6      8 

•9-> 

f  =  y= 

-';•" 

17 

.865 

'^495 

9-6.8 

•-     3 

—06 

1331.1 

.8-1 

5345* 

.==■■> 

48:1 

*   •  * 
«  ■  »  ■■ 

18 

.^71 

69-0 

.281 

-884 

>  339-4 

.884 

2422 

2128.3 

1361 

ir-: 

19 

•?:- 

57IO 

981.2 

.2S9 

8499 

1 34-.- 

.89- 

c-4? 

21494 

,0-1 

53=9 

5=*- 

20 

5.883 

471- 

98^.- 

6.29- 

961- 

1356.2 

f.910 

=  353 

21-0.9       !? 

-•-3 

-:ii 

iii< 

21 

.889 

3993 

99=.2 

.306 

>-44 

15C4.- 

93^ 

I2C1 

2192.8 

.I3P 

68;- 

;;9' 

22 

.895 

354= 

994-« 

.314 

53^- 

»3     3-3 

U9-* 

221^.2 

.i-c 

52-4 

;-l4 

23 

.901 

33<>5 

9994 

.522 

CC^2 

15>2.1 

-949 

-  =  73 

225J.O 

.22S 

2-1- 

5»r. 

24 

.9c- 

34^5 

1CC4.C 

•33- 

9=4- 

I39I.C 

.963 

4  ~  — « 
--    3 

22M.4 

9f-'# 

25 

S9I3 

3^*45 

1^=8.- 

^•339 

29  — 

1  i  <s«.   "» 

7.9—6 

8466 

228^2      8 

2— 

6-:: 

t2:4 

26 
27 

.919 
.925 

45  c- 
545A 

ici?.4 
iciy.i 

■'^l 

l^(' 

-=49 

2C-2 

14=^.1 

i4i>-3 

6.990 

61--+ 

23C9.6 
=  334-3 

5«5 

354 

47'! 
3  =  ^" 

«•:«• 

^,*: 

28 

.931 

66>8 

IC22.9 

•3^4 

-45  » 

142-.- 

.C18 

«-43- 

=  3*9.-- 

3)4 

42:; 

r-ir 

29 

93" 

8213 

1C2-.8 

3:95 

143-1 

.332 

8-9C 

=  3^5- 

43? 

-«J^2 

-  -• 

30 

;.04-:. 

cr;c 

1  "h  «  «    •• 

r.tiJi 

•- .  1  = 

•  -•♦ 

-        -   -t 

4-S 

5  ^'•"* 

-  •  •  I 

31 

.*K : 

"  1  •  • 

1  ^   «      •  * 

•    *  — 
-  *    '  — 

-  r  r  5 

I ^z  :.^ 

-CM 

"1-1 

=4  39-^ 

522 

-  11 

3-i 

.V.C-' 

-5v 

•    *    • 

t  ■ 

1  •  -  •-  ^ 

-C"? 

f-''" 

24^7-.! 

cr'' 

I . 

33 

.-.'.•: 

-i-i 

1  •■  .  i«    ■« 

^  •    -  X 

::.*■; 

•  ■  —  ^  * 

.CiX 

.       ■      ^      - 

2  49  ,-.4 

"  I  c 

■     * 

■     • 

31 

.v;r^ 

1  -•  ^  «•  -4 

•    J   - 

"    h 

1  •  » - 

.ir- 

-  .21 

2524-- 

»•    X     . 

«^: 

«... 

■ . . 

35 

5"^"  ^ 

:m: 

ic;>.: 

■k       .    m    ••* 

1  ::- 

¥•-*-*     — 

-.111 

-r-*- 

25542         .'^ 

^    1    * 

:•: ' 

« •  I  • 

3G 

' .  J  >  1 

1  —  -^  •     * 

-    •    • 

I  ..i. ' 

1 N  r 

.X  :- 

1  •  -  ■ 

25S4.C 

• 

* 
.  « 

37 

•  wS^ 

i:oS 

I  c  r  >  -  ■ 

.^^^ 

:i  ,1 

Xfi-  : 

.15; 

^^  — 

i-rif.S 

• 

,, . 

38 

;  "^H.; 

^•''i 

»  ^        * 

1  c:*  : 

-i"^ 

*    »   • 

2**  ■  —  .^ 

**2 

*  *  —  * 

-. 

39 

?  cri 

^ .,  N  > 

I  c  -  . .  1 

.    "    m 

«   «    •  ^ 

5 "     ~ 

•   *   • 

5:-! 

2-S:;i 

^  •  •  » 

■    •    ■  • 

40 

-»     -   »  » 

-;^:^^' 

i:>i  c 

C  ;-  ; 

A    ^    «    .       « 

«    ^  ^  — 

^  -  -  • 

«  4  ■    A     -tl 

-    «  J-  y 

-  :■ 

« 

•       »   .  • 

41 

*  • 

J '  -  - 

-^: 

:  f  r:  : 

«  •  ^ 

w    « * 

2-4>\: 

^  «    ^ 

VZ 

-  J  I  J 

^    ^ 

I    »    ■.    N      « 

•i  ■  - 

X  H  ~  r . ". 

«  •  ■ 

2->:  5 

144 

« «»    « 

-    ■    -  A 

43 

-    w    ■« 

ixc:.r 

«  •»  i- 

c  t ».? 

if^i.i 

■  «  ^  ^ 

•  ^  X    • 

2>xg  - 

2  1  * 

-  ■  -  • 

•    « 

41 

•*  •  • 

-NX    - 

!  irr.- 

^  . 

^ 

X  5    ; .  ^ 

.1?" 

;x-: 

2>;r.S 

■           *      * 

•     ■    -  ■ 

45    ?    .: 

•      ■• 

!  i::..: 

~  - :  . 

:  '^i : 

x::-  - 

-  r>* 

--12 

=?94-3?      c. 

t^X 

C  *  2-. 

;  .," 

4« 

*  • 

\  ','Z 

ixiS  1 

■    ^    m 

\ 

•  -  * 

2;-x 

2134.1 

i-x 

47 

•    -   • 

\  ^  -  ^ 

112:.: 

*  ;^ 

«.    V  •    ■ 

J  7  •  ;    \ 

.:Xi 

i»i: 

li-J..2 

c* 

-    •  i«    " 

•        K        H 

A              m 

4S 

■T  *  r 

»  -••  • 

1  iz^.> 

i-* 

^^■^        "* 

•  ••       .     • 

-   ^   * 

«-^  •« 

::xx.e 

w  —  • 

m    •     - 

m   ■^ 

49 

. » r  ~ 

•  ::: 

11  :c  - 

:  : "» 

•   •    *  - 

.  .  *  . 

.  t  ^  ? 

X7i: 

::c>.x 

-» c 

• 

5*> 

^  *  •  ■ 

-   ^    t   N 

1 1.1  - 

-   - .  ; 

«    »  B  ^ 

I  *  r  ;  r 

^         N 

:i:i  -       - 

■  -    « 

>  :  :  ■ 

:  ■ "  • 

51 

. »"  ^  I 

\Z\  .i 

II*-  - 

;-^ 

I  r  >  ;  ^ 

:--^ 

*     •    i 

:i4r.*    ic 

*■  ♦ 

12^- 

•  •      ■ 

5-^ 

_  -  X  ;t 

.'  *  "  ' 

11^:  > 

N    «    _ 

.... 

.  *  « 

^  ^     •     • 

^    ■    — 

c  ^  :  . 

*  «  ■ 

53 

«~  ■■  • 

^r*- 

1 1  r  r  .^ 

:    ' 

-    -    -     \ 

• «  .  \ 

..:i 

^     • 

:2a:.- 

*       ^ 

:  -■  *, 

■   ■      « 

51 

u: 

'^  ♦ 

1  «  ^  ^     • 

1   ■  «    "       « 

^   « 

•  —  •  «  ^ 

^^i 

:  Is,; 

?=>-9 

*        * 

55 

^  1 ;  ? 

^  ^   ^ 

•     •  -^ 

.         -       \       •• 

« —  • .. 

-  i-i 

i^;: 

•    •♦  -       J           I   . 

>!2 

14.21 

.Ti;: 

5t; 

I :  ^ 

-  •       ^ 

i:-:  : 

^  « 

\                    \         - 

•  -  -      > 

.^^x 

•  \  -  - 

3' -=  ^    11 

*-• 

r-:  . 

57 

1 : ; 

•   •    «  • 

«    •    «  i 

1  :^;.., 

•    *  - 

^       >       «       • 

•     .  ^  % 

;:x 

.::  ; 

34^^  2    II 

4-* 

.   k  •  - 

• 

5S 

1  ;«- 

11  si  - 

•    %    • 

-      ♦     *        • 

J  -- 

zzz 

-A-2 

;  5  r2  1     I • 

-    -    •* 

I 

59 

1  ;* 

i:h>  r 

-   »    • 

-        «     ^ 

I    ..  * 

^  ?  ? 

V""" 

t^I-i-P      12 

ir-. 

Six"' 

«l^ 

:"  1*4 

»     *  ^  Nf 

11.*;.; 

p-: 

:-i^ 

... 
!  >  -  >   > 

"  ?  — 5 

4^4= 

3ri8.- 

fid 


TABLE  VII. 

For  finding  the  True  Anomaly  in  a  Parabolic  Orbit  when  v  is  nearly  180®. 


156 


155     0 

5 
10 
15 
20 
25 

155  30 

35 
40 
45 
50 
55 

0 
5 
10 
15 
20 
25 

156  30 

35 
40 
45 
50 
55 

157  0 

5 
10 
15 
20 
25 

157  30 

35 
40 
45 
50 
55 

158  0 

5 
10 
15 
20 
25 

158  30 

35 
40 
45 
50 
55 

159  0 

5 

10 
15 
20 
25 

159  30 

35 
40 
45 
50 
55 

160  0 


Ao 


// 


2 
I 


3  13-09 
19.74 

16.43 

13.17 

9-95 
6.77 

3     363 
0.54 

a  57-4 
54.4 

51.51 

48.58 

2  45.69 
42.84 
40.01 
37.26 

34-53 
31.83 

2  29.17 
26.55 
23.97 
21.43 
18.92 
16.44 

2  14.00 
11.59 

9*22 

6.8 

4.5 
2.31 

0.08 
57.89 

55-7a 

53-57 
51.46 

49-39 

I  47.35 
45-34 
43-35 
4139 
39-47 
37-57 

I   35.70 

33-87 
32.06 

30.28 

28.J2 

26.80 


I  25.10 
23.41 
21.78 
20.16 
18.57 
17.00 

I  15.45 
13.94 
12.44 
10.97 

2-53 
8.10 

I     6.70 


Diff. 


ft 

3-35 
3.31 

3.26 

3.22 

3.18 

3.14 

3.09 
3.05 
3.01 
2.97 
2.93 
2.89 

2.85 
2.81 

2.77 
2.73 
2.70 
2.66 

2.62 
2.58 
2.54 

2.48 

2.44 

2.41 

2.37 
2.33 

2.31 

2.27 
2.23 

2.19 
2.17 

2.15 

2.1 1 

2.07 
2.04 

2.01 

•99 
.96 

.92 

.90 

.87 

i^ 
.81 

.76 
.72 
.70 

.67 

.62 

-59 
•57 
-55 

-51 

.50 

•47 
.44 

•43 
.40 


w 


160     0 

5 

10 
15 
20 
25 

160  30 

35 
40 
45 
50 
55 

161  0 

5 
10 
15 
20 
25 

161  30 

35 
40 
45 
50 
55 

162  0 

5 

10 
15 
20 
25 

16S   30 

35 
40 
45 
50 
55 

163  0 

5 

10 
15 
20 
25 

163  30 

35 
40 
45 
50 
55 

164  0 

5 
10 
15 
20 
25 

164  30 

35 
40 
45 
50 
55 

165  0 


A) 


// 


I     6.70 

5-33 

3.97 
2.64 

1.33 

0.04 

o  58.78 

57-54 
56.31 

55.11 

53-93 
51-77 

o  51.63 

5050 
40.40 

48.32 

47.26 

46.21 

o  45.10 
44.18 

43-19 
42.22 

41.26 
40.33 

o  30.41 

38-51 
37.62 
36.75 
35.90 
35.06 

o  34.24 

33-43 
32.6a 

31.86 

31.10 

30-35 

o  29.62 
28.90 
28.20 

27.«I 

26.83 
26.16 

o  25.51 

24.88 
24.25 
23.64 

23.04 

22.45 

o  21.88 
21.31 
20.76 
20.22 
19.69 
19.18 

o  18.67 
18.17 
17.69 

17.21 

16.75 

16.29 
o  15.85 

fill 


Diff. 


.36 

-33 

-3" 
.29 

.26 

.24 
.23 
.20 
.18 
.16 
.14 

-13 
.10 

.08 

.06 

.05 

.02 


l.OI 

0.99 
0.97 
0.96 
0.93 
0.92 


}.8< 


o. 

0.X9 

0.87 

0.85 

0.84 

0.82 

0.81 
0.70 
0.78 
0.76 
0.75 
0.73 

0.72 
0.70 
0.69 
0.68 
0.67 
0.65 

0.63 
0.63 
0.61 
0.60 
0.59 
0.57 

0.57 
0.55 
0.54 

0.53 
0.51 

0.51 

0.50 
0.48 
0.48 
0.46 
0.46 
0.44 


to 


165  0 

10 
20 
30 
40 
50 

166  0 

10 
20 
30 
40 
50 

167  0 

10 
20 
30 
40 
50 

168  0 

10 
20 
30 
40 
50 

169  0 

It) 
20 
30 
40 
50 

170  0 

10 
20 
30 
40 
50 

171  0 

10 
20 
30 
40 
50 

172  0 

10 
20 
30 
40 
50 

173  0 

10 
20 
30 
40 
50 


174 
175 
176 
177 
178 
179 


0 
0 
0 
0 
0 
0 


180     0 


n 

15.8c 
14.98 
14.16 
13.18 
12.63 
II.9I 

11.22 

10.57 

9-95 

8.80 
8.26 

7-75 
7.27 

6.81 

6.37 

5.96 

5-57 

5.20 
4.84 
4.51 
4.20 
3.90 
3.62 

336 
3.11 
2.88 
2.66 
2.46 
a.27 

2.09 
1.92 
1.76 
1.62 
1.48 

1-35 

1.23 
1. 12 

1.02 
0.03 
0.8^ 
0.70 

0.68 
0.61 

0.55 
0.49 

0.44 

0.39 

0.35 
0.31 

0.27 

0.24 

0.21 

0.19 

0.16 
0.07 
0.02 
o.oi 
0.00 
0.00 

0.00 


Diff. 


// 


0.87 
0.82 
0.78 
0.75 
0.72 
0.69 

0.65 
0.62 
0.59 
0.56 
0.54 
0.51 

0.48 
0.46 
0.44 
0.41 
0.39 

0.37 

0.36 
0.33 
0.31 
0.30 
0.28 
0.26 

0.25 
0.23 

0.22 
0.20 
O.li 

o. 


>.19 
>.i8 


0.17 
0.16 
0.14 
0.14 
0.13 
0.12 

0.1 1 

O.IC 

0.09 

O.OQ 
O.OB 
0.08 

0.07 
0.06 
0.06 
0.05 
0.05 
0.04 

O.Q4 
0.04 
0.03 
0.03 
0.02 
0.03 

0.09 
0.05 
O.OI 
O.OI 
0.00 
O.OC 


J 


TABLE  Vm. 

For  finding  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V 

log2V 

Diff. 

0 

logiV' 

Diff. 

V 

1 

log  J*- 

UC 

o       / 

0    0 

0.025 

5763 

0     / 
30    0 

0.020  7911 
.020  6168 
.020  4802 

0       / 

eo  0 

0.008  8644 

sitft 

2ltl 

30 

.025 

5749 

14 

4  *% 

30 

1587 
1608 
1628 
1649 

30 

;     .008  6458 

1     0 

.025 

5707 

96 
124 
152 

31     0 

61     0 

.008  4277 

30 

.025 

5638 

30 

.020  3215 

30 

.008  2103 

lite 

21K 

»«55 

2    0 

30 

.025 
.025 

554» 
5418 

32     0 

30 

.020   1607 
.019  9979 

62    0 

30 

.007  9934 
1     .007  7774 

3    0 

30 

0.025 
.025 

5266 
5087 

206 

33    0 

30 

0.019  8550 
.019  6062 

1668 
1688 

63    0 

30 

0.007  5621 
.007  3477 

ii44 

4    0 

.025 

4881 

34    0 

.019  4974 

64    0 

:        .007    1343 

»'34 

30 

.025 

46^7 
4386 

234 

30 

.019  3267 

1707 

30 

.006    9220 

2123 

5     0 

.025 

261 
289 
316 

35     0 

.010   1540 
.018  9795 

1727 

65     0 

.006    7108 

2112 

30 

.025 

4097 

30 

1745 
1765 

30 

.006    5008 

2I0C 
2=W 

6    0 

0.025 

3781 

•^ 

36    0 

0.018  8030 

/  J 

A 

66    0 

a006    2Q22 

.006  0849 
.005  8792 

30 
7     0 

.025 
.025 

3066 

344 
371 

398 

30 
37    0 

.018  6248 
.018  4448 
.018   2029 

1782 
1800 

30 
67     0 

2C75 
2C5: 

30 

.025 

2668 

30 

1819 
1835 

1869 

30 

.005  6750 

204: 

8     0 

.025 

2243 

4*5 
480 

38     0 

.018  0794 

68     0 

.005  4725 

202; 
jcoi 
i9Si 

30 

.025 

1791 

30 

.017   8941 

30 

.005  2717 

9    0 

30 

0.025 
.025 

'2" 

0805 

506 

39    0 

30 

0.017  7071 
.017   5186 

1886 

69    0 

30 

0.005  ^»9 
.004  8760 

19^ 

10    0 

.025 

0271 

560 

587 
614 

641 

668 
694 

40    0 

.017   3283 

1901 

1918 

70    0 

.004  681 I 

30 

.024  9711 

30 

.017   1365 

30 

.004  4884 

I9ST 

11     0 

.024 

0124 
8510 

41     0 

.016  94^2 
.016  7483 

«933 

71     0 

.004  2980 

>*55 

30 

.024 

30 

'949 
1963 

1978 

30 

.004  I 100 

12     0 

30 

0.024 
.024 

7869 
7201 

42    0 

30 

0.016  5520 
.016  3542 

72    0 

30 

0.003  924? 
.003  7A16 
.003  5613 

ilej 

13     0 

.024 

6507 

43    0 

.016   1550 

1992 

73    0 

30 
14     0 

30 

.024 
.024 
.024 

5786 
4206 

721 
747 

800 

30 
44     0 

30 

•0x5  9545 
.015  7526 

.015  5495 

2005 
2019 
2031 
2045 

30 

74    0 

30 

.003   3839 
.003  2094 
.003  0380 

1:4? 

i-u 
i6i: 

15     0 

0.024 

3466 

^5 
852 

878 

45    0 

0.015  3450 

2056 
2068 
2079 

75     0, 

0.002  8698 

30 
16    0 

30 ; 

.024 
.024 
.024 

2641 
1789 
09 1 1 

30 
46     0 

30 

.015   139A 
.014  9326 
.014  7247 

30  ! 
76    0 

30 

.002  7049 
.002  5433 
.002    38 C4 

17     0  ! 

.024 

0008 

903 

47     0  , 

.014  5157 

2090 

77     0 

.002    2311 
.OC2    oXc6 

'-♦J 

30  1 

i 

.023 

9079  1 

929 
954 

30 

.014  3057   , 

2100 
2110 

30, 

1;;.' 

18     0 

!             30  1 

0.023 
.023 

8125 

7»45 

980 

48     0 

30 

0.014  0947   ' 
.013  8827 

2120 

78     0 
30 

o.ooi    9341 
.001   791- 

.  .  W  A 

19     0 

.023 

6140   1 

1005 

49     0 

.013  6698 

2129 

79     0 

.001   653c 

1311 

no : 

.023 

5109 

103 1 

30 

.013  4561 

2137 

30  1 

.001    5I9^ 

1)3' 

20    0  ' 

.023 

4054 

1055 
1081 
1 105 

50     0 

.013  2416 

2145 

80     0 

.001    3933 

Hi* 

30  . 

.023 

^973    , 

30 

.013  0263 

2153 
2160 

30 

.cci   265^ 

1 1.; 
11 V 

21     0  , 

0.023 

1868 

51     0 

0.012  810? 
.012  5936 

/» 

81     0 

c.coi    145S 
•  coi    c3c-> 

r.o 

.023 

0738   ! 

1 130 

30 

2167 

30 

lU' 

22    0 

.022 

9584 

1 1 54 

52     0 

.012  3764 

2172 

82     0 

.000  921 1 

1:9! 

30 

.022 

8405 

1179 

30 

.012   1585 

2179 
2183 

2187 
2191 

30 

.oco   8I6^ 

i:4' 

1     23     0  ' 

i           r.O  . 

.022 
.022 

7202   • 
5975 

1203 
1227 
1251 

53     0 

30 

•Oil   9402 
.011   7215    ' 

83     0 

30 

.coo  71-; 
.00c  624c 

•  • 

• 

1    2-t    0 

C.022 

4724   , 

9    4%   am    » 

54     0 

o.oi  1   5024 

0^   m   ^\  « 

84     0 

0.000   53^4 

ft   ■   K 

!     25     0 

:'.o 
'     26    0 

.022 
.022 
.022 
.021 

3449 
2151 

0829 
9484 

1298 
1322 

«345 
1368 

1390 

30 

55  0, 
30 

56  0 

.oil    2829   , 
.oil   0632 
.010  8432 
.010  6231 

2195 
2197 
2200 
2201 

30 

85  0 
30 

86  0 

.oco  4546 
.00c  3-90 
.coo   3C^;^ 
.000  24fr* 

■  1  * 

;            •''•O 

.021 

8116 

30 

.010  4029 

2202 
2202 

30 

.000   I9c«' 

27     0 

0.021 

6726 

57     0 

o.oio   1827 

87     0 

0.000   141; 

30 

.021 

5312 

1414 
1436 
1458 
1480 

30 

.009  9625 

2202 

30 

.000  09 >r 

•  •  • 

28     0 

.021 

3876 

58     0 

.009  7424 

2201 

88     0 

.000  063*^ 

;»i 

;'.o 

29    0 

.C2I 
.021 

2418 
0938 

30 
59    0 

.0C9  522s 

.009  3028 

2199 
2197 

30 
89     0 

•COO  o3^3 
.000  cl^3 

30 

.020 

9436 

1502 
'5^3 

;50 

.009  0834 

2194 
2190 

30 

.000  0C41 

1:: 

30     0 

1 

0.020 

7913 

60     0 

0.C08  8644  1 

90    0 

0.000  ooo-r 

_J 

612 


TABLE  ym. 

For  fiuding  Ihe  lime  from  the  Pcrilielion  in  a  Parabolic  Orbit. 


9-999  9R76 


■99»  79  5  i 

.998  546! 

9.998  2757 

.997  961+ 

.997  6669 

■997  5197 

.996  9708 

.996  5506 

9.996  1891 

■995  7666 

■99;  3134 

•994  "596 

■994  3755 

-11  S7U 

9-993  1470 


■99°  4347 
9.989  7956 
9  >}io 
.988  46  x: 
■987  76S5 
.987  057  z 
.9S6  3181 


.985  1418 
.981  418B 
.981   5996 

754! 
8gjS 
"'77 
=164 


-97' 
■  971 

■977  — - 

.976  199J 

9.97  s  3640 

■974  4145 

■973  4S'o 

•971  4739 

■97'  4»J3 

■97°  479° 

9.960  4619 

-96*  43  37 

.967  3910 

.966  33E1 

.965  1716 

.964  1954 

[     9.9(13  1069 


Xi 


^ 


.9  7764 
,«  64S4- 
17  i°+6 
;e   3541 


6  illsi 
5  6111 
4  3So6 
3  0763 
I  7987 
o  5,85 


6  343  J 
S  0559 
3  770J 
a  4870 


.90a  6538 
■907  3831 
.904  8541 
.903  J969 
noi   3449 

ign  8;8i 
.898  6143 
.897  397a 
.896  1774 
.894.  9651 
.893  76'Q 


.890  1004 
Mg  0311 


889  03x1  1 
887  373S 
886  7.59  ; 
88;  58S7  I 
884  4617  ' 
B83    3481 


,875  I 
■«74  !  , 

ill  ;?ii 

.871  956. 

,871    Q09< 

,870  079: 

"■"  ,Si; 

,867  3!    ■ 


9938 
97S6 
9619 


i  '  !j9' 


7688 

7493 
7194 


,8;8  9481 

■;■  i°it 

.8  57  0704 
.856  487s  I 
.855  9166 
,855  1878 
,854  8714 
■854  3775 
,8; 3  90*5 
.853  4584  I 
.853  =13; 
.851  6319 
.851  1538  , 


.850  9794  ; 
.850  7109 
,850  4868 
.850  2770 

,«SO  09 '7 
■B49  93=9 
,«49  7948 
.849  6il3 
■849  59** 
.849  S34» 
■849  49''4 
■849  4850 


5609 

5164 

4939 


3544 
33=7 
1067 


'.III 


TABLE  IX. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Orbite  of  great  ecccntriciir. 


X 

A 

Diff. 

B 

Diir. 

C 

B 

mm. 

r 

o 

// 

r* 

f 

It 

tf 

/» 

n 

m 

0 

o.oo 

0.00 
O.OI 

0.04 

0.000 

0.000 

0.000 

cooo 

1 

coo 

o.oco 

0.000 

0.000 

' 

C.COC 

2 

O.OI 

0.000 

0.000 

o.ooo 
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9.304 

9-555 
9.815 

10.083 
10.159 
10.645 
10.940 
11.244 

"-558 

11.881 
12.218 
12.564 
12.921 
13.291 
13.673 

14.067 


Diff. 


It 


.091 
.096 
.101 
.105 
.III 
.117 

.123 
.129 
.136 

.'43 

.'5' 
.159 

.168 
.176 
.187 

-'97 
.207 

.220 

.115 
.117 
.121 
.124 
.128 
.131 

.'35 

.140 

•'43 

.'47 
.152 

.156 

.160 
.166 
.170 

.'75 
.181 

.186 

.192 

•'97 
.203 

.210 

.216 

.223 

.230 
.238 
.244 
.251 
.260 
.268 

.276 
.286 
.295 

•304 

•3'4 
.325 

-346 

•357 
.370 

.382 
-394 


TABLE  X. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Elliptic  and  Hyperbolic  Orhita 


r 


Kllipae. 


log  B    mtr. 


O. 


O.OO 
.01: 
.02 

•03 
.04 

o.oc 

.00 

.07 

.08 
.09 

0.10 
.II 

.12 

•>3 

.14 

0.20 
.21 

.22! 

.24! 

0.25! 

.26' 

I 

.28| 

•»9i 

0.30, 


000 
0000 
0007 
0010 
0007 

0120 

0188 

0272 
0371 

04«5 
0615 

0762 
0924 
1102 
1296 

1507 

1734 
1977 

2238 

2515 

2809 

3120 

3448 

3793 
4156 

4537 
4935 

57«5 
6237 

6708 
7196 


logC 


^3 
37 

68 


0.000  0000 
.001 
.003 
.005 
.007 

0.008 
.010 
.012 
.01. 
.oi 


\t 


84 

99 
114 

130! 

!«47- 
162  °-o«7 
178,   •°'9 

194!  -^^ 
2111    0*3 

I227I  •°*5 
2^3:0.027 
261    •°»9 

'277  •°3> 
194    .033 

I3M'  •°35 

'328  o-^37 
345    -^39 


041 
043 
045 


363 

i38« 
1398 

■416  °'°47 
'434I   •°49 

452    -^^^ 

I488I  -^s^ 
i        10-058 


7432 
4985 
2659 

0457 

8381 

643a 
4613 

2924 

1367 

9945 

8659 
7511 

6503 

5637 

4916 
4340 

3636 
3511 

354» 

3730 

4077 
4585 
5*59 

6099 
7109 
8290 
9646 
1179 

2893 


logl.Diff. 


4.23900 
.24286 
.24583 
.24885 
.25190 

4.25.197 
.25806 
.26116 
.26427 
.26741 

4.27057 
.27176 
.27697 
.28020 
.28344 

4.28670 
.28999 
.29111 
.29665 
.30001 

4.30139 
.30679 
.31022 
.31368 
.31716 

4.32066 
.32418 

•3*773 
.33131 

•3349a 

4.33856 


log 

liAlfll.Dlff. 


1.778 

.78 
.78 

•794 
•799 

1.805 
.811 
.816 
.821 
.827 

1.833 
.839 
.845 
.851 
.857 

1.863 
.869 

.875 
.882 
.888 

1.895 
.901 
.908 
.915 
.922 

1.92 

•93 

•943 
.951 

.958 

1.966 


Hyperbola. 


\ogB 


0.000 
0000 
0007 
0010 
0067 
OI18 

0184 
0265 

0359 
0468 

0591 

0728 
0880 
1045 
1223 
1416 

1622 
1842 
2075 
2321 
2581 

2854 
3140 

3439 

375» 
4076 

4414 

4765 
5128 

5504 
5893 

6294 


Diff. 


7 

23 

37 
I 

6 


logC 


0.000  0000 
9.998  2688 


I 


.996 

•994 
•993 


81  999 1 
989 


94 
109 

123 


.988 
.986 

137    -984 

,1529-983 
;i65    •98» 

l'78|  'III 
193I  -978 

!2b6,    976 

I220  9-975 
233  -973 
246 1  -972 

'^^°  ill 

'273:   -9^* 

2869967 

•299:   -965 

312!    964 

325'  -962 

hi  -961 

1C I  9-959 

ill  I  -958 

376'  -956 

89,  -955 


401 


•954 


5493 
8414 

1450 

4599 

7859 
1 23 1 

A711 

8298 

199a 

5791 
9694 

3699 

7805 

201 1 
6316 
0719 
5218 
9813 

4502 
9285 

4«59 
9124 

4180 

9324 

4556 

9875 
5281 

0771 


H 


9.952  6346 


logl.Dlfr.    jbaifiLDiC, 


4.23982^ 
.23686 
.23392 
.23098 
.22807 

4.22  5 1 8» 
.22230 
.21943 
.21659 
.21376 

4,21094, 
.20815 

.20537 
.20260 
.19986 

4.19712, 
.19440 
.19170 
.18901 
.18633 

4.18367, 
.18102 

.17840 

•17579 
.17319 

4  1 7061, 
.16803 
.16547 
.16292 
.16038 

4-«5785, 


1.771 

.767 
.762 

•75* 
•753 

i.74« 
•743 
•739 
•734 
.730 

1.725 
.720 
.716 
.711 

.706 

1.700 
.695 
.690 
.6S5 
.679 

1.672 

.666 
.661 

.649 

1.643 

.637 

.625 
.61S 

1.613 


J 


TABLE  X.    Part  H. 


Ellit>.H<>. 


A 


0.00 
.01 
.02 
.03 
.04 


0.0 :; 

0.C4808 

.06 

.c^-'iS 

.0-  ; 

.00650 

.oS 

.0-';2l 

.09 

.C8398 

0.10 

C.C9263 

.1 1  1 

.101 16 

.12  i 

.  1 09  ^  6 

•»3 

.  1 1  -  S  3 

.14  , 

.12599 

C.I  5 

.It) 

.17 
.18 
.19 


0.13404 

.14198 
.14981 

•»^"^3 

.16515 


0.2c      0.17266 


Diff. 


0.00000 
.00992 
.01969 
.02930 

.03877 


992 

977 
961 

947 
93 » 

918 
904 
S91 
8-- 
865 

S53 
840 

827 
8io 
805 

794 

7-2 
762 

751 


Ilypt-rbola. 


0.00000 
.01008 
.02033 
.03074 
.04132 

0.0^209 
.06303 
.07417 
.08550 
.09702 

0.10875 
.12069 
.13285 
.14^22 
.15782 

0.17067 

•1^375 
.I9"»C9 

.21068 

.22454 

0.23867 


Diff. 

1008 
1025 
1 04 1 
io>8 


10 


/  / 


1094 
1 114 
1133 
1152 
1173 

1194 
1216 
123- 
1260 
1285 

1308 

«334 

1359 

1386 

1413 


T 


0.20 
.21 
.22 
.23 
.24 

0.25 
.2b 

.29 

C.30 

•3> 

'V' 
•33 
•34 

0-35 
.36 

'3 
.38 

•39 
0.40 


KUipsc. 


0.17266 
.18008 
.18740 
.19462 
.201-4 

0.208-S 

•2>5'3 

.22258 

•--9^5 
.23604 

0.24265 

.2491- 
.25561 

.26198 
.26826 

0.2-44- 
.28061 
.28668 
.29268 

.29860 
0.30446 


Diff. 


74* 

731 
722 

712 

704 

695 

68> 

6-7 
669 

661 

652 
644 
63- 
628 
621 

614 

6C7 

600 

III 


lly\HiT\fO\A. 


0.23867 

•25309 
.267-9 

.28280 

.29813 

0.-^1377 


Diff. 


1442 
14'C 

15CI 

1564 


61S 


TABtE  n. 

For  Ibe  Motion  in  a  Parabolic  Orbit 


, 

lo«»' 

I»«. 

, 

rodc 

i.<r. 

q 

1<^M 

Dlff. 

0,000 

0.000  0000 

0.060    D 

000  o6;i 

alio 

0,000  1617 

.061 

000  ofi„ 

44 

061 

000  0697 

*3 

■H 

OOJ 

.000  0001 

063 

000  0719 

,I2J 

.000  1750 

*A 

00+ 

.000  OOOJ 

064 

000  0742 

»3 

.124 

.000  2795 

tl 

° 

III 

0.000  OOOJ 

° 

:u  ° 

ooo  0766 

000  0790 

»4 

-■".i 

°'X^  lltl 

45  1 

.000  0009 

067 

ooooSh 

000  oaiB 

.117 

.000  1933 

008 

06S 

»4 

.111 

oog 

.OOD  0015 

069 

»s 

.119 

."Ho  itlt 

tl 

0 

010 

0.000  001  g 

070  1  0 

000  0888 

16 

0.130 

"■"o  \°l*, 

IVi 

'.™  M»6 

07J 

ooo  0914 
000  0940 

t6 

26 

.131 
.132 

[ooo  J169 

4I  1 

01 J 

.000  0031 

°n 

000  0966 

■Hi 

.000  j„8 

49 

014 

-QOO  0035 

t 

074 

000  0993 

17 

.134 

.000  J167 

49 

O.ODO  0041 

07s  0 

0.13J 

O.O0Q  3316 

016 

.000  0046 

i 

076 

DOO  1047 

11 

.lil 

.ODO  ^65 

49 

019 

.000  0051 

.000  O0S9 

.000  006s 

I 

078 
079 

000  to75 
000  1131 

18 
19 

Ml 

■39 

.000  34.; 
.000  346^ 
.OOD  35.6 

S' 
SO 
S' 

0 

o»o 
oi» 

°'i5i 

° 

o«o   0 

oil  '■ 

000  1161 
000  1190 

19 
19 

.141 

°:"o  ]i% 

S' 
5» 

02  J 

:^"9fi 

000  1249 

30 

■'43 

.000  3723 

5? 

014 

.000  0104 

084 

ooo  1280 

3' 

■'44 

.000  3775 

S* 

" 

lU 

0.000  0113 

lU  ° 

000  13" 

DOO  I34J 

3' 

°:;;i 

0.000  382* 
.000  3882 

S4 

.000  01 31 

0H7 

DOO  1373 

■'47 

.DOO  3915 

019 

.000  Ol+I 

oig 

000  i+o; 
000  1+37 

3» 
33 

.,4 
■'49 

.000  3gl«9 
.000  4044 

54 
5i 

o 

OJQ 

0.000  0.63 

090  0, 

000  1470 

0.150 

0.000  4099 

031 

.000  0174 

091 

DOO  1501 

34 
33 
34 
3S 

.151 

.ODO  4154 

OJl 

.000  0.&5 

o9» 

000  .536 

.151 

tl 

OJJ 

,000  0197 

073 

000  ,<i^ 

■'S3 

:So  4i6s 

S" 

03  + 

.000  0109 

094 

000  .603 

.154 

.000  43" 

s* 

° 

:is 

.000  013; 

° 

?,i   ' 

000  1638 
000  .673 

3! 

35 

-iin 

0.000  4378 
.000  4+3; 

\l 

057 

.000  0148 

097 

000  1708 

■'S7 

.000  4493 

8 

038 

.000  0161 

098 

000  1743 

11 

.158 

tS 

039 

.000  0175 

099 

000  1779 

37 

■'59 

.000  4S09 

S" 

040 

0.000  0190 

0.160 

0.DOO  4668 

041 

.000  0304 

000  lip 

.■61 

.000  4726 

ll 

041 

000  M^ 

37 

.■61 

.000  4786 

043 

.000  0315 

103 

000  I9I6 

i 

38 

..61 

.000  lUe 

0+4 

.ODO  0351 

■  04! 

000  .964 

.I6j 

.000  4906 

6d 

0 

045 

0.000  0367 

0 

■  05   0 

□oo  1001 

0.16? 

0.000  4966 

04^ 

.000  0583 

106 

DOO  1040 

.168 

.000  S017 

0+7 

.000  0400 

000  1079 

39 

.167 

.DOO  ,o8S 

048 

.DOO  0417 

DOO  ZIlA 

39 

.■68 

.DOO  ii;o 

049 

.000  0435 

109 

000  2-;8 

40 

.169 

.000  5ZI2 

61 

OjO 

0.000  0453 

DOO  1198 

0.000  5274 

Oil 

.000  0471 

000  2,38 

.000  S337 

H 

°i» 

,ODO  0490 

000  2279 

.000  5400 

OS  3 

.000  0509 

■  13  1 

000  2320 

■173 

.000  S464 
.000  552* 

64 

"54 

.000  0518 

..4| 

000  Z36, 

4^ 

64 

a 

0.000  0548 

° 

',',l\    " 

DOO  1403 

000  2+45 

DOO  24B7 

4» 
41 

.'77 

0.000  S!9i 
.000  5657 
.000  5711 

si 

osa 

000  2530 

.178 

.000  5787 

u 

059 

:^  06  jt 

119 

000  2573 

43 
44 

■'79 

.000  5^53 

66 

060 

0.000  ofija 

0.110    0 

000  2617 

0.1B0 

0.000  5919 

TABLE  n. 

For  the  Motion  in  il  Parabolic  OiUl 




o-iSo 

ii*^ 

IK.. 

,'" 

tec 

[HS. 

, 

1«CI> 

DtS 

0.000  tor9 

11  ° 

ll 

140 

0.001    0601 

0 

300 

0.«5«     67I! 

.iti 

is 

»4' 

14* 

:s;  S81 

9' 

301 

301 

.001     684* 
.00.     6963 

.i»3 

»41 

.001 0875 

9' 

303 

..84 

000  61S8 

68 

»44 

.001  0966 

9> 

30+ 

-OOI   7195 

"7 

0006156 

14? 

0.00.   to;8 

9*        ° 

3°i 

0.001     7311 

:,si 

™  6^*' 

6? 

14S 

.001    ii;o 

jol 

.001     7+19 

'      .i»7 

147 

.001    1141 

307 

.001     7546 

<      .itlj 

^ej^i 

i 

48 

.001   133s 

93 

308 

.00,     7664 

..89 

000  6S3- 

149 

.001   1419 

94 

309 

.001  77«3 

"t 

D.190 
.191 

" 

000  6601 

000  667J 
000  674+ 

I] 

150 
151 

■i;  B 

9i     ° 

94 

JIO 

3" 
3'» 

.oot   8,+o 

119 

000  68ii 

ll 

'S3 

95 

3'3 

.001    8160 

■'94 

000  6887 

7» 

»S4 

.00.  190. 

96 

3'4 

.oot  838. 

III 

"U 

" 

000  69S9 

OQO    7051 

71        ° 

IP 

0.001    .997 
.001    1093 

96        ° 

1:1 

'T.  II" 

lit 

1  ;:?i 

000    7104 

000    7177 

7i 
71 

158 

.001    J 190 

97 
97 

Hi 

.001 8745 

.00.  isij 

III 

.199 

000   7250 

73 
74 

»59 

iooi   1384 

u 

319 

.00. 8989 

'U 

°:*^ 

0. 

000  73»4 
000  7399 

7S       " 

i6a 
16 1 

0.001   1481 
.001   1580 

98    = 

310 
311 

"■zi  tin 

"1 

DOO    747 J 

74 

161 

.001   1679 

99 

311 

.001  9j«o 

1        .10] 

.    .104 

000   tii 
000  7614 

ll    ^ 

*«3 
164 

;r=;  ni 

99 
99 

ill 

3H 

.00.  ;l84 
.001  9609 

l»4 
1»I 

.'TJ. 

l6j 

0.001   1977 

315 

"Zi  lUt 

000  7776 

7* 

i6i 

.oot    3077 

3J 

116 

oco  78SI 

'*! 

.00,    3,7* 

5^2 

Zi  o?r 

.loB 

000  7930 

168 

.oot    3179 

318 

.109 

0008007 

',1 

169 

.00,  338. 

loi 

1»9 

Zl  oUo 

11- 

0 

000  8ogj 

7a    ° 

0.001  3481 

33° 

0.001  0367 

000  S16, 

.001  3585 

33' 

.001  0495 

000  si+i 

79 
79 

.00 ■    ,68 S 

103 

5!^ 

!i1 

1      -"^ 

000  85.1 

171 

,001    5791 

333 

.001  075: 

1      .114 

0=0  84c^ 

il 

.00,    3S94 

104 

334 

.001  0881 

1:9 

0.115 

000  11480 

So       " 

175 

o.oo>    599a 

"5 

.1.^ 

loo  sf  ? 

17S 

.001    4>oj 

3J6 

.001  1I4I 

130 

,      .117 

177 

loJ 

33' 

.Hi 

Itc  Sji[ 

178 

33S 

iooi   1403 

000  8803 

u 

.001   ++iS 

[li 

339 

.113 

° 

000  888; 
000  8<,67 
000  9050 
000  9131 

i 

180 
lai 

iHi 

183 

107     ° 

107 

107 

340 
34' 
3+1 
1+3 

0.001  1666 

.001    1799 
.001    1931 
.001   1065 

'r 

■"+ 

000  91,6 

'} 

18+ 

.001  49  5  J 

■08 

3+4 

.001   i,9» 

'33 

0.21; 

000  9500 

185 

0.00,    S06. 

3+! 

0.001   1533 

-111 

000  9184 

lU 

"ooI    Kl 

3+« 

Zl  Itol 

'i+ 

.117 

000  9468 

187 

3+7 

..1* 

OOQ    9553 

°s 

'°Vx  S188 

3+8 

^ooi   ZT3S   1 

i;6 
13b 
i;t 

.11, 

000    96,8 

u 

389 

.OJI    5497 

109 

3+9 

.001    1874 

0.150 
.111 

a 

OOD    9897 

86        ° 

190 
191 
191 

0.00,    ;6oB 
iool    Ills 

"t   ° 

350 
35' 

.ooz    3147 
.OOI   31*4 

;p 

■»31 

000    9984 

ii 

19] 

.OOI    5941 

353 

.001  341J 

.134 

194 

.001  6053 

35+ 

.001    i;6o 

'  °i]l 

OOI  0159 
OOI   0147 

88       ° 
88 

III 

°z:  Vii 

IIJ    ° 

356 

°:»:  -SS 

i_;9 

1  ::]^ 

,139 

OOI   03)5 

OOI     D414 
DOl     0513 

8, 
89 

III 

J99 

.oot   6391 

114 
114 

357 
358 
359 

.001   3977 

141 

C.140 

' 

00.  060, 

° 

300 

o.oo,    6733 

° 

360 

0.00a  4399 

TABLE  XI. 

For  the  Motion  in  a  Parabolic  Orbit. 


-^ 

logC 

, 

l-BM 

El«." 

, 

loBC 

DilC 

0.360 

0.001  4399 

141    ° 

141 

~  ~ 

003  3710 

0 

480    D 

004  48(8 

.j6, 

^U^tS 

411 

003  3890 

48. 

004  S061 

103 

.361 

003  4°6i 

4K1 

004  5263 

■3*3 

001  48*4 

*»3 

ooj  4131 

483 

004  5A67 

■14 

001  4967 

'43 

'43 
'44   ° 

003  440+ 

171 

484 

103 

°:iJi 

° 

OCl  JUO 

001  515A 

ill  ' 

D03  4576 

'73  ° 

fd         ' 

004  5875 
004  6080 

jo; 

.367 

002  S39« 

*'^l 

OOJ  4921 

487 

004  6285 

105 

.36B 

ODl  55+1 

428 

003  5096 

488 

004  6492 

los ; 

.369 

002  s^sl 

'tl 

429 

003  SI71 

'75 
'74 

489 

004  6698 

0.370 

QOl  58,4 

146    ° 

.46 

430  0 

OOJ  5445 
003  56" 

490    0 

004  6906 

■371 

001  5990 

49' 

004  71 '3 

.371 

001  6116 

431 1 

°°i   5797 

491 

004  73i» 

■373 

001  6273 

433 1 

003  5973 

493 

004  7531 

109 1 

■374 

oo»  6411 

434  1 

003  6150 

494 

004  7740 

"■371 
•376 

° 

"■  s;?; 

'49   ° 

V,i\  ° 

OOJ  6327 
003  6505 

m  ° 

t9   ° 

^4  J9^| 

110  j 

■377 

ooz  6866 

'49 

437  ' 

oo,  6683 

497 

004  8373 

.37B 
■379 
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000  .17S 

!' 

5» 

S9 

000  1334 

ss 

0.01a 

a 

000  D131 

0 

000  oii5 

0 

050;  0 

000  I 47 I 

(, 

QOO  ,589 

»4 

000  0306 

000  dll 

I' 

65 

000  ,558 

S" 

.014 

000  0334 

000  031s 

17 

054  1 

69 

000  0391 

»o  03*1 

500  1910 

fil 

000  04SS 

31 
33 

MO  1989 

.019 

000  0473 

059 

000  1060 

Tl 

OOQ  1914 

64 

0.0J0 

000  0513 

:° 

oooos=6 

_! 

0«O  ,0 

1°°,^!_ 

_° 

000  >988 

TABLE  XIV. 

For  finding  the  Ratio  of  the  Sector  to  the  TriaDg^ 


o.o6o 
^1 
.062 
.063 
.064 

0.065 
.066 
.067 

,of)i 
.069 

0.G70 
.071 
.072 
.073 
.074 

0.075 
.076 
.077 
.078 
.079 

0.080 
.081 
.082 
.083 
.084 

0.085 
.086 
.087 
.088 
.089 

0.090 
.091 
.092 
.093 
.094 

0.C95 
.096 
.097 
.09S 
.099 

0.1 00 
.101 
.102 
.103 
.104 

0.105 
.106 
.107 

.loX 
.109 

0.1 10 
.11 1 
.112 
.113 
.114 

0.1 1  5 
.116 
.117 
.118 
.119 


Ellilrt*:. 


O-CCO    II  3 1 


Diir. 


Il3P«rboU.         JUS. 


.oco 
.coo 
.coo 

o.coo 
.coo 
.coo 

.occ 

-COO 

o.coo 

.COG 

.ceo 
.000 
.000 

o.coo 
.coo 
.000 
.oco 
.000 

0.000 

'    .000 

.coo 

,    .000 

i    .coo 

.  0.000 

i     .000 

.000 

!       .000 

I     .00c 

O.OGO 

I  .000 
.coo 
.000 

j     .000 

I  c.ooo 
.000 

I  .000 
.000 

.oco 

0.000 
.000 
.000 
.000 
.coo 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


2204 

2278 

^354 

2431 

25CO 
2588 

2669 

2751 

2X34 

2918 

3004 
3091 
3180 
3269 

3360 
3453 

3546 
3641 

373« 

383s 

3934 
4034 

4136 

4239 

4343 
4448 

4555 
4663 

4773 

4884 
4996 
5109 
5224 

5341 

5458 

5577 

5697 
5819 

594^ 

6066 
6192 
6319 
6448 
657X 

6709 
6842 
6976 
71 II 

7248 

7386 
752^) 
7667 
7809 

7953 

8098 
8245 
8393 
8542 
8693 


73 
74 
76 

77 
7« 

81 
82 

86 

87 

1^ 
89 

91 

93 
93 
95 
97 
97 

99 

100 

102 
103 
104 

105 
107 
108 
no 
III 

112 
113 

"5 
117 

117 

119 
120 
122 
123 
124 

126 
127 
129 
130 
131 


I  0.120  I  0.000  8845 


140 
141 
142 
144 

'45 

147 
148 

149 

>5i 
152 


ccoc 
.oco 
.000 
.oco 
.coo 

c.ooo 
.coo 
.oco 
.coo 
.000 

o.coo 
.coo 
.000 
.coo 
.000 

0.000 

.oco 
.000 
.000 
.000 

0.000 
.000 


133 

134 

135 

137 

138 

!   .000 

.000 

I   .000 

.  0.000 
.000 
.000 
.000 

.000 

0.000 
.000 
.000 
.000 

.coo 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.00c 
.000 


1988 

2C54 
2121 
2189 

2257 

2327 
2398 
2470 

^543 
2617 

2691  : 
2767 
2844- 
2922, 
3001  ' 

3081  I 
31621 

3^44 

33»7 
3411 

3496 
3582 
3669 

3757 
3846 

3936 
4027 
4119 
4212 
4306 

4401 
4496 

4593 
4691 

4790 

4890 
4991 
5092 

5195 
5299 

5403 
5509 
5616 

5713 
5832 

5941 
6052 

6163 

6275 
6389 

6503 
6618 

6734 
6851 

6969 

7088 
7208 

7329 
745 » 
7574 

I  0.000  7698 


66 

67 
68 
68 

70 

71 
72 

73 
74 
74 

76 

77 
78 

II 

81 
82 

!* 
85 

86 

!7 
88 

90 

9« 
92 

93 
94 

95 

95 
97 
98 

99 
100 

lOI 
lOI 

103 
104 
104 

106 

107 
107 
109 
109 

III 
III 
112 
114 
114 

"5 
116 

"7 
118 

119 

120 
121 
122 
123 
124 


ElUime. 


Difll 


Hypertwia. 


o. 


o. 


o. 


o. 


o. 


o. 


o. 


o. 


20 

21 

22 

»3 

Ve 

17 
28 

*9 


.00 
.00 


30    0.00 

3"  ;    .00 

32     .00 

33  ;  .00 

34  j  .00 


35 
36 

H 
38  j  .00 

39 


0.00 
.00 
.00 


40 
41 

4* 
43 
44 


.00 

0.00 
.00 
.00 
.00 
.00 


45  0.00 

46  .00 

47 
48 

49 


50 

3^  . 
53 

54, 

56  I 

57  , 

58  I 
59 

60 
61 
62 

63 
64 

65 
66 

67 
68 

69 

70 

71 
7* 
73 
74 

75 
76 
77  i     .00 

78  !  .002 

79  I  .002 

0.180 '  0.002 


.00 
.00 

.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 


0.000  8845  J 

.OCO  8999  . 
.000  9154  ' 
.000  93II  I 
.000  9469  I 

0.000  9628  . 
.000  9789 
.000  9951 


0115 

0280 

0447 

0615 

0784 
0955 

1 128 
I30I 

1477 
1654 

1832 

2012 

2I9| 

2376 

2560 

^745 
»933 

3121 

33" 

3696 
3891 

4087 
4285 
4484 
4684 
4886 

5090 

5295 

5502 

5710 
5920 

6131 

6344 

6559 

6775 
6992 

7211 
7432 

8103 

!"?! 
8558 

8788 

9020 

9*53 

9487 

97^4  I 
9961  ! 

0201  * 

0442  I 

o685 


"54 

J55 
"57 
«5« 
159 

161 
162 

'^ 

167 

168 
169 

»7i 
173 

>73 

176 

177 

180 
181 

184 
185 
188 
188 

190 
192 
193 

"95 

196 

198 
199 

200 
202 
204 

205 
207 
208 
210 
211 

Z13 

*«5 
216 

217 

219 

221 

222 
224 
225 

227 

228 
230 
232 

^33 
*34 

237 
237 
240 
241 

^43 


coco 
.000 
.000 
.000 


cooo 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.001 
.001 

O.OOI 

.001 
.001 

.OOT 

.001 

0.001 
.001 
.001 
.001 
.001 

o.cox 
.001 
.001 
.001 
.001 

0.001 
.001 
.001 
.001 
.001 

O.OOI 

.001 
.001 
.001 
.001 

O.OOI 

.001 
.001 
.001 
.001 

O.OOI 

.001 
.001 
.001 
.001 

i  0.001 
.001 
.oox 
.001 
.oox 


7698 

7822 

794« 

8074 

8202  t 
p3o] 

8459 
8590 

8711 1 

8853  : 

8986; 

9120  I 

9*55. 
93901 
95*7  I 

9665. 

98031 

9943 
0083 

0224 

0366 
0509 
0653 
0798 

0944 

1091 
im8! 

"3871 

"536 

1686 

18381 
1990  I 
2143  . 
2296, 
2451  1 

2607 
2765  I 

2921  ; 

3079 

3*38, 

3398! 

3559 
3721  I 

3883 
4047 

4211 

4377  I 

4543 

4710 

4878 

5047' 
5216 

5387 
5558 

5730  ; 

5903 ; 
6077 

6252 

6428 . 

6604 , 


0.001  6782 


;2 

116 

138 

lit 
129 

>3" 

13* 

"33 

"34 
"35 

"35 

137  ■ 

"38 

138 
140 
140 

"4" 
"4* 

"43 
"44 

146 

"47 

"47 
"49 

"49 

150 

152 

"52 
"53 
"53 

156 

156 

158 

"5* 
160 

161 
i6s 
162 
164 
164 

166 
16^ 
16: 
16^ 
169 

169 
171 
171 
17* 
"73 

174 
176 

"7« 


630 


TABLE  XIV. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.180 
.181 
.182 
.183 
.184 

0.18 
.18 

.187 
.x88 
.189 

ax90 
.191 
.192 
.193 
.194 

0.195 
.196 
.197 
.198 
.199 

0.200 
.20X 
.202 
.203 
.204 

0.205 
.206 
.207 
.208 
.209 

0.210 

.211 

.212 
.213 
.214 

0.21  C 

.2X6 

.2x7 

.2X8 

.219 
0.220 

.221 
.222 
.223 
.224 

0.22 
.22 

.227 
.228 
.229 

0.230 
.23X 
.232 

•*34 

0.235 
.236 
.237 
.238 

•»39 
a24o 


^ 


BUipse. 


0.002 
.002 

.002 
.002 
.002 


0685 
0929 

XI75 

X^22 
XO7I 


I>iff. 


0.002  1922 
.002  2174 
.002  2428 
.002  2683 
.002    2941 


0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

aoo 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.003 


i 


3199 
3460 
3722 

3985 
4251 

4518 
4786 
5056 
5J28 
5602 

5877 
6154 

$433 
6713 

6995 

7278 

7564 
851 

139 

8429 

8722 
9015 

9608 
9907 

0207 
0C09 
0814 
IX19 
1427 

X736 
2047 

*3S9 
2674 

2990 

3jo8 

3627 

3949 
4272 

4597 

4924 

52J2 

5582 

6248 

6584 
6921 

7260 
7601 

7944 
8289 


»44 
246 

247 

249 

251 

252 
aS4 

258 

261 
262 
263 
266 
267 

268 

270 
272 
274 
275 

277 
279 
280 
282 
283 

286 
287 
288 
290 
293 

»93 
296 

297 

299 

300 

302 
305 


309 

311 
312 

316 
3x8 

3x9 
322 
323 

3»5 
327 

328 
330 
332 

334 
336 

337 
339 
341 
343 
345 


HyperboU. 


O.OOX 

.oox 
.00  X 

.OCX 

.001 

O.OOX 

.oox 
.oox 

.OCX 

.oox 

0.00  X 
.001 
.oox 
.oox 
.oox 

O.OOX 

.oox 

.OOX 

.002 
.002 

0.002 
.002 
.002 
.002 
.002 


6782 

6960 

7139 
7319 

7500 

768X 
7864 

8047 
8231 
84x6 

8602 

8789 

8976 
9165 

9354 

9544 

9735 
9926 

01x9 

03x2 

0507 
0702 
0897 
X094 
X292 


\tr 


0.002 
.002  1^89 
.002  1889 
.002  2090 
.002  2291 


0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 


2A94 

2697 

2901 
3106 

33«i 

3518 

37*5 

393a 
4142 

435a 

4562 

4774 
4986 

5199 
54x2 

5627 
5842 
6058 
6275 
6493 

67  XX 
693X 

7151 

7371 
7593 

7816 
8019 
8263 
8487 

8713 
8939 


Diff. 


78 

80 
81 
8x 

83 

83 

84 

85 
86 

87 

87 

89 
89 

90 

9J 
9» 
93 
93 
95 

95 
95 

9Z 

9! 
98 

X99 
200 
20  X 
20X 
203 

203 
204 
205 
205 
207 

207 
207 
2x0 
2x0 
2x0 

2x2 
2x2 
2x3 
213 
215 

2x6 

2x7 

2Ig 
2X8 

220 
220 
220 
222 
223 

223 
224 
22A 
220 
226 


0.240 
.241 
.242 
.243 
.244 

0.245 
.246 
.247 
.248 
.249 

0.250 
.251 
.252 

•^53 
.254 

0.25 

•^5 
.257 

.258 

.259 

0.260 
.261 
.262 
.263 
.264 

0.265 
.260 
.267 
.268 
.269 

0.270 
.27X 
.272 
.273 
.274 

0.275 
.276 
.277 
.278 
.279 

0.280 
.28  X 
.282 
.283 
.284 

0.285 
.286 
.287 
.288 
.289 

0.290 
.29X 
.292 
.293 
.294 

0.295 
.296  : 
.297 
.298 
.299 


I 


Ellipse. 


0.003  8289 
.003  8615 
.003  8983 
.003  95^3 
.003  9685 

0.004  0039 
.004  0394 
.004  0752 
.004  XIIX 
.004  X472 

0.004  '835 

.004  2x99 

.004  2566 

.004  2934 

.004  3305 


0.004 
.004 
.004 
.004 
.004 


3677 
405  X 

4427 

4804 

5x84 


0.004  5566 
.004  5949 
.004  6334 
.004  6721 
.004  7XX1 


0.300 


0.004 
.004 
.004 
.004 
.004 

0.004 
.004 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 

.00 
.00 

0.006 
.006 
.006 
.006 
.006 


7C02 

8289 

8686 
9085 

HH 
9888 

0292 

0699 

1x07 

1517 
X930 

2344 

2760 

3x78 

3598 
4020 

4444 
4870 

5298 

6x60 
6594 
7030 
7468 

7908 
8350 

8795 

9689 

0139 
0591 
1045 

X502 
i960 

0.006  242 X 


Diff.     I    Hyperbola. 


346 

348 
350 
352 

354 

358 

359 
361 

363 

364 
367 
368 

371 
372 

374 
376 

377 
380 

382 
383 

387 
390 

39" 

392 

395 

397 

399 
400 

403 
404 
407 
408 
410 

4«3 

414 
4x6 

4x8 

420 

422 

42A 
426 
428 
430 

432 

434 
436 

438 
440 

442 

445 
446 

448 
450 

452 

454 
457 
458 
46  X 


0.002 
.002 
.002 
.002 
.002 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 


^^12 
9166 

9394 
9623 

9852 

0083 
03x4 

0545 
0778 

lOII 

X2A5 
1480 
I716 
X952 
2189 

2A27 
2666 
2905 
3146 

3387 

3628 

3871 
4XXA 

4358 

4603 

4848 
5094 

5341 

it 

6087 

6337 
6587 

6839 

7091 

7344 
7598 
7852 
8107 
8363 

8620 

8877 

9135 

9394 
9654 


99x4 
.004  0175 
.004  0437 
.004  0700 
.004  0963 

0.004  X227 

.004  149X 

.004  1757 

.004  2023 

.004  2290 


0.004 
.004 
.004 
.004 
.004 

0.004 


*^57 
2826 

3095 

3364 
3635 

3906 


Diff. 


227 
228 
229 
229 
23X 

231 
23X 
233 
233 
234 

235 

236 
237 
238 

239 
239 
24X 
24X 
24  X 

143 
243 

244 

H5 

»45 

246 

»47  i 
248 

249 

249 

250 
250 
252 
252 

*53 

»54 
»54 

256 
257 

257 
258 
259 
260 
260 

26X 
262 
263 
263 
264 

264 
266 
266 
267 
267 

269 
269 
269 

27X 
271 


631 


TABLE  X7. 

For  Elliptic  Orbits  of  great  eccentricitj. 


tori 

log  So  or  log  fl^,' 

Diff. 

logA' 

Diir. 

tor  6 

log  £^  or  log  £^' 

DffL 

loK 

-V 

1- 

o 

0 

1 

2 

3 

4 

1 
I 

0.000  oooo 
.ooo  oooo 
.ooo  oooo   ! 
.ooo  oooo   j 

.ooo  oooo  1 

1 

0 
0 
0 
0 
0 

0.000  oooo 
.000  0007 
.000  0028 
.000  0064 
.000  0II3 

7 
21 

36 

0 

31 
32 
33 
34 

0.000  0066 
.000  0075 
.000  0086 
.000  0097 
.000  0109 

9 
II 

II 

12 

13 

0.000 
.000 
.000 
.000 
.000 

6400 
6836 
7286 

7750 
8229 

% 
479 
493 

5 
6 

o.ooo  oooo  • 
.ooo  oooo   ' 

0 

0 

0.000  0177 
.000  0255 

78 
92 

107 

120 

35 
36 

0.000  0122 
.000  0137 

\l 

0.000 
.000 

8722 
9230 

50I 

5»3 

537 

5^ 

7 

.ooo  oooo 

0 

.000  0347 

37 

.000  0153 

18 

.000 

9753 

8 

.ooo  oooo 

I 

.000  0454 

38 

.000  0171 

19 

20 

.001 

0290 

9 

1 

.ooo  OOOI    1 

0 

.000  0574 

"35 

39 

.000  0190 

.001 

0842 

'    10 
11 
12 

o.ooo    OOOI 
.ooo    OOOI 
.OOO    0002 

0 

I 
0 

0.000  0709 
.000  0855 

.000    I02I 

163 
178 

40 
41 
42 

0.000  0210 
.000  0232 
.000   02C5 

22 

11 

0.001 
.001 
.001 

1409 

J96 
611  ' 

13 

.OOO    0002 

1 

.000  1 199 

206 

43 

.000  0281 

27 
29 

.001 

3197 

>  626 

14 

.ooo  0003 

I 

.000  1390 

44 

.000  0308 

.001 

3823 

•  640 

15 

0.000  0004 

I 

0.000  IC96 

220 

45 

0.000  0337 
.000  0308 
.000  0401 

3" 

'I 

38 
40 

0.001 

446J 
5118 
5788 

•  670 

700 

16 
17 

.000  0005 
.000  0007 

2 

2 

.000  I8I6 
.000  2051 

263 

277 

46 

47 

.001 
.001 

18 

.000  0009 

2 

.000  2299 

48 

.000  0437 

.001 

6473 

19 

.000  001 1 

2 

.000  2562 

49 

.000  0475 

.001 

7173 

:  7*5 

20 
21 

0.000  0011 
.000  0016 

3 
3 
4 
4 
5 

0.000  2839 
.000  3 1 31 

292 
306 
320 

334 
349 

50 
51 

0.000  05 1 J 
.000  0558 
.000  0604 

48 

5" 
54 

0.001 
.001 

7888 
8618 

1           ' 

1  730  , 

i  744 
!  760 

■  775 
790    1 

22 

.000  0019 

.000  3437 

52 

.001 

9362 

i  ^ 

.000  0023 

.000  3757 

53 

.000  0652 

.002 

0122 

;  ^ 

.000  0027 

.000  4091 

54 

.000  0703 

.002 

0897 

•   25 

0.000  0032 

I 

0.000  4440 

378 
392 
407 
420 

55 

0.000  0757 

ll 

0.002 

1687 

806 

26 

.000  0037 

.000  4803 

56 

.000  0815 

.002 

^493 

820 

27 

.ooo  0043 

7 

.000  5I8I 

57 

.000  0875 

tt 

.002 

33»3 

»J6 

851        ' 

28 

.000  0050 

7 
9 

.000  5573 

58 

.000  0939 

.002 

4U9 

;  29 

.000  0057 

.000  5980 

59 

.000  1007 

7« 

.002 

5000 

866 

30 

0.000  0066 

0.000  6400 

1 

60 

0.000  1078 

1 
1 

0-002 

5866 

TABLE  XVI. 

For  Hyperbolic  Orbits. 


m  or  n 

1 

log  Q  or 

loge 

log  I.  Diff. 

log  half  II.  Diff. 
2.II49, 

m  or  n 
O.IO 

1 
log  Q  or  log  (/ 

■■    r 
log  I.  Diff-   1 

i<^g)udfn.ihC 

0.00 

0.000 

OOOO 

9.998   7021 

3.41256,  ^ 

2.1046* 

.01 

9.999 

9870 

2-41  597n 

2.1l46n 

.11 

.998   4308 

3-45  326* 

2,102>, 

.02 

•999 

2*^2 

2.71675,, 

2.II42H 

.12 

.998    1342 

3.49028. 

2.IOC1;, 

.03 

•999 

8828 

2.89259^ 

2.1  1371. 

•13 

.997    8123 

3-5^4i3« 

2.097S« 

i     .04 

•999 

7917 

3.oi74in 

2.II30„ 

.14 

'       .997  4654 

3-55547-  ! 

2.0952, 

!  0.05 

9999 

6746 

3.1l4lln 

2.II2U 

0.15 

9.997   0936 

3-58453- ! 

2.0923, 

2.CS9i« 

.06 

•999 

5316 

3.i929o„ 

2.1  I  lOn 

.16 

.996   6971 

3-61154- 

.07 

•999 

3628 

3.25940„ 

2.ic97« 

•17 

'•       .996   2760 

3.63679, 
3.66048,  ; 

2.0860, 

.08 

•999 

I6.S2 

yV^^7n 

2.Io82n 

.18 

!      -995  830? 

2.0S26, 

.09 

.998 

9479 

3.36745" 

2.1065* 

.19 

•995  3600 

3.68276,  : 

2.0790. 

O.IO 

9.998 

7021 

3.4I256H 

2. 1  046 n 

0.20 

9.994  8671 

3-70378.  1 

1 

2.0751,      j 

632 


TABLE  ZVn, 

For  special  ferliirliatioiis. 


Forpwi-tiTanluHorUic  Argumcnl. 


Kit.        Ids/',  log/"      DlfT. 


:3 


0.477  "13 
■477  0117 
.476  9041 
.476  79S7 
.476  6871 

0-476  S7S' 
.476  470J 
.476  j6ig 
■470  »!34 
.476   14SO 


■475  J"?' 
-47 S  1789 
-475  1707 


0.474  9545 
■474  S464 
■474  7383 
■474  6303 
■474  5»»3 


■474  1983 
■474  0904 

473  9"5 
■473  8746 
.473  7667 

473  6589 
■473  55" 
■473  44 J3 
■473  335S 

■473  "wi 
■473  °i»4 


0.0045 
.0047 
.0049 


.471  0366 

,471  3391 

47'  7»tg 

471  6144 

.471  5070 

■47"  3996 

.471  igij 


>98  9504  ,  gg; 

198  8639 


i8   6oi7 
.3   ;i34   , 


7  74'S 


^97   6SSI  „^, 

197      5695      '    Bf,. 

■97  4833  1^: 

'97   397^  ft 

■■•)■>   i"°  86; 
'97  "49    :  - - 
L97   1388 
^97  0518 
^96  96(17 
,96  ^807 

'96794''  It 
196  7086 

'96  6i»6  *6° 

'96  5367  *;^ 

^4t^:^  lit 

196 17*8  - 

LoS  1010  559 


5  935 

5  »49 


5558 
■477  664s 
477  773» 


,478  4159 

,478  5  34* 

,478  6437 

478  7C16 

.478  86 IS 

■478  97'>5 

-  'SI 


■479  6147 
•479  7338 
1.479  8430 
.479  95" 

.480    D6li 

.480  .706 
.4K0  1793 
..480    jgot 

.480  4984 
.480  6077 
.480  7,70 

•430  8164 

,-480  9358 

.+8.  04 S2 

■481  '547 

■+8.  1S4. 

°"  3736 

.4*.  4831 

.48,  5916 

48-  7011 

481  81 i3 

4«l  9114 

.48»  0310 
.481  1407 
.481  »;o4 
.48J  3601 
--  469B 


,481  9090 
.483  0188 
,483  .187 
483  2386 
48,  ,485 
483  ■»;84 
.483  5684 
+83  6784 


'  3776 
'  464s 


>.3°'  S995 
.301  9865 


!03  3»'S 
J03  4689 
J03  ss6i 
J03  6436 
-3=3  73  "> 
.J03  8184 
.303  9058 
103  992J 

304  3557 


1.304  5183 
.304  6059 


PS  307"   I 


873 
871 
873 

873 
874 
873 


TABLE  XVn. 

For  special  Perturbations. 


q.?'.  9" 


.0104 

0.0105 
.C106 
,0107 
.oic8 
.0109 

o.ouo 
.011 1 
.0112 
.0113 
.0114 

0.C115 
.0116 
.01 17 
.01 18 
.0119 

.OI2D 


For  posittre  Taloet  of  the  Argument. 


0.0060 
.0061 
.0062 
.0063 
.0064 

0.0065 
.0066 
.0067 
.0068 
.0069 

0.0070 
.0071 
.0072 
.0073 
.0074 

aoo75 
.0076 
.0077 
.0078 
.0079 

0.0080 
.0081 
.0082 
.0083 
.0084 

aoo85 
.0086 
.0087 
.0088 
.0089 

0.0090 
.0091 
.0D9Z 
.0093 
.0094 

0.0095 
.0096 
.0097 
.0098 
.0099 

O.CIOO 

•oioi    i 
I     .0101 
.0103 


I 


»og/ 


Diff. 


I 


log/',  log/"       Diff. 


0.470  6488 
.470   5416    I 

470  4345    ; 
.470  3274 

^.70  2203 


0.470 
.470 
.469 
.469 
.469 

0.469 
.469 

•469 

•469 
.469 

.468 
.468 
^.68 

0^.68 
^.68 
^.68 
^.68 
^.68 

0^67 

^67 
.467 
.467 
.467 

0.46:' 
.467 
.46- 
.467 
.467 

0.466 
.466 
.466 
^.66 
.466 

0.466 
.466 
.466 
.466 
.465 

0.465 
.465 
.465 
.465 
.465 

0.465 
.465 
.465 
.465 
.464 

0.464 
.464 
.464 
.464 
.464 
.464 


1132 
0002 
8992 
7022 
6852 

5782 

4713 

3644 

257 

150 


I 


0437 
9369 

8301 

6165 

5098 
4011 
2964 
1897 
0831 

9765 
8699 

6567 
5502 

443" 
33-2 

230-' 

1-43 
ci'9 


"3 
051 

69SS 

59^5 
4862 


3'99 
2-'36 

i6"'4 

0612 

955^ 

8488 

74-7 
6566 

53^5 
4-44 

3183 
2123 
1063 
OC03 

8943 

7S84 
6825 

5:66 

36^8 
2590 


071 
071 
071 
071 
071 

070 
070 
070 
070 
070 

069   ' 
069 
069 
069  ' 
069 

068 
068 
068 
068 
067   ■ 

067   ' 
067   ' 
067 
066 
066 

066 
066 
066 
065 
065 

065 
065 
064 
064 
064 

064 
063 
063 
063 
063 

063   . 

062 

062 

062 

062 

061 
061 

061  i 
061  j 
061 

060 
060 
060 
060 
059 

059 
059 
059 
059 


0.195 
.295 
.295 
.29s 
.295 


«495 

7637 
6779 

5921 

5063 


0.295  4205 
.295  3348 
.295  3A91 
.295  1634 
.195  0777 


0.294 
.294 
.294 
.294 
.294 

0.294 
.294 
.294 
.294 
.294 


9920 

llli 

7351 
6495 

5640 

47«4 
3928 

3073 
2218 


0.294  1363 
.294  0508 
.293  9653 
.293  8799 

•193  7945 


0.293 
.293 
.293 
.293 
.293 

0.293 
.293 
.293 
.293 
.292 

0.292 
.292 
.292 
.292 
.292 

0.292 
.292 
.292 
.292 
.292 


7090 
6236 

53«3 
4519 
3675 

2822 
1969 
1116 

0263 
941 1 

8558 

7''06 

6854 

6002 

5150 

4298 

344- 
2595 

1744 
0893 


0.292  0043 
.291  9192 
.291  8341 
.291  7491 
.291  6641 


0.291 
.291 
.291 
.291 
.291 

0.291 
.291 
.290 
.290 
.290 
.290 


5791 
4941 
4C92 

3242 
2393 

>544 
C695 

9846 

8997 
8149 

7300 


1858 
858 

!  858 

858 

858 

857 

!57 
■857 

:  856 
1856 

.857 

:  856 

185s 

856 
856 

855 

■  855 
.855 

I  855 

854 
,854 
1855 

J854 

!  853 

I  854 

'854 

853 

853 

»53 

853 
852 

853 

852 

852 
852 
852 
852 

851 
852 
851 
851 

850 

8;i 
851 
850 
850 
850 

850 
849 
850 
849 

849 

849 
849 
849 
848 
849 


For  negatiTe  Tilaee  of  tbe  Arigiime&t. 


log/ 


0.483 
.483 
.483 

•484 
.484 

0.484 
.484 
.484 

•484 
•484 

0.484 
484 
.485 

.485 
.485 

0.485 
.485 

.485 
.485 

.485 
0.485 

.486 
.486 
.486 

0.486 
.486 
.486 
^.86 
.486 

0.486 

.487 

.487 
.487 

.487 

0.487 

•487 
.487 
.487 
.487 

0.488 
.488 
.488 
.488 
.488 

0.488 
.488 
.488 
.488 
.489 

0.489 
.489 
.489 
.489 
.489 

0.489 
.489 
.489 
.490 
.490 
.490 


Dilt         log/',  log/-      Dil. 


I 


6784 
7884 
8984 
0085 
I186 

2287 
3388 
4490 

559a 
6694 

7796 
8898 
0001 
1 104 

1207 

33IX 
44»5 

III' 

772 

8833  : 

9938 

1043 

*«49  , 
3»55  , 

4361  ! 

5467  I 

7080  j 
8787  : 
9894 

lOOI 

2109 
3217 

43^5 

5433 
6542 

7651 

8760 

9869 

0979 
2089 
3199 
4309 

5420 

6531 

7642  ' 

8753  , 
9865 

0977  , 

2089 
3201 

43  H 

54^7 
6540 

7653 
8767 
9881 
0995 
2109 
3223 


06 
06 

06 
06 

07 
07 

07 

07 
08 

08 

08 

08 

09 
09 
09 
09 

lO 

10 
ic 
10 

IX 

II 

IX 
IX 
12 
12 
12 

12 

13 

13 

»3 

'3 

14 
14 
»4 
14 
14 


00 
00 
ox 

ox    ) 

01    '. 

ox 
02 
02 
02 

02  ' 

02 

03 ' 

03 

03 

04 

04  i 

"^  i 

04  ' 

05  : 

°5 1 

05    ! 
o 


0.306 
.306 
.306 
.306 
.306 

0.306 
.306 
.306 
.306 

.307 

0.307 
.307 
.307 
.307 
.307 

0.307 
.307 
.307 
.307 
.307 

0.308 

.308 
.308 
.308 
.308 

a  308 
.308 
.308 
.308 
.308 

0.308 
.309 
.309 
.309 
.309 

0.309 
.309 
.309 
.309 
.309 

0.3C9 
.309 
.309 
.310 
.3x0 

0.310 
.310 
.310 
.310 
.310 

0.310 
.310 
.310 
.310 
.311 

0.3  XX 

.311 
.3x1 
.311 
.3IX 
.3IX 


a73C 
36x0 

44«9 

$369 
6248 

7Xi8 
8009 
8889 
9769 
0650 

i53» 
14x2 

3»93 

5056 

5938 
6820 

TTOS 

8584 
9466 

0349 
1232 

2X15 

2098 

3881 

476; 
5648 
6532 
7416 
83OX 

9185 

OD"3 

0954 
1839 

36ID 

4495 

6267 
7153 

8c39 

9812 
0699 
1586 

24-3 
3360 

4M^ 
5136 

6023 

691 1 

-800 
8688 

95"' 
0465 

»354 

2243 

4022 
5802 


8io 

879 

81c 

879 

Sti 

8f3 

no 

881 

881 

881 

881 

8ls 
883 

8f2 

882 
882 
882 

883 

883 
883 
883 
883 
884 

883 

884 
8I4 

885 
884 

88; 

8?; 
8Sfr 
885 

8?; 
?8& 
Ui> 
g>6 
nb 

^^' 

.*>{? 
ji- 

8?- 

8J5- 
88« 
88S 
88-  I 
888 

8S8 
8Sq 
8*S 
8S9 

889 
89D 
S89 
890  ; 
890 


634 


TABLE  X7II. 

For  special  I'trii 


I 


TABLE  XVn. 

For  special  Peitarbatioiis. 


I 


<b<t^<r 


For  podtire  ralaes  of  the  Argument. 


0.0180 
.0181 
.0182 
.0183 
.0184 

0.0185 
.0186 
.0187 
.0188 
.CI  89 

0.0190 
.0191 
.0192 
.0193 
.0194 

0.019^ 
.0196 
.0197 
.0198 
.0199 

0.0200 

.020I 
.0X02 
.0203 
.0204 

0.020^  I 
.020^  ' 
.0207  I 

.0208  : 
.c2o^  i 

C2II 

^  «  1  «• 

C2I3 

C2I4 

C2lb 
C2I- 
C2lS 
C2I9 


C22I 


" i 

C224. 


C22C 

-»*  •  « 

r22J: 
C21Q 


'S       ^  ^    •   ^ 

' 3- 

^  *    •  ^ 

^  *  •  • 

"^  ^  •  • 


0243 


log/ 


DilL     I    log/*,  log/"      KIT. 


<M57  9499 
•457  8454 
•457  7409 
•457  6365 
-457  53»« 


©•457 
•457 
•457 
•457 
•457 

0.456 

•456 

•455 
•456 
•456 

0^.56 
•456 

•456 
-^56 

•455 

<M55 
•455 
•455 
•455 
•455 

©•455 
•455 
•455 
•455 
•454 

C.454 


4*77 
3213 

2189 

1 146 

0103 

?o6o 
017 

6975 

5933 
4891 

3»49 
2808 

1767 

0726 

9685 

8644 
7604 
6564 
55*4 
44^4 

3444 

2405 

1366 


032 


9288 

8249 
-III 
61-3 

9949 
S912 

6>ao 

4-^.^ 

. . _  i    3y 


-454 
-454 
-454 
-454 

--454 

-J>54 
-454 
-45; 
-453 

-45; 

-45  3 

-15  3 

-4?; 


-453 
-4^3 
■45  = 
-45  = 


95-3 


--*>-  *  -^ 

-.^^:  44=i 

.451  0155 

-45«  ">^ 


045  ; 
045 
044  t 

044  ! 

044  : 

044 

044 
043 

043 
043 

^3 
042 

042 

042 

042 

041  : 

041 

041 

041  . 

04 1 

040 
040 
040 
040  ' 
040 

039 
C39 
039  • 

=39 
C39 

=  3^ 

=  3^ 
---8 

-3" 

~3" 
-3" 

C36 

^3^ 
r;6 

•*  •  • 

=  34 


■  m   * 

'  *  m 


0.285 
.285 
.285 
^85 
.285 

0.285 
.285 
.285 
.285 
.284 

0.284 
.284 
.284 
.284 
.284 

0.284 
.284 
.284 
.284 
.284 

0.283 

.ZS3 

.x«3 

0.X83 

»f3 
>f3 

283 
283 

=?3 
=^3 

25^2 
2S2 
2S2 

2S2 
282 
282 
282 
282 

282 
2?2 
2?2 

2S1 
2>1 

2S1 
251 
2«I 
2S1 
2>1 

281 
2?I 
281 
281 

2*1 


"J- 


6702 
586^ 
5026 
4188 

3350 

2512 

167? 
0838 
0000 
9163 

8326 

749^ 
6653 
5817 
4981 

4145 
3309 
^73 

0802 

9967 
0132 
8297 
7462 
6627 

5793 

495* 

4«»4 
3290 

2456 

1623 
c-89 
Q9;?» 

>  =  3 

290 


I 


et>24 
5  "9= 

4959 
412- 

3=95 

24.^5 
165I 

9968 
913' 

6044 

5^«4 


4Q« 

«  *   ^ 

24.3 

ice 


2M  C*t 

2*1  or»r 

2*r  gi- 

2>C  >54. 

2*C  "51^ 

2JC  ^C'^- 


838 
838 
838 
838 
838 

837 
838 

«37 
836 

«37 
836 

836 

836 

836 
836 
836 

«35 

|35 

|35 
«34 

834 
833 

^33 
^'3  3 
Hy 
^33 

S33 
'^3  = 

8-,2 

«-- 
-  y 

S31 
8:2 

8-1 

**i 
8^1 

3?'3i 

>:i 

^3  = 

•  ^  ~ 
8:c 

X  -  - 
»■    >  ^ 

>2; 

*2Q 
82Q 
829 


e^ 


For  aegmtive  Tmlnes  of  the 


log/ 


log/'.  1-*.^      B*l 


0.497 

•497 
•497 
•497 
-497 

0.497 

•497 
•497 
•497 
•498 

0^.98 

•498 

•49* 
-^98 

•49« 

0-^9* 
.498 

.498 

•499 
•499 

0-499 
•499 
•499 
-499 
-499 

0-^99 
.500 

.500 

500 

500 

3-- 
5=0 


0554 
2814 

3944 

5075 

6206 

7337 
8468 

9600 

0732 

i86x 
2996 
4129 
5262 
6395 

752* 
8662 

9796 

09  JO 

2064 

3«99 

5469 
6604 

7743 

8876 
0012 

lltl 

34»3 

4^60 

C855 

-9-3 
9111 


5=1   C25- 

501 

5CI 


ty^7 
366- 

48c- 

594- 

822- 

93^-^ 

2- '9 1 
C2I- 

-;6; 


5C1 
5C1 
5  =  1 
5C1 
502 

5=2 
5  =  2 
5=2 

5== 

5  =  2 

5=2  *5=3 

5=3   =->9 
5=3   '95= 


c.5  =  5   3r-^ 

•  ~  •    « »  *  c 

;=3  c;=8 

5=3  --53 
503  8-9J 


^^ 
30 
30 

3> 
3» 

3« 
3> 
3» 
3» 
3» 

3» 
33 
33 
33 
33 

34 
34 
34 
34 
35 

35 
35 

il 

36 

37 
37 
37 

y 

y^ 

y^ 

3^ 

39 

39 
39 
39 
4= 
4^ 

4= 
43 
4« 
4« 
41 

4= 
43 

>  * 

♦3 


45 


0.316  9532 
.317    -43« 


-3» 


'  J3- 


.317  -  =  3* 


•5* 

0.31 

-3« 
•3> 


•3» 
0.31 


.318 

.318 
0.318 

.318 
.318 

0.318 
.3.* 

.318 
.319 

-3«9 

0.319 
.319 
.319 

-3«9 
.319 

**  •  t  .1 

♦  »    ■ 

.31V 

.32  r 

»»  «  «  A 

.32: 

•  ^  *• 
•  y-  ' 


«  1    «  ^ 


^939 
5<4i 
6-44 
-64* 

^549 
945  = 

^m  m  ^  » 

-3?> 
1259 

2102 

3=-66 

39-= 
48-4 
c— 8 
5683 

-588 

-^*9= 
939* 

S114 

«  ^  «  ^ 

3«t 

*'^3= 
5-3* 


art 
^2 

»21 
?== 

9= 
9== 

** «« 

y== 
9-3 

r-3 

9=4 

9=* 
9=* 
9=4 
9=5 
9=5 

9=* 
9=» 
9=^ 
»:: 

92t 

♦:< 

*=• 

*36 


•  - » 1 


- » 


•  ■■     . » »  • 


■•  y  -- 


21 


■  y 


2=     *4-t* 

2=    j:;- 


C32I     =2*? 


•3 


21    11— : 


.321  2:*e 

.321  2;jr 

=.  t2l  4*1* 

.■:2i  ;-r- 

til  • c • » 

-    «    A    1  '  ^    .      .r 

.?22  r2*2 

^22  I  I  ^ 

•  «   <»  «    •    o  1» 

y  ' 


;i  1 


.1: 
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J 


TABLE  XVn. 

Forgpeciul  PLTHiiljalioi 


ForpoildTi'nl'naor  1h»  Ar^mi 


»k/',  Iob/"      DLff. 


«5S 
.0159 


0164 
.=.67 


0  3796 

0  1767 

0  17  3S 

.,0  0709 

■449  9''»' 

■449  *°Si 

■449  7615 

0.+49  6597 

■449  5565 

■449  4;+' 


2  °43S 
.  .8  94=9 
.448  gjB] 
-44S  7557 
0.448  fill' 
■44s  5305 
.448  t^io 
.448  3155 
.448  iijo 


,      ' 


0-448  IIOJ 

.448  01 S. 

•447  9157 

■447  813] 

.447  7109 

0447  6085 
■447  S°6i 
-447  4°19 
■447  3016 
-447  »991 

0.447  0970 
.446  9-    ■■ 
.446  fi. 
.446  7904 
.446  biSi 

0.446  5861 
,446  4840 
.446  3815 
,446  1798 

■446  '777 
0.446  0756   ' 

.44s  S7.6 
-445  7690 
■445  6676 
■445  5*57 


,J79  913 
1.179  84°- 
.179  7580 
.179  6751 
.179  S910 
'79  S099 


.179  0143 
.17S  9317 


lini   '^^^ 


lit 

V-'f 

3S4J 

J7S 

.8'.4 

177 

7775 

177 

=77 

u 

»77 

44»3 
366. 

82! 
gi6 


■»7j   5441 


;oi  j6 
;o4  £8 


.5  4856 
15   715- 


.j6   866o 
-   096J 


;o3  3659 

;oB  4g,+ 

■°8  "^6 

io8  8282 

508  9439 

509  0596 
'~^  I7!3 

)  1910 

.   )  4068 

io9  5226 

.=9  6384 

509  7543 

!°9  S7M 

109  9861 


id 

2    7581 

9' 

91 
9' 
91 

:  :t^^ 

9' 

3  03" 
3  i^ift 

9' 
9' 

3  3064 
13  397a 
J  4893 
13  5808 

9' 
9' 
9' 

9' 

'3  '*3»  ;  I! 
^3  *sp    9, 
»j  9469  1 1\ 
4  0384    ^, 

4  3n3    i, 

4  5883   »; 

14  6800  . 

4  8635      t\ 
»4  9553     ; 
»5  "47°  1 1, 

15  '389     ,, 

15  1307    ^; 

'5   ''t^   !  9I 
>!  5063     I, 

2S   Soo.      9^ 

IS  8740 
15  9660 

9' 
9" 

^26  "ei 


'6    '" 

»5  i  ,  5*3 


ii7  4404 
7  SJ'J 

,17  6250 
■7  717+ 
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TABLE  XYm. 

Elements  of  the  Orbits  of  Comets  which  have  been  obterved. 


Computed  by 

1 

n3       w  *•  *■ 

• 

1    1 

Sm4          1— I»«4 

,*«;  o  g*  o 

•                   • 

..2^.2 

• 

:          1 

■1; 

-     e     , 

•                   • 

1      '^ 

S  "  £  %  S 
:S     5     3 

MH           »-^           "M 

• 

c  %  % 

2 

<3           a; 
1          1 

1    2^ 

%    %    %    S:    % 

9                                          ft 

1 

O   t^  O   O  30 
oe   r>-  O   «*^o 
5h  w-i  r^  «^  w^ 

^o  oe   w-t  »r»oo 

•     •     •     •     • 

0\  C^  9^  O^  ^ 

M  >0  >0    5|>30 
^  ro  r^  ro  « 

5|-ao   o  o  5i> 
Ov  CS3C    »^  r^ 

•         •         •         •         • 

^  ^  ^  o*  o* 

•         •         •         •         • 

9^  9^  O^  Ov  ^ 

00    «*»  ••    ^  Q 
r^  H  oe   —  ^ 
O^  O   ~  OC  O 
5h  w\  o^  9«  r^ 

•         •         •         ■         • 

9^  9^  9^  9^  9s 

»0  r>.  w  o   »^ 

oe   O   w^*«4m      ««>««^^m 

•    •     •     •     « 

9«  9«  9«  9^  Ok 

CN  9k  Cf'  9s  c^     9>.  >  ^  ^  i 

1 

o  o  o  o  o 

•         •         •         •         • 

O  O  O  O  O 

•         •         •         •         • 

O   O   O   O   O 

•          «          •          •          • 

O    O    O    O    O 

«           •          •          •          • 

o  o  o  o  o 

•         •         •         •         • 

5»                   ^ 

0009^0     o?c:» 

1 

%  o  o  o  o  o 

i  ^  o  o  o  o  o 

o  o  o  o  o 

o  o  o  o  o 

O   O   •A  O  •'^ 
■•  ■•   rt  t"^ 

o  o  o  o  o 

*r\  r^oo   o  *o 

o  o  o  o  o 

rt   9>  r^  •<*•  •• 

OOOOO  03=«* 
r<^0*«Or>-     ^•«^7'« 

«^                               Vt         M    «    M           «• 

-    O   O    C  ac    0 
^    Q    C^  O    t    O 

Z     r^  ••  ae    vr  \r^ 

o  o  o  o  c 

>c    r^  ^  r^  »^ 

O  O   0   o  o 

0    C    O    D    0 
»^  ^  r"  r*" 

^  1^  t^  (^  r^ 

3e    H    r<    r    - 

0   S   0   c   o 
O  ae   -   c   t>- 

O    0    C    O    D 
»^  ^  r*"  •■    T*» 

ac    f^ae    —   t«> 

ae  ae  «4  *^  j^  ?»'■•»  ^^  ? 
H    ««    —            H        ^    •    " 

k 

5     O    0    O    0    O 

^   o  »^  c  c  c 

o  c  o  c  c 
1^  ?^  r^  »*•  «*» 

0  o  0  o  o 
e  »^  o  c  3c 

•♦  ♦<*    rt    •* 

^    O     v/-   r^  r^ 
H    r<    •«    r^  — 

0    C    ?    O    0 
3C    C    C    r    - 

C    C    C    0    O 

—   —   —  .c  ac 
C  ac    r    —  •♦ 

oooor      z   T   :   ■  z 

♦               r^    mm      ^         ^.^^^ 

ae    •*  ■^•-vT'      "--^r*^* 

1^ 

^     W       ^.        H^       w        w 

8   f>    ^     -»    -\    ^ 

—  ri  —  Ti  " 

—  *"  ^  ~  ^' 
«  ^  -  f  5   r 
-:  -^  ^-  ^  -5 

""  -^  M  .?  O 

'^  -                r* 

r*    ♦               w 

>C  -C    •♦  0    f 

?«               r: 

^•"E   =  C   -; 

:r  •-  t^  rr  ^ 
*r  .t  :^  X  n 

c  ?  c  ^  c 

C    w     0    2    1^ 

tH    W>  ^  ^  ~ 

-            •♦  - 

—   n 

•      • 
^      >     2     ^  ^ 

o  r:  ^  X  ri 
X  rt  o  ^  t>- 

w^          r-  -^              ^          ■♦  —  - 

■■     M     «^    ^    ^        ^     ^     m     m     » 

"^  "^  *^  *^  *T      »T  -T^  •"  ■"    - 

C   O   0  >c   »« 
r«    ■• 

C    O    O    -    t- 

ct  3?  Ti  t^  — 

— •  E  =  -  5: 

—  ^  r^  ^  X 

ri  ?i  ft  ^  r^ 

i. 

•^*l«^kS 

er>.xcie 

—  ^1  9?  -•  •? 

WtM    ■!■  «M  «M  ^1 

91 91 91 91 91 

;r»>-xese  — 9i«^«? 

91919191C8    «tSSeC«   1 

C^ 


TABLE  XVni. 

Elements  of  the  Orhits  of  Comets  which  have  been  observed. 


! 

ly  Arrest 

Peters  and  Sawitsch. 

Hind. 

La  Caille. 

Hind. 

• 

Lindeldf. 
Halley. 
Henderson. 
Halley. 

Le  Verrier. 

Encke. 

Rosenberger. 

Clausen. 

HaUey. 

Vogel. 
Burckhardt 
Halley. 
La  Caille. 

Burckhardt 

Struyck. 
La  Caille. 
Argelander. 

Spoerer. 
Burckhardt 
Bradley. 
Daussy. 
La  Caille. 

1 

Retrograde. 

Direct 

Retrograde. 

Direct. 

Retrograde. 

'1... 

Retrograde. 

Direct 

Retrograde. 
Direct 

Retrograde. 

Direct 

4$      6 

• 
2   ^    *  "5 

M  \0           ^ 

NO  moo  Q  tl 
»n  vo  m  ^  O 

M    e*^  M    On  tv 

NO    On  Hh  C^  «*» 
f«    ro  »0  ^  »n 
t«    O    tv  ON  t^ 

•          •          •          •           • 

ON  O    ONOO    On 

00    Q  NO    0    M 
vn  0   *o  ^  «*» 

CO   M      m    M      M 

On  0    0  00  NO 
NO    M    On  rt    <♦• 

r*  t^  NO  On  NO 

..... 

On  On  On  On  On 

On  On       no    H 
-*  0  0  t>.  r-. 
On  m  ON  <^  0 
0   t^'  On  moo 
M    rt    On  «^  ^ 
0   0    «*»00   + 

•           •          •           •           • 

0   On  On  On  On 

M    00    00 

On  »n  On  <^  ON 
M   «Atoe  M   ro 
ON  ON  »n  0   m 
00   «*»  »n  m  fl 
\r\  On  NO    ^00 
0    t>«  t>«  t^  On 

•         •         •         a         • 

0   ^«>  On  On  On 

m            00 
00   0        NO   1^ 

00    n    M  NO    u^ 
M    rsNO    On  m 

M   t"^  rt  m  tv 

(o  n  Onoo  00 

.    .    •    «    . 

^00   ^  On  On 

0      M    00    00 

00    On  OnnO    0 
t>.  r^  fl    m  On 
rt   0   0   -*  0 
t»s  M   m  m  M 

rsoo  NO   ON  0 

.  ^     •     .     . 

ON  On  On  ON  0 

m  0 

5h  rv  Q       00 
r>  vonO  fl  00 
^  tv  On  0   «^ 

ONNO    t^OO  00 
On  0    H-  ro  fl 
ON'O   m  Onoo 

.         •         .         •         . 

On  0   ^  On  On 

« 

o  o  o  o  o 

•          •          •          •          • 

00 
00 

00 

0 

t^ 

NO 

ON  0    0    0    0 
..... 

0     M     M     M     M 

00000 

•          •          •          •          • 

M    On 
"♦  -    0 
0   *n  0   t-. 

t^OO    f«    '^ 

ON  On  On  fl 
^    On  r^  m 

n    ONNO  00 
NO    On  On  ON  0 

•          •           •           •           • 

0     0     0      0     M 

00000 

•         •          •          •          « 

00000 
..... 

M     M     M     M     M 

ro 
m 
0 

8.  0.  0.  0. 

M     M     M     M 

••• 

i    m  r«  ^  O  O 
.^   r*  w^  ONOO  00 

rt     Q  NO    On  1^  M 
O  n5          t<  00   «n 

t^    0      M      0      U^ 

M        m       u^ 

t<  00    M  00    0 

M  M  M  n 

1*^  M    t>.  On  m 

M  rt  m  t^  m 

rt  0  0  0  «^ 

M                        MM 

00  (o  t^  r«  m 
M              r« 

M  NO   r«>  m  On 
d  rx  H  00  t>. 

0  NO     «nNO     0 

**  Q  ^  r^oo 
t«  0  r«>  rn  u^ 

NO     M  00  NO 

00   000 
M   «rt  0  NO   0 
M   ON  t<   M   On 

CO  U^  t«     M  NO 

0     2  U^  0  NO 

On^  '^nO  00 

m  «  M  m 

M     «^   U-»00     M 

^       u-joo  m 

00  00    «n  «n  ^ 

M     M     <4-            ^ 

0    t^OO    On  «/n 
»o  t^  M   m  ws 

a 

%     M    u^NO    O    On 
M    vn        <^ 

%.  00    M  NO   *r\  O 
M  «^  m  M  rt 

On  t^  »o  ^  O 
O    rt   mvO  NO   m 
d         »4   M   m 

00  0   0  0  0 

t<                M 

OO  m  t/%00  M 
'r  On  r^oo  00 

81    15   52 

228       2      0 
193    26      0 
297    30    30 
236    49    10 

0  onoo  00  0 

C«      M      ^ 

0  On  M  r^  vo 

t<               M     M     M 

m  f*  M  moo 
NO  r^  U-)  ^sNO 

M     t«            M    t« 

Q    0    0    *^  U^ 

^            Mm 

0     0  NO     1^   M 

«n  On  M  NO    c« 
m       c«   rt   «*i 

0     0     «*^  "^  ON 

M  n  m  r< 

M     ON   M    >0      U^ 
00  00     f*N  C<    tv 

Onoo   m  *o  fl 

d      M                         M 

t^  0  0  «r^  ^ 

M                          ^    M 

^00  fl   m  vo 
M   en  fl   u-i  c« 

<^  0  NO   m  i>^ 

M  M   fl   fl   0 
m  tl   M   rt 

¥ 

«  00  NO    t<    O    u^ 
M  rt   M         m 

V    »noo  r^  On  ^ 

M           Vn  M    vn 

NO  00    t^NO    O 
O    *r\        M    t<^  t^ 

t<             H     M     t« 

0    0    M    Q  00 

M               fl     <^ 

00    0    «O00  NO 

m  r*        MM 
M  00  moo  w^ 

0      M                t«      M 

mm            M 

•/N  0    0    0    M^ 

M      f*»              t*\ 

€*»  ^  On  ^  1^ 
rn  fco        u->  m 

0    M    Q  NO    t^ 
«*»  t>^  ▼  '^  «*» 

M                                     M 

t^  vn  i>^  vn  0 
m       m  M 

r*.  On  •o  »»  rt 
^  ^  u^  m  u^ 

rl   H   M  NO  00 
H  NO   0  00  m 
m  c«   ro       c« 

77      0    30 

269  41      0 
60      0      0 

270  51    15 
212    31       6 

0    '^  N'N^    »'» 
rn  fl   «m  u^ 

M  NO  NO    <^  On 
^  ^  »o  irv  m 

rooo   fl   On  M 
m  m  r^  t^  ti 

MM                       M 

w^  tl   0   On  Q 

«*1  tl            CO  ^ 

t«    M    »o\o  00 
»o  CO  »n  m  e*» 

4  H   fl  NO   0 
m  fo  c«  M 

In 

L582  May      6,       9  51  22 
L585  Oct       8,       0  38  44 
1590  Feb.      8,       0  39    4 
L593  July    18,     13  39    0 
L596  July    25,       5     8  38 

1607  Oct     26,     17  10  58 
1618  Aug.    17,       320 
1618  Nov.     8,       8  25     I 
1652  Nov.    12,     15  41    0 
1661  Jan.    26,     21     9    0 

L664  Dec.      4,     11  36    5 
1665  April  24,       5  16    0 
L668  Feb.    24,     18  46    6 
1672  March  1,       8  38    0 
1677  May      6,       0  38    0 

1678  Aug.    18,       7  34    0 
1680  Dec.     17,     23  46    9 
L682  Sept    14,     19    4  53 
1683  July    13,     17  25  15 
L684  June     8,     10  17    0 

L686  Sept    16,     14  34    0 
L689  Nov.    29,       4  48     i 
1695  Nov.      9,      17    0    0 
L696  Oct     18,     16  58    0 
L699  Jan.     13,       8  23    0 

1701  Oct     17,       9  51    0 

1702  March  13,     14  33  22 
1706  Jan.     30,       4  57    0 
L707  Dec.     11,     23  30    0 
L718  Jan.     14,     21  44  16 

L723  Sept    27,     15    4    9 
L729  June    13,       6  19  27 
1737  Jan.     30,       8  21     0 
737  June     8,       7  39    0 
L739  June   17,     10    0    0 

_„_„„   _____   _____   _____   _____   _____   _____  II 

1     No. 

^«199<if<ii9 

C0  K^QCCd  0 

^«ie9^ftA 

>0  ><8  »-C>  ><t>  *^ 

>o  >o  ><s>  ><s>  ^ 

^«ie9^ftA 

00  00  CO  90 1^ 

639 
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f 

i 
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ElementB  of  die  Oriuts  of  Cometo  whidi  hmre  been  obtenrcd. 
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a 

g 

a 
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1 

5 

iBi 

is 
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^ 
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%o 
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OB 

3* 
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$ 
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•c 

3C 
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n  n  H  <••  9^ 
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r^ 
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»/»  f^ 

»  o«>  f«   9  ae 

«♦  ♦ae 

•«  36 

♦ 

2^ 
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C^  •^  C  ac 

>c  -•  v^  —  r^ 
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w^ 

O^  C 

30  90 

O^ac  <♦  M 

mm 
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r^*c 

^ 

r^  ac  r' 

w 

•^  r»»  ^>C 

H 

'♦•^C  3C    r»»0 

«♦•«*»  r»^  r^  ^  • 

f*» 

p    O^ 

30  n 

»^  t^  »«  ^ 

•*« 

•*•  ft   ^ 
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^ 

ae 
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ae  H  -«  <i«> 

♦ 

H  r^  t«   f^^ 
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o 
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t«  t« 

•^  ^  w»  »*» 

»/' 

ac  ^s 

^^ 

^ 
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36   c^  r«^  r^ 

«*» 

0»  Ck  */'•*!  r^ 

o»  0»  O  o  r«^ 

t^ 

»5  o 

30    f^ 

O"  9»  O    - 

ao 

ON  is.ae 

^^  ■« 

9e 

^ 

^    (^  tr 
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«          ■          • 

0»   ON   ON   O^ 

o 

Cv  ^  9^  9^  9^ 

C»  9»  O    9*  OH 

o«.  O^  9^ 

9»  OS 
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ON 

"* 

o^  c 

2k 

*" 
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« 

•• 

f^ 

QB 

o 
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O 

^ 

<^ 

>o 

Q    9»  » 

ON  o   o   «« 

NO 

^^ 

3Q 

t« 
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9*i 

«e  «  9k  9^ 

•^^ 
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TABLE  XXI.    Constants,  &o. 


log 

Base  of  Naperian  logarithms e  =  2.71828183  0.43429448 

Modolns  of  the  common  logarithms         .        .        .       ^  =  0.43429448  9.63778431  — 10 

BadiuB  of  a  Circle  in  seconds r  =  206264.806  5.31442513 

II        n       n       n  minutes r=t  3437.7468  3.53627388 

u        K       II       II  degrees r  =  57.29578  1.75812263 

drctimferenoe  of  a  Circle  in  seconds        ....        1296000  6.11260500 

II  n       II      when  r  =  1  .        .        .        .  tt  =?  3.14159265  0.49714987 

Sine  of  1  second 0.000004848137    4.68557487 

Equatorial  horizontal  parallax  of  the  sun,  according  to 

Encke 8^^57116  0.9330396 

Length  of  the  sidereal  year,  according  to  Hansen  and 

Olu&en 365.2563582  days    2.56259778 

Length  of  the  tropical  year,  according  to  Hansen  and 

01u6en 365.2422008    //       2.56258095 

This  value  of  the  length  of  the  tropical  year  b  for  1850.0.     The  annual  variation  is 
—  0.^0000000624. 

Time  occupied  by  the  passage  of  light  over  a  distance 

equal  to  the  mean  distance  of  the  earth  from  the 

sun,  according  to  Struve 497 .'827  2.6970785 

Attractive  force  of  the  sun,  according  to  Gauss        .  i&  =  0.017202099  8.23558144^10 

//  11       II         If  u         It      n        m  fSG"  '  } 

oondsofarc 3548.18761  3.55000657 

Constant  of  Aberration,  according  to  Struve 20''.4451 

n        tf  Nutation,  n         ii  Peters 9".2231 

Mean  Obliquity  of  the  ecliptic  for  1750  -f  ^ 

according  to  Bessel        ....       23**  28' 18".00  —  0".48368<  —  0".00000272295<» 
Mean  Obliquity  of  the  ecliptic  for  1800  +  t, 

according  to  Struve  and  Peters     .        .       23*»  27' 54".22  —  0".4738<  —  0".0000014t« 

General  Precession  for  the  year  1750  +  (,  according  to  Bessel  50".21129  +  0".0002442966< 

It  II        II  II  II        II  Struve         50".22980  +  0".000226< 


Masses  of  the  Planets,  the  Mass  of  the  Sun  beikg  the  unit. 
Mercury m  = ,       Jupiter        .       .       .        .  m  = 


4865751  "  1047.879* 

Venus Z3:i7I'  Saturn ^^^^    * 

390000  3501.6 

Earth ^,,^    »  Uranus - ^^^ » 

354936  24905 

1  -.T  1 

Mara     ....  .      ZZTTZZL*  Neptune TTlir' 

2680637  *^  18780 
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Table  I.  contains  the  values  of  the  angle  of  the  vertical  and  of  the 
logarithm  of  the  earth's  radius,  with  the  geographical  latitude  as  the 
argument.  The  adopted  elements  are  those  derived  by  Bessel.  De- 
noting by  p  the  radius  of  the  earth,  by  ^  the  geographical  latitude, 
and  by  ^'  the  geocentric  latitude,  we  have 

/  =  SP  —  11'  30".65  sin  2ip  +  1".16  sin  4ip  —  Ac, 

log  p  =  9.9092747  +  0.0007271  cos  2^  —  0.0000018  cos  49>  +  Ac, 

p  being  expressed  in  parts  of  the  equatorial  radius  as  the  unit.  These 
quantities  are  required  in  the  determination  of  the  parallax  of  a 
heavenly  body.  The  formula  for  the  parallax  in  right  ascension  and 
in  declination  are  given  in  Art,  61. 

Table  II.  gives  the  intervals  of  sidereal  time  corresponding  to 
given  intervals  of  mean  time.  It  is  required  for  the  conversion  of 
mean  solar  into  sidereal  time. 

Table  III.  gives  the  intervals  of  mean  time  corresponding  to 
given  intervals  of  sidereal  time.  It  is  required  for  the  conversion 
of  sidereal  into  mean  solar  time.  ^ 

Table  IV.  furnishes  the  numbers  required  in  converting  hours, 
minutes,  and  seconds  into  decimals  of  a  day.  Thus,  to  convert 
13/t  I9m  43.58  into  the  decimal  of  a  day,  we  find  from  the  Table 

ISA    =0.5416667 

19m  =0.0131944 

4S8    =  0.0004977 

0.5^  =  0.0000058 

Therefore  13A  19m  43.5a  =  0.5553646 

651 


652  THEOBETICAL  ASTBONOMY. 

The  decimal  corresponding  to  0.5.  b  found  from  that  for  5.  by 
changing  the  place  of  the  decimal  point 

Table  V.  serves  to  find^  for  any  instant,  the  number  of  days  from 
the  beginning  of  the  year.  Thus,  for  1863  Sept.  14,  15A  53m  37.2«. 
we  have 

Sept  0.0  =  243.00000  days  from  the  beginning  of  the  rear. 
14d  15A  53m  37.2»  =   14.66224 

Required  number  of  days  =  257.66224 

Table  VI,  contains  the  values  of  if  =  75  tan  Jr  +  25  tan^  ir  for 
values  of  v  at  intervals  of  one  minute  fit)m  0°  to  180®.  For  an  ex- 
planation of  its  construction  and  use,  see  Articles  22,  27,  29,  41, 
and  72. 

In  the  case  of  paraboUc  motion  the  formohe  are 

m  =  -^,  M=m(t^T), 

wherein  log  0^  =  9.9601277.  From  these,  by  means  of  the  Table,  r 
may  be  found  when  t  —  T  is  given,  or  t  —  T  when  v  is  known.  From 
I,  =  30<*  to  t?  =  180°  the  Table  contains  the  values  of  log  If. 

Table  VII.,  the  construction  of  which  is  explained  in  Art.  23, 

serves  to  determine,  in  the  case  of  parabolic  motion,  the  true  anomaly 
or  the  time  fix)m  the  perihelion  when  v  approaches  near  to  180'. 
The  fbrmulffi  are 

'/200  ,  ,      -,      200        9! 

^  M  °  Cq     sm'  If 

w  being  taken  in  the  second  quadrant.  The  Table  gives  the  valuf-s 
of  Aq  with  w  as  the  argument.  As  an  example,  Ipt  it  be  requin^l  to 
find  the  true  anomaly  corresponding  to  the  values  t  —  T=  22.5  \hy< 
and  log  q  =  7.902720.     From  these  we  derive 

log  Jf=  4.4582302. 

Table  VI.  gives  for  this  value  of  log  M,  taking  into  account  the 
second  differences, 

V  =  168°  59'  32".49 ; 

but,  using  Table  VII.,  we  have 

w  =  168°  59'  29".ll,  A,  =  3".37, 
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and  hence 

r  =  ti;  +  Ao  =  168^  5^  32".48, 

the  two  results  agreeing  completely. 

Table  VIII.  serves  to  find  the  time  from  the  perihelion  in  the 
case  of  parabolic  motion.  For  an  explanation  of  its  construction 
and  use^  see  Articles  24,  69,  and  72. 

Table  IX.  is  used  in  the  determination  of  the  true  anomaly  or 
the  time  from  the  perihelion  in  the  case  of  orbits  of  great  eccen- 
tricity. Its  construction  is  fully  explained  in  Art.  28,  and  its  use  in 
Art.  41. 

Table  X.  serves  to  find  the  value  of  v  or  of  <  —  T  in  the  case  of 
elliptic  or  hyperbolic  orbits.  The  construction  of  this  Table  is  ex- 
plained in  Art.  29.  The  first  part  gives  the  values  of  log  B  and 
log  C,  with  A  as  the  argument,  for  the  ellipse  and  the  hyperbola. 
In  the  case  of  log  C  there  are  given  also  log  I.  Diff.  and  log  half  II. 
Diff.,  expressed  in  units  of  the  seventh  decimal  place,  by  means  of 
which  the  interpolation  is  facilitated.  Thus,  if  we  denote  by  log  (C) 
the  value  which  the  Table  gives  directly  for  the  argument  next  less 
than  the  given  value  of.^,  and  by  ^A  the  difference  between  this 
argument  and  the  given  value  of  ^,  expressed  in  units  of  the  second 
decimal  place,  we  have,  for  the  required  value, 

log  C=  log  (C)  +  Ail  X  I.  Diff.  +  ^A*  X  half  II.  Diff. 

For  example,  let  it  be  required  to  find  the  value  of  log  C  correspond- 
ing to  ^  =  0.02497944,  and  the  process  will  be: — 

(1)  (2) 

Arg.  0.02,  log  (a>=  0.0034986      log L Diff. =4.24586    log  halfn.Diff.  =  1.778 

(1)=         8770.6  log  Ail     =9.69718    2  log  Ail  =9.894 

Ail  =  0.497944,        (2)  =  14.8  3.94303  1.172 

log  0  =  0.0043771 

The  second  part  of  the  Table  gives  the  values  of  ii  corresponding 
to  given  values  of  r. 

Table  XI.  serves  to  determine  the  chord  of  the  orbit  when  the 
extreme  radii-vectores  and  the  time  of  describing  the  parabolic  arc 
are  given.  For  an  explanation  of  the  construction  and  use  of  this 
Table,  see  Articles  68,  72,  and  117. 
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Table  XII.  exhibits  the  limits  of  the  ml  roots  of  the  equation 

fflii(/  — C)  =  iii,8inV. 

The  constraction  and  use  of  this  table  are  fidlr  explained  in  Arricleft 
84  and  93. 

Tables  XIII.  and  XIV.  are  used  in  finding  the  ratio  of  tfa^ 
sector  included  by  two  radii-vectores  to  the  triangle  included  bv  tLr 
same  radii-vectores  and  the  chord  joining  their  extremities.  For  an 
explanation  of  the  construction  and  use  of  these  Tables,  see  Artick? 
88,  89,  93,  and  101. 

Table  XV.  is  used  in  the  determination  of  the  chord  of  the  pan 
of  the  orbit  described  in  a  given  time  in  the  case  of  very  eccentne 
elliptic  motion,  and  in  the  determination  of  the  interval  of  time 
whenever  the  chord  is  known.  For  an  explanation  of  its  constror- 
tion  and  use,  see  Articles  116,  117,  and  119. 

Table  XVI.  is  tised  in  finding  the  chord  or  the  interval  of  tim* 
in  the  case  of  hvperbolic  motion.  See  Articles  118  and  119  for  in 
explanation  of  the  use  of  the  Table,  and  also  the  explanation  *}t 
Table  X.  ibr  an  illustration  of  the  use  of  the  columns  headed  I«j^  I. 
Diff.  and  log  half  II.  Diff. 

Table  XVII.  is  use!  in  the  ojmputation  of  special  pertur^aii  nj 
when  the  terms  dept-ndini:  on  tlu-  ?quare^  and  hi:iher  p«»\ver^  «•!*  tK- 
mas^e>  are  taken  into  aocx-iint.  For  an  explanation  of  it^  oiTi-tr:- 
tion  and  use,  see  Articles  157,  165.  166,  170,  and  171. 

Table  XVIII.  cc»ntains  the  elements  of  the  orbits  •"^f  the  iv.iii.ri 
which  have  l^een  ol>s<:-rveJ.  These  elemenis  are:  J",  the  timr  of  [•-ri- 
helion  jxissage  «CK<in  time  at  Greenwich  :  r,  the  lontritudr  ••:'  'h- 
perihelion;  Q,  the  lonirituJe  of  the  ascending  n«>le:  i,  th»*  im^li' .> 
tion  of  the  orbit  to  the  plane  of  thv  tv*Iip:;c:  f.  the  €«>/n trinity  i.f  tr.. 
orbit:  and  9,  the  perihelion  di>tanoe.  The  longitudes  f«»r  N«»*.  1.  -. 
12,  16,  91,  '92,  115,  127.  K;S,  155,  156.  159, 16*i,  162.  171,  17:;-i:y 
ISO,  ISl,  1>5,  191.  192,  195-199.  2»:»1.  2»a  ^M.  2«»7.  2»>,  212-j:  \ 
217-219,  221-22>.  2;».  2:>^  234.  2G7-24S,  251-25^.  2^1-2^7. 
269-275,  277-279.  are  in  t^oh  cise  mtasured  from  the  mean  ejuin«x 
of  the  Ix^inniniT  *<  the  year.  In  :he  case  of  No*,  1;>4,  146.  172, 
1S2,  1>9,  liV,  2-5.  201,  20.2.  206.  259,  and  26>,  the  lonsritudt^*  an^ 
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measured  from  the  mean  equinox  of  the  beginning  of  the  next  year. 
The  longitudes  for  Nos.  19  and  27  are  measured  from  the  mean 
equinox  of  1850.0;  for  No.  186,  from  the  mean  equinox  of  July  3; 
for  No.  187,  from  the  mean  equinox  of  Nov.  9;  for  No.  200,  from 
the  mean  equinox  of  July  1 ;  for  No.  202,  from  the  mean  equinox 
of  Oct.  1 ;  for  No.  206,  from  the  mean  equinox  of  Oct.  7 ;  for  No.  211, 
from  the  mean  equinox  of  1848.0;  for  No.  216,  from  the  mean  equi- 
nox of  Feb.  20;  for  No.  229,  from  the  mean  equinox  of  April  1;  for 
No.  250,  from  the  mean  equinox  of  Oct.  1 ;  and  for  No.  276,  from 
the  mean  equinox  of  1865  Oct.  4.0. 

Nos.  1,  2,  11,  12, 20,  23,  29,  41,  53,  80,  and  177  give  the  elements 
for  the  successive  appearances  of  Halley's  comet;  Nos.  104, 116, 126, 
143,  149,  157,  167, 170,  176,  178,  183,  194,  210,  220,  235,  249,  and 
260,  those  for  Encke's  comet,  the  longitudes  being  measured  from  the 
mean  equinox  for  the  instant  of  the  perihelion  passage.  Nos.  92, 
127,  159,  172,  196,  and  222  give  the  elements  for  the  successive  ap- 
pearances of  Biela's  comet;  Nos.  187,  216,  250,  and  276,  those  for 
Faye's  comet;  Nos.  197  and  238,  those  for  Brorsen's  comet;  Nos. 
217  and  243,  those  for  D' Arrest's  comet;  and  Nos.  145  and  245, 
those  for  Winnecke's  comet.  For  epochs  previous  to  1583  the  dat^s 
are  given  according  to  the  old  style. 

This  Table  is  useful  for  identifying  a  comet  which  may  appear 
with  one  previously  observed,  by  means  of  a  similarity  of  the  ele- 
ments, its  periodic  character  being  otherwise  unknown  or  at  least  un- 
certain. The  elements  given  are  those  which  appear  to  represent  the 
observations  most  completely.  For  a  collection  of  elements  by  vari- 
ous computers,  and  also  for  information  in  regard  to  the  observations 
made  and  in  regard  to  the  place  and  manner  of  their  publication, 
consult  Carl's  Repertorium  der  Comden-Astronomie  (Munich,  1864), 
or  Galle's  Cometen-Verzeichniss  appended  to  the  latest  edition  of 
Olbers's  Methode  die  Bahn  eines  Cometen  zu  berechnen. 

Table  XIX.  contains  the  elements  of  the  orbits  of  the  minor 
planets,  derived  chiefly  from  the  Berliner  Asircmomisches  Jahrbuch 
fur  1868 »  The  epoch  is  given  in  Berlin  mean  time;  Jtf  denotes  the 
mean  anomaly,  f  the  angle  of  eccentricity,  fi  the  mean  daily  motion, 
and  a  the  semi-transverse  axis.  The  elements  of  Vesta,  IriSj  Flora, 
Metis,  Victoria,  Eunomia,  Melpomene,  Lutetia,  Proserpina,  and 
Pomona  are  mean  elements;  the  others  are  osculating  for  the  epoch. 
The  date  of  the  discovery  of  the  planet,  and  the  name  of  the  dis- 
coverer, are  also  added. 
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Table  XX.  oonteiiis  the  mean  elementB  of  the  orlnts  of  the 
niqor  pknelBy  togedier  with  the  smoimt  of  their  TuiaftioiiB  dnringe 
period  of  one  hundred  yean.  The  epocdi  is  exfacomed  in  Gieenwich 
mean  timey  and  L  denotes  the  mean  longitude  of  the  pfameL 

Table  XXL  gives  the  valnea  of  the  mnimew  of  the  major  pknetey 
and  also  various  constants  which  are  used  in  astronomical  cakola- 
tions. 


APPENDIX. 


A.  Precemon. — If  we  adopt  the  values  for  the  precession  and  for 
the  variation  of  the  position  of  the  plane  of  the  ecliptic  given  in 
Art.  40,  and  put 

M=  nV  36'  10"  +  39".79  (t  — 1750), 

the  formulse  for  the  annual  precession  in  longitude  {X)  and  latitude 
()9)  become,  for  the  instant  ty 

^  =  60".2113  +  0".0002443  (t  — 1750) 

+  (0".4889  —  0".00000614  (t  — 1750))  cos  (>l  —  if )  tan  fi,        (1) 
-^  =  —  (0".4889  —  0".00000614  (i  —  1750))  sin  (X  —  if). 

If  we  denote  the  planetary  precession  by  a,  the  luni-solar  preces- 
sion by  l„  and  the  obliquity  of  the  fixed  ecliptic,  at  the  time  1750  +  r, 
by  e^,  we  have,  according  to  Bessel, 

-^  =  0".17926  —  0".0005320786  r, 
at 

^  =  50".37572  —  0".000243589  r, 
at 

eo  =  23^  28'  18".0  +  ©".0000098423  t», 

and  if  we  put 

dlf       da  .       dl, 

« 

the  formulse  for  the  annual  precession  in  right  ascension  (a)  and 
declination  (3)  become 

—  =  m  +  n  tan  ^  sm  o,  -i-  =  n  cos  a,  (2) 

42  667 
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and  the  numerical  values  of  m  and  n  are,  for  the  instant  tj 

m  =  46".02824  +  (y'.0003086450  (t  — 1750), 
n  =  20".06442  —  0".0000970204  (t  — 1750). 

To  determine  the  precession  during  the  interval  f — ^,  we  compute 
the  annual  variation  for  the  instant  |(^  +  0  ^^^  ^'^  variation  mul- 
tiplied hj  t' —  t  furnishes  the  required  result 

-B.  Nutation. — ^The  expressions  for  the  equation  of  the  equinoxes 
and  for  the  nutation  of  the  obliquity  of  the  ecliptic  are,  according  to 
Peters, 

A>.  =  — 17".2405  sin  ft  4-  0".2073  sin  2ft  —  0".2W1  sin  2C  -f  0".0677  sin  ( C  —  T) 

— 1".2694  sin  20  4-  0".1279  sin  (Q  —  T) 

—  O".O2138in(0-rr), 

Ae  =  -f  9".223i  cos  ft  —  0".0897  cob  2ft  -f  0".0886  cos  2C  ^  ^ 

-f  0".5510  cos  20  +  0".0093  cos  (0  -f  T), 

for  the  year  1800,  and 

a;1  =  — 17".2o77sinft  +  0".2a73sin2ft— 0".2041sin2C-f  0".0677sin(C  — r) 

—  l".269o8in  20  -f  0".1275  sin  (0  —  T) 

—  O".O213sin(0  4-r), 

Ae  = -f  9"^40  cos  ft  —  a".0896  cos  2ft -h  0".088o  cos  2C 

-r  0".5o07  cos  2©  -f  0".0092  cos  (©  -|-  r\ 

for  the  year  1900.  In  these  equations  ft  denotes  the  longitude  «i* 
the  ascending  node  of  the  moon's  orbit,  referred  to  the  mean  e«^nin'"»x, 
C  the  true  longitude  of  the  moon,  0  the  true  longitude  of  the  >iin,  F 
the  true  longitude  of  the  sun's  perigee,  and  P  the  true  loniritutle  ••!' 
the  moon's  perigee.  The  values  of  these  quantities  may  Ik^  «lvrivid 
from  the  solar  and  lunar  tables,  and  thus  the  requiretl  valuer  *>f  ^ 
and  A£  may  be  found.  The  equations  give  the  corrections  for  the 
reduction  from  the  mean  equinox  to  the  true  equinox. 

To  find  the  nutation  in  right  ascension  and  in  declination,  if  we 
consider  onlv  the  terms  of  the  first  order,  we  have 

da      ,     ,     <fa    ^ 
Aa  = -— AX  +  -— A£, 
ax  de 

,       dS     .    ,    rfJ  ^ 

A-J  =  -,r-  AX  -] —  Af. 

ax  ds 

The  values  of  a/  and  as  are  found  from  the  preceding  equations,  aad 
for  the  differential  coefficient's  we  have 
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da  -,   .  d^  , 

-— -  =  COS  e  -4-  em  e  tan  o  sin  o,  -37  =  cos  o  sin  e, 

aA  OA 

da  dd  .  ^^) 

-f-  =  —  COS  a  tan  d,  'j-  =  sin  a. 

de  at 

The  terms  of  the  second  order  are  of  sensible  magnitude  only  when 
the  body  is  ver}'^  near  the  pole,  and  in  this  case  by  computing  the 
second  differential  coefficients  the  complete  values  may  be  found. 

In  the  reduction  of  the  place  of  a  planet  or  comet  from  the  mean 
equinox  of  one  date  t  to  the  true  equinox  of  another  date  t\  the 
determination  of  the  correction  for  precession  and  of  that  for  nutation 
may  be  effected  simultaneously.  Thus,  let  r  denote  the  interval 
t' —  t  expressed  in  parts  of  a  year,  and  the  sum  of  the  corrections  for 
precession  and  nutation  gives 

Aa  =  mr  -f-  aX  cos  e  -f-  (wr  -(-  aX  sin  e)  sin  a  tan  d  —  Ae  cos  a  tan  d, 

A^  ==  (uT  +  ^X  sin  c)  cos  a  -(-  Ae  sin  a.  ^  ^ 


Let  us  now  put 


mr  -f  ^X  cos  c  =/, 

nr  +  A^  sin  e  =  ^  sin  G,  (7) 

—  Ac  =g  cos  O, 


and  the  equations  (6)  become 

Aa  =/+  ^r  sin  (G  +  a)  tan  d, 

as  already  given  in  Art.  40. 

The  astronomical  ephemerides  give  at  intervals  of  a  few  days  the 
values  of  the  quantities/,  g,  and  G  for  the  reduction  of  the  place  of 
the  body  from  the  mean  equinox  of  the  beginning  of  the  year  to  the 
true  equinox  of  the  date;  and,  in  order  to  obtain  uniformity  and 
accuracy,  the  beginning  of  the  year  is  taken  at  the  instant  when  the 
mean  longitude  of  the  sun  is  280°.  When  these  tables  are  not  avail- 
able, the  values  of/,  g,  and  G  may  be  found  directly  by  means  of 
the  equations  (7).  The  reduction  from  the  true  equinox  of  t^  to  the 
mean  equinox  of  t  will  be  obtained  by  changing  the  signs  of  the 
corrections. 

C.  Aberration. — The  aberration  in  the  case  of  the  planets  and 
comets  may  be  considered  in  three  different  modes: — 

1.  If  we  subtract  from  the  observed  time  the  interval  occupied  by 
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the  light  in  poaring  to  the  earth,  the  result  will  be  the  time  fixr  lAoA 
the  true  plaoe  is  identical  with  the  apparent  plaoe  ftr  the  obaerved 
time. 

2.  If  we  compote  the  time  occupied  hy  light  in  trmvening  the 
distance  betweoi  the  body  and  the  earth,  and,  bj  means  of  the  nUe 
of  the  variation  of  the  geocentric  spherical  co-oxdinates,  compote  the 
motion  during  this  interval,  we  may  derive  the  trae  place  at  the  in- 
stant of  observation. 

3.  We  may  consider  the  observed  phce  corrected  tor  the  aberration 
of  the  fixed  stars  as  the  tme  place  at  the  instant  wh&k  the  light  was 
knitted,  bnt  as  seen  fiom  the  place  of  the  earth  at  the  instant  of 
observation. 

The  formnlsB  fi>r  the  actnal  aberration  of  the  fibced  stars 


(») 


Ai  =  — 2(K'.4451cos(i  — 0)8eci9  — 0".8429cos(;i  — r)secA 
Ai9=  +  20".4461  sin  (i  —  0)  sin  i?  +  (r.8429  sin  (;i  —  T)  sin  i?), 

in  the  case  of  the  longitude  and  latitude,  and 

Aa  =  —  2(r.4451  (cos  Ooostcos«-f*aii^Osina)seed 

—  (r.3429  (cos  Toes  t  COS  a  +  ain  Tsin  a)  sec  9, 

Adz=:  +  2(r'.4461  cos  O  (sin  a  Bin  acos  t— cos  asin  0  (10) 

—  20^'.4461  sin  O  cos  o  sin  ^ 

+  0".8429  cosrCsin  a  sin  decs  c  —  cos  dsin  c) 

—  0".3429  sin  r  COS  a  sin  d, 

in  the  case  of  the  right  ascension  and  declination.  In  these  formnlc 
/'denotes  the  longitude  of  the  sun's  perigee,  and  they  give  the  cor- 
rections for  the  reduction  from  the  true  place  to  the  apparent  place. 

D.  Intensity  of  Light, — If  we  denote  by  r  the  distance  of  a  planet 
or  comet  from  the  sun^  by  J  its  distance  from  the  earth,  and  by  C  a 
constant  quantity  depending  on  the  magnitude  of  the  body  and  on  its 
capacity  for  reflecting  the  light,  the  intensity  of  the  light  of  the  body 
as  seen  from  the  earth  will  be 

When  the  constant  C  is  unknown,  we  may  determine  the  relative 
brilliancy  of  the  comet  at  different  times  by  means  of  the  formula 

S  =  :pryr  (12) 
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In  the  case  of  the  planets  we  adopt  as  the  unit  of  the  intensity  of 
light  the  value  of  I  when  the  planet  is  in  opposition  and  both  it  and 
the  earth  are  at  their  mean  distances  from  the  sun.    Thus  we  obtain 

C=a*(a  — 1)«, 
and  hence 

1=  "-^^'  (13) 

Let  us  now  denote  by  R  the  ratio  of  the  intensities  of  the  light 
for  two  consecutive  stellar  magnitudes;  then,  if  we  denote  by  M  the 
apparent  stellar  magnitude  of  the  planet  when  /=  1,  and  by  m  the 
magnitude  for  any  value  of  J,  we  shall  have 

and  hence 

"="-^-         <»> 

By  means  of  photometric  determinations  of  the  relative  brilliancy 
of  the  stars,  it  has  been  found  that 

R  =  2.56, 
and  hence  we  derive 

m=3f— 2.45  log/,  (15) 

by  means  of  which  the  apparent  stellar  magnitude  of  a  planet  may 
be  determined,  /  being  found  by  means  of  equation  (13).  The  value 
of  M  must  be  determined  for  each  planet  by  means  of  observed  values 
of  m. 

Example. — ^The  value  of  M  for  Earynome  is  10.4;  required  the 
apparent  stellar  magnitude  of  the  planet  when  log  a  =  0.38795, 
log  r  =  0.2956,  and  log  J  =  9.9952. 

The  equation  (13)  gives 

log  1=  0.5129, 

and  from  (15)  we  derive 

m  =  10.4  — 1.3  =  9.1. 

For  the  values  log  r  =  0.4338,  log  J  =  0.2357,  we  obtain 

log  1=9.7555  —  10, 

and 

m  =  10.4  +  2.45  X  0.2445  =  11.0. 
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E.  Ntmerieal  OoJ43ulations. — ^The  extended  nnmerieal  calcolatioiii 
required  in  many  of  the  problems  of  Theoredcal  Astronomy,  render 
it  important  that  a  judicious  arrangement  of  the  details  should  be 
e£feoted.  The  beginner  will  not,  in  general,  be  able  to  efiect  such 
an  arrangement  at  the  outset;  and  it  would  only  confuse  to  attempt 
to  give  any  specific  directions.  Familiarity  with  the  formulae  to  be 
applied,  and  practice  in  the  performance  of  calculations  of  this 
character,  will  speedily  suggest  those  various  devices  of  arrangement 
by  which  skillful  computers  expedite  the  mechanical  part  of  the 
solution.  There  are,  however,  a  few  general  suggestions  which  may 
be  of  service.  Thus,  it  will  always  fiunlitate  the  calculation,  wh^ 
several  values  of  a  variable  are  to  be  computed,  to  arrange  it  so  that 
the  values  of  each  function  involved  shall  i^pear  in  the  same  verti- 
cal or  horizontal  colunm.  The  course  of  the  difierences  will  then 
indicate  the  existence  of  errors  which  might  not  otherwise  be  d]»> 
covered  until  the  greater  part  if  not  the  entire  calculation  has  been 
completed;  and,  besides,  by  carrying  along  the  several  parts  simulta- 
neously the  use  of  the  logarithmic  and  other  tables  will  be  fiualitated. 
Numbers  which  are  to  be  frequently  used  may  be  written  on  slips  of 
paper  and  applied  wherever  they  may  be  required ;  and  by  performing 
the  addition  or  subtraction  of  two  logarithms  or  of  two  numbers  from 
left  to  right  (which  will  be  efiected  easily  and  certainly  after  a  little 
practice),  the  sum  or  difference  to  be  used  as  the  argument  in  the 
tables  may  be  retained  in  the  memory,  and  thus  the  required  number 
or  arc  may  be  written  down  directly.  The  number  of  the  decimal 
figures  of  the  logarithms  to  be  used  will  depend  on  the  character  of 
the  data  as  well  as  on  the  accuracy  sought  to  be  obtained,  and  the  usc 
of  approximate  formula)  will  be  governed  by  the  same  considerations. 
Whenever  the  formulae  furnish  checks  or  tests  of  the  accuracy  of  the 
numerical  process,  they  should  be  applied ;  and  whenever  these  are 
not  provided,  the  use  of  differences  for  the  same  purpose  should  not 
be  overlooked.  By  proper  attention  to  these  suggestions,  much  time 
and  labor  will  be  saved.  The  agreement  of  the  several  proof:^  will 
beget  confidence,  relieve  the  mind  from  much  anxiety,  and  thus 
greatly  fiicilitate  the  progress  of  the  work. 


THE   END. 
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